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ABSTRACT The processing of color images is of great interest, because the human perception of color is
a very complex process, still not well understood. In this article, firstly the authors present an analysis of
the well-known mathematical methods used to model color as a phenomenon and to process color images.
We propose an adequate metric to process color images using the Minkowski or space-time metric. We pro-
pose that the processing of HSV images can be done using the HSV cone in the quaternion split algebra or the
conformal geometric algebra frameworks. We show that the processing of RGB images using the Euclidean
metric in the R doesn’t yield good results. The colors of images change by daylight, we understand this
phenomenon as the color change follows the action of the Lorentz Lie group. Consequently, we formulate a
new model for representing and processing color using split quaternions and space-time conformal geometric
algebra. We propose new algorithms for practical color image processing: we formulate the novel Split
Quaternion Fourier Transform for color image processing and we interpolate color images using Split Motors
which belong to the space-time conformal geometric algebra. The experimental part proves that real color
images have to be processed in the HSV cone. We show successful applications of the Quaternion Split
Fourier Transform and the interpolation processing. We compare these computations using the RGB metric
in the R3 space and using the Minkowski metric in the HSV cone. This comparison shows clearly that the
color image processing using the Minkowski metric in the HSV cone performs better.

INDEX TERMS Lorentz group transformation, conformal geometric algebra, split quaternions, Red Green
Blue (RGB), Hue, Saturation, and Value (HSV), Quaternion Split Fourier Transform (QSFT), interpolation,
color image processing.

I. INTRODUCTION habilitation ““Uber die Hypothesen, Welche der Geometrie zu

The development of a theory of color perception of the
human color perception mechanisms is a longstanding prob-
lem addressed by the most influential figures of mathematical
physics [18], [29], [42], [48]. One of the founding fathers
of quantum mechanics, E. Schrodinger [42] contributes
with his benchmark axiomatic work on color perception.
H.L. Resnikoff [38] wrote an overview of the main historical
contribution, where he points out that the space, which we
denote by C, of perceived colors is one of the very first exam-
ples of abstract manifold mentioned also by B. Riemann in his
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Grunde liegen” [39]. In 1853 the mathematician Grassmann
stated the results of color mixture experiments in a form
very similar to the assertion that the set of colors resides
in a convex cone in 3-dimensional affine space. One year
later, Riemann in 1854, in his Habilitationsschrift observed
that “the positions of the objects of sense and the colors,
are probably the only familiar things whose specifications
constitute multiply extended manifolds”. This a meaningful
remark whose implications remained hidden until Helmholtz
brought them to light in 1891 [19].

Weyl [48] suggested characterizing the individual color
perception as a specific correlative interaction between an
abstract space of perceived colors and an embedding space
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of physical colors. In the sense of Riemannian geometry,
one can be tempted to define the space of perceived colors
from basic largely accepted axioms. These axioms, which
date back to the works of Grassmann and Von Helmholtz [18],
[19] state that C is a regular convex cone of dimension 3. Note
that convexity reflects the property which allows performing
mixtures of perceived colors or in a quantum approach of
color states [6].

In more recent years many authors wrote papers about
color, to quote some: Weinberg [47] and Ashtekar [1].
According to Krantz [23] any Grassmann structure can be
mapped homomorphically onto a convex cone in a vector
space. This can be mathematically well established by three
theorems for the Grassmann structure. In the sixties, Yilmaz
[45], [46] had the advanced idea to point out the analogy
between perceived colors theory and the special theory of
relativity by observing that the saturation of spectral colors
is not only an upper bound but also a perceptually invariant
feature concerning the (broadband) illuminant used to light
up a visual scene.

This clearly explains the analogy between this property of
color saturation and the constancy of the speed of light in a
vacuum measured by inertial observers. Yilmaz determined,
based on three results from experiments, a law for the per-
ceptual effect on color perception induced by a change of
illuminant. Surprisingly, this law turns out to be the direct
analogous of Lorentz transformations.

Based on this, he argued that a color space C endowed with
a 3D Minkowski metric could be a valid alternative to the
classical CIE colorimetric spaces, which are equipped with a
Euclidean metric to measure perceived color distances.

Considering the axioms of Grassmann and Von Helmholtz
[18], [19], one can see the space of perceived colors as a
regular convex cone of real dimension 3. Resnikoff’s main
idea [36] enriches this model imposing that the cone of
perceived colors is homogeneous.

Imposing one more property, namely self-duality, this cone
becomes a symmetric cone [36]. The fundamental comment
is that being symmetric the cone of perceived colors, it can be
considered by Bertier [6] as the set of positive observables of
a formally real Jordan algebra A [21]. For that, Bertier formu-
lates the following trichromacy axiom: the Grassmann-Von
Helmholtz cone of perceived colors is the positive cone of
a formally real Jordan algebra of real dimension 3. This
is precisely the statement of the famous Koecher-Vinberg
theorem [2]. Since the cone is of real dimension 3, the algebra
is also of real dimension 3. Using the classification theorem
of Jordan, Von Neumann, and Wigner [21], one can check
that the algebra A is necessarily isomorphic either to the
Jordan algebra R @ R @ R or to the Jordan algebra H(2,R) of
symmetric real 2 x 2 matrices.

In consequence, adding the self-duality property,
Resnikoff’s classification stems from the classification the-
orem of Jordan, Von Neumann, and Wigner. Bertier formu-
lates a trichromacy axiom as follows the Grassmann-Von
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Helmholtz cone of perceived colors is the positive cone of
a formally real Jordan algebra [21] of real dimension 3.
The Jordan algebra H(2,R) can be considered as the non-
associative algebra linearly spanned by the unit 1 and a spin
system of the Clifford algebra of R? [11], [31].

The Jordan algebra H(2,R) carries a very special struc-
ture being isomorphic to the spin factor R @ R2. It can be
considered as the non-associative algebra linearly spanned
by the unit 1 and a spin system of the Clifford algebra
of R2 [117, [31].

Resnikoff [38] gave remarkable conclusions which he
derives by adding the sole axiom, namely C is homogeneous
under the action of the linear group of background illumina-
tion changes [36]. There are very few works devoted to the
possible implications of hyperbolicity in color perception.

C is endowed with the rich structure of asymmetric
cone [14]. Considering both this additional axiom, and the
hypothesis that the distance on C is given by a Riemannian
metric invariant under background illumination changes,.
Resnikoff proposes that C can only be isomorphic to one
of the two following Riemannian spaces: i) the product
Ci = Rt x Rt x R equipped with a flat metric, pre-
cisely the Helmholtz—Stiles metric [49]; ii) C; = RT x
SL(2,R)/SO(2, R) equipped with the Rao—Siegel metric of
constant negative curvature, see [10] and [43]. Note that the
quotient SL(2, R)/SO(2, R) is isomorphic to the Poincaré
hyperbolic disk D. Thus, one can infer that the first space
is the usual metric space of the colorimetry, while the sec-
ond one appears to be relevant to explain psychophysical
phenomena such as the ones described by Yilmaz in [45],
[46] or physiological mechanisms such as the neural coding
of colors shown by Reinhard and De Valois [37], [44]. The
geometry of the model C; of H.L. Resnikoff is much richer
than the geometry of the Co, however, there are very few
works devoted to the possible implications of hyperbolicity
in color perception.

Principe et al. [35] provide a mathematical formaliza-
tion of Yilmaz’s argument [45], [46] about the relationship
between Lorentz transformations and the perceptual effect
of illuminant changes. They explained that, within Yilmaz’s
model, the color space can be coherently endowed with the
Minkowski metric only by imposing the Euclidean metric
on the hue-chroma plane. The authors also show to what
extent Yilmaz’s model is related to the classical formula-
tion of special relativity and what constraints C must sat-
isfy to maximize the analogies between these two theories.
Gogberashvili [17] shows how to adapt the almost forgotten
work of Yilmaz about the relativity of color perception to
perform a color correction of digital images through a three-
dimensional version of Lorentz boosts used in the special
theory of relativity. Bertier et al. [7] proposed a mathemat-
ical model by taking into account both trichromacy and
color opponency. This permits us to explain theoretically
the relativistic color perception phenomena argued by Yil-
maz. Instead of relying directly on relativistic considerations,
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TABLE 1. Analogies between special relativity and Yilmaz’'s model of
color perception, table of [35].

Special Relativity
Homogeneous and isotropic
spacetime

Observer in an

inertial frame
Evente=(t,x) € R?
Time coordinate t € R
Spatial coordinates
(z1,22,73) €R3

Speed of light in vacuum ¢
Lorentz transformations

Yilmaz’s Color Perception Model
Homogeneous and isotropic
color space

Observer adapted to

a broadband illuminant

Perceived color F' = (p, p,7y) € C
Lightness coordinates v € RT
Chromatic coordinates

(p, ) € R x [0, 2)

Maximal perceived saturation X
Yilmaz transformations

Bertier et al. [7] base their theory on a quantum interpretation
of color perception together with the trichromacy axiom,
which summarizes well-established properties of trichro-
matic color vision within the framework of Jordan algebras.
Table 1 of Prencipe et al. [35] shows analogies between spe-
cial relativity and Yilmaz’s model of color perception.

Furthermore, Bertier [6], [8] gives a quantum description
of the space C; of perceived colors. He shows that C; is the
effect space of a rebit (real quantum qubit), whose state space
is isometric to Klein’s hyperbolic disk /C, but its geodesics are
visually very different, being the straight chords of the unit
disk. Klein geometry appears naturally when considering the
spin factor R @ R? and the 3-dimensional Minkowski future
light cone £ whose closure is the state cone of the rebit.
He sustains that the chromatic state space S can be repre-
sented as a Bloch disk of real dimension 2 that coincides with
the Hering disk given by the color opponency mechanism.
This Bloch disk is an analog, in the real context, of the Bloch
ball that describes the state space of a two-level quantum
system of a spin- % particle. Furthermore, he shows that the
dynamics of this quantum system can be related to the color
information processing that results from the activity rates of
the four types of spectrally opponent cells [44]. Interestingly
enough, the authors De Valois et al. [44] and Patterson et al.
[34] show that spectrally opponent interactions in primates
are usually considered to be performed by ganglion and
lateral geniculate nucleus cells which are very similar con-
cerning color processing.

In a different methodology as the Lie Groups-based
algorithms, Discrete Hahn polynomials (DHPs) and their
moments [28] are considered to be one of the efficient orthog-
onal moments and they are applied in image processing and
feature extraction. Jassim et al. [27] introduced a new set
of orthogonal polynomials and moments and the set’s appli-
cation in signal and image processing. This polynomial is
derived from two well-known orthogonal polynomials: the
Tchebichef and Krawtchouk polynomials.

In this article, we present a mathematical well-founded
representation viewpoint of color theory. Our goal is to for-
mulate the four Grassmann’s laws for color in the geometric
sub-algebra GL which has the correct pseudo-Euclidean
space-time metric. This rotor sub-algebra is isomorph to the
split quaternion algebra Hg. We will show that this approach
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induces a formulation for holistic color processing opposite
to the incorrect channel-wise processing approach. We will
show that the appropriate Lie Group to model the group action
caused by color change is the space-time Lorentz group or
split motor M s € Gy 1. In this formulation, the wedge product
of the Clifford product intervenes in products between the
color representations in terms of bivectors. Recent attempts
for color image processing use the Quaternion Fourier Trans-
form which uses a Euclidean metric. We will show, that the
Lie group kernel of the Split Quaternion Fourier Transform
(SQFT) for the correct color image transformation is an expo-
nent of a Lorentz Lie algebra with the space-time pseudo-
Euclidean metric. We show how one filters color images
using the SQFT and how one can interpolate color images
using the split motor algebra which is a sub-algebra of the
conformal geometric algebra.

The contribution of this article is sustained by the following

novel proposals,

« A new model for representing and processing color
using split quaternions and space-time conformal geo-
metric algebra

o Propose new algorithms for practical color image
processing

1) Formulate the novel Split Quaternion Fourier
Transform for color image processing

2) Interpolation of color images processing using
Split Motors which belong to the space-time con-
formal geometric algebra

The paper structure is as follows: section II outlines

geometric algebra, quaternion algebra, and motor algebra.
Section III presents a mathematical well-founded represen-
tation viewpoint of color theory and the most important
models for the color space using the HSV cone model,
the trichromacy axiom, and the space-time metric for the
Lorentz transformation. Section I'V introduces the Quaternion
Split Fourier Transform (QSFT) for color image process-
ing. Section V shows the interpolation using Split Motors of
the conformal geometric algebra G4, 1. Finally, section VI is
devoted to the conclusion.

Il. GEOMETRIC ALGEBRA, QUATERNION ALGEBRA,

MOTOR ALGEBRA
A geometric algebra G, , , is a lineal space of dimension 2",

n=p+q-+r,and (p, g, r, € N, where the p-vector basis
squares to +1, the g-basis squares to -1, and the r-vector basis
squares to 0. For a detailed explanation of the equations given
in this section see [4].

A multivector consists of the linear combination of
k-blades of different degrees. The Clifford product of A, and
By is

ABy = <ArBs>r+s + <ArBs>r+s—2 +...+ <ArBs>\r—s\ s

(D
where
Ar 'Bs = (ArB‘v>\r—5| P (2)
Ay ANBg = (ArBs)r-i-s . 3)
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A. PROPERTIES OF THE MULTIVECTORS

Given A, = ZLO (Ar); one can compute: the Clifford
cgnjugation (A;), thereversion (A;), and the involution degree
(Ap).

r

A4 =3 D" @), @)
i=0

A =3 D" @), 5)
i=0

Ar= D (=1 (A (6)
i=0

The dual of a multivector A in G, is computed as A* =
A- In_l. The r-blade is the dual of (n-r)-blade.
The exponential of a multivector A can be expressed as
(4) s
exp(A) = -
Py k!

(N

B. QUATERNION ALGEBRA

Quaternion numbers were discovered by William Hamilton in
1843. These numbers represent four-dimensional space and
are composed of a real part and three imaginary parts.The
four-dimensional quaternion algebra H [26] is associative,
non-commutative

H = {g = q0 + qxi + 9y + q:k 190, 4z, gy, 4: € R}, (8)
where the orthogonal imaginary numbers i, j, and k fulfill
P=jt=—1, k=ij=—ji - K¥=—-1. (9
A quaternion is conjugated as follows
4 =q0 — qxi — qJ—q:k. (10)

The modulus of the quaternion ¢ = go + i + q,j + gk is
defined by

gl = Vai = Jao? + 4> + a2 + a2 (1D
Givengq,p € H
lgl = lg|, and gp = pq,
lgp| = lpql = Iqllp!,
lg +pl < lql + pl.

One computes the inverse of a quaternion ¢ 7~ 0 as follows

=i (12)

A pure quaternion is a quaternion with its scalar element
zero qo =0

4 = qxi + gy + q:k, (13)
and a unit quaternion is given by

q,=s+xi+)y +zk, forllg,ll =1 (14)
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The polar representation of a quaternion ¢ = qo + gxi +
qJ + gk is

q =gkl (15)

where the phase ranges are delimited as follows: (¢, 0, V) €
[_T[v 7'[[)([—%, %[X[_%s %]

The product of a quaternion ¢ and a scalar o € R is given
by

aq = aqo + aqxi + agy + agzk. (16)

The addition and subtraction of two quaternions ¢ and p is
given by

r=rg+r=q=xp
= qo £ po + (g« £po)i + (gy £py)j + (gxpdk. (17)

The quaternionic product is given by

r=ro+r=pq=po+p)g +9q),
= (pogo —p - q) + (pop + q0q + p x q),
= (Poqo — Pxqx — Pyqy — Pzqz)+
+ (Pogx + Pxqo0 + Pyqz — P2qy)i+
+ (Pogy — Pxqz + Pyqo + Pzqxli+
+ (Pog: + Pxqy — Py4x +quo)k' (18)

C. SPLIT QUATERNION ALGEBRA

It is well known that quaternions represent rotations in 3D
Euclidean and Minkowski spaces. In the latter, rotations are
formulated with unit time-like quaternions in Minkowski
3-space [32]. The product by a quaternion gives rotation
in two independent planes at once and obtains single-plane
rotations. Ogberashvili [17] in his study of split quaternions
and particles in (2+1)-space, explains that the double-cover
property can be seen as a potential problem in the geometrical
application of split quaternions, since (2+2)-the signature of
their norms should not be changed for each product. If split
quaternions form a proper algebraic structure for micro-
physics, the representation of boosts in (2+1)-space leads
to the interpretation of the scalar part of quaternions as a
wavelength of particles. In our work, we will use the unit
time-like quaternions in Minkowski 3-space.

In abstract algebra, the split-quaternions or coquaternions
form an algebraic structure introduced by James Cockle in
1849 [33] under the latter name. They form an associative
algebra of dimension four over the real numbers. Unlike
quaternion algebra, split-quaternion algebra contains nontriv-
ial zero divisors, nilpotent elements, and idempotents. That is
why is called a non-division associative algebra.

The set of split quaternions is defined by

Hs = {g = g0 + qxi + g + q:k |90, qx, gy, q: € R},
(19)

where the orthogonal imaginary numbers i, j, and k obey the
following multiplicative rules:

i?=j2=1, k» = -1 and ijk = 1. (20)
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These relations imply ij = —ji = k,jk = —kj = —i, ki =
—ik = —j.
r=ro+r=pq=(po+p)g +q
= (Pogo —p - q) + (pop + qog +p X q)
= (Poqo + Pxqx + Pyqy — Pzqz)
+ (pogx + Pxqo + Pzqy — Pyq2)i
+ (p05b + pyqo + Pxq; — Dzqx )
+ (P0g: + =90 — Pxqy + Pyax k. (21)

The conjugate of a quaternion is given by

q=qs— qxi— aQyj — qzk. (22)

The norm of the split quaternion ¢ = go + gxi + q,j + gk is
defined by

llgll = Vigdl = Jla0® — > — g2 + 2. (23)
Using the norm we can construct a unit quaternion:

-7
llgll”
llg,ll = 1. 24)

As nonzero split-quaternions are having a zero norm, split-
quaternions form a “‘split composition algebra”. A split-
quaternion with a nonzero norm has a multiplicative inverse.
The inverse of a split quaternion g # 0 is given by

q,

-1 _ q
ligll*”

gl = \/—4¢% — ¢ + ¢2,

gxi + gy + q:k

= "F—
J—¢ =4+ ¢

the exponentiation of a split quaternion is

(25)

Given

(26)

equ = exps expé — exps equ”én’
= exp” (cos(/1gl]) + g sin(/1g1])). 27)

D. ROTORS IN G5

The multivector basis of the 3D Euclidean space (G300 =
G3) is

1 ,e1,e,e3,e3,e31,ep,e13=1¢. (28)
~ —— — e — —

scalar vectors bivectors trivectors

The rotors are expanded in terms of a bivector basis

R= s +xey+ye3 +zep, 29
23 + yesi 12 (29)
scalar bivectors
R=R= s —xey3 —vye3 —zeq, 30
23 — yesl 12 (30)
scalar bivectors

where s, x,y,7 € RandRR = 1.
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A Rotor as operator represents the Lie Group SO(3). Since
arotor is an isomorph to a quaternion, the following bivector
relations are fulfilled

ey =i, ex3 =—j, enn =k, €1y

where i, j, and k € H. A rotor has a right-hand orientation
whereas a quaternion has a left-hand.
The polar representation of a rotor reads

0 0 0
R =exp (—En) = cos (5) — sen (5) n, 32)

where n is a unit bivector that represents the rotation plane
and 6 € R represents the rotation angle.

E. MOTORS IN Gs
The multivector basis of G3 ;1 is given by as shown in the
equation at the bottom of the next page, where e% =1,i=
1,2,3, ei = —1. The I, = e1234 is the Pseudoscalar which
Ip2 = —1. For a detailed treatment of motor algebra see [4].

The pair (R>!,()) formed by the vector R*! and
the Minkowski metric is called the Minkowski space or
Minkowski spacetime. The spacetime interval between two
events in Minkowski space is either:

1) Space-like,

2) Light-like (‘null’) or,

3) Time-like.

Considering {eq, ez, e3, e4} the basis of G3,1(R4). The ele-
ments (e;, ¢;) form the matrix and its signature represents the
Minkowski metric in:

100 0
010 0
2=1001 0
000 —1

(33)

this allows to write the metric matrix; givenx = xje;+xe2+
x3e3 +x4eq, y = y1e1 +y2e2 +y3e3 + yseq the inner product
(x,y)is

(x,y) =x'Qy (34)

for all x,y € Gs, I(R“), where in matrix writing the written
vectors are always interpreted as their column components.
Letv e G3,1(R4), see Figure 1,

1) vis called a space vector, if (v, v) > 0,
2) vis called the light vector, if (v, v) =0,
3) vis called a time vector, if (v, v) < 0.

The norm of a vector is defined as |v| = +/[{v, V)| which
always exists and is greater than or equal to zero, but the light
vectors are not null and have zero norms.

In projective geometry, homographies represent projective,
affine, similitude, and Euclidean transformations. The projec-
tive transformations of points, lines, and planes are carried out
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Space

FIGURE 1. Light cone: Vtime is a time vector, Vlight is a light vector, and
Vspace is a space vector.

using the following motor

M

t
TRs = (1 +1,5)R =R + LR,

=5+ ryea3 + rye3; + rzepp+
/ / / /
+ 5Dy + reear + ryes + roess,
=5+ ryex3 + rye3; + rzen+
+ Ip(s/ + r)/cez3 —+ r)/,e31 =+ rz/e‘]z). 35)

The motor transformation leaves the point at infinity invari-
ant. Since the / [% = —1 the signature of the space corresponds
to the Minkowski space-time metric and this motor is a com-
plex rotor isomorph to a complex quaternion. The projective
motion of a line expressed in Plucker coordinates reads

L' =MLM =M@m + I,n) M, (36)

where m, n stands for the moment and orientation of the
line L.

F. MOTORS IN G7 , |

A Euclidean transformation includes both rotation and trans-
lation, which are represented by a motor that belongs to the
motor algebra Q; 0.1- A motor as a linear operator repre-
sents the Lie Group SE(3) and

A general rotor is given by expressing Eq. 32
R = e 250 = cos(6/2) + sin(6/2)L. (37)

where the screw axis line is L = n + Im, n (orientation) and
m (moment).
The translator is given by

T=T=( +1%), (38)

where the translation ¢ = f1e+mes+13e3 is in R3. The screw
motion can be represented via a motor which in turn consists
of the geometric product of a translator 7' and a rotor R

M =TR (39)

for an arbitrary axis L, and is applied to a geometric entity Q
as follows:

Q' = TRQRT. (40)
Another representation of a motor follows
M =TR =R+ IR = (ap+a)+ 1(by +b). 41)

G. SPLIT ROTORS AND SPLIT MOTORS IN CONFORMAL
GEOMETRIC ALGEBRA A MOTOR BELONGS TO G}

3,0,1
The g3+ 01 has an orthonormal vector basis given by
{e1, ez, €2, e4, e5} with the properties ei2 =1, i=1,2,3,
eﬁ: l,e%:—l,ei-e4=e,’-e5=e4-e5=0, i=1,2,3.

The null basis {eg, ex} seen as origin and point at infinity
respectively, are defined as

_ (es —eq)
==
These null vectors satisfy the properties e% = ego = 0 and
€0 - €0 = —1.

E = e, Neg is the Minkowski plane. Given a nonsingular
k-vector A € G4, with signature {p = 4, g = 1, r = O}the
dual and its inverse are respectively

eo oo = €4 + e5. 42)

T

A*=Al, and A7 = {—1}‘1;‘%, (43)
where AT stands for the reversion of A and |A| its magni-
tude. For a detailed treatment of conformal geometric algebra
see [3] and [4]. Lorentz group denoted SL(2, C) preserves the
orientation of space and direction of time. The Lorentz group
is isomorph to the split motor given by

M;=R,T. (44)

This kind of motor carries out a screw motion in space
and time, i.e. has a Minkowski metric. Different from the
Euclidean rotor, a split rotor is spanned as follows

R¢= s xe e e, 45
s +xei5 + yexs + zepn (45)
scalar bivectors
where "%5 =1, e§5 =1, e%z = —1. Thus the split motor is

given by the geometric product of a translator and split rotor
t
MS:TRS:(I‘i‘eooE)RS = Ry —i—eooR/s. (46)

Note that instead of the Pseudoscalar of the motor algebra 1
which 12 = 0, we use the null vector eso Which ego =0,

{1 .e1,e2,e3,¢e4, €23, €31, €12, €41, €42, €43, €123, €124, €134, €234, €1234}

scale vectors

56790

bivectores

trivectors
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because both the motor and split motor are dual rotors. Thus,
we can affirm that a motor is isomorph with a dual quaternion
and a split motor is isomorph with a split dual quaternion.
Furthermore, biquaternions and split motors are isomorphic
to SL(2, C).

The motor (Lie Group SE(3)) preserves isometries of the
3D Euclidean space and leaves the origin fixed. Motors
induce a linear screw motion along a line in the 3D space.
Whereas the split motor (Lorentz group SL(2, C)) is a sub-
group of the Poincaré group (group of all isometries of
Minkowski spacetime).

Summarizing the different analyzed motors:

1) dual rotor in motor algebra G;LO isomorph to a dual
quaternion

M =R+IR =q+eq, I>? =€ =0, where R =
s + xez3 + yes; + zepn.

ii) hyperbolic (double) rotor in G3 1 isomorph to double
quaternion

M=R+I,R =q+eq, I; =¢* =1,

iii) dual rotor in G4,; isomorph to dual quaternion

M=R+exR =q+eq 2 =€>=0,

iv) dual split motor in G4, dual split quaternion

M = Rs + exxR's = q, + €q, ¢2, = € = 0, where
Rg = s + xey5 + yeas + zei2.

IIl. THE REPRESENTATIONAL VIEWPOINT IN COLOR
THEORY

In this section, we present a mathematical well-founded
representation viewpoint of color theory. Firstly, we will
review the well-known attempts and improve them with our
formulation. Our goal is to formulate the four Grassmann’s
laws for color in the geometric sub-algebra Gil which has
the correct pseudo-Euclidean space-time metric. This rotor
sub-algebra is isomorph to the split quaternion algebra Hg.
We will show that this approach induces a formulation for
holistic color processing opposite to the incorrect channel-
wise processing approach. Recent attempts for color image
processing use the Quaternion Fourier Transform which uses
a Euclidean metric. We will show that the appropriate Lie
Group to model the group action caused by color change
is the space-time Lorentz group or split motor My € Gy .
In this formulation, the wedge product of the Clifford product
intervenes in products between the color representations in
terms of bivectors. Moreover, the Lie group kernel of the Split
Quaternion FFT for the correct color image transformation
is an exponent of a Lorentz Lie algebra with the space-time
pseudo-Euclidean metric.

A. COLOR MODELS

According to the literature [24], [49], there is not a single
and simple 3D vector space that accurately predicts human
visual perception. Depending on the applications, it needs
n-dimensions, to take into account the many factors of our
complex visual system. Other relevant aspects of visual
perception of light and color include stimulus size, spa-
tial frequency, light adaptation, local adaptation, contrast
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adaptation, surround effects, Helmholtz Kohlrausch effects,
etc. Considering these aspects, the dimension n of space will
increase, and as a model will be impractical.

A color model is an abstract mathematical model which
describes the way colors can be represented as tuples of num-
bers, for example, triples in RGB or quadruples in CMYK.
Gamma-encoded RGB spaces are probably not ideal for vec-
tor mathematics, that is, the Euclidean distances will not be
uniform either for light or human perception. Specifically,
the linearized RGB and CIEXYZ would be vector spaces,
with their values relative to light in the scene or real-world;
but not uniform relative to human perception. Color spaces
like LAB, LUV, etc. are substantially more usable as a vector
space if one wants distances to be relative to perception,
i.e. perceptually uniform. But these models for uniformity,
unfortunately, do not involve many of the aspects of human
visual perception. Authors proposed more complex models,
such as the Hunt model, CIECAMO02, CAM16, ICAM, and
others which take into account extra features to predict better
visual perception.

The CIE color model uses tristimulus a combination of
3 color values that are close to the values red, green, and
blue, which are mapped on a 3D space. One expects that
by combing these values, one can reproduce any color that a
human eye can perceive. The authors of the CIE specification
claim that their model can represent accurately every single
color the human eye can perceive.

Red Green Blue (RGB) describes the chromaticity compo-
nent of a given color when excluding luminance. RGB itself
is not a color space, it is a color model. Many different color
spaces utilize this color model to describe their chromaticities
because the R, G, and B chromaticities are one facet of
reproducing color in CRT and LED displays.

In the cases of the analog YUV and digital YCbCr, they
belong to a variety of linear methods, which using linear
combination try to separate lightness from chroma signals in
an RGB input.

When the input RGB values are gamma-corrected, this
separation does not truly yield truly lightness and two chroma
signals, but it produces instead a luma signal and two chromi-
nance signals. YUV is originally utilized in video, because
human eyes have less resolution in their color perception,
thus it is more economical to put more of the bandwidth into
encoding Luma. In the case of YCC, separating also has the
added benefit of removing most of the correlation between the
input channels, as a result, it provides a better compression.

HSYV (hue, saturation, value) and HSL are transformations
of Cartesian RGB primaries (usually sSRGB), and their com-
ponents and colorimetry are relative to the colorspace from
which they are derived. HSV also known as HSB (hue, satura-
tion, brightness), is often utilized by artists, because it appears
more natural to think and handle color in terms of hue and
saturation than in terms of the subtraction or addition of color
components. Concluding, the HSV and HSL models do not
effectively separate color into their three value components
according to human perception of color.
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FIGURE 2. RGB model: a) color additive model, b)color space in the
shape of a cube.

In this study, we select among many color models, the RGB
model and the HSV model as they are of common use and
intrinsically different for RGB one uses Euclidean metric and
for the HSV model cone one uses Minkowski metric. Since
we are focusing on the role of the metric, we will study only
the RGB and HSV and in the experimental part compare their
algorithms.

B. GRASSMAN'S LAWS
The fundamental properties of metameric color matching ~
together with @ and % were introduced by Grassmann
(1853-4) [18].
1) Law of equivalence. ~ is an equivalence relation of S,
Y, u,v,wes:
a) u~u
b) ifu ~ v, thenv ~ u;
¢) ifu~vandv~ w,thenu ~ w.
2) Law of additivity. V, u,v,w € S, u ~ v if and only if
Uudw~vow.
3) Law of scalar multiplication. V, u,v € S and t € R™,
ifu~v,thentsxu~tx%xv.
4) Law of trichromacy.
a) For any ug, uj,up.u3 € § there exist positive
number numbers ¢, s;, i = 0, 1,2,3 such that
t; # s; for at least one #, and such that

3 3
Zti*uiNZS,-*ui, (47)
i=0 i=0

note that we use Y, for sums involving oplus.
b) There exists uy, up, u3 € S such that for any
positive ;, s, i = 1,2, 3, if

3 3
Zl‘i*u[ ~ Zsi*ui,
i=0 i=0
thent; =s;fori=1,2,3. (48)

C. REPRESENTATION OF GRASSMANN STRUCTURES
USING QUATERNION ALGEBRA H FOR THE COLOUR
MODEL RGB

The model of RGB defines the color space as a Cartesian sys-
tem (Euclidean coordinates) where the reference bases are the
colors red (Red), green (Green), and blue (Blue), expressed as
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Green sequence and RGB space Grean sequance andHsY. shace

FIGURE 3. Changes of pixel colors from black to blue represented in:
b) in R3, ) in the HSV cone model.

orthogonal vectors. It is based on additive synthesis, in which
the different colors are formed from the mixture of the three
primary colors, see Figure 2.a.

Normally, the mathematical representation is defined with
an intensity between 0 and 255 for each base color, allowing
256 different tones to be created. The combination of the
three with their intensity variants offers a palette of more
than 16 million colors. As a result, a color space in the shape
of a cube is generated, where each color is defined within
this cube. According to this RGB model, the absence of light
(black) is located at the coordinates (0, 0, 0), and at the
opposite vertex (255, 255, 255) is located the white that rep-
resents the mixture of all the colors according to the synthesis
additive. The diagonal line that joins both vertices symbolizes
the grayscale. The primary and secondary colors are located
at the remaining vertices of the cube, see Figure 2.b.

A representation of color theory using the 3D space
with Euclidean metric does fulfill Grassman’s Laws given
in subsection III-B. According to Theorem 3, the vector
space is three-dimensional if and only if < §, @, %, ~> is
3-chromatic.

This representation is the most popular way to represent
the color pixels of a color image, namely

p(x,y) = Re| + Gey + Bey € R>. (49)

On the other hand, some researchers [40], [41] choose a pure
quaternions g € H with Euclidean metric in a space R* to
represent the pixels of color images, namely

g(x,y) =Ri+ Gj + Bk € H. (50)

We experimented to observe how we perceive color
changes when daylight changes during the day, as shown in a
pixel sequence in Figure 3.a. We noticed that the color vector
p(t)(x,y) of a pixel moves in the RGB 3D space showing
not a smooth path, rather the points are dispersed without a
clear motion path, as it shown in Figure 3.a. In contrast, the
changes of the pixel color in the HSV cone model move in a
smooth path as shown in Figure 3.b.

When we observed this behavior of the pixels while the
daylight is changing, we suspected that the use of the 3D
Euclidean space for representing the color is not correct.
We claim that here the metric of space has to be pseudo-
Euclidean. Many authors [6], [18], [19], [35], [38], [45]
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FUTURE

FIGURE 4. The light cone used in the theory of relativity.

proposed that any Grassmann structure can be mapped homo-
morphically onto a convex cone in a vector space involv-
ing a space-time Minkowski metric and the Lorenz group.
This precise suggestion leads us to choose instead the HSV
cone model to represent the color and the split quaternions
and a space-time conformal geometric algebra Gy, 1. This is
explained in the next subsection.

D. REPRESENTATION OF GRASSMANN STRUCTURES
USING QUATERNION SPLIT ALGEBRA Hg FOR THE COLOR
MODEL HSV

The HSV color space is a three-dimensional representation
of color based on the components of hue, saturation, and
brightness, defined in 1978 by Alvy Ray Smith [9]. The color
space that this model creates is a cone based on the Hue,
Saturation, and Value (HSV) given by

o Hue is represented by an angle around a vertical axis
(°0...., °360).

« Saturation ranges from O to 1. Represents the purity of
a hue. The maximum is represented with § = 1, while
with S = 0 we have the grayscale.

o The Value ranges from O to 1. Zero stands at the bottom
of the pyramid and represents black. The maximum
value 1 corresponds to the top of the pyramid, with white
in the center and pure shades on the perimeter since they
are colors with V = 1 and S = 1 as depicted in Figure 5.
The color points are confined in the cone with an upper
bound of value V = 1. In contrast, in the light-cone
model used in relativity, the boosts do have not a bound
and move in the future light cone as shown in Figure 4.

The equations that relate the components of the HSV model
to those of the RGB model are, see Figure 5
0.5[(R—G) + (R+ G)]
VIR = G? + (R = B)(G - B)]
3[min(R, G, B)]
R+G+B
V = max(R, G, B). (51)

H = cos_l(

S=1-

A representation of color theory using the HSV color
space mapped onto a convex cone can be done using the
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Saturation

FIGURE 5. HSV cone model.

split quaternions which have a space-time Minwosky metric,
so the space has pseudo-Euclidean metric R,

Gx.y)=Hi+Sj+VkeHs, H S,VeR,  (52)

where ¢ € Hg. A Color pixel changes its color when the
daylight changes during the day. We observed that at the
cone the color vector g(x, y, z) moves following a smooth
path, as shown in 3.b. The space R>! has Minkowski space-
time metric, so we can reckon that the Lie group operator that
causes the motion of a color point is the Lorentz group, which
is an isotropy subgroup of the isometry group of Minkowski
spacetime.

Following the ideas the authors reviewed in the introduc-
tion, the main contribution of this article is to use the correct
Lie group which acts on the color visual manifold of the
color. As a result, the correct representation of color points
can be done using the split quaternions of Hg(R>!). Thus,
the established use of quaternions of H(R*) for color space
representation is wrong. Next section, we will present appli-
cations of image processing using this new representation in
terms of the split quaternions. We show applications of the
Split Quaternion FFT and the interpolation of color images
under changes of illumination using the split motor (Lorentz
group SL(2, C)).

IV. COLOUR IMAGE PROCESSING USING THE
QUATERNION SPLIT FAST FOURIER TRANSFORM

The Quaternion Fourier Transform (QFT) has been used to
process RGB color images [40]. The three components R, G,
and B of the color image are encoded in a pure quaternion

q = Ri + Gk + Bk. (53)

The kernel of the QFT uses an Euclidean metric. In this paper
we use the quaternion split algebra to process HSV color
images using the Minkowski metric. The three components
H, S, and V of the color image are encoded in a pure quater-
nion

q = Hi + Sk + Vk. (54)
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A. QUATERNION SPLIT FAST FOURIER TRANSFORM
The inverse of a quaternion p € Hg is computed in terms of
its conjugated and norm as follows

w=a+ bi+cj+ dk,

o =a— bi— cj—dk,

il = Vi = Va = b2 — 2 + a2
"

a=—:. (55)
[ pell
A unit pure quaternion (a = 0) is given by
. bi+cj+dk bi+cj + dk
= > = . (56)
[l V=b>—c?+d?
And the exponentiation of a quaternion is given by
exph = exp” exp‘l = exp® exp;lllﬁll’
exp“[cos(||l]) + & sin(l|Al])]. (57)

To construct the quaternion Fourier transform with the
Minkowski metric, we consider the exponentiation of a unit
quaternion (57) whit a = 0. The color image is represented
as a split quaternion g(i, j) = H(, )i + S, jyj + V(i j)k €
Hg. Because the multiplication between quaternions is not
commutative, one can compute three quaternions Fourier
transforms of a color image, namely

M—-1N-1
1
fiL[ ]= ex Fumx(mv/M+nu/N) , (58)
VPP :
1 M—-1N-1
]_-iR[q] — Z Z qexp¢;¢2n(mv/M+nu/N), (59)
MN m=0 n=0
1 M—-1N-1
}—:I:M [q] — T eXp:|:p,27rmv/M qequiu.Znnu/N )
m=0 n=0
(60)

Figure 6 shows the quaternion split Fourier transform
(QSFT) and its inverse and Figure 7 shows the quaternion
Fourier transform with the Euclidean metric and its inverse.

B. SYMPLECTIC FORM OF THE QUATERNION
We encode the three components of the color image in a pure
quaternion

q = Hi + Sk + Vk, ©61)

this avoids processing each component of the color image
separately and working with the image like a single entity.
We can write a quaternion using the Cayley-Dickson
form [13], that consists in representing the quaternion only
with two basic elements i and j, as

Q=A+Bj=Hi+(S+ Viy (62)

with this representation is possible to construct the symplectic
form [20] of an image as follows

Q. =A +Buy=Hp)+ 6 4+ Vuus, (63)
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d)

FIGURE 6. Quaternion split Fourier transform (QSFT) and its inverse of a
quaternion image: a) the quaternion image and the original image;

b) QSFT; c) the inverse of QSFT and the reconstructed image via the
inverse of the QSFT; d) the subtraction between the original image and
the reconstructed image via the inverse of QSFT.

FIGURE 7. Quaternion Fourier transform (QFT) with Euclidean metric and
its inverse of a quaternion image: a) the quaternion image and the
original image; b) QFT; c) the inverse of QFT and the reconstructed image
via the inverse of the QFT.

where A’ is known as the simplexpart and B as the
perplex part. The simplex part is the luminance component
of the image and is purely imaginary, for this case only
requires the H' image. The perplex part is the chrominance
component. ;1 and u; are two arbitrary unit pure quater-
nions, where the multiplication between them generates a
third u3 = piuo quaternion, where iy # uou1. Note
that 141, uo and w3 form a new coordinate system isomorphic
to i, j and k, but not constrained to the coordinate axes of
3-space.

1

H' = _E(QM + 110), (64)
1

S'= —5(Qn2 + 120),
1

V= —5(Qns + 130), (65)
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FIGURE 8. Image used for the construction of the symplectic form.

yelow Hue

60° (40)

0
(0

FIGURE 9. a) Cone of HSV model, b) color enumeration for identification
with the sets of (11, 115, 1t3)-

where H', §” and V' are the components for the change of
basis from (i, j, k) t0 (1e1, w2, 43).

C. THE FOURIER TRANSFORM FOR SYMPLECTIC FORM
OF THE QUATERNION
In this subsection, we process the symplectic form using the
quaternion split fast Fourier transform exposed in previous
subsections. Similarly, as in the case of the symplectic form
using the classical quaternion Fourier transform, the reader
can see the results using the HSV Model based images.

The Fourier transform of the symplectic form can be for-
mulated as follows

FHg 1 = FHEAT+ FHE B (66)
FHRG 1= FHRAT + FHB o 67)

D. CONSTRUCTING THE SYMPLECTIC FORM OF AN IMAGE
Using the image shown in Figure 8, we obtain the symplectic
form of the images for different sets of (u1, w2, p3), which
allows us to select a specific color in the cone of the HSV
model, see Figure 9. The results and the respective sets of
(141, 2, 3) are shown in figure 10. A’ is the simplex part
and B’ is the perplex part, and Q corresponds to the sum of
the simplex part and perplex part, as given by equation (63).

E. IMPLEMENTATION OF THE FOURIER TRANSFORM FOR
SYMPLECTIC FORM OF THE QUATERNION

Figure 11 shows the Fourier transform for the symplec-
tic forms shown in Figure 10. QSFT(A’), QSFT(B’), and
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FIGURE 10. Symplectic form of the image. Using different sets of

(115 12, n3), where each colour is shown as column 1-Green:

wy =—(0)j, pp= 0P, ps=()k 2-Cyan: p; = (1)j+(V2)k,

ny = (1) — (V2)k, p3=(2v2i)k 3-Blue: pu;=(Dk, py=-(Q1i),

ny =—(10)i 4-Magenta: g = (1)i + (vV2)k, py = (1)i - (V2)k,

ns =(-2+2)j 5-Red: puq = —(1)i, py =(1)k, pq =—(1i)j 6-Yellow:
1i 1i

= =30 = D, ma = =0+ (D). w3 = (k.

QSFT(A") IQSFT(A") QSFT(B') IQSFT(B') QSFT(Q") IQSFT(

Q

)

FIGURE 11. Implementation of the quaternion Split Fast Fourier
Transform for the symplectic form of the image shown in Figure 10, where
A is the simplex part, B’ is the perplex part, Q' is the sum of the equation
63, QSFT is the split fast Fourier transform, and IQSFT is the inverse.

QOSFT(B') are the quaternion Split Fast Fourier transform of
the simplex part, perplex part, and according to the equation
(63) the sum of the simplex and perplex parts, and IQSFT
corresponds to the inverse quaternion Split Fast Fourier
transform.

V. INTERPOLATION USING SPLIT MOTORS OF THE
CONFORMAL GEOMETRIC ALGEBRA G, ;

The linearized RGB and CIEXYZ are vector spaces, with
their values relative to light in the scene or real-world; but
not uniform relative to human perception. In contrast, the
HSV and HSL cone models are transformations of Cartesian
RGB primaries (usually sSRGB), and their components and
colorimetry are relative to the color space from which they
are derived. HSV also known as HSB is often utilized by
artists, because it appears more natural to think and handle
color in terms of hue and saturation than in terms of the
subtraction or addition of color components. In this regard,
in this section, we show the results of interpolating artificial
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FIGURE 12. Seven pairs of changes of color image pixels: a) interpolated
using the Euclidean metric in the R3; b) interpolated using Mikowski
(space-time) metric in the HSV cone model.
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and real color images using the RGB model and the HSV cone
model. We show that the interpolation of color images using
the HSV model is better and it behaves similarly to the human
perception.

The HSV space will be represented in a pseudo-Euclidean
space R3!, see Figure 9. We select the split motors of the
conformal geometric algebra My € Gy 1 to represent the
Lorentz transformation which acts on the HSV model cone
leaving the space-time metric invariant. The split motors are
explained in subsection II-G.

In this section, we present the interpolation of two images
with variations in brightness. For this purpose, we consider
each pixel of the image as a point to be interpolated. The
two points to be interpolated are located in the same position
in both images. Each point is represented by the A, and B,
respectively, see Figure 14.a.

AO = (AH7A57AV)7
BO = (BHvBS’BV)7 (68)
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FIGURE 13. First experiment: the seven interpolated changes of color
image pixels represented: column (a) in the RGB R3 space; column (b) in

the HSV cone model.
v
b) ia “"75"’ .

FIGURE 14. a) Graphical representation of two points on the cone.
b) Scheme of the interpolation points on the cone (§ =0.1,0.2,...,1).

Stepl. We express the point A, as a bivector

A, =Apes +Asers +Ayeqn (69)
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Groan sequence and HSV space.

Green sequence - HSV space
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FIGURE 15. Second experiment: A) representation of the interpolated
points on the cone with S =1 and V = 1. (Interpolation over the
quadrant 1 and 2). B) representation of the interpolating points. C) The
colors obtained by the interpolation are represented in A) and B), each
arch represents the interpolation between the first and last image of the
arch. On each arch the point sequence is counterclockwise.

a) 3 4

Green sequence - HSV space Graen saquance - HSV space
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FIGURE 16. Third experiment: A) representation of the interpolated
points on the cone with S =1 and V = 1. (Interpolation over the
quadrants 3 and 4). B) representation of the interpolated points. C) the
colors obtained by the interpolation are represented in A and B, each
arch represents the interpolation between the first and last image in the
arch. On each arch the point sequence is counterclockwise.

Step 2. We get the translator to carry out the translation
between the points

T = 5p (cos(y)ers + sin(yr)eas)) + dzer2 (70)
where:

v =380+9¢,
A=Ay +4s,

5 =10, 1]
B =By + Bs,
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FIGURE 17. Fourth experiment: A) in each circle, it is shown the colors
obtained by the interpolation between the first and last image in the row.
B) representation of the points resulting from the interpolation.

C) representation of the interpolated points on the cone with different
perspectives.
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Groen sequence - WSV space

Graen sequence and HSY space.

FIGURE 18. Fifth experiment: A) in each row, it is shown the colors
obtained by the interpolation between the first and last image in the row.
B) representation of the points resulting from the interpolation.

C) representation of the points resulting from the interpolation over the
cone with different perspectives.

A-B A
9 = =, ¢ = COS_1 (—H)
|A[|B] Al
z=By —Ay, p=|B]—-]A] (71)

§ represents the interpolation step which yields a certain
number of interpolated points, see Figure 14.b.

Step 3. We formulate the split rotor rotation for the rotation
between the points:

86 . (56
Rg = cos 5 + sin > el1s. (72)
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5 1 2 3 4 5

FIGURE 19. Sixth experiment 1: a) A and B are the images used for
carrying out the interpolation. The numbered images are the result of the
interpolation. b) A and B are the images used for carrying out the
interpolation. We use the images in RGB format and the Euclidian metric.
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FIGURE 20. Sixth experiment 2: A and B are the images used for carrying
out the interpolation. Images A and B were taken at different times of the
day. The numbered images are the result of the interpolation. We use the
images in HSV format and the Minkowski metric. For the visualization,
the results are converted to RGB format.

Step 4. The translator is given by
t
Tr=1+ €0 (73)
where the translation is expressed as a bivector ¢ = fyejp +
tyer3 + 1ze12.
Step 5. Considering the Equations (72) and (73), the split
motor for the interpolation is given by

Mg =TRgs (74)

Step 6. Interpolation:
Al = MA,M (75)
To show the performance of the model proposed,

we present next to a series of experimental results.

« First experiment: seven pairs of colors were interpolated
to compute four images in between. You can see in
Figure 12.a that the interpolation using Euclidean metric
in the RGB R? space and in Figure 12.b the interpo-
lation using Mikowski (space-time) metric in the HSV
cone model, here the results are converted to the RGB
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FIGURE 21. Sixth experiment 3: (first and quarter row) A and B are the
images used for carrying out the interpolation using the RGB Euclidean
metric. Images A and B were taken at different times of the day. The
numbered images are the result of the interpolation. (second and fifth
row) The images are the images taken every 30 minutes, starting at

1.00 pm and ending at 5.30 pm. (third and sixth row) The images
represent the subtraction of the images obtained by interpolation and the
images taken with the camera.

euclidean metric to visualize better in the color changes.
Furthermore, these results are presented in the RGB
R space in Figure 13.a and the interpolation using
Minkowski (space-time) metric in the HSV cone model
as shown in Figure 13.b. You can see that the sequences
of the color pixels in the RGB R3 space don’t follow
smooth paths, in contrast, those color pixels in the HSV
cone model follow rather smooth paths. This confirms
that the interpolation of color images has to be done
pixel-wise using the Minkowski (space-time) metric in
the HSV cone model.

o The second experiment consists of the interpolation
for four different values of saturation, with Value max
(V = 1), considering that it covers the whole range of
hue. The point sequence on each arch is counterclock-
wise. For this experiment, the cone was divided into four
quadrants, and the interpolation was between points with
different values of hue for each quadrant, with the same
saturation and same Value, see Figure 15.

o The third experiment consists of the interpolation of nine
points that have the next values (S = 0.1, 0.2, 0.3, 0.4,
0.5,0.6,0.7,0.8 and 0.9, H = 1°, V = 1) with the point
(H=360°,S =1, V=1), see Figure 16.

o The fourth experiment consists of the interpolation
of five pairs of points. The saturation (S) and value
(V) have the same value in the pair of points, but the
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FIGURE 22. Sixth experiment 4: (first and quarter row) A and B are the
images used to carry out the interpolation using the HSV Minkowski
metric and the results are converted to RGB for visualization. The images
A and B were taken at different times of the day. The numbered images
are the result of the interpolation. (second and fifth row) The images are
the images taken every 30 minutes, starting at 1.00 pm and ending at
5.30 pm. (third and sixth row) The images represent the subtraction of the
images obtained by interpolation and the images taken with the camera.

value of Hue (H) is 1° for one of the points and 360° for
the other, see Figure 17.

« The fifth experiment consists of the interpolation of the
point (H =1°, S = 0.1, V= 0.1) with each of the seven
points (H = 1°, 55°, 110°, 165°, 220°, 265°, and 360°,
S=1,V=1),see Figure 18.

« The sixth experiment consists of four cases of the inter-
polation of two images that were taken at different times
of the day, see Figures 19, 20, 21, 22.

We show in all the experiments that the processing of RGB
images using the Euclidean metric in the R3 does not yield
good results. In contrast, the experiments show using color
synthetic images and images that change by daylight, that
the color change follows the action of the Lorentz Lie group,
thus the interpolation using the HSV Minkowski metric out-
performs definitively the interpolation using RGB Euclidean
metric.

VI. CONCLUSION

The authors present a complete study of the different mathe-
matical methods to model the color phenomena and a new
method to process color images. Our main contribution is
to propose the correct metric to process color images using
the Minkowski or space-time metric. The authors present a
new model for representing and processing color using split
quaternions and space-time conformal geometric algebra and

VOLUME 11, 2023

propose two novel algorithms for practical color image pro-
cessing: we formulate the novel (space-time) Split Quater-
nion Fourier Transform for color image processing and
we interpolate color images processing using Split Motors
which belong to the space-time conformal geometric alge-
bra. We present successful applications of the Quaternion
Split Fourier Transform and the interpolation processing.
The experimental part proves with synthetic and real images
that the color images have to be processed in the HSV
cone model. We carry out a thorough comparison of these
computations using the RGB metric in the R3 space and
using the Minkowski metric in the HSV cone model. These
comparisons show that the color image processing using
the Minkowski metric in the HSV cone model ensures the
quality of the enhanced colors near the quality of the cognitive
perception of colors.
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