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ABSTRACT This article presents a rigorous synthesis method of a transmission-line filter whose second
passband can be placed at any multiple of the center frequency, in theory. Two coupled-line schematics
for harmonic-controlled bandpass filters are derived from fundamental LC filter prototypes. Their design
parameters are provided in closed-form expressions so filter dimensions can be acquired rigorously without
relying on EM-simulation-based coupling tests. Three filters were designed and fabricated for verification
purposes, and their measurement results exhibited excellent agreement with the theory.

INDEX TERMS Filter design, filter synthesis, transmission-line filters.

I. INTRODUCTION
USING the concept of stepped impedance and adding one
or multiple stubs are the popular approaches to move the
second resonant frequency of a resonator to a high fre-
quency. Designs of filters and filter-based circuits with broad
upper stopbands can be carried out by making use of the
aforementioned techniques [1], [2], [3], [4], [5], [6], [7],
[8], [9]. In general, designing them begins with formulating
the resonators and moves on to executing coupling tests to
attain the dimensions delivering the target coupling coeffi-
cients through simulations. Obviously, this takes a significant
amount of time as simulations should be repeated over a wide
frequency range and the resonators have more discontinuities
due to the stepped impedance and loaded stubs.

This article presents an accurate circuit-theory approach
for designing harmonic-controlled filters. A handful of such
approaches were explored a couple of decades ago [10], [11],
[12], and, no fully rigorous method to formulate a bandpass
filter schematic has been reported up to date. Here, we dis-
cuss an accurate formulation of the simplest, to the best of
our knowledge, schematic for harmonic-controlled bandpass
filters, which has the noticeable merits listed below:
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1) It is made of the cascade of two-port coupled-line sec-
tions derived based on rigorous circuit transformations.

2) All design parameters of the coupled lines (modal
admittances and electrical lengths) can be expressed
mathematically in terms of a target response.

3) It has only two types of two-port coupled-line sections,
and those of the same type have the same length.

4) No discontinuity exists in each coupled-line section.
5) It has the same number of coupled-line sections as con-

ventional coupled-line filters (n+1 coupled-line sec-
tions for an nth-order filter).

These merits allow us to find the initial dimensions of a
harmonic-controlled filter structure without executing trial-
and-error coupling tests, and this differentiates our approach
and schematic from the others.

II. THEORY
A. STUBS (RESONATORS)
Various types of resonator structures are illustrated in Fig. 1.
Those in the second column are recognized as Richards-
equivalent circuits of lumped-element resonators, presented
by P. I. Richards [13]. They are quarter-wavelength long, i.e.,

θ0 =
π

2
(= 90◦), (1)
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FIGURE 1. Summary of resonators.

at the first resonant frequency (f0) of their lumped-element
counterparts. The characteristic immittances (zs and yp) are
determined such that each has the immittance slope (variation
of immittance with respect to the frequency) identical to that
of the corresponding LC pairs at f0 as

zs = 8f 0Ls (2a)

yp = 8f 0Cp. (2b)

Equations (1) and (2) indicate that there exists no degree of
freedom in determining the parameters of quarter-wavelength
stubs when an LC pair is given. Hence, it is inevitable that the
stubs periodically resonate at odd-multiples of f0.
On the other hand, the stub structures in the third and the

fourth columns of Fig. 1, referred to as harmonic-controlled
equivalents, are capable of controlling the second resonant
frequency, in addition to the immittance slope and the first
resonant frequency. The design parameters of the stubs in
the third column are found by imposing the following three
conditions that

• The first resonance of each stub structure occurs at f0.
• The second resonance of each stub structure occurs at
mf0 (m: any positive real number in theory).

• Each stub structure has the same immittance slope as the
corresponding Richards-equivalent resonator at f0,

which gives

θc =
π

m+ 1
(3)

at f0 with (series resonators in the first row)

zss = zs ·
π

4
·
(cosθc)2

θc

zso = zs ·
π

4
·
(sinθc)2

θc
, (4a)

and (parallel resonators in the second row)

yps = yp ·
π

4
·
(sinθc)2

θc

ypo = yp ·
π

4
·
(cosθc)2

θc
. (4b)

The stub structures in the fourth column are found by apply-
ing Podcameni’s equivalent-circuit transformations [14] to
those in the third column. The design parameters of these
stubs are found by utilizing the identity as well.

B. FILTER SCHEMATIC
Fig. 2 shows the prototype circuit of an nth-order band-
pass filter (n = even number) made of series-LC induc-
tors and impedance inverters. This figure also shows the
scheme for transforming the prototype circuit into a pure
distributed-element circuit whose second passband can be
placed at mf0.

The series-LC resonators are implemented with the
harmonic-controlled resonators shown in the first row-fourth
column of Fig. 1. The inverters are implemented with two
distinct inverter structures, and this was to further ease the
manipulation of the series stubs comprising the harmonic-
controlled resonators. Even though these inverter structures
produce the phase shifts that are opposite to each other,
it is of no significance as the circuit schematic does not
consist of cross couplings (two or more sub-paths connected
in parallel).

The first structure, used to implement the inverter, K12,
has three short-circuited stubs (T-type inductors). Each stub
length can be arbitrarily chosen to some extent, but preferably
shorter than one eighth (θ < 45◦) of the center-frequency
wavelength. Considering that the series stubs can only be
absorbed into those comprising the harmonic-controlled res-
onators when they are equal in length, it is suggested to let
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FIGURE 2. Bandpass prototype circuit and its transformation scheme.

TABLE 1. Parameter values of the designed sixth-order filter. Units for the
impedance-parameter values are �.

them be θc long at f0, providing the following equation of

z12 = |K 12| · cotθc. (5)

On the contrary, it is not preferred to implement the
upcoming inverter (K23 in this case) with T-type stubs
since it would be difficult to further manipulate the remain-
ing open-circuited series stub (positioned between invert-
ers K12 and K23). For this reason, this work utilizes two
negative-impedance stubs and a positive-impedance line sec-
tion in between to implement the inverter, K23. They should
be 2θc long at f0 so that the negative-impedance open-
circuited series stubs can be absorbed into the adjoining
resonators. Their characteristic impedances are then

z23 = |K 23| · sin(2θc). (6)

The above-mentioned structures are alternately employed to
implement the remaining inverters as indicated in Fig. 2.
For demonstration, a filter was designed to produce
• a sixth-order (n = 6) Chebyshev response with
20 dB-equi-ripple return loss;

• the fractional bandwidth of 0.05;
• the second passband centered at 11f0 (m = 11).

The parameter values were computed under the condition that
z0 = 1 �. The computed parameter values are summarized
in Table 1. The response of this filter is plotted in Fig. 3.
It is worth highlighting that the spurious-free stopband up
to mf0 in Fig. 3(a) can be secured only when the electri-
cal lengths of the line components adhere to Fig. 2. One

FIGURE 3. Response of the designed sixth-order filter. (a) Wide-range
view of |S21|. (b) Narrow-range view. Red line: |S11|. Blue line: |S21|.

acceptable exception is that the electrical lengths of the line
components for implementing K23, K45, and so on, can be set
to θc in place of 2θc. It can also be seen that there exists a
transmission zero at 6f0. It naturally takes place due to the
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FIGURE 4. ith harmonic-controlled resonator loaded with a series
inductor. Transformation scheme for the series inductor.

periodicity of the short-circuited series stubs in this filter. For
example, six stubs in this filter have the input impedance of
j(70.85−5.086)·tan(f/f0·15◦) which becomes infinity at 6f0.
This means that they become pure open circuits at 6f0, creat-
ing a transmission zero.

It can be seen in Fig. 3(b) that the filter does not produce
an equi-ripple passband due to the frequency-variant features
of the inverters in use. For example, the inverter structure
utilized to implement the inverter of K12 yields the inverter
value larger (smaller) than |K12| at frequencies right above
(below) f0, making the equi-ripple passband be slanted as
shown in Fig. 3(b). The equi-ripple passband can be restored
by trimming the resonant frequency of each resonator [15],
e.g., by intentionally loading a series inductor to each res-
onator as shown in Fig. 4. It is known that there does not
exist a closed-form equation to compute the amount of the
inductance to be loaded. By the aid of search algorithms,
on the other hand, the optimum values of Lr,i, minimizing the
cost function, can be identified. Our cost function is defined
as themean-squared error between the input impedance of the
prespecified (ideal) Chebyshev filter and the input impedance
of the circuit with frequency-variant (actual) inverters, sam-
pled over the passband frequencies, e.g., from 0.975f0 up to
1.025f0 for a filter having the fractional bandwidth of 0.05.
This compensation technique has been demonstrated to be
effective in restoring the equiripples of filters with a fractional
bandwidth up to 0.5.

It is recommended to transform each loaded inductor into
a θc-long series stub so that they can be absorbed into the
adjoining resonators. The stub impedance is then

zr,i = 2πf 0Lr,i · cotθc. (7)

For demonstration, the inductor values and the charac-
teristic impedances in Table 2 were obtained based on the
approaches given above. Fig. 5 shows the response of the
filter when its resonators are modified to have the structure
shown in Fig. 4. Observe that the equi-ripple passband is
restored as expected. The wide-range response is not shown
since it is highly similar to the one in Fig. 3(a).

In order to obtain a physically-feasible schematic, it is
required to further transform the stubs in Figs. 2 and 4 into
coupled-transmission lines. For describing the transformation

TABLE 2. Parameter values of the modified sixth-order filter. Units for the
inductor values are H. Units for the impedance-parameter values are �.

FIGURE 5. Response of the modified sixth-order filter. Red line: |S11|.
Blue line: |S21|.

method, the circuit with the loaded stubs is drawn in Fig. 6.
Equal-length stubs, e.g., the short-circuited series stubs orig-
inating from the first resonator (zss − zso), the inverter of K12
(−z12), and the inductor for trimming the resonant frequency
(zr,1), are combined.
For transformation, θc-long line sections matched to the

port impedance (z0) have been inserted between each port and
the first (last) resonator. A line section and an open-circuited
series stub of equal length can be paired up and transformed
into a coupled-line section followed by an impedance trans-
former as depicted in Fig. 6.

ze,1 = z0 ·

(
1 +

√
z0

zu,1 + z0

)
zo,1 = z0 ·

(
1 −

√
z0

zu,1 + z0

)
, (8a)

where

p =

√
zu,1
z0

+ 1. (8b)

Equation (8) again applies to the (n+1)th sub-circuit con-
sisting of the nth open-circuited series stub. The two trans-
formers can be removed from the schematic by scaling the
impedances of the lines constituting the intermediate sections
(sections 2 to n) by p−2.

Each intermediate even-numbered sub-circuit (sub-circuits
2, 4, . . . , n) consists of three short-circuited stubs. In practice,
the two series stubs are different in impedance as zr,i ̸= zr,i+1
for most of the instances. Therefore, it is plausible to trans-
form these sections into asymmetric-coupled line sections as
shown in Fig. 6. For example, the four modal impedances
of the asymmetric coupled-line section in sub-circuit 2 can
be found as [16]

zae,2 = zv,1 + 2z12

53278 VOLUME 11, 2023



J. Lee et al.: Transmission-Line Schematic for Harmonic-Controlled Bandpass Filters

FIGURE 6. Circuit with loaded stubs and its transformation scheme.

zao,2 = zv,1
zbe,2 = zv,2 + 2z12
zbe,2 = zv,2. (9)

Lastly, the remaining odd-numbered sub-circuits (sub-
circuits 3, 5, . . . , n−1) can be transformed using the fact that
two equal open-circuited series stubs and a line section in
between are equivalent to a coupled-line section. Since the
two open-circuited series stubs, e.g., those in sub-circuit 3, are
equal in impedance, symmetric coupled lines with the modal
impedances of [17]

ze,3 = zu,2 + 2z23 (= zu,3 + 2z23)

zo,3 = zu,2 (= zu,3). (10)

appears.
The final coupled-line schematic and design parameters of

the nth-order bandpass filter are shown in Fig. 7. It can be
seen that the modal impedances of the coupled-line sections
from 2 to n are scaled by p−2 to remove the transformers,
as mentioned. It can be seen that the overall electrical size
of the schematic depends on θc. Hence, having a smaller
value of θc by setting m to a larger value [see (3)] leads to a
filter schematic having a smaller size and producing a broader
upper stopband.

For demonstration, three filters were designed to produce
• a fourth-order (n = 4) Chebyshev response with 20 dB-
equi-ripple return loss;

• the fractional bandwidth of 0.05;

FIGURE 7. Coupled-line schematic.

• the second passbands each centered at 6, 8, and 10f0
(m = 6, 8, and 10), respectively.

The parameter values were computed under the condition that
z0 = 50 �. The computed parameter values are summarized
in Table 3. The responses of the designed filters are plotted
in Fig. 8. It can be observed that all three coupled-line fil-
ters produce the prespecified response, validating our design
approach.

C. DUAL SCHEMATIC
The design approach discussed in Section II used proto-
type circuits made of series-LC resonators and impedance
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TABLE 3. Parameter values of the designed fourth-order filters. Units for the impedance-parameter values are �.

FIGURE 8. Responses of the designed fourth-order filters. (a) Wide-range
view of |S21|. Green, cyan, and blue lines: |S21| of the filters with m = 6,
8, and 10, respectively. In order to provide a clear view, the responses are
each plotted up to the frequency at which the second passband ends.
(b) Near-center response of the filter with m = 10. Red lines: |S11|. Blue
lines: |S21|. Those of the filters with m = 6 and 8 are highly
indistinguishable from it.

inverters. This led to the coupled-line schematic shown in
Fig. 7, and it can be seen from Table 3 that filters designed
based on this schematic have coupled-line sections with large
modal impedances, especially when m is set to a large value.
Alternatively, the use of high-impedance coupled-line sec-

tions can be avoided by using another schematic that orig-
inates from a prototype made of parallel-LC resonators and
admittance inverters, which is the dual of the one shown in
Fig. 2. This dual schematic is shown in Fig. 9. Owing to the
duality conditions, the design equations can be obtained by
using (4b) instead of (4a) and by changing the impedance
parameters in (5)-(10) (e.g. K, z, L, and, z′) into admittance
parameters (J, y, C, and, y′). The type of connection (series

FIGURE 9. Coupled-line schematic dual to the one shown in Fig. 7.

to shunt) and termination (open circuit to short circuit) of the
stubs should also be exchanged in whole.

For demonstration, three filters were designed to produce
• a fourth-order (n = 4) Chebyshev bandpass response
with 0.1 dB-equi-ripple passband;

• the fractional bandwidth of 0.1;
• the second passbands each centered at 5, 7, and 9f0
(m = 5, 7, and 9), respectively.

The parameter values were computed under the condition that
y0 = 0.02 �−1. The computed parameter values are summa-
rized in Table 4. It can be seen that the modal admittances
tend to increase with m, i.e., the modal impedances decrease
as m increases.

The responses of the designed filters are shown in Fig. 10,
and they validate the schematic shown in Fig. 9. In brief, one
may choose either of the schematics in filter designs consider-
ing physical structures of transmission lines (e.g., microstrip
lines, slot lines, or coplanar waveguides), environment of the
medium, and so on.

III. FILTER EXAMPLES
The first subsection is to verify the coupled-line schematic
in Fig. 7 using single-layer microstrip lines. Practical multi-
layer filters will be presented in the following subsection with
the discussions on the effects of choosing a large m in (1) on
actual filter responses.

A. SINGLE-LAYER MICROSTRIP-LINE FILTER EXAMPLE
For verification, a single-layer microstrip-line filter was
implemented, fabricated, and measured. It was implemented
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TABLE 4. Parameter values of the designed fourth-order filters. Units for the admittance-parameter values are �−1.

FIGURE 10. Responses of the designed fourth-order filters.
(a) Wide-range view of |S21|. Green, cyan, and blue lines: |S21| of the
filters with m = 5, 7, and 9, respectively. In order to provide a clear view,
the responses are each plotted up to the frequency at which the second
passband ends. (b) Near-center response of the filter with m = 9. Red
lines: |S11|. Blue lines: |S21|. Those of the filters with m = 5 and 7 are
highly indistinguishable from it.

based on the schematic in Fig. 7 and the parameter values in
the second row of Table 3. f0 was set to 1 GHz. A 31-mil thick
Rogers 5880 substrate (εr = 2.2, tanδ= 0.0009) was utilized.

Fig. 11(a) shows the initial physical schematic. Its dimen-
sions were obtained by plugging the aforementioned param-
eter values and the properties of the substrate into a line
calculator tool. In other words, there was no need to execute
trial-and-error coupling tests to find the initial dimensions of
the filter.

The initial schematic in Fig. 11(a) was modified to the one
in Fig. 11(b), considering the parasitics and non-idealities
of physical microstrip lines. The lengths and spacings of
the coupled-line sections were reduced to compensate the

FIGURE 11. Physical schematics of the single-layer microstrip-line filter
(not to scale). [n1, n2, n3]: [width, spacing, length]. [(n1, n2), n3, n4]:
[(width of line ‘a’, width of line ‘b’), spacing, length]. [n1, n2]: [width,
length]. Units: mm. Each schematic has odd symmetry. (a) Initial
schematic. (b) Modified schematic. Cuts are no longer than 0.2 mm.

parasitic effects (e.g., open-end effects and via-hole induc-
tance) and discontinuities such as impedance steps.

Microstrip coupled lines have unequal even- and odd-mode
phase constants [18]. Due to this deviation, a typical
microstrip coupled-line filter produces unintended spurious
peaks in its stopband, and the coupled-line sections with tight
spacings are the main contributors. In the initial schematic in
Fig. 11(a), sections I and V were identified as the significant
contributors. In order to remove these peaks, these sections
were modified to as shown in Fig. 11(b). Details on the
method for adjusting their dimensions will not be discussed
in this article as they are available in [19].

Comparison between the initial and final dimensions dis-
closes that only minor adjustments have been made. In fact,
it is a common practice to make such adjustments when
designing microstrip-line filters, since line calculator tools
typically provide dimensions based on idealized conditions
and do not take into account the parasitics and non-idealities
that can affect the electrical properties of the lines.

Fig. 12 shows the photograph of the filter fabricated
based on the physical schematic in Fig. 11(b). As mentioned
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FIGURE 12. Photograph of the fabricated single-layer microstrip-line filter.

FIGURE 13. Responses of the single-layer microstrip-line filter. Solid lines:
measured response. Dotted lines: EM-simulated response. (a) Wide-range
view of |S21|. (b) Narrow-range view. Red lines: |S11|. Blue lines: |S21|.

previously, having a large m (m = 8) to acquire a broad
upper-stopband resulted in the emergence of high-impedance
lines (narrow-strip-width lines). This becomes the limiting
factor of circuit fabrication when the lines are on a uniform,
single-layer dielectric substrate. Our solutions to such issue
will be discussed in Section III-B.
The measured S-parameters of the fabricated microstrip-

line filter is shown in Fig. 13 along with its EM simulation
results. Its target response can be found in Fig. 8. It can
be seen that the first-harmonic passband occurs near 8 GHz
(=8f0), creating a spotless upper-stopband (|S21| < −60 dB)
up to 8f0.

One of the downsides of having a large m can be identified
by observing the passband response of the filter shown in
Fig. 12(b). It reveals that the fabricated filter has the insertion
loss of 4.1 dB, agreeing with the EM simulation (4.0 dB
when σ is set to 5.8·107 S/m). One might expect an insertion
loss near 2 dB (postulating Qu = 200) for a microstrip half-
wavelength-resonator filter having the same fractional band-
width as the fabricated filter. This increase in the insertion
loss can be attributed to two facts that

1) the average length of the coupled-line sections (30◦ at
f0) is three times shorter than that of conventional, half-
wavelength coupled-line filters (90◦ at f0);

2) the increase in the conductor loss as a result of the use
of narrow lines (high-impedance lines).

Therefore, the compromise between the insertion loss and the
location of the second passband must be carried out in filter
designs. In addition, it is suggested to use a line structure
capable of implementing a high characteristic impedance
without having a narrow width (e.g., a microstrip line on a
thick, low-dielectric-constant substrate).

B. LTCC-PROCESSED MULTI-LAYER FILTER EXAMPLES
Stacking up multiple dielectric layers in organizing coupled-
line filters allows us to have

• capability to form large couplings that cannot be
obtained by placing the lines side by side (e.g. edge
couplings);

• easy and dynamic control on the characteristic
impedance of a transmission line that enables to over-
come fabrication limits (e.g. lines having extremely
narrow strip widths),

both of which facilitate filter realization with a large band-
width and a broad upper stopband.

For the purpose of demonstrating the insertion-loss vari-
ation with the location of the first harmonic (mf0), two
multi-layer filters were designed using the parameters values
in the first and the second rows of Table 4. f0 of these filters
was set to 2 GHz.

The overall structure of the LTCC filters is shown in
Fig. 14(a). Three dielectric layers, each having εr of 6.2 and
tanδ of 0.0013, were stacked up to formulate a four-conductor
(including the ground) microstrip environment. Conductor
layers 1 and 2 were intended to be separated by the minimum
available substrate thickness of 0.1 mm to maximize the
available amount of couplings between a pair of broadside-
coupled lines. The bottom-most dielectric layer was also
determined to be 0.1-mm thick to make conductor layer 3 be
closest, to the fullest extent, to the ground. Hence, it is evi-
dent that high-admittance coupled-line sections would have
feasible dimensions when placed at conductor layer 3.

The physical schematics and the photograph of the fabri-
cated filters are shown in Fig. 14(b). Their dimensions are
summarized in Table 5. It informs that the widths of the lines
are proximate to one another.

Fig. 15 shows the measured responses of the filters.
Their second passbands, which are trampled due to the

53282 VOLUME 11, 2023



J. Lee et al.: Transmission-Line Schematic for Harmonic-Controlled Bandpass Filters

TABLE 5. Dimensions of the fabricated LTCC filters. Units: mm.

FIGURE 14. Multi-layer LTCC filters. Not to scale. (a) Bird-eye view.
(b) Top-views of the physical schematic and the fabricated filters. The
schematic is radially symmetric to its center.

insertion loss and imperfect dimensions, appear at 10
(=5f0) and 14 GHz (=7f0) as expected. The plot for
the filter with m = 5 shows an additional peak around
12.5 GHz, which can be attributed to a higher-order har-
monic of the filter. Nonetheless, the plots clearly indi-
cate that our approach and schematic facilitate designing
a filter with the second passband centered at a designated
frequency.

Fig. 15(b) compares the passbands of the filters with
m = 5 and 7. Their insertion losses were measured to be
2.4 dB (m = 5) and 2.8 dB (m = 7), each of which coin-
cides with the insertion loss of a filter comprising resonators
of Qu = 100 and 80, respectively. A typical microstrip
coupled-line line filter having the same specification as the
fabricated filters was theoretically estimated to have an inser-
tion loss of 1.8 dB (Qu = 130) when it is implemented on
conductor layer 1.

FIGURE 15. Measured responses of the fabricated LTCC filters. Green and
blue lines: |S21| of the filters with m = 5 and 7, respectively.
(a) Wide-range view of |S21|. (b) Responses in the normalized frequency
domain to observe the insertion loss variation with m. Magenta and red
lines: |S11| of the filters with m = 5 and 7, respectively.

IV. CONCLUSION
This article discussed a synthesis (finding the schematic
and its electrical parameters) method for a transmission-line
filter whose second passband can be placed at any multi-
ple of the center frequency, in theory. Detailed discussions
on harmonic-controlled resonator structures were given as
well as their applications to actual filter designs. Practi-
cal coupled-line schematics for harmonic-controlled filters
were derived based on rigorous circuit transformations. Our
closed-form equations for the design parameters led us design
harmonic-controlled filters with different specifications in a
straightforwardmanner. In other words, the dimensions of our
filters were found without carrying out coupling tests, which
highlighted our design approach.

A single-layer and two multi-layer filters were designed
and fabricated for validation, and the measurement results
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TABLE 6. Parameter values of the designed fourth-order filters. Units for the impedance-parameter values are �.

showed excellent agreements with the theory. It has been
verified that the high-immittance lines did not hinder the
circuit realization when a multi-layer structures was used for
implementing the coupled-line schematics with a large m.
Our analysis on actual filter responses pointed out that the
compromise between the insertion loss and the location of
the second passband (mf0) must be made in the design of
harmonic-controlled filters.

Although this work focuses on basic harmonic-controlled
filter designs based on direct-coupled filter topologies, our
theoretical framework can also be applied to the design of
more advanced filters. This may involve using complex filter
topologies, a variety of inverter structures as well as resonator
structures, and other coupled-line transformations beyond
those presented in this article. Nonetheless, it is important to
note that the proposed schematic-formulation concept offers a
valuable starting point for further exploration of the potential
of the harmonic-controlled resonator structures in design-
ing harmonic-controlled filters with diverse and interesting
features.

APPENDIX I
This section is to discuss how to formulate filter schematics
using the harmonic-controlled resonators shown in the third
column of Fig. 1. It is worth noting that the method, pro-
cess, and resulting schematics are almost identical to those
discussed in Section II-B.

Fig. 16(a) shows the circuit formulated by using the res-
onator structure shown in the first row-third column of Fig. 1.
This circuit can be derived from the prototype circuit in
Fig. 2 using the approach described earlier in Section II-B
with one exception: the electrical lengths of the lines used to
implement the inverters of K23, K45, and so on, are set to θc
instead of 2θc. Therefore, the design formulas in (5)-(7) can
be reused, while replacing 2θc in (6) with θc.

Fig. 16(b) shows the schematic derived from the cir-
cuit in Fig. 16(a). The approach used to formulate this
schematic is the same as discussed earlier in Section II-B.
This indicates that the impedance parameters in Fig. 16(b) can
be obtained from the ones in Fig. 16(a) by simply
reusing (8)-(10).

By comparing the schematics in Figs. 7 and 16(b), one can
identify that the one in Fig. 16(b) has a smaller electrical size
than the one in Fig. 7. However, this advantage in size comes
with a critical drawback related to fabrication difficulty.

In order to discuss it in depth, three filters were designed
based on the schematic in Fig. 16(b) to produce the

FIGURE 16. Stub circuit and schematic obtained by using
harmonic-controlled resonator structure in the first row-third column in
Fig. 1. (a) Stub circuit corresponding to the one in Fig. 6. (b) Schematic
corresponding to the one in Fig. 7.

fourth-order responses that are identical to the ones described
in Section II-B. Their parameter values were calculated
for z0 = 50 �, and are summarized in Table 6. Their
responses are not shown since they are almost indistin-
guishable from those plotted in Fig. 8. By comparing the
values in Tables 3 and 6, one can confirm that the filters
designed based on the schematic in Fig. 16(b) have lines
with higher modal impedances than those designed based
on the schematic in Fig. 7. This concludes that using the
schematic in Fig. 16(b) may not be encouraged, as it neces-
sitates implementing physical lines of which the impedances
are unnecessarily high.
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APPENDIX II
A. DESIGN PROCEDURE
This section provides the detailed procedure for designing
harmonic-controlled filters. The procedure can be broken
down into the following steps:

1) Synthesize the bandpass prototype circuit shown in
Fig. 2.

2) Determine m and synthesize the stub circuit that corre-
sponds to the prototype circuit.

3) (optional) Load an inductor onto each resonator, find
the optimum inductor values, and transform the loaded
inductors into short-circuited stubs.

4) Find themodal impedances of the coupled-line sections
in the schematic shown in Fig. 7.

The order, response type, and fractional bandwidth of a
filter are determined in the first step. For example, the design
formulas for the sixth-order prototype circuit are given as

Ls =
1

2πf 0
·
z0 · g1

1

Cs =
1

2πf 0
·

1

z0 · g1

K 12 = z0 ·

√
g1
g2

K 23 = z0 ·
g1

√
g2 · g3

K 34 = z0 ·
g1

√
g3 · g4

K 45 = z0 ·
g1

√
g4 · g5

K 56 = z0 ·
g1

√
g5 · g6

, (11)

where g1, g2, . . . , g6 denote the normalized filter parameters
(a.k.a. g-parameters) that determine the response type and
1 denotes the fractional bandwidth. For example, when the
normalized filter parameters are set to the values for a Cheby-
shev filter with 20-dB equi-ripple return loss (g1 = 0.9958,
g2 = 1.4131, g3 = 1.8950, g4 = 1.5505, g5 = 1.7272, and g6
= 0.8147), 1 is set to 0.05, and z0 is set to 1 �, the design
parameters then become

Ls =
3.1697
f 0

H

Cs =
7.9913
f 0

mF

K 12 = K 56 = 0.8394 �

K 23 = K 45 = 0.6085 �

K 34 = 0.5809 �. (12)

A prototype circuit having a different response type
(e.g., Butterworth response or Chebyshev responses with dif-
ferent levels of equi ripples) and different fractional band-
width can be synthesized by setting the normalized filter
parameters and 1 accordingly.

The center frequency of the second passband (mf0) is deter-
mined in the second step. The design parameters of the stubs

TABLE 7. Schematic and parameter values for a second-order filter
(response type: Chebyshev response with 20-dB equi-ripple return loss).
Units for the impedance-parameter values are �.

originating from the series-LC resonators can be determined
using (2a), (3), and (4a), and the characteristic impedances
of the lines originating from the inverters can be determined
using (5) and (6). For example, when m is set to 11, the
design parameters of the lines originating from the series-LC
resonators and inverters of (12) are calculated to be the ones
listed in Table 1.

The third step can be omitted if the slant in the return-loss
ripples is tolerable. In fact, if there are no inductors loaded
onto the resonators, it is possible to avoid using asymmetric
coupled lines. Since this work has shown various designs
that incorporated these inductors, we will proceed this design
without the use of loaded inductors.

Finally, in the fourth step, the design parameters of the
schematic can be determined by 1) using (8)-(10) and 2) scal-
ing the modal impedances of the intermediate coupled-line
sections by p−2. For example, plugging the parameter values
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TABLE 8. Schematic and parameter values for a fourth-order filter (response type: Chebyshev response with 20-dB equi-ripple return loss). Units for the
impedance-parameter values are �.

in Table 1 into (8)-(10) gives

p = 3.3454

ze,1 = ze,7 = 1.2989 �

zo,1 = zo,7 = 0.7011 �

zae,2 = zbe,2 = zae,6 = zbe,6 = 69.1444 �

zao,2 = zbo,2 = zao,6 = zbo,6 = 62.7487 �

ze,3 = ze,5 = 10.4962 �

zo,3 = zo,5 = 9.8876 �

zae,4 = zbe,4 = 68.0496 �

zao,4 = zbo,4 = 63.7134 � (13)

Scaling the values of the parameters with subscripts 2, 3, 4,
5, and 6 by p−2

= 0.08935 gives

z′ae,2 = z′be,2 = z′ae,6 = z′be,6 = 6.1665 �

z′ao,2 = z′bo,2 = z′ao,6 = z′bo,6 = 5.6066 �

z′e,3 = z′e,5 = 0.9378 �

z′o,3 = z′o,5 = 0.8835 �

z′ae,4 = z′be,4 = 6.0803 �

z′ao,4 = z′bo,4 = 5.6928 � (14)

As previously stated when discussing the third step, coupled-
line sections 2, 4, 6 are no longer asymmetric. The designed
filter produce a response that is identical to the one shown in
Fig. 3.
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TABLE 9. Schematic and parameter values for a sixth-order filter (response type: Chebyshev response with 20-dB equi-ripple return loss). Units for the
impedance-parameter values are �.

Overall, this procedure provides a systematic way for
designing harmonic-controlled filters, allowing for customiz-
ing the response type, the fractional bandwidth, and the loca-
tion of the second passband.

B. DESIGN TABLES
This section provides design tables for the harmonic-

controlled filters. The tables summarize parameter values for
several harmonic-controlled filters, covering a broad range of
filter orders, fractional bandwidths, and m. By virtue of these
tables, one may quickly use the appropriate parameter values
in filter designs, thus saving time and effort in the design
process.

Filters in these tables can be implemented on a 100-mil
thick substrate of εr = 2.2 without having lines that are
narrower and/or spaced tighter than 0.05 mm. Considering
that

1) having a larger value of m necessitates implementing
narrower lines;

2) having a larger value of 1 leads to the need for imple-
menting lines that are spaced tighter,

it is not recommended to implement filters having larger
values of m and 1 than those shown in these tables
using single-layer microstrip lines. However, this should
not be mistaken as a limitation of our design approach,
since they can still be implemented without having extreme
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TABLE 10. Schematic and parameter values for an eighth-order filter (response type: Chebyshev response with 20-dB equi-ripple return loss). Units for
the impedance-parameter values are �.

dimensions by using multi-layer substrates as highlighted
in Section III-B.
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