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ABSTRACT The discrete control problem of vertical take-off and landing unmanned aerial vehicle (VTOL
UAV) in the presence of time-varying uncertain disturbances is developed in this paper. The complexity of
control problem is managed by dividing the dynamical model into two subsystems i.e. translational dynamics
and rotational dynamics, where each subsystem is composed of three states. A discrete-time quasi-sliding
mode control (DTQSMC) is extended to maintain the trajectory tracking control by proposing a new-reaching
law for VTOL UAV. A robust controller is designed to handle unknown time-varying disturbances acting
upon the translational and rotational dynamics. Moreover, the proposed controller is designed to reduce the
chattering issue that commonly appears in conventional sliding mode control (SMC). Rigorous mathematical
proof is presented to analyze the stability of the entire closed-loop system. The performance of this design
is demonstrated with numerous numerical analyses and simulations.

INDEX TERMS Chattering, discrete-time, disturbances, quasi-sliding mode control, time-varying, UAV,

VTOL.

I. INTRODUCTION

Research and development on VTOL UAVs have attracted
the attention of numerous researchers and industries in
recent decades. UAV deployment has many potential ben-
efits as compared to conventional methods operated by a
human. Moreover, VTOL UAV deployment can also increase
efficiency by saving time and cost. UAV with VTOL con-
figuration has some advantages such as a simple transition
mechanism and ease to take off and land in a narrow area.
It can be used in various applications of UAVs such as data
collection, monitoring, mapping, geographical photography,
inspection, surveillance, search and rescue, forest-fire detec-
tion, creative industries, and various civil applications [9],
[14], [28]. From the control engineer’s view, one of the trendi-
est research problems is to develop an autonomous operation
of UAVs that can maintain the VTOL settings with less
dependent on the human operator. Many control strategies
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have been studied for UAVs under various scenarios. One of
the most challenging parts of realistic situations is to design
control schemes with nonlinear dynamics and the presence of
external disturbances.

VTOL UAV is an under-actuated nonlinear system, with
four control inputs to handle a highly coupled six output
states. It is composed of three states related to translational
dynamics allowing UAV to move in backward, forward, lat-
eral, and vertical directions. The remaining states are related
to rotational dynamics referred to as roll, pitch, and yaw
angles. The main focus of the trajectory tracking problem
with the VTOL mission is to design the control scheme
for both translational and rotational dynamics in the pres-
ence of disturbances. The nonlinear control approach plays
an important role in maintaining UAV motion with com-
plete nonlinear behavior. Several research problems have
been investigated to tackle the trajectory tracking problem.
One of the common methods is the feedback lineariza-
tion method as developed in [34] and [40] for non-VTOL
configurations.
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In fact, uncertain external disturbances may act on the
system dynamics in numerous practical situations. These
uncertainties may cause more complex technical challenges
in designing controllers. Hence, the feedback linearization
approach cannot be simplified and extended to handle this
issue. In general, there are two main directions to tackle the
uncertainties in the closed-loop systems [21]. The first is to
use adaptive control scheme. The idea behind this method
is to estimate and cancel the uncertainties in the system
dynamics. In this way, the controller guarantees to handle
the uncertainties by proposing adaptive law in the feedback
controller.

Model reference adaptive control (MRAC) is one of the
popular adaptive schemes to deal with uncertainties. By using
the certainty equivalence principle, adaptive law, and refer-
ence model are added to the feedback control design to esti-
mate the unknown constant parameters [30]. This technique
has a major drawback to guarantee stability as investigated in
[2]. The Ly adaptive control was developed by adding a linear
filter in the control structure to handle this problem [17].
Some interesting results in adaptive control using Immer-
sion and invariance (I&I) were studied to handle unknown
constant parameters [3], [25]. However, most of the adaptive
schemes are to handle the unknown constant parameters [6].
As aresult, the use of adaptive control approaches in general
cannot handle time-varying disturbances. Some results have
been presented for time-varying disturbances in limited cases
(51, [20], [22], [36].

Another method proposed in the literature to handle uncer-
tainties is model predictive control (MPC). For example,
adaptive MPC was developed with extended state observer
(ESO) for UAVs under a networked setting [39]. Another
common technique used to handle the uncertainties is intel-
ligent computation which can be categorized in the adaptive
control line. For example, neural networks (NNs) were devel-
oped for multi-agent systems [7], [8] and genetic algorithm
(GA) for a robotic manipulator [27]. However, this approach
has one crucial issue in handling uncertainties, where this
method requires a high-performance embedded computer in
many cases. In other words, it can only be implemented in
limited practical situations.

The second major research direction is robust control.
The idea behind this controller is to guarantee stability by
dominating the uncertainties within a certain bound. Com-
pared with adaptive control approach, it is more flexible to
be implemented for systems with time-varying uncertainties.
SMC is one of the most popular methods in this direction.
This approach is widely implemented in many practical set-
tings in the continuous-time domain by forcing the states to
follow desired sliding surface [19], [24]. SMC was devel-
oped to handle uncertainties in the discrete-time domain in
[32]. However, this technique has chattering problems due to
the presence of a signum function in the control structure.
Discrete-time robust MRAC using SMC and adaptive super-
twisting MRAC for first-order systems with chattering atten-
uation were compared in [16].
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Control problem for an under-actuated UAV with a VTOL
mission becomes more complicated. An early study intro-
duced a control scheme for a micro VITOL UAV with-
out disturbance [4]. More complex control problems in the
presence of disturbances were studied by proposing distur-
bance observer-based control method in [26], higher-order-
observer-based dynamic SMC [29] and adaptive SMC in [1],
[23]. An integrated disturbance observer, MPC, and sliding
mode nonlinear inverse were proposed for a tail rotor tilting
three ducted fans VTOL-UAYV [18].

Some interesting robust control methods were developed
for fault tolerance control (FTC) of VITOL UAV in the
continuous-time domain. For example, an adaptive SMC
for FTC of VTOL UAV was designed in [15] and [35]
to handle uncertainties and faults. In [37], a robust pas-
sive FTC was proposed for tracking control of VTOL
UAV with partial propeller fault and external disturbance.
The more advanced result was presented using adaptive
SMC for multi-UAVs subject to an aerodynamic disturbance
in [1].

In the practical setting, the control systems of UAVs rely
on sensor and actuator measurements. These measurements
are used by the controller to generate a new control input
for the dynamical model in a particular sampling time. From
the above literature, all controller schemes were designed
in the continuous-time domain. It means that the controllers
were not presented the practical situations. A result using
conventional sliding mode control for the non-VTOL mission
with chattering issue was investigated without disturbance in
the discrete-time domain [38].

In this paper, a control scheme is developed for an
under-actuated nonlinear VTOL UAV with uncertainties.
The control scheme is designed in the discrete-time domain
to represent the real application setting whereby the time-
continuous plant is controlled by a discrete-time controller
embedded in a microprocessor. Inspired by [12], a reaching
law is proposed for VTOL UAV to guarantee the convergence
of sliding surfaces to zero equilibrium points. The tracking
control stability is guaranteed by adding robust terms to
the control structure to handle time-varying uncertain exter-
nal disturbances added in both translational and rotational
dynamics. This extension is very important to tackle the
control problem to deal with uncertainties and nonlinear
dynamics in the discrete-time domain. Moreover, the poten-
tial benefits of UAV deployment can be expanded by design-
ing a controller with VTOL configuration, particularly for
UAV operating in confined spaces such as near walls and
narrow areas.

The remainder of this paper is organized as follows.
The dynamical model of VITOL UAV is presented in
Section II. Following that, the proposed tracking control
design with its stability analysis for both the outer and
inner loop of VTOL UAV is presented in Section III. Then
in Section 1V, the performance of the proposed design is
demonstrated by conducting numerous numerical analyses
and simulation results. The summary of this paper and a
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brief suggestion for future research direction are presented
in Section V.

Il. SYSTEM DYNAMICS OF VTOL UAV
Consider the general motion of VTOL UAV expressed by the
following states

X 0]
m=\y|,. m=|(06],
b4 ¥

where 71 is a position vector consisting of forward (x), lateral
(y) and vertical (z) states and 7, is an orientation vector
consisting of roll (¢), pitch (9) and yaw () states. Figure 1
illustrates the coordinate frames of 1 and 7.

The translational and rotational dynamics of VTOL UAV
with the presence of disturbance in the continuous-time
domain are represented by the following state space [4], [23]

X(t) = (cos ¢(t) sinB(t) cos Y () + sin ¢(¢) sin (1))

% uz (1) )
m
Y(t) = (cos ¢(t) sinO(¢) sin Y (¢) — sin ¢p(t) cos Y (1))
uy (1)
X (2
m
. l/tt(t)
2(t) = —g + §;(t) + (cos ¢p(t) cos O(¢)) - 3)
By = wafp (0 + 30 + 2 4
0 = w0 + 39t0) + 2 5)
y
B0 = wafy 0 + 850 + 2, ©)

Zz
where

I, —1I, .
wy = - . fo(®) =0y ()

I
L—1I o
We = —7 . Jo() = o()Y (@)
)7
I —1y .
wy = o Sy @) = d@O@).

The mass of VTOL UAV is denoted by m and gravitational
acceleration is denoted by g. The inertia parameters with
respect to x, y, and z axes are represented by Iy, I, and I,
respectively. The total force is denoted by u; and the torques
acting on the body frame in roll, pitch, and yaw directions
are denoted by 74, 79, and 7y, respectively. Note that Both ¢
and 6 angles are constrained between —7 to 7 i.e. cos ¢ and
cos 6 are non-zero.

The external disturbances are represented by 8,(¢), 84(1),
3p(t), and dy (¢) satisfying the following assumption.

Assumption 1: The external disturbances acting on trans-
lational and rotational dynamics of VTOL UAV have bound-
aries such that |8,(t)| < d,, [84(t)| < dy. 186(t)| < dp and
|6¢(t)| < dy where d;, dy, dy, and dy, are some constants.
Note that all 6,(¢), 84(), 8¢(¢), and 8y (¢) are unknown. Only
d;, dy, dy, and dy, are available for feedback control design.
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FIGURE 1. Earth and body-fixed reference frame of VTOL UAV.

The dynamical model of VTOL UAV in the discrete-time
domain is formulated from the continuous-time model using
the following forward Euler method

x(k +1) — x(k)

i(k) = .
(k) = M
(k) = z2(k + ltz — z(k)
oo = PO 2 — 9k
6(k) = Ok + 12 —0(k)
o = VEED =)

N
where k and k + 1 are the time step at k and k 4 1 with time
sampling ¢, respectively. It is obvious to see that

x(k + 1) = x(k) + tx(k) @)
ylk 4+ 1) = y(k) + t53(k) ®)
2k 4 1) = z2(k) + t52(k) ©9)
Pk + 1) = p(k) + 1y (k) (10)
Ok + 1) = 0(k) + 1,6 (k) (11)
plk + 1) = p(k) + t;(k). (12)
By using a similar argument, the following can be generated
ik + 1) = 2 (k) + 1,5 (k) (13)
ik + 1) = y(k) + 1;5(k) (14)
ik + 1) = (k) + t55(k) (15)
Pk + 1) = (k) + te(k) (16)
Ok +1)=0(k)+ t;6(k) (17
Pk + 1) = p(k) + 1,0 (k). (18)

By substituting (13-18) to (1-6), the dynamical model of
VTOL UAV can be generated in the discrete-time domain as
represented by

x(k + 1) = x(k) + tyx(k)
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x(k +1)=xk)+ ts(cos ¢ (k) sinO(k) cos ¥ (k)

+ sing(k)sin w(k)””;k)) (19)
Yk + 1) = y(k) + t;y(k)
Sk 4+ 1) = k) + ts(cos o (k) sin (k) sin ¥ (k)

— sin (k) cos w(k)”’r(nk)) (20)
2tk + 1) = z(k) + t5z(k)
e+ 1) = 200 + 15 — g+ 8:4)

+ (cos p(k) cos B(k)) “’(k)) Q1)

m

pk + 1) = ¢(k) + t,p(k)

bk + 1) = (k) + 1, (W¢f¢(k) +8pk) + Tq’l(k)) 22)
Ok + 1) = 0(k) + 1,6(k)

79 (k)) 23)

6k +1) = 6(k) + ts(wefg(k) +80(k) + =
y
Yk + 1) = Yk) + ts3r (k)

drk + 1) = Y (k) + 1, (wm(k) + 8y (k) + T"’I(k)), (24)

Z

where

fp(k) = 00 (k)
fo(k) = d(k)yr(k)
Fy (k) = d(k)d(k).

Ill. PROPOSED CONTROL DESIGN

In this section, a discrete robust control scheme is designed
for VTOL UAV under uncertain disturbances. Let the desired
trajectory of x, y, z, ¢, 6 and ¢ are denoted by x4, v4, 24, Pd,
64 and V4, respectively. The main objective of the proposed
controller is to guarantee all states of VTOL UAV to follow
the desired trajectories.

A. TRANSLATIONAL CONTROL DESIGN

VTOL UAV is an under-actuated system where the number
of control inputs is less than the number of states, where x(k)
and y(k) positions cannot be controlled directly using u, (k).
The ¢4 (k) and 6,4(k) state variables are generated using error
position and velocity of x(k) and y(k) as represented by

Pak) = Ay, (k) — ya(k)) + Ay, (k) — ya (k) (25)
Ba(k) = =g, (x(k) — xq(k)) — Ay, (X (k) — xq(k)),  (26)
where Ay, Ay,, Ay, and ), are some positive constants.
There exists an external disturbance §,(k) in the dynamical
model (21). As a result, full feedback linearization method

cannot be applied to handle the uncertainties. To design a
robust controller, the error of z position is defined to be

ex(k) = z(k) — za (k). 27)
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It is obvious to see that
ek +1) — e, (k)

éz(k) = ‘-

(28)

From here, the dynamics error of z(k) is generated as follows
ex(k +1) = ex(k) + 15e;(k)
Za(k + 1) — zq(k)
N

+ 8,(k) + (cos ¢p(k) cos O(k))

ek +1) = —l—éz(k)—i-ts(—g

uz(k))'

m

(29)
Define the sliding surface of error dynamics of z(k + 1) as
S.k+1)= ek + 1)+ e (k+ 1), (30)

where ), is a positive constant. If S;(k 4+ 1) = 0, then

ek +2) — ek + 1)
Ig

= —Xe.(k + 1).

As a result
e (k +2) = (1 =t ek + 1), (3D

which implies that e,(k 4 1) exponentially converges to zero
as t — oo for any positive constant \;.
By substituting (29) to (30), hence

Sk + 1) = Aze (k) + (t:A; + De,(k)
. 1) — 3
n za(k + t) za (k) iy = g+ 8.0

+ (cos p(k) cos B (k)) “’};k )

)- (32)

Now, a robust control scheme using an extended TDSMC is
designed to guarantee stability such that S;(k + 1) — O as
t — 00. The main result of this subsection is summarized in
Theorem 1.

Theorem 1: Consider the dynamical model (21) under
Assumption 1. The tracking control is guaranteed by selecting

m

1 cos ¢(k) cos 6 (k) (Azez(k) + (s,

S

ur (k) = —

+ De:(k) +

k.,
x (— g — ~5k) + ke tanhSZ(k))), (33)

where k;, < —1 and k;, are tuned such that

dz(l + kzl) tskzz - kZ]
1 —ky t
for any k;, # 0 and \; > 0.
Proof: First, the controller is selected using the fol-

lowing conventional discrete-time sliding mode control
(DTSMC)

kz, > > d, (34)

- - ()‘zez(k)
ts cos ¢(k) cos O (k)
za(k +1) — zq(k)

s

u (k) =

+ (tsA; + Dez(k) +
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+ ts( P ktisz(k) 4 kzzsgnSz(k))). (35)

s

The system composed of (32) and (35) can be rewritten as
Selk + 1) = 15 (8.(K) — ey sgn(S:(k)) + ke, Sclh). (36)
From (36), the following can be obtained

Selk +2) = 15 (80K + 1) = keysen(Se(k + 1))
Fhy Sk, (BT)
Substituting (36) to (37), hence

Sk +2) =1, (Sz(k +1) — keysgn(So(k + 1 )))

K2 S.00) + t5key (8:00) = keysen(Se(k)))

‘1
= 1,8.(k + 1) — tok;,sgn(S.(k + 1))
+ k2 S (k) + toky, 8.(k)

1

- tskzlkzz Sgn(Sz(k)) (38)

By following Gao’s reaching law [12], the quasi-sliding
motion (QSM) of the proposed design is shown by presenting
the monotonous decrement of the absolute value of sliding
surface S;(k + 1) and the sliding surface trajectory stays in a
specific band. The condition for QSM is

sgn(S;(k +2)) = =S (k + 1) = S (k). (39)

The control gains k;, and k;, are selected to satisfy the
QSM motion condition (39). Assume that sgn(S;(k + 2)) =
S.(k) = 1, from (38), the worst setting for sgn(S,(k + 2)) is
under 8,(k) = §,(k + 1) = —d; for S;(k) ~ 0 as expressed by

Sz(k + 2) = —1,(1 + kzl)dz + tskZZ(l - kzl)- (40)

The worst setting for sgn(S;(k + 1)) is under 8,(k) = d; as
expressed by

Sk +1) = tid; — tsky, + k. (41)

By selecting k;;, < 1 and kg, for any k;; # O such that
(34) is satisfied. Then S;(k +2) > Oand S;(k +1) < 0
is guaranteed.

As an undesirable phenomenon, chattering is a common
problem in conventional SMC. Its oscillation has a finite
amplitude and frequency that occurs around the desired equi-
librium sliding surface [10]. Several methods have been pro-
posed to handle this problem. However, the results for the
discrete systems are still relatively rare in the literature. The
non-smooth signum function in the control structure causes
this problem. In this case, the function of the sgn(S;(k)) has
the following properties

-1, S;(k)>0
sgn(S;(k)) =10, forS.(k)=0 (42)
1, S.(k) <O0.

It means that the value of sgn(S,(k)) is —1 or 1 for any
S.(k) # 0 regardless of the value of the sliding surface is
negative big or negative small and vice versa. Integral SMC
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was proposed to attenuate high-frequency oscillation in [31].
However, this approach increases the sliding surface error
and degrades the response systems. Another approach was
developed in [33] for linear systems by proposing the aid of
an exponentially decaying barrier Lyapunov function. More
interesting results were investigated in [10] and [11] by
approximating the value of the signum function to attenuate
chattering. The performance and drawbacks of approximated
functions were compared to verify their effectiveness. It can
be concluded that the chattering can be attenuated by extend-
ing the boundary layer width. However, the robustness of the
system may degrade due to a large boundary layer. Note that
the aforementioned results were developed for continuous-
time systems.

Inspired by [11], the chattering in DTQSMC is attenuated
by approximating the value of the sgn(S;(k)) using a hyper-
bolic tangent function tanh(S,(k)). Hence, the sign function
in (35) is replaced by tanh(S,(k)) as represented by (33).
This hyperbolic tangent function is a smooth function as
expressed by

S:0) _ y=S:(k)

tanh(S,(k)) = 50} g=S:k)

(43)
and contains the following properties

—1, for negative big S, (k)
tanh(S;(k)) = 1 0, for S;(k) =0 44
1, for positive big S, (k).

The proof is thus completed. ]

B. ROTATIONAL CONTROL DESIGN

In this subsection, a robust controller is designed for rota-
tional dynamics in the discrete-time domain in the presence of
external disturbances in time-varying form. The error position
of rotational states is defined to be

ep(k) = (k) — ¢pa(k)
eg(k) = 0(k) — a(k)
ey (k) = Y (k) — Ya(k).
The error dynamics of (22), (23) and (24) are represented
by
ep(k + 1) = ey (k) + tyeqp (k)

ba(k + 1t) — ¢a(k) +ép

bp(k +1) = k)

¥ (W¢f¢(k) +8s0k) + T“’I(k)) (45)

eg(k + 1) = eg(k) + tseg (k)
bk +1) —64(k)
+e

+%Qmmm+@wnff“) (46)

y

eglk +1)= g (k)

ey(k + 1) = ey (k) + tgéy (k)
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Ya(k + lt) — Ya(k) +éy

Ty (k)
+ 15 | wyfy (k) + 6y (k) + ; . ¢
z

eyk+1) = (k)

The sliding surface of error of rotational dynamics is
defined as

Sptk +1) = Apep(k + 1) +ép(k + 1) (48)

Sotk + 1) = dpegk + 1) + eg(k + 1) (49)

Sylk +1) = Ayey(k + 1)+ ey(k + 1), (50)

where Ay, \g and \y, are some positive constants. If all S, (k+
1), So(k + 1) and Sy, (k + 1) are zero, then

ep(k +2) —epk +1)

; = —Xpeplk + 1)
k+2)—eglk +1
%(+)%@(+)=—M%&+D
ey(k +2)—eyk+1)
L - v = —Apey(k + 1)
As results
ep(k +2) = (1 —tsAp)ep(k + 1) (51)
eg(k +2) = (1 —tsAg)eg(k + 1) (52)
ey(k +2) =1 —ts ey (k + 1), (53)

which imply that ey (k + 1), eg(k +1) and ey, (k + 1) exponen-
tially converge to zero as ¢t — oo for some positive constants
Ag» Ag and Ay

By substituting (45), (46) and (47) to (48), (49) and (50),
respectively, then

Sp(k + 1) = Apep(k) + (t:Ag + Dég(k)

hatk +1) — pa(k
+¢d( + ,) Pa( )+ts(w¢f¢(k)

agh + ) (54)

So(k + 1) = Ageg(k) + (200 + 1)eg(k)
+%w+n—%®

+ 1 (wafo k)

rglik) )

Syk + 1) = Ayey (k) + (tAy + Dey (k)

rak + 1) — yra(k
+¢d( + t)‘ Ya( )+ts(w1/;f¢(k)

oyt + 1), (56)

+ 8o(k) +

(55)

Now, a robust control scheme using an extended DTQSMC
is designed to guarantee stability such that Sy(k + 1) — 0,
So(k +1) — Oand Sy (k + 1) — Oast — oo. The pro-
posed control design for rotational dynamics is summarized
in Theorem 2.
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Theorem 2: Consider the rotational dynamics (22), (23)
and (24) under Assumption 1. The tracking control is guar-
anteed by selecting

I .
Ty (k) = _Z(/\d)%(k) + (t:Ap + Deég (k)

n $alk + lt) — ¢a(k)

+ s (wafo (0
— ]%S,,,(k) + kg, tanh S¢,(k))) (57)

I
mm=—f(mmm+m%+n@m

+%&+?—%®

_ ’%s(,,(k) + kg, tanh S¢(k))) (58)

+ 15 (wfo (0

I )
Ty (k) = _Z (A,/,el/,(k) + (ts Ay + Deéy (k)

+ Vak + 12 — Ya(k) n

k
_ %Sw (k) + ky, tanh S,,,(k))), (59)

I (Wl//fI// (k)

where both kg, < 1, kg,, ko, < 1, kg,, ky; < 1 and ky, are
selected such that where k;, < 1 and k_, are tuned such that

dg(1 + k tokg, — k
kyy > DUt ho) Lk “hor o0 60)
1—k¢1 ts
do(1 + k tokg, — k
ky > At Ro) ke Zhe L 20 61
l—kgl I
dy(1+k toky, — k
ky, > vt ky) Ik — kv, >dy, Ay >0, (62)
1—](1/,1 ts

for any non-zero kg, , kg, and ky, .
Proof: In the first step, the controller is selected using
the following conventional DTSMC

Iy .
Tp(k) = - ()\¢6¢(k) + (ts A + Deg (k)

+ ¢ak + 1;) — ¢a(k)

k,
- %S(,)(k) + kg, sgnS¢(k))) (63)

+1 (W¢f¢ (k)

17
mmﬁrf(M@®+mM+D@®

n Oq(k + lt) —0,4(k)

+ 1 (wafo k)
k
- %Sq)(k) + kg, sgnS¢(k))) (64)

I, .
Ty (k) = —Z()\wew(k) + (tsAy + Déy (k)

' N
n Yak + t) Ya(k)

1, (ww Fu )
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k
- %S,/,(k) + szsgnS,/,(k))). (65)

The closed-loop systems composed of (54), (55), (56), (63),
(64) and (65) can be rewritten as

Splk +1) = 14 (8¢(k) - k¢2sgn(s¢(k)))

+ kg, Sp (k) (66)
Sotk + 1) = 1 (30(k) — Ke,sen(S0 (6)))

+ ko, Sp (k) (67)
Stk 1) = 15(8y (k) — kysen(Sy k)

+ ky, Sy (k). (68)

From (66), (67) and (68), it can be generated

Spk +2) = ;Mg (6¢(k 1) — kgysen(Sy(k + 1)))

+ kg, Spk + 1) (69)
Satk +2) = 1.0 80k + 1) — Keysen(Sa(k + 1)

o+ Kay So k + 1) (70)
Stk +2) = 1Ay (85 (k + 1) = ky,sen(Sy k + 1)

+ oy, Sy + 1), (71)

Substituting (66), (67) and (68) to (69), (70) and (71), respec-
tively. Then the following can be obtained
Splk +2) = t8p(k + 1) — t5kgp,sgn(Sy(k + 1))
+ kg, S (k) + tskg, 85(k)
— tskg, kg, sgn(S;(k)) (72)
So(k +2) = 1589 (k + 1) — t5kg,sgn(Sp(k + 1))
+ k So (k) + tskg, 9 (k)
— t;kg, kg, 52n(So (K)) (73)
Sy (k +2) = t8y (k + 1) — tsky,sgn(Sy (k + 1))
+ Ky, Sy (k) + tsky, 8y (k)
— tyky, ky,sgn(Sy (k)). (74)
By following Gao’s reaching law [12], the quasi-sliding
motion (QSM) of the proposed design is shown by presenting
the monotonous decrement of the absolute value of sliding
surface S;(k + 1) and the sliding surface trajectory stays in a
specific band. The condition for QSM is
sgn(Sy(k +2)) = —Sp(k + 1) = Syp(k) (75)
sgn(Sp(k +2)) = —Sg(k + 1) = Sy(k) (76)
sgn(Sy (k +2)) = =Sy (k + 1) = Sy (k). (77)
Now, the control gains kg, kg,, ko,, ko, ky, and ky, is
calculated to satisfy the QSM motion conditions (75), (76)
and (77). Assume that sgn(Sg(k + 2)) = sgn((Sy(k)) =
sgn(Sp(k + 2)) = So(k) = sgn(Sy (k + 2)) = Sy (k) = 1.
From (72), (73) and (74), The worst scenarios for sgn(Sy(k
+ 2)), sgn(Sy(k + 2)) and sgn(Sy (k + 2)), respectively are

Sp(k) = 84(k + 1) = —dy,  Sp(k) ~ 0
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TABLE 1. The parameters of a VTOL UAV [13].

Parameter name Notation Value
Mass m 3 kg
Gravity acceleration g 9.81 m/s?
Inertia of x-axis I, 3.0671 kg.m?
Inertia of y-axis 1 3.0671 kg.m?
Inertia of z-axis I, 12.579 g.m2

Sp(k) = dp(k + 1) = —dy, Sek)~0
Sy k) =38yk+1) =—dy, Syk)==0.
As results
Sp(k +2) = —t;(1 + kg, )dp + tskp,(1 — kg,) (78)
So(k +2) = —t5(1 + kg, )dp + tskg,(1 — kog,) (79)

Stk +2) = —15(1 + kyy)dy + teky (1 = kyy). (80)

In another side, the worst setting for sgn(Sg(k + 1)),
sgn(Sy(k + 1)) and sgn(Sy, (k + 1)) are

Spk) =dy, Solk) =dy, Sy(k)=dy.
Hence
Spk + 1) = tydy — tsky, + kg, (81)
So(k + 1) = tedy — t5ke, + ko, (82)
Sylk + 1) = tedy — tiky, +ky,. (83)

By selecting kg, < 1, kg,, ko, < 1, ko,, ky; < 1 and ky,, for
any non-zero kg, , kg, and ky, such that (60), (61) and (62) are
satisfied. The following can be guaranteed

Spk +2) >0, Sptk+1)<0
Setk+2)>0, Splk+1)<0
Syk+2)>0, Syk+1)<0.

Similar to translational controller design, the values of
the sgn(Sy(k)), sgn(Sp(k)) and sgn(Sy(k)) are approxi-
mated using the hyperbolic tangent functions tanh(Sy(k)),
tanh(Se(k)) and tanh(Sy, (k)), respectively, to reduce the chat-
tering in DTQSMC. Hence, the sign function in (63), (64) and
(65) are replaced by tanh(Sy (k)), tanh(Se (k)) and tanh(Sy, (k))
as represented by (57), (58) and (59), respectively . The proof
is thus completed. ]

IV. SIMULATION RESULTS
Some simulations are presented in Matlab/Simulink to evalu-
ate numerically the proposed controller for VTOL UAV. The
parameters used are listed in Table 1.

The external disturbance is added as follows

8, = 0.1sint,
89 = 0.12cost,

8y = 0.1sint
3y = 0.06cost.

The extended quasi-sliding mode control (QSMC)
schemes for both translational and rotational dynamics are
designed according to Theorem 1 and 2. The gains are
selected as follows

Ay =1, Ap=107% A, =1, \,=10"*
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ky =—107, ky =1, A =50
kg, = —0.5, kg =5, Mg =100
ko, = —0.5, kg, =10, Xg=90
ky, = =05, kyy =7, Ay =95. (84)

To demonstrate the real application setting, the value of
total thrust u, is set to be between —60 kg-m/s* to 60 kg-m/s>.
In another side, the values of 7y, 79 and 7y are limited from
—2 kg - m*/s* to 2 kg - m?/s*>. The simulation results using
the proposed controller are illustrated in Figures 2-5. Some
simulations are conducted with four different time sampling.
It can be seen that the proposed design is able to drive all
states to follow the desired VTOL trajectories, as presented
in Figures 2 and 3. The proposed scheme has robust terms
that can guarantee the convergence of VTOL UAV states to
the desired path.

Figure 3 illustrates the position of VTOL UAV with respect
to x, y, and z axes. It can be seen that the aircraft takes
off from initial position 7;(0) = [00 O]T and requires
around 10 s for VTOL UAV to reach the highest desired
altitude. After hovering 3 s, it moves in x and y directions
and performs vertical landing is conducted from r = 40 s
to t = 50 s. This movement is plotted in 3D in Figure 5.
Also, all orientation angles can follow the desired trajectory
as presented in Figure 2. The initial position of orientations
angles is 72(0) = [O 0 O]T. While Figure 4 shows control
inputs applied to maintain VTOL UAV movement. It can be

VOLUME 11, 2023

TABLE 2. The fitness of VTOL UAV states.

State ts =0.001s | ts =0.006s | ts =0.01s | ts =0.0125s
¢ 97.801% 96.670% 95.192% 94.374%
0 97.708% 96.725% 95.318% 94.728%
T 99.483% 99.493% 99.503% 99.510%
Y 99.356% 99.367% 99.380% 99.387%
z 99.916% 99.914% 99.912% 99.910%
Average 98.853% 98.434% 97.861% 97.582%

seen in Figures 2 and 3 that the chattering problem commonly
appearing in conventional SMC is significantly reduced using
the proposed control design. These results verify the perfor-
mance of the controller developed in Theorem 1 and 2.

To have a better presentation, the fitness of all states can
be calculated using the following formula

desired state — stat
fitness of state(%) = 100 (1 - I desired state sae||)

|[desired state||
(85)

The fitness of all states for every time sampling is listed in
Table 2.

The proposed scheme to handle the VTOL UAV motion
is differentiated by conducting simulations in different #;, as
presented in Table 2. It shows that the tracking control of all
states has outstanding fitness. The fitness average of all states
is slightly decreasing for a higher #;. Note that the fitness of
Y cannot be calculated as ¢4 is zero. However, it can be seen
from Figure 2 that the tracking control for VTOL UAV with
smaller ¢ is slightly better.
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To evaluate the sensitivity of the control parameters, the ko, = —0.25, ko, =5, g =45
gains (84) are reduced 50% such that ky, = —0.25, ky, = 3.5, Ay = 47.5. (86)

Ay = 0.5,

ky = —5x 1079,
kg, = —0.25,
55638

kg,

A, =5x 1073, )\, =0.5, Ay, =5 x 107

k;, =05, \; =25

=25, Ap =50

Similar to the previous setting, the value of total thrust u,
is between —60 kg.m /s> to 60 kg.m/s?, and all of the torques
are limited from —2 kg.m?/s* to 2 kg.m?/s>. The proposed
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control design still shows outstanding performance as illus-
trated in Figures 6-9. Figure 6 shows tracking control of every
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attitude or rotational states i.e. ¢, 6, and . Position tracking
performance with respect to x, y, and z axes is illustrated
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in Figures 7 and 9. Also, Figures 6 and 7 confirm that the reduced as concluded by the proposed control design in
chattering issue in every state of VTOL UAV is significantly Section III. The fitness of all states is also calculated
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TABLE 3. The fitness of VTOL UAV states under gains (86).

State ts =0.001s | ts =0.006s | ts =0.01s | t; =0.0125s
¢ 97.733% 97.111% 96.264% 95.867%
0 97.528% 96.901% 96.073% 95.650%
T 98.957% 98.966% 98.978% 98.985%
Y 98.701% 98.712% 98.726% 98.733%
z 99.895% 99.893% 99.891% 99.890%
Average 98.563% 98.317% 97.986% 97.825%

using (85) listed in Table 3. It shows that the proposed con-
troller still has excellent performance to maintain the tracking
control stability in various time sampling.

V. CONCLUSION

This paper studied a fully robust discrete tracking control for
6-DOF VTOL UAV in the presence of uncertain time-varying
disturbances. Discrete tracking control for translational and
rotational motions was designed using an extended QSMC.
The chattering issue in the conventional SMC was reduced
in the proposed design. A new reaching law for VTOL
UAV was developed to guarantee tracking control stability in
the discrete-time domain. A rigorous mathematical analysis
was presented to prove the tracking control stability of the
proposed design. Several simulations were conducted with
different time sampling to verify the performance of the pro-
posed approaches. Implementing this design for real VTOL
UAV applications will be interesting in future works.
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