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ABSTRACT An iterative contraction stability control strategy is proposed to solve the end point position
control problem of the planar prismatic-rotational (PR) underactuated robot.We establish the dynamicmodel
of the planar PR underactuated robot, and use the algebramethod to derive the nilpotent approximationmodel
(NAM) with similar characteristics to the original system. According to the robot structure and control
objectives, we propose a two-stage control idea: 1) Design a sliding mode variable structure controller to
ensure that the active link can back to the target position after subsequent iterative operations; 2) Design
an open-loop iterative control strategy based on the previous NAM to control the active link for iterative
operation. The underactuated link is indirectly controlled and stabilized at any different accessible position
under the action of the coupling relationship between links by controlling the active link. Finally, the
simulation results prove that the end point of the robot can be effectively controlled to any positions.

INDEX TERMS Planar prismatic-rotational underactuated robot, nonholonomic system, iterative control,
nilpotent approximation.

I. INTRODUCTION
The underactuated robot with fewer independent inputs than
degrees of freedom is an important research object in the
field of nonlinear control. It has the advantages of energy
saving, light weight and flexibility [1], [2], which has brought
a research boom in recent decades [3]. Aircraft [4], surface
vessel [5] and bionic robot [6] are typical underactuated robot
working in specific environments. The underactuated robot
is formed for the following reasons: (1) Partial actuators of
the full-actuated robot are damaged [7]; (2) Removing partial
actuators to reduce cost, energy consumption and weight [8];
(3) The robot has natural underactuated characteristic. There-
fore, the research on underactuated robot in various scenarios
not only enriches the control strategy, but also promotes the
development of nonlinear control theory [9], [10].
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The planar underactuated robot is a typical research object
suitable for the microgravity environment like space and deep
sea. Any accessible points of such robot are equilibrium
points, but the linear approximate model of the robot is
uncontrollable at these points, which increases the difficulty
of control [11], [12], [13]. The planar two-link underactuated
robot is the foundation of the research on the planar underac-
tuated robot [14], [15], [16], [17], [18], [19]. Ref. [20] estab-
lished an accurate model of the planar rotational-prismatic
(RP) underactuated robot by using the Gibbs-Appel formula
in recursive form. Ref. [21] proved that planar PR under-
actuated robot had strong instability and motion irregularity
by analyzing its motion equation. Ref. [22] constructed a
control equation that only retained the angular velocity and
acceleration of the passive joint, and designed a combined
controller with the brake to realize point-to-point control of
the planar PR underactuated robot. Although the use of com-
bined controllers improved the control accuracy, it greatly
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increased the difficulty of design. In order to simplify the
design difficulty, Ref. [23] designed the quintic interpolating
spline auxiliary input for the controller to make the planar
PR underactuated robot exponentially converge to the desired
equilibrium configuration. The designed quintic interpolating
spline auxiliary input could effectively shorten the stability
control time, but it required a lot of calculation to solve
unknown parameters, and the uncertainty of symbol attribute
also brought difficulties to the design.

The planar underactuated robot was usually designed with
multiple links to meet the needs of complex tasks [24],
[25], [26]. Ref. [27] proposed a unified motion planning and
intelligent optimization method for the planar four-link
underactuated robot, which realized the stability control
objective of the underactuated link at any positions. Ref. [28]
analyzed the passivity of the planar prismatic-prismatic-
rotational (PPR) robot, and designed the controller based
on the energy method to realize the control objective, but
the whole control time was long. Ref. [29] transformed the
kinematic equation of the planar PPR robot into a chained
form, and constructed the discontinuous feedback controller
to realize the point-to-point control objective. This method
greatly shorten the control time. Ref. [30] used a Lyapunov
direct method and backstepping technique to construct a
time-varying feedback controller, whichmade the planar PPR
underactuated robot asymptotically converge to the desired
states.

The control methods of the above planar multi-link under-
actuated robot are usually based on the exploration and pro-
motion of the planar two-link underactuated robot. Therefore,
this paper proposes an iterative contraction stability control
strategy for a planar PR underactuated robot to solve the end
point position control problem. Firstly, the dynamic model
is built and the NAM with the same characteristics as the
original system is obtained. According to the model struc-
ture and control objective of the planar PR underactuated
robot, a two-stage control idea is presented: (1) Design the
controller to realize the position control objective of the
active link; (2) Design an open-loop iterative control strategy
based on the NAM to make the underactuated link con-
tract to the desired states. At last, the feasibility of the pro-
posed control strategy for planar PR underactuated robot is
proved.

The main contributions of this work are listed as follows:

• The proposed period control input with trigonomet-
ric function has the advantages of fewer parameters,
fewer computation and its own symbolic attributes and
so on.

• The proposed strategy can be applied to the other planar
robot with a last underactuated link.

II. MODEL
This section describes the dynamic model of the planar PR
underactuated robot and obtains the NAM with similar char-
acteristics to the original system.

FIGURE 1. Model of the planar PR underactuated robot.

A. DYNAMIC MODEL
Figure 1 shows the model of the planar PR underactuated
robot. The first active link moves laterally under the action
of control torque τ = [τ1, 0]T , and the second underactuated
link rotates freely. τ1 denotes the control torque applied to
the active joint. The structure parameters of the r-th(r = 1, 2)
link: Lr is length, lr is the distance from its joint to center of
mass, qr is angle, mr is mass, and Jr is the moment of inertia.

The dynamic model is as follow

M(q)q̈+H(q, q̇) = τ (1)

where the vector [q, q̇, q̈]T = [q1, q2, q̇1, q̇2, q̈1, q̈2]T con-
tains the angles, angular velocities and angular accelerations.
M(q) is the inertia matrix with the characteristic of the sym-
metric positive definite, andH(q, q̇) contains the Coriolis and
centrifugal forces,

M(q) =

[
m1 + m2 −m2l2 sin q2

−m2l2 sin q2 m2l22 + J2

]
H(q, q̇) =

[
−m2l2q̇22cos q2

0

]
(2)

Let x = [x1, x2, x3, x4]T = [q1, q2, q̇1, q̇2]T , the state
space equation can be rewritten as

ẋ = f (x) + g(x)τ ⇔


ẋ1
ẋ2
ẋ3
ẋ4

 =


x3
x4
f1
f2

+


0 0
0 0
g11 g12
g21 g22

[τ10
]

(3)

where 
[f1, f2]T = −M−1(q)H(q, q̇)

[
g11 g12
g21 g22

]
= M−1(q)

[
1 0
0 0

] (4)
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B. NILPOTENT APPROXIMATION MODEL
The underactuated portion in (1) is

(−m2l2sin q2)q̈1 + (m2l22 + J2)q̈2 = 0 (5)

Let A = q̈1, so

q̈2 =
m2l2

m2l22 + J2
sin q2A (6)

Combining with (1), (2), (5) and (6), we get

τ1 =

(
m1 + m2 −

m2
2l

2
2

m2l22 + J2
sin2 q2

)
A− m2l2q̇22cos q2

(7)

Let C = m2l2/(m2l22 + J2). Combining with (6), we can
get a new state space equation:

ẋ = h(x) + k(x)A (8)

where A can be regard as a new control input, and{
h(x) = [q̇1, q̇2, 0, 0]T

k(x) = [0, 0, 1,C sin q2]T
(9)

Equation (8) is still subjected to the second-order nonholo-
nomic constraint, which makes the constraint relationship of
the robot unable to be integrated. Therefore, we construct
accessibility matrix K0 at initial states x0 = [q01, q

0
2, q̇

0
1, q̇

0
2]
T

based on (8) and compute the Lie brackets of vector fields h
and k:

K0 = [h k [h, k] [k, [h, k]]]x=x0 (10)

where the numbers of time that each vector field inside
K0 needs to perform the Lie bracket operation is: [0 0 1 2].
Then, we use y = K−1

0 (x − x0) to compute the Local coordi-
nate at x0, and construct the privileged coordinates [31]:

zi = yi +
wi−1∑
v=2

ov(y1, . . . , yi−1), (i = 1, 2, 3, 4) (11)

where wi = [1 1 2 3] is the numbers of time that each vector
field in (10) perform the Lie bracket operation plus 1, and

ov = −

∑n
j=1 αj=v∑

∑n
j=1 wjαj<wi

i−1∏
j=1

(
y
αj
j

αj
)γ α1

1 . . . γ
αi−1
i−1 (yi +

v−1∑
e=2

oe)(x0)

(12)

The obtained privileged coordinates z = [z1, z2, z3, z4]T

retains the accessibility of the original system. By using Tay-
lor expansion to process the privileged coordinates, we obtain
the NAM as

ż =


1
0

−z2
0

+


0
1
0

−
(q̇I2z1)

2

4C cos qI2
−

1
2
z3

A (13)

where qI2 and q̇I2 denote the angle and angular velocity of
the underactuated link at the beginning of each cycle, respec-
tively. Equation (13) and Equation (8) have exactly the same
characteristics. Therefore, the subsequent control strategy can
be designed based on Equation (13).

III. CONTROL METHOD DESIGN
A. CONTROL IDEA
Based on the model structure and control objective, a two-
stage control idea is planned for the robot.
Stage 1: A sliding mode variable structure controller is

designed for the active link to realize the target position, and
to drive the free rotating underactuated link to satisfy the
iterative initial conditions.
Stage 2:An open-loop contraction iterative control strategy

is designed for the planar PR underactuated robot based on
the NAM, so the states of underactuated link converge to the
desired values under the action of the iterative control input.

B. CONTROLLER DESIGN OF STAGE 1
According to (3), the sliding mode surface is constructed as

S = µq1(t) + q̇1(t) (14)

Its derivative is

Ṡ = µq̇1(t) + f1 + g11τ1 (15)

Let

Ṡ = φS − εsgn(S) (16)

where sgn(S) denotes the sign of S, and µ, φ, ε are greater
than zero.

The controller is designed as

τ1 = (−φS − εsgn(S) − µq̇1(t) − f1) g
−1
11 (17)

The Lyapunov function is constructed as

V =
1
2
(S)2 (18)

and its derivative is

V̇ = SṠ = −φS2 − ε |S| ≤ 0 (19)

According to the LaSalle’s theorem [32], when V̇ ≡ 0,
S ≡ 0, that is, q1(t) → qd1 and q̇1(t) → 0. qd1 denotes the
target angle of the active link. Thus, the objective of Stage 1
is realized, but the underactuated link may not have reached
the target states, so we design an open-loop iterative control
strategy to stabilize the underactuated link in Stage 2.

C. CONTROL DESIGN OF STAGE 2
Based on (13), we set t = 0 as the start time and the first link
can back to target states with zero velocity. The control input
A(t) must meet∫ T

0
A(t)dt = 0,

∫ T

0

∫ t

0
A(b)dbdt = 0 (20)
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According to (13) and (20), z2(T ) = z3(T ) = 0, we obtain
the following errors relations1q2 = qII2 − qI2 = q̇I2z1(T ) = q̇I2T

1q̇2 = q̇II2 − q̇I2 = C2 sin 2qI2
(21)

where qII2 and q̇II2 denote the angle and angular velocity of the
underactuated link at the end of each cycle, respectively. qd2
denotes the target angle of the underactuated link.

By calculating (20) and (13), we obtain

1q̇2 = − C2 sin qI2 cos q
I
2

∫ T

0
z22(t)dt

+ C(q̇I2)
2sin qI2

∫ T

0
z3(t)dt (22)

Based on the above analysis, the following period control
input is designed

A(t) =


−B cos

4π t
T

, t ∈

[
0,
T
2

)
B cos

4π
(
t −

T
2

)
T

, t ∈

[
T
2

,T
] (23)

where B is the maximum absolute value of each cycle, the
period control input is shown in FIGURE 2.

FIGURE 2. The period control input.

Remark: Compared with the quintic interpolating spline
input in traditional method, the period control input with
trigonometric function in this paper has the advantages of
fewer parameters, fewer computation and its own symbolic
attributes and so on.

According to (20) to (23), we obtain

1q̇2 = −
B2T 3C2

64π2 sin 2qI2 (24)

The following relationships are set to ensure that the under-
actuated link contracts iteratively in each cycle∣∣∣qd2 − qII2

∣∣∣ ≤ η1

∣∣∣qd2 − qI2
∣∣∣ , ∣∣∣q̇II2 ∣∣∣ ≤ η2

∣∣∣q̇I2∣∣∣ (25)

where [η1, η2] ∈ [0, 1) are coefficients of convergence.
By calculating (21), (24) and (25), we obtain

T = (1 − η1)
qd2 − qI2
q̇I2

, B =
8π
CT

√
(1 − η2)q̇I2
T sin 2qI2

(26)

Such B and T must meet the conditions: 0 < T , B < ∞.
The states of the planar PR underactuated robot can converge

TABLE 1. Model parameters.

FIGURE 3. Simulation results of Case A.

when the following conditions are met:
q̇I2 > 0
qd2 > qI2
qI2 ∈ I or III

or


q̇I2 < 0
qd2 < qI2
qI2 ∈ II or IV

(27)

where I, II, III and IV represent that the rotation angle of
the underactuated link is located at (0 ± 2kπ, (π/2) ± 2kπ ),
((π/2) ± 2kπ, π ± 2kπ ), (π ± 2kπ, (3π/2) ± 2kπ ) and
((3π/2) ± 2kπ, 2π ± 2kπ ), (k = 1, 2, . . . , n), respectively.
The controller (7) of Stage 2 controls the active link to per-
form iterative operation when the states of the underactuated
link at the end of the Stage 1 meet the one of the above set.

The designed auxiliary control input A(t) is applied to the
above controller (7). From the beginning of iteration t1 to
the end of iteration td , there are i iteration cycles T , that
is, td = t1 + iT , (i = 1, 2, . . . , n). The initial states is
the end states of the last iteration operation. The states of
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FIGURE 4. Simulation results of the PD controller.

underactuated link is close to the target stability states through
repeated iterative contration operations. After n iteration, the
planar PR underactuated robot is stabilized at the target states.

IV. SIMULATION
MATLAB/Simulink is used to simulate four cases where the
end point of the planar PR underactuated robot is located
in different positions. The parameters of the designed con-
troller (17) and contraction rates are chosen as: µ = 2.6,
ε = 2.0, φ = 1.8, η1 = η2 = 0.6. TABLE 1 shows the
structure parameters.

A. CASE A
Considering the case that the rotation angle of the under-
actuated link is in (0 ± 2kπ, (π/2) ± 2kπ ), let the initial
states as x0 = [1, −π/4, 0, 0]T and the target states as
xd = [0, π/4, 0, 0]T .

The simulation results (FIGURE 3(a) and FIGURE 3(b))
show that the states of the planar PR underactuated robot
successfully converge to their target values at 38 s. The
proposed strategy realizes the control objective of Stage 1
at 15 s. FIGURE 3(c) shows that the control torque of the

FIGURE 5. Simulation results of Case B.

robot gradually approaches zero. The end point of the robot
is quickly stabilized to the target position. Compared with the
control method in Ref. [23], the end point of the robot con-
verges to the target position at 48 s. Therefore, the proposed
strategy in this paper can realize control objective faster.

Furthermore, we use the PD controller for simulation and
comparison under the same conditions, where P = 1.8 and
D = 1.6. FIGURE 4 shows that the active link reaches the
target position at 25 s under the action of the PD controller.
By comparing the control effects of two different controllers
in Stage 1, the sliding mode variable structure controller
controls the active link to the target position in shorter time.

B. CASE B
Considering the case that the rotation angle of the under-
actuated link is in ((π/2) ± 2kπ, π ± 2kπ), we set the ini-
tial and target states as x0 = [0, 0, 0, 0]T and xd =

[−2.0, −5π/4, 0, 0]T .
FIGURE 5 is the simulation results of Case B. The results

show that when t = 42 s, the angle of each link reaches target
value, the angular velocity of each link converges to zero,
the control torque gradually decreases from about ±43 N·m
to 0 N·m. The end point of the robot is stabilized to the target
position.
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FIGURE 6. Simulation results of Case C.

C. CASE C
In order to verify that the proposed control strategy is also
effective when the rotation angle of the underactuated link
is in (π ± 2kπ, (3π/2) ± 2kπ ), we set the initial states as
x0 = [1, −π/4, 0, 0]T and the target states as xd =

[0.1, 7π/6, 0, 0]T .
FIGURE 6(a) and FIGURE 6(b) show that the angles of

two links gradually approach their objectives and the angular
velocities converge to zero when t = 47 s. FIGURE 6(c)
shows that the applied control torque to the active link grad-
ually decreases from about ±50 N·m to 0 N·m in the sub-
sequent cycles. The end point of the robot is successfully
stabilized to the target position.

D. CASE D
Considering the case that the rotation angle of the under-
actuated link is in ((3π/2) ± 2kπ, 2π ± 2kπ ), let the initial
states as x0 = [1, π/4, 0, 0]T and the target states as xd =

[0.28, −4π/35, 0, 0]T .
FIGURE 7(a) and FIGURE 7(b) show that the states of

the planar PR underactuated robot successfully converge to
their target values within t = 45 s. FIGURE 7(c) shows that
the required control torque for each cycle gradually decreases
to 0 N·m in the contraction stage. The position control objec-
tives of the end point are realized.

FIGURE 7. Simulation results of Case D.

V. CONCLUSION
This paper presents an iterative contraction stability control
strategy for a planar PR robot based on nilpotent approxi-
mation method. This strategy solves the end point position
control problem of the robot. First, the dynamic model of the
planar PR underactuated robot is established and the NAM
with similar characteristics to the original system is obtained.
Then, the sliding mode variable structure controller is used to
realize the position control in Stage 1; and the open-loop iter-
ative control input is designed to realize the stability control
of the robot in Stage 2. Finally, the simulation results prove
the feasibility of the iterative contraction stability control
strategy for planar PR underactuated robot.
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