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ABSTRACT The ankle rehabilitation in certain injuries requires passive movements to aid in the prompt
recovery of ankle movement. In the last years, parallel ankle rehabilitation robots with multiple degrees of
freedom have been the most studied for providing such movements in a controlled way. Nevertheless, the
high cost does not make it viable for home healthcare. Then, this paper presents an optimization approach
where a spherical mechanism of one-degree-of-freedom is proposed as a low-cost ankle rehabilitation device
to provide the passive rehabilitation exercise for plantar flexion/dorsiflexion and adduction/abduction ankle
movements. The approach is formulated as a mono-objective constraint optimization problem where the
relative motion angle of the mechanism, the Grashof criterion, the force transmission, and the rehabilitation
routine are included. The link lengths of the mechanism parameterized in Cartesian coordinates are found
by the two most representative differential evolution variants. The statistical analysis of optimizers indicates
that the DE/rand/1/bin finds, on average, more promising solutions through algorithm executions than the
DE/best/1/bin. The numerical simulation results and the motion simulation of the CADmodel illustrate the
obtained ankle rehabilitation mechanism, indicating that the percentage error between the desired rehabili-
tation path and the curve generated by the coupler point of the mechanism is in the interval [0.036, 0.437]%.
Manufacturing the ankle rehabilitation mechanism with a 3D printer validates the optimization approach and
verifies the resulting mechanism.

INDEX TERMS Mechanism synthesis, spherical four-bar mechanism, optimization, differential evolution.

I. INTRODUCTION
The ankle is the fundamental joint for balance, support, and
propulsion of the human body. Musculoskeletal and neuro-
logical injuries alter the ankle movement [1]. Obesity can
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also produce musculoskeletal disorders, overloading the
joints and reducing the range of ankle motion [2], [3]. The
sprained ankle is the single most common injury with approx-
imately 80% of ankle injuries in individuals with physical
activities during sporting events, recreational activities, and
occupational accidents [4], [5]. For instance, one in every
ten thousand people suffers from inversion ankle sprains in
sports every day [6], and approximately 5600 injuries per day
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in United Kingdom [7]. This injury often causes a kind of
disability.

The recovery of the ankle movement depends on the stim-
ulation of the central nervous system and the motor system
perception function. Then, physiotherapy plays an essential
role in the recovery of the ankle motion [4]. Nevertheless, the
therapists’ long, repetitive, and intense rehabilitation process
leads to inaccurate training in the rehabilitation movements
and/or in the required training forces. Also, the limited thera-
pist resources available in the institutions (hospitals, rehabil-
itation centers, etc.) can delay ankle injury treatment. So the
return of patients to normal activities is prolonged for a longer
time [4].

Hence, several robotic devices have been developed to
replace traditional ankle rehabilitation training provided by
therapists. Parallel robots for ankle rehabilitation, called par-
allel ankle rehabilitation robots (PARRs), are used for gen-
eral ankle rehabilitation purposes [1], i.e., they can perform
different rehabilitation routines. So, the potential of the reha-
bilitation robots is evidenced as an aid in developing ankle
rehabilitation exercises to recover the lost range of motion
and muscle strength.

Stewart parallel mechanism [8] is the pioneered configu-
ration used in the PARRs by Rutgers University [9]. In order
to reduce the coupling degree in its six Degree Of Freedom
(DOF) that conducts to a hard controller, parallel mechanisms
with fewer DOF have been used in the PARRs to simplify the
robot model and, as a consequence, the control system. Some
examples are the 3-DOF 3RSS/S parallel mechanism [10],
the 2-DOF 3UPS/U parallel mechanism [11], the 3-SPS/SP
parallel mechanism [12], where R, U, and S represents the
revolute, universal and spherical joint, respectively.

Soft actuators like Pneumatic Muscles (PMs) and cables
have been introduced in the PARRs to perform the full range
of motion of the ankle and torque. PMs possess the advantage
of better flexibility, lightweight, high power/mass ratio, and
better human-robot interactions [13] with respect to the rigid
actuators. Nevertheless, the PM-driven PARRs must have at
least one PM more than the DOF [14]. Moreover, the con-
trol system must be more sophisticated because the tension
in the PMs must be kept in the development of exercises,
and the loss of its control (control system instability) might
injure patients whether a deviation from the safe workspace
occurs [15].

On the other hand, in the previous PARRs, the instan-
taneous centers of rotation of the PARRs (robot rotation
axes) are just below the foot sole. As a consequence, the
robot rotation axes present deviations from the ankle rota-
tion axes causing unexpected movement and forces in the
patients; hence, the patients might not reproduce the correct
movements given by the therapist because of the repetitively
changes of the sitting postures during the exercises or even,
the patients might suffer secondary damage [16]. The design
of PARRs that presents a stationary center of rotation coin-
cident with the ankle center is one of the research directions

in the state-of-the-art. For instance, the 3-DOF 2-UPS/RRR
parallel mechanism is proposed in [17], the 2-DOF based on
crank-slider mechanism in [18], the 3-DOF spherical RRR
parallel mechanism in [19] based on a redesign of the Agile
Eye Gosselin’s robot [20], the generalized spherical parallel
mechanism which considers 3-5 DOF is given in [16].

However, the high degree of freedom of the PARRs
makes them less affordable to be wearable devices. This
is because of the high weight due to the increment of
actuators, the complexity in their use for programming the
rehabilitation exercises due to they are robots for general
purposes, and the high cost due to the increment of actu-
ators which implies an advanced technology for control-
ling. Others researches have motivated the use of fewer
DOF PARRs to perform two of the three kinds of ankle
movements (plantarflexion/dorsiflexion, eversion/inversion,
and adduction/abduction) [11], [21]. On the other hand, the
complex movement of some parts of the human body can
be reproduced by using mechanisms with one-degree-of-
freedom without reducing the performance and functionality
of the rehabilitation machine [22].

Nevertheless, it is well known that the mechanism’s per-
formance is highly dependent on its geometry. Therefore
the dimensional synthesis plays a vital role in its design,
and the way of stating the synthesis impacts the obtained
design [23]. The mechanism synthesis is a complex, multi-
modal, constrained and large-scale design problem [24] that
consists of determining the size and configuration of the
mechanism to yield the required motion [25], [26]. Three
main kinds of mechanism synthesis are considered in the
literature: type synthesis, number synthesis, and dimensional
synthesis. Furthermore, dimensional synthesis can be catego-
rized into three classes: path generation, function generation,
andmotion generation (body guidance). This paper deals with
the path generation dimensional synthesis problem where the
link lengths are determined such that a point (Cartesian posi-
tion) in the coupler link, called coupler point, must follow,
as close as possible, a set of points (path).

Recent results from the authors of this work [23] indicate
that handling in a different way kinematic synthesis opti-
mization problem can aid in the search for solutions by the
optimizer. In this direction, the development of the ankle
rehabilitation device through a spherical mechanism with
one-degree-of-freedom that performs the complex task of
two kinds of ankle movements (ankle rehabilitation exercise),
is the main objective of this work. So, in this paper, the
relative motion angle approach for spherical mechanisms, the
Grashof criterion, and the force transmission are incorpo-
rated in the formulation of the path generation-based dimen-
sional synthesis where the link lengths are parameterizedwith
Cartesian coordinates, and the passive rehabilitation exercise
is considered in the optimization approach to make the ankle
rehabilitation device. One of the benefits of using spherical
mechanisms to make ankle rehabilitation routines is that the
mechanism rotation axes coincide with the ankle rotation
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allowing the correct movements without changes in the sitting
postures.

On the other hand, finding the exact synthesis problem
of the spherical mechanism with more than nine precision
points leads to an overdetermined system of nonlinear equa-
tions in which the exact solution cannot reach [27]. There-
fore, to solve the synthesis problem, numerical optimization
is applied. The least-square optimization scheme has been
applied to the path generation dimensional synthesis in [28],
to the function generation dimensional synthesis in [29],
and to the motion generation dimensional synthesis in [30]
of spherical four-bar mechanisms. In the motion genera-
tion dimensional synthesis of spherical four-bar mechanisms,
sequential quadratic programming (SQP) is employed in [31]
to solve the mechanism synthesis problem handled with the
aid of harmonic analysis.

One of the problems with using least-square optimization
and the SQP algorithm to fulfill the first-order optimality
condition (a set of overdetermined nonlinear equations) is
the requirement of tedious and complicated processes to
find a good initial condition and also the well-conditioned
Jacobian matrix. Damping and continuation techniques are
used in [28] to accelerate the iterative process’ convergence
rate while stabilizing the process. Another approach reported
in [30] uses fuzzy identification and the numerical atlas
method [32] of spherical four-bar mechanisms to find the
initial condition to reduce the fixed step sizes in the numer-
ical atlas database. This finds better solutions between the
basic dimensions given in the atlas. Nevertheless, setting the
initial conditions in those algorithms is an important issue
in the convergence to the most promising solution because
they converge to the solution near the initial one. Further-
more, the strong dependency on gradient information also
requires satisfying the continuity of the performance func-
tion and constraints. Those issues make the implementation
of such algorithms a challenge for practitioners. Given the
limitation of gradient-based algorithms, which restrict their
effectiveness in complex engineering optimization problems,
nature-inspired intelligent synthesis has been applied to the
mechanism synthesis problem because they do not depend
on the problem features (linearity, continuity, data types, etc.),
they are population-based techniques that are less susceptible
to converging to local solutions, and hence, they do not
depend on a rigorous procedure to set the initial condition.

Nature-inspired intelligent synthesis solves the synthesis
of mechanisms by nature-inspired computing based on the
principles of physics and biology. The nature-inspired com-
puting [33] are search techniques inspired by natural phe-
nomena such as physics, chemistry, and biology. They are
commonly used for finding solutions to complex constrained
optimization problems and so, those have been highly used in
the mechanism synthesis problem.

Table 1 presents the synthesis of different mechanisms
using nature-inspired computing. It is observed in the circle
chart in Fig. 1 that the three most frequently used algorithms
in the synthesis problem are those based on Differential

TABLE 1. Researches in the kinematic synthesis problem using
nature-inspired computing.

Evolution (DE) [34], Genetic Algorithm (GA) [35], and
Particle Swarm Optimization (PSO) [36]. The DE-based
algorithms represent the most useful approach in this kind
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FIGURE 1. Circle chart of the different nature-inspired computing applied in the mechanism synthesis.

of problem and other real-world optimization problems
[37], [38] because DE is a simple algorithm that, with
straightforward adjustments to the DE coding, can produce
an efficient search (accuracy, robustness, and speed) and
an improved ability to solve problems than other algo-
rithms inspired by other sources of inspiration. For instance,
in the Congress of Evolutionary Computation competitions,
DE based algorithms are the top three best-performing opti-
mizers [39]. Then, this paper uses two different variants of the
DE algorithm to solve the synthesis problem for the proposed
1-DOF spherical passive ankle rehabilitation mechanism.

A. CONTRIBUTIONS
The PARRs have been designed for developing different
rehabilitation exercises with sophisticated control systems.
Nevertheless, the high cost, the large volume, and complex
control systems have led to providing other alternatives for
making passive ankle rehabilitation. In particular, the spheri-
cal mechanismwith one-degree-of-freedom is selected in this
paper for making the passive ankle rehabilitation routine and
is considered as option for ankle rehabilitation. Due to the
complexity in the spherical mechanism design, the main aim
of this work is the proposal of an optimization approach based
on differential evolution for the design of the ankle rehabili-
tation device through this mechanism. In addition, this mech-
anism leads to a low-cost and lightweight design alternative
for the rehabilitation device due to the reduction of actuators.
The device obtained with this approach allows a particular
routine within certain limits in the degree of freedom of
ankle joint movement, which the routine can be previously
set or depend on the anthropometric measurements of the
population or a specific injury. So, different from the appli-
cation of a robot to perform the rehabilitation routines, the

presented proposal requires different mechanisms to provide
different movements (rehabilitation routines) conforming to
the rehabilitation training. A particular routine is set up as a
study case, but the presented design approach is not limited
to carrying out other different routines, i.e., the procedure
developed in the following sections allows to design other
devices for another particular routine.

On the other hand, the works in Table 1 requires the loop
closure equations to determine the kinematic motion and the
obtained parameters are the magnitude and direction of links.
For instance, in [40], the closed-form expression of the output
link angle is used to solve the spherical synthesis problem.
The inclusion of this expression requires a high penalty on the
optimization process when any non-zero number is divided
by zero. Both the closed-form expression and the penalty
functions reduce the ability of the algorithm to search for the
whole design space. This leads to the requirement for mod-
ifications in the optimizer to find the most suitable solution,
which is evidenced in [23]. In recent results of the authors
of this work [23], the optimizers in the synthesis problem
of the planar four-bar mechanism can significantly improve
(without requiring algorithm modifications) the search for
solutions by including the relative angle approach for pro-
ducing kinematic motion and the link parameterization in
terms of Cartesian coordinates. This results in a mecha-
nism with better performance that directly impacts in the
application. Unlike those works, in this work relative angle
approach for providing the kinematic motion of the spherical
mechanism is integrated into the path generation dimen-
sional synthesis, where the link length parameterization with
Cartesian coordinates and the passive rehabilitation exercise
are also included to make the passive ankle rehabilitation
device.
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B. PAPER ORGANIZATION
The organization of this work is as follows. First, the kine-
matic analysis of the spherical mechanism using the rela-
tive angle method is presented in Section II. In Section III,
the dimensional synthesis of the spherical mechanism for
ankle rehabilitation is formally established as an optimization
problem where the objective function, design variables, and
constraints are presented. A brief explanation of two differ-
ent differential evolution variants that solves the problem is
described in Section IV. Fifth, the analysis and discussion
of the obtained results with the DE variants are detailed in
Section V. In addition, the obtained spherical mechanism
design for ankle rehabilitation is validated through numeri-
cal simulations and also in experimentation with a physical
prototype. Finally, the conclusions are drawn in Section VI.

FIGURE 2. Initial position of the spherical four-bar mechanism.

II. KINEMATIC ANALYSIS OF THE SPHERICAL
FOUR-BAR MECHANISM
The kinematic motion analysis of the spherical four-bar
mechanism is obtained through the relative joint rotation
angle method [79]. The spherical four-bar mechanism is
shown in Fig. 2. The main feature of such mechanism is that
all links are placed on the spherical surface with center in 0 =
[0, 0, 0]T . The Cartesian coordinates or points of the link’s
tips with respect to the coordinate system x − y− z are set as
a0 = [a0x , a0y, a0z]T , b0 = [b0x , b0y, b0z]T , f = [fx , fy, fz]T

and s = [sx , sy, sz]T . Those points have revolute joints along
the axis formed by the corresponding Cartesian coordinate
and the sphere’s center 0. Also, the Cartesian coordinate
p0 = [p0x , p0y, p0z]T represents the coupler point, and θj is
the j− th relative input angle of the crank link (formed by the
points aj and f ) around the unit vector (f − 0). The relative
reference of the angular displacement θj is the initial position
of the spherical four-bar mechanism. This initial position
contemplates the joint coordinates a0, b0, f , s and p0.
The proposed spherical four-bar mechanism belongs to the

surface of a sphere with unit radius (the links are normalized

to unity), such that all points are on the same spherical
surface. In the case that two points belong to the same rigid
body, the geodesic distance [80] between them represents the
link length. Then, the crank link length is represented by the
geodesic distance r2 = cos−1(f ·a0), the length of the ground
link is given by r1 = cos−1(f · s), the coupler link length is
provided by r3 = cos−1(a0 · b0) and the output link length is
set as r4 = cos−1(s · b0). In the real application, the links of
the spherical mechanism must fit to the real size by scaling
up the geodesic distances.

In the kinematic analysis, the subscript j ∈ {1, . . . , n} in
the coordinates aj, bj and pj represents the next position of
the mechanism when crank rotates the angle θj from its initial
position (a0, b0 and p0), as shown in Fig. 3.
The following procedure is used to compute the j-th coor-

dinate of the mechanism from its initial position.
First, the displacement of aj is given in (1), where [Rθj,f ]

is the rotation matrix considering the vector (f −0) rotates an
angle θj with respect to the initial position. This displacement
can be observed in Fig. 3(a).

aj = [Rθj,f ](a0 − f )+ f (1)

The general expression of the rotation matrix with the axis-
angle representation considering the rotation axis in û =
[ûx , ûy, ûz]T and the angle β, results [81], [82],

[Rβ,û] =
[
I − Qû

]
cos(β)+

[
Pû

]
sin(β)+ Qû (2)

where

[
Qû

]
=

 ûx ûx ûy ûx ûz
ûx ûy ûy ûyûz
ûx ûz ûyûz ûz

 , (3)

[
Pû

]
=

 0 −ûz ûy
ûz 0 −ûx
−ûy ûx 0

 (4)

Second, the j−th next position of b0 given by bj is obtained
as follows:
i) The initial vector (b0 − f ) is rotated θj rad around the

vector (f − 0), resulting in the point b′j. The point b′j is
obtained in (5). This relative angular displacement is shown
in Fig. 3 where the lines in red color represent the mechanism
in the initial position, while the lines in translucent red color
indicate the mechanism with the aforementioned rotation.

b′j = [Rθj,f ](b0 − f )+ f (5)

ii) At the same time the vector (b′j − aj) is rotated αj rad
around the vector (aj − 0) to produce the next position bj.
This displacement is shown in Fig. 3(b) with its mathematical
expression detailed in (6).

bj = [Rαj,aj ](b
′
j − aj)+ aj (6)

In order to apply (6), it is necessary to find the angle αj that
guarantees a constant geodesic distance in r4 of the output
link through the movement in θj, i.e., the output link must
ensure to be a rigid body. In that direction, the condition (7)
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FIGURE 3. Sequence of the Kinematic movement of the spherical
four-bar mechanism from the initial position to the j − th position.

must be fulfilled that relate the same distance in the vector
(b0 − s) as well as in the vector (bj − s).

(bj − s)T (bj − s) = (b0 − s)T (b0 − s) (7)

Substituting (6) in (7) results in (8).

(b′j − aj)
T (b′j − aj)+ 2(aj − s)T [Rαj,aj ](b

′
j − aj)

+ (aj − s)T (aj − s) = (b0 − s)T (b0 − s)

(8)

Rewritten (8) in terms of the angle αj using (2) with û =
aj and β = αj, results in the Freudenstein’s equation [83]
showed in (9).

E cos(αj)+ F sin(αj)+ G = 0 (9)

where:

E = (aj − s)T [I−Qaj ](b
′
j − aj),

F = (aj − s)T [Paj ](b
′
j − aj)

G = (aj − s)T [Qaj ](b
′
j − aj)−

1
2
(b0 − s)T (b0 − s)

+
1
2
(b′j − aj)

T (b′j − aj)+
1
2
(aj − s)T (aj − s) (10)

The solution of the Freudenstein’s equation (9) can pro-
duce two real solutions for the angle αj (α1j and α2j ) when
E2
+ F2

− G2
≥ 0, as is observed in (11) ∀ i = 1, 2.

αij = 2atan2
(
−F + (−1)i

√
E2 + F2 − G2, (G− E)

)
(11)

The selection of the angle αj is determined by the angle αij
in (11) closer to the previous position αj−1 of the mechanism,
i.e., the following condition is considered to set the angle αj:

αj =

{
α1j If

∣∣∣α1j − αj−1∣∣∣ < ∣∣∣α2j − αj−1∣∣∣
α2j Otherwise

(12)

Nevertheless, the main issue in the above condition is to
find the angle αj. In order to give a procedure to obtain the
angle αj, the following strategy is provided.
The computation of the relative angles αj αj−1, α1j and α

2
j

considers the initial position of the mechanism in the points

FIGURE 4. Schematic representation of the αj movement.

b0, a0, f , s of Fig. 4(a) (red links). Hence, the initial angle
α0 = 0 is set. Two different movements provided by the crank
angle αj−1 and αj of the spherical four-bar mechanism is
shown in Fig. 4(a), both are relative to the initial configuration
of the mechanism. The green plane formed by the points
bj, 0, and aj (plane bj − 0 − aj) is given by the rotation of
αj rad. Meanwhile, the blue plane bj−1 − 0− aj−1 is rotated
αj−1 rad.

The ψ − th auxiliary coordinate system xr3ψ − yr3ψ − zr3ψ
is set in the point aψ ∀ ψ ∈ {0, j − 1, j}, where the axis
zr3ψ is collinear to the unit vector aψ − 0, the axis xr3ψ is

perpendicular to the axis zr3ψ and belong to the red plane
aψ − 0 − bψ in Fig. 4(a). The yr3ψ is defined according to
the right-hand rule.

Then, the angle αj of the green plane bj − 0 − aj is
obtained from αij (11) closer to the previous position of
the blue plane bj−1 − 0 − aj−1 which considers an angle
αj−1. Considering only the rotation in the axis zr3ψ of the

coordinate system xr3ψ − yr3ψ − zr3ψ and the rotation αij (11),
those coordinate systems can be visualized as in Fig. 4(b),
where the unit vectors of the corresponding axes are deter-
mined by (cos(αψ ), sin(αψ )) and (cos(αij), sin(α

i
j)). Using

the al-Kashi’s theorem [84] in such unit vectors, the angle
ᾱi ∀ i = 1, 2 between the vectors (cos(αij), sin(α

i
j)) and

(cos(αj−1), sin(αj−1)) are computed as follows:

ᾱi = cos−1
(
2− ∥Vα∥2

2

)
(13)

where

Vα = (cos(αj−1)− cos(αij), sin(αj−1)− sin(αij)) (14)

Considering (13), the next condition is included to find the
angle αj:

αj =

{
α1j ᾱ1 < ᾱ2

α2j Otherwise
(15)

Thus, the relative angles method focuses on determining
the angle αj to know the mechanisms’ position with respect
to the input relative angle θj.
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FIGURE 5. Schematic representation of the ankle movements.

Finally, the next position of the coupler point pj due to the
j− th angular displacement of the crank θj can be obtained by
using a similar procedure stated above. It is important to note
that the movement equations will affect the vectors pj and bj
in the same way because the points p0 and b0 are in the same
rigid body. As a result, the position pj is defined in (16).

pj = [Rαj,aj ](p
′
j − aj)+ aj (16)

where:

p′j = [Rθj,f ](p0 − f )+ f (17)

With (16), it is possible to obtain the path traced by the
coupler point pj for all input angles θj ∈ [0, 2π ].

III. DIMENSIONAL SYNTHESIS OF THE SPHERICAL
FOUR-BAR MECHANISM FOR THE PASSIVE
ANKLE REHABILITATION
The ankle has three joints: the talocrural joint, the
subtalar joint, and the inferior tibiofibular joint [85].
Those joints give rise to the movements of plantarflexion/
dorsiflexion (PL/DO), adduction/abduction (AD/AB) and
inversion/eversion (IN/EV) as seen in Fig. 5. Due to the
above, it is possible to approximate themovement of the ankle
joint to a spherical joint. The use of parallel robots have been
designed for ankle rehabilitation purpose [86].

FIGURE 6. Sketch of the spherical mechanism for the passive ankle
rehabilitation.

The considered passive rehabilitation exercise is a move-
ment that rotates the ankle both in the y axis (PL/DO move-
ment) and in the z axis (AD/AB movement), as shown in
Fig. 6(a). The spherical 4-bar mechanism is proposed in this
work to achieve such movement, as shown in Figure 6(b). It is
observed that the rotation center of the mechanism coincides
with the rotation center of the ankle, and the rotation axes of
the foot coordinate system xf−yf−zf (see Fig. 5) are collinear
to the rotation axes x − y− z of the mechanism (see Fig. 6).
Then, the tip of the foot will be guided by the mechanism’s
coupler point pj.

This work proposes a constrained optimization problem to
carry out the dimensional synthesis of the spherical mech-
anism for the path generation task. In this problem, the
geodesic distances of the links must be found such that
the coupler point curve pj presents the minimum error with
respect to the set of points qj describing the desired rehabilita-
tion path, subject to the inherent constraints in the design. The
formal statement of the optimization problem is presented
below.

min
x
J (x) (18)

Subject to:

gi(x) ≤ 0, ∀ i = 1, 2, . . . ,m (19)

xmin ≤ x ≤ xmax (20)

In the next sections, the elements of the optimization prob-
lem are detailed.

1) OBJECTIVE FUNCTION
The main objective of the path generation task is to design
a mechanism with the closest coupler point curve to the
predefined set of points. In this context, the objective function
(21) is related to the sum of the squared error between the
j− th coupler point pj and the j− th precision point qj.

J (x) =
n∑
j=1

[
(qj − pj)

T (qj − pj)
]

(21)

The desired path for the ankle rehabilitation routine is
shown in Fig. 7, where twenty-one precision points (marked
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TABLE 2. Desired points describing the ankle rehabilitation trajectory.

FIGURE 7. Schematic representation of the desired path for ankle
rehabilitation.

in small red circles) are selected (n = 21). The numeric
values of those desired points are presented in Table 2.
One crucial issue is guaranteeing that the ankle rotation

angles stay within their anatomical limits when the mecha-
nismmoves through the precision points. Table 3 presents the
maximum limits of ankle movement.

The angular displacements ωy and ωz related to the PL/DO
movement and the AD/AB ankle movements, respectively,
are computed using the proposed rehabilitation routine given
in Table 2. For this purpose, a unit vector h is defined pointing
to the rehabilitation trajectory, as shown in Figure 8. It is

TABLE 3. Maximum movement allowed at the ankle [87].

assumed that the vector h presents two sequential rotations.
The first rotation (ωz) is with respect to the z axis, and the
latter (ωy) is with respect to the y axis. The j-th value of the
angle ωyj and ωzj at any position of the desired trajectory can
be determined by using (22) and (23), respectively.

ωyj = − sin−1
(
qzj

)
(22)

ωzj = atan2
(
qyj , qxj

)
(23)

Fig. 8(b) shows the angular position of both ωy and
ωz during a complete cycle of the rehabilitation trajectory.
As observed, the values of the anglesωy andωz remain within
the maximum allowed limits presented in Table 3 for the
PL/DO and AD/AB movements. These limits are marked
with dotted lines. Then, the proposed path for the ankle
rehabilitation routine is validated.

2) DESIGN VARIABLES
The design variables are the kinematic parameters of the
spherical mechanism. In this case, these variables are related
to the coordinates of vectors f , a0, s, b0 and p0 in the mecha-
nism initial position. However, since these vectors must lie on
the surface of a unit sphere, then these must be represented as
unit vectors (normalized vector). Let the corresponding units
vectors have the same directions that the non-zero vectors
f̄ = [f̄x , f̄y, f̄z]T , ā0 = [ ā0x , ā0y, ā0z]T , s̄ = [s̄x , s̄y, s̄z]T ,
b̄0 = [b̄0x , b̄0y, b̄0z]T and p̄0 = [p̄0x , p̄0y, p̄0z]T , the units
vectors f , a0, s, b0 and p0 can be computed as in (25)-(28).

a0 = ā0/ ∥ ā0 ∥ (24)

b0 = b̄0/ ∥ b̄0 ∥ (25)

f = f̄ / ∥ f̄ ∥ (26)

s = s̄/ ∥ s̄ ∥ (27)

p0 = p̄0/ ∥ p̄0 ∥ (28)

In this case, the design variable vector includes the
elements (coordinates) of the non-zero vectors f̄ , ā0, s̄,
b̄0 and p̄0.
On the other hand, the proposed dimensional synthesis

in the path generation for ankle rehabilitation is without
prescribed timing since it is not required to guarantee that a
specific value in the crank movement produces a particular
movement of the coupler point. Hence, the n angular displace-
ments of the crank θj ∈ {θ1, θ2, . . . , θn} that produce the n
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FIGURE 8. Desired path for the rehabilitation routine in the Cartesian and
angular space.

coordinates of the coupler point are included in the design
variable vector.

Finally, the design variable vector x ∈ R15+n is presented
in (29).

x =
[
ā0x , ā0y, ā0z, b̄0x , b̄0y, b̄0z, f̄x , f̄y, f̄z,

s̄x , s̄y, s̄z, p̄0x , p̄0y, p̄0z, θ1, θ2, . . . , θn
]
(29)

3) CONSTRAINTS
One important constraint is to fulfill the existence of an
assembled mechanism through its movements, i.e., the solu-
tion of the mechanism kinematics (11) must be real numbers.
Therefore, a hard constraint [22] is included to satisfy that
condition. This constraint is given in (30).

g1(x) : −(E2
+ F2

− G2) ≤ 0 (30)

The evaluation of the hard constraint at a possible problem
solution must be done before the computation of the objective
function and the remaining constraints. In the case that the
hard constraint is not satisfied, the objective functionwill take

FIGURE 9. Critical positions of the spherical crank-rocker mechanism.

a high value, and the remaining constraints will be evaluated,
as observed in Algorithms 1 and 2 of Section IV.

Other constraint involves that the mechanism presents the
crank-rocker configuration [80], which is achieved as long as
the four critical positions of the crank r2 (see Fig. 9) meet the
criteria in (31)-(37).

r2 + r3 ≤ r1 + r4 (31)

r2 + r1 ≤ r3 + r4 (32)

r3 − r2 ≥ r1 − r4 (33)

r3 − r2 ≥ r4 − r1 (34)

r1 − r2 ≥ r3 − r4 (35)

r1 − r2 ≥ r4 − r3 (36)

r2 − r4 ≤ r3 + r1 (37)

It is observedwhen the crank r2 is alignedwith r3, as shown
in Fig. 9(a), it is necessary to fulfill the inequality (31).
When r2 is aligned with r1 (see Fig. 9(b)), the condition
(32) must fulfill. In the case where r2 is over r3, as shown
in Fig. 9(b), there are two conditions; the first one must
satisfy (33) whether r1 < r4, and the second one implies that
r4 < r1 and the inequality (34) must satisfy. In the last case
where r2 is over r1, shown in Fig. 9(d), the inequality (35)
must fulfill when r3 > r4, otherwise the inequality (36) must
satisfy when r4 > r3.
According to the Grashof criterion [88], the resulting inde-

pendent constraints of (31)-(37) for the optimization problem
that guarantee a crank-rocker configuration in the mechanism
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FIGURE 10. Representation of the base and supplementary
configurations in the spherical four-bar mechanism.

TABLE 4. Supplementary configurations for the spherical four-bar
mechanism.

are stated in (38)-(40).

g2(x) : r2 + r1 − r3 − r4 ≤ 0 (38)

g3(x) : r2 + r3 − r1 − r4 ≤ 0 (39)

g4(x) : r2 + r4 − r1 − r3 ≤ 0 (40)

On the other hand, the spherical mechanism has different
supplementary configurations. For instance, in the base con-
figuration of the spherical mechanism shown in Fig. 10, and
composed by the points f , a0, b0, s, where it is observed that
such configuration given by the links in continuous color lines
consider the least geodesic distance between these points.
Nevertheless, the other fifteen supplementary configurations
can be set in the links for the spherical mechanism, which are
kinematically equivalent. Those configurations are formed
by using supplementary points f̂ , â0, ŝ and b̂0 given by the
intersections of each pair of dotted rings displayed Fig. 10.
All supplementary configurations of the spherical mechanism
are presented in Table 4.

From sixteen configurations, eight of them are reflec-
tions of others. Therefore, the seven configurations of
the mechanism can be stated by replacing two or four
links of the base mechanism (formed by the points f ,

a0, b0, s) with their respective supplementary geodesic
distance (according to the supplementary points).

It is essential to establish a criterion that allows selecting
the configuration with the least geodesic distance between
these points. For that purpose, the sum of the geodesic
distances of two links must be less than π rad [80]. That
condition is included as constraints and they are presented
in (41)-(46).

g5(x) : r2 + r3 − π ≤ 0 (41)

g6(x) : r2 + r4 − π ≤ 0 (42)

g7(x) : r2 + r1 − π ≤ 0 (43)

g8(x) : r3 + r4 − π ≤ 0 (44)

g9(x) : r3 + r1 − π ≤ 0 (45)

g10(x) : r4 + r1 − π ≤ 0 (46)

The force transmitted from the crank link to the output
link is another criterion to be considered in the spherical
mechanism for ankle rehabilitation. This criterion is related to
the transmission angleµ shown in Fig. 2. The suitable interval
given in [89] (µ ∈ [π4 ,

3π
4 ] rad) is used in this paper. Then, the

constraints in (47)-(48) is included for guaranteeing a suitable
force transmission.

g11(x) :
π

4
− µmin ≤ 0 (47)

g12(x) : µmax −
3π
4
≤ 0 (48)

where

µmin =

∥∥∥∥cos−1 (
cos(r1 − r2)− cos(r4) cos(r3)

sin(r4) sin(r3)

)∥∥∥∥ (49)

µmax =

∥∥∥∥cos−1 (
cos(r1 + r2)− cos(r4) cos(r3)

sin(r4) sin(r3)

)∥∥∥∥ (50)

The limits of the transmission angle µ are obtained by
using the cosines law for spherical triangles [90]. Applying
this formalism requires that the formed triangle remains in
a unit sphere with geodesic distances of its sides less than
π rad. This requirement is satisfied whether (41)-(46) are
accomplished.

The minimum transmission angle µmin is obtained
when the crank r2 is on the ground link r1, as shown in
Fig. 9(d). The formed triangle is given by r1 − r2, r3 and r4.
The maximum transmission angle µmax is obtained when the
input handle r2 is aligned with r1, as shown in Fig. 9(b).
The formed triangle is given by r1 + r2, r3 and r4.
Another condition in the spherical mechanism synthesis

is related to the movement of angles θj. The constraint (51)
assures the counterclockwise rotation of the crank.

g12+i(x) : θi − θi+1 ≤ 0, ∀ i = 1, 2, . . . , n− 1 (51)

Finally, the last constraint given in (20) involves the
allowed bounds in the design variable x. Theminimum xmin ∈
R15+n and maximum xmax ∈ R15+n bounds are presented
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in (52)-(53), respectively.

xmin = [−1,−1,−1,−1,−1,−1,−1,−1,−1,

−1,−1,−1,−1,−1,−1, 0, . . . , 0] (52)

xmax = [ 1, 1, 1, 1, 1, 1, 1, 1, 1,

1, 1, 1, 1, 1, 1, 2π, . . . , 2π ]

(53)

IV. DIFFERENTIAL EVOLUTION
The dimensional synthesis problem stated in Section III
is solved by using two different evolutionary algorithms.
The differential evolution variants DE/rand/1/bin and
DE/best/1/bin are implemented because they present a
good approximation to a good solution in a reasonable
time [91], and they have recently shown outstanding results
compared with the state-of-the-art algorithms solving mech-
anism synthesis problems [23] as is observed in circle chart
in Fig. 1.

The theory of evolution of species dictates that individuals
of a species mutate and interbreed over generations, allowing
the genes of the best individuals of the species to be passed
on to the next generation. Thus, changes in the species will
enable adaptations that improve individuals to preserve it.

The Differential Evolution (DE) algorithm is a stochastic
search method [34] inspired by the theory of evolution of
species belonging to the classification of evolutionary algo-
rithms. The possible solutions (design variable vector) in the
optimization problem are the individuals of a population.
Thus, those solutions evolve to increase the fitness of the
population (the minimization of the objective function) and
hence, to find the aptest solution to the problem.

The pseudo-code of the DE algorithm is presented in the
Algorithm 1. It starts with a population of Np randomly
generated individuals within the limits of the search space of
design variables. Once the initial population is established,
subsequent generations of individual populations are created
up to a maximum generationGmax . The current population in
a particular generation xi,G ∀ i = 1, . . . ,Np is mutated and
crossed to generate the child population ui,G ∀ i = 1, . . . ,Np.
In the case of the DE variant DE/rand/1/bin, it performs

a random mutation of the population’s individuals with one
difference vector and also considers a binomial crossover.
In the case of DE/best/1/bin, it performs an elitist muta-
tion based on the knowledge of the best population’s indi-
vidual with one difference vector and considers a binomial
crossover. Themutation and crossover of the j−th element for
the i− th individual in the generationG are displayed in (54),
as shown at the bottom of the page, where F ∈ [Fmin,Fmax]
is known as the scale factor and is randomly generated at
each generation between its minimum Fmin and maximum
Fmax values, and CR ∈ [0, 1] is a constant value that set
the probability factor to pass genes of the parent vector or
the mutant vector. The superscript r̄x of vectors are related
to the r̄x − th individual randomly taken from the current
population and different from the i − th parent individual,
i.e., r̄1 ̸= r̄2 ̸= r̄3 ̸= i, while the superscript best is related to
the best individual in the population (the individual with the
lowest performance function value).

Once the child population is created, it competes with the
parent population. The individual (solution) with the best
fitness pass to the next generation G+ 1.
Due to the nature of the original DE algorithm that is

used to solve unconstrained optimization problems, in some
works, the constrained optimization problems are trans-
formed into unconstrained ones through diverse indirect
methods [92], [93]. In this work and according to the taxon-
omy in [94], the method of separation of objective function
and constraints proposed byDeb [95] is considered, where the
optimization problem is not transformed. This method keeps
the objective function and constraint violation separate in the
algorithm selection process. One of the most well-liked and
efficient methods for handling constraints is Deb’s method,
which uses the criteria listed below as a constraint handler to
determine which of two individuals best fits the problem (the
fittest solution).

1) Any feasible solution is preferred to an infeasible one.
2) Between two feasible solutions, the one with the better

objective function is preferred.
3) Between two infeasible solutions, the one with the

smallest distance of violated constraints is preferred.

Mutation and crossover of DE/rand/1/bin:

ui,j,G =



Crossover︷ ︸︸ ︷
Mutation︷ ︸︸ ︷

vi,j,G =xr̄1,j,G + F(xr̄2,j,G − xr̄3,j,G) if (rand(0, 1) < CR) or j == jrad
vi,j,G =xi,j,G otherwise

Mutation and crossover of DE/best/1/bin:

ui,j,G =

Crossover︷ ︸︸ ︷
Mutation︷ ︸︸ ︷

vi,j,G =xbest,j,G + F(xr̄1,j,G − xr̄2,j,G) if (rand(0, 1) < CR) or j == jrad
vi,j,G =xi,j,G otherwise

(54)
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Algorithm 1 Differential Evolution Algorithm
1: Begin
2: G← 1
3: Create the random initial population xi,G

∀i = 1, . . . ,Np.
4: Evaluate J (xi,G) ∀i = 1, . . . ,Np (Algorithm 2).
5: Evaluate φ(xi,G) ∀i = 1, . . . ,Np (55)
6: while G ≤ Gmax do
7: for i← 1toNp do
8: Create the mutant vector vi,G using the

differential mutation in (54).
9: Create the child individual ui,G with the

binominal crossover in (54).
10: Evaluate the objective function J (ui,G)

(Algorithm 2).
11: Evaluate the constraints φ(ui,G) (55).
12: Select the individual between xi,G and ui,G

using the Deb’s criterion.
13: end for
14: G← G+ 1
15: end while
16: End

At the end of the optimization process, the population in the
last generation will contain the best individuals (solutions),
and the best of them is selected as the optimal design variable
vector of the problem.

On the other hand, in Deb’s criterion is observed that
the computation of the objective function and the constraint
distance (distance of violated constraints) is required. The
details of the objective function evaluation of the dimensional
synthesis of the spherical four-bar mechanism for ankle reha-
bilitation are displayed in Algorithm 2, and the constraint
distance computation is shown in (55).

φ =

n+11∑
i=1

max (0, gi (x)) (55)

V. RESULTS
The results obtained by solving the synthesis problem of the
spherical mechanism for path generation in passive ankle
rehabilitation are presented in this Section. First, the perfor-
mance of DE algorithms is presented through the analysis
of descriptive statistics with the aim of finding the individ-
ual (mechanism design solution) with the smallest position
error between the precision points and the coupler point of
the mechanism. Subsequently, the mechanism’s simulation
results are analyzed to validate the mechanism’s performance
when performing the proposed rehabilitation routine. Finally,
the physical prototype of the ankle rehabilitation mechanism
manufactured with a 3D printer is presented.

A. PERFORMANCE ANALYSIS OF THE OPTIMIZERS
This section presents the results of the obtained solutions in
the DE variantsDE/rand/1/bin andDE/best/1/bin through
thirty executions of the algorithms.

Algorithm 2 Evaluation of the Performance Function for the
Particular Optimization Problem

1: Input:
x =

[
ā0x , ā0y, ā0z, b̄0x , b̄0y, b̄0z, f̄x , f̄y, f̄z,
s̄x , s̄y, s̄z, p̄0x , p̄0y, p̄0z, θ1, θ2, . . . , θn

]
2: Output: J
3:

4: Begin
5: a0 = ā0/ ∥ ā0 ∥
6: b0 = b̄0/ ∥ b̄0 ∥
7: f = f̄ / ∥ f̄ ∥
8: s = s̄/ ∥ s̄ ∥
9: p0 = p̄0/ ∥ p̄0 ∥

10: Compute r1, r2, r3, r4
11: α0← 0
12: J ← 0
13: for j← 1 to n do
14: Compute aj (1)
15: Compute bj (6)
16: Compute E,F,G (10)
17: if (E2

+ F2
− G2) < 0 then

18: J ← 10000
19: Break
20: end if
21: Compute αij (15)
22: Compute pj (16)
23: end for
24: Calcular J (21)
25: End

A PC with an Intel Core(TM) i5 processor at 1.6GHz
and 12GB of RAM is used to solve with the DE variants
(DE/rand/1/bin and DE/best/1/bin), the mechanism syn-
thesis problem for passive ankle rehabilitation. In order to
find good solutions and provide a representative and mean-
ingful comparative analysis, the configuration parameters
of DE variants are tuned by a hand procedure [96]. This
procedure consists of systematically varying the crossover
factor CR ∈ [0, 1] with increments of 0.05 units in its
permitted interval. The minimum and maximum values for
the scale factor F are set as Fmin = 0.3 and Fmax = 0.9.
A population number of Np = 100 individuals with Gmax =
7000 generations is also chosen, i.e., the maximum num-
ber of objective function evaluation is 700000, in both
algorithms.

Thirty executions are performed at each value of CR
with the previously mentioned algorithm parameter settings.
At each execution, the objective function value of the best
solution is stored, and a data set (sample) consists of the thirty
best solutions obtained from the thirty algorithm executions
with a specific CR value.
The summary of the characteristics of samples obtained by

DE variants per each CR value is shown in Table 5. The first
column of such a table represents the DE variant. The second
column displays the chosen CR values. The third column to
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TABLE 5. Descriptive statistics of the results obtained through thirty executions of DE variants with different values of CR.

the sixth column presents the average, standard deviation, and
the solution with the minimum and maximum performance
function value obtained through the thirty executions (sam-
ple), respectively. Finally, the seventh column contains the
constraint distance of the solution with the minimum objec-
tive function value, and the eighth column shows the number
of Infeasible Solutions (IS), i.e., the number of solutions in
the sample that did not find at least one feasible solution
through the optimization process.

Through the results of the descriptive statistics shown in
Table 5, the following is observed:

• The best objective function values is when the crossover
value is set as CR = 0.95 and CR = 0.8 for the
DE/rand/1/bin (J = 1.1929e−4) andDE/best/1/bin
(J = 1.2034e − 4), respectively (see fifth col-
umn). The small percentage difference between both
objective function values is 0.87%. Nevertheless, for
these same DE variants and CR values, the individual
with the maximum performance (the worst solution) in
DE/best/1/bin presents an increment of 57.14% from
the worst solution in DE/rand/1/bin (see the sixth
column). On the other hand, observing the standard
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deviation (fourth column), a small value of the standard
deviation indicates the convergence of the thirty execu-
tions toward a small region of the search space. In this
case the DE/rand/1/bin with CR = 0.95 presents the
smaller value. This indicates that the DE/rand/1/bin
algorithm using the value of CR = 0.95 is more reliable,
and also it provides the best solution to the synthesis
problem of the spherical mechanism for path generation
in ankle rehabilitation.

• When the DE/best/1/bin considers the crossover value
interval in CR ∈ [0.4, 0.85], it finds solutions near
the best ones (see fifth column). Nevertheless, through
the thirty executions, the DE/best/1/bin does not con-
verge towards the best solution since the sample’s mean
has a higher value than the corresponding best individ-
ual (see third and fifth column). The behavior of the
DE/best/1/bin is attributed to the premature conver-
gence to local solutions due to the incorporation of the
best individual in the mutation process, which makes the
exploitation of solutions more exhaustive (54). In con-
trast, the DE/rand/1/bin algorithm found promising
results in a smaller crossover value interval than the
corresponding in DE/best/1/bin. The interval in the
crossover value is CR ∈ [0.8, 0.95] (see fifth column).
The main difference is the mean of the sample (see
the third column) in that interval presents a smaller
value than the one obtained in the DE/best/1/bin.
This implies less diversity of solutions among differ-
ent executions of the DE/rand/1/bin. This behavior
is attributed to the pseudo-random selection of individ-
uals in the mutation process of the DE/rand/1/bin,
which makes to get out of local minima that do not
provide promising solutions, i.e., the DE/rand/1/bin
performs better exploration of the search space.With the
above, it is possible to observe that with the algorithm
DE/best/1/bin, promising solutions can be reached in a
wider range of values ofCR, with the inconvenience that,
on average, the solutions do not present a convergence
towards the best individual, so it will require the exe-
cution of several runs to provide the best result. On the
other hand, although the algorithm DE/rand/1/bin has
a smaller number of values of CR with which promising
solutions are found, it will find, on average promising
solutions through the algorithm executions.

• The infeasible solutions (see IS column) found through
the thirty executions per sample shows that the algo-
rithm DE/rand/1/bin in thirteen cases with different
values of CR, in at least one of the thirty executions,
was not possible to find feasible individuals. In con-
trast, in five cases, the algorithm DE/best/1/bin finds
at least one infeasible individual in the thirty execu-
tions. This implies that the DE/best/1/bin is more
reliable in finding feasible solutions for this particular
case.

On the other hand, nonparametric inferential statistics is
used to confirm the confidence in the number of times

that one algorithm outperforms the others based on their
performances through a multiple comparison test [97]. The
multiple comparison Friedman test is first used to detect
if at least two samples have different mean values. The
obtained p-value is 6.2631e− 162 indicating the existence of
significant differences among the performances of the forty
compared algorithms (the two DE variants with different CR
values).
The Bonferroni multiple comparison post hoc test with a

significance level of α = 0.05 is also used to confirm that
the medians of the data set are significantly different. The
obtained p-value at each comparison is adjusted by taking into
account the accumulated error in the data set of the compared
algorithms. Fig. 12 displays the multiple comparison test.
Lines that are overlappedmean that the algorithms are not sig-
nificantly different, i.e., the p-values in those comparisons are
higher than the selected significance level, and no conclusion
about the data distributions can be drawn. On the contrary,
algorithms with significantly different among them, present
lines do not overlap, i.e., the p-value is inferior to the selected
significance level, and the winner between the two algorithms
is the one that is further to the left side according to the ranks.
So, in this case, the stronger the evidence for accepting the
alternative hypothesis is confirmed (the medians of the data
set are not the same, indicating different distributions between
the algorithms). In addition, in Fig. 11(a) and Fig. 11(b), the
comparison of two target algorithmswith respect to the rest of
the algorithms is presented. The target algorithms are the two
most outstanding ones for each variant. The red lines indicate
significantly different algorithms, and the gray lines indicate
those that are not significantly different with respect to the
target algorithm shown in the blue line. This test provides the
following findings:
• The comparison of the DE/rand/1/bin with CR = 0.95
(indicating in blue line) with respect to all algorithms is
shown in Fig. 11(a). It is confirmed that DE/rand/1/bin
with CR = 0.95 is the best option to solve the mech-
anism synthesis problem because this algorithm outper-
forms twenty-twoDE variants using differentCR values.
Also, this algorithm provides the best objective function
value.

• The comparison of DE/best/1/bin using CR = 0.75 with
respect to all algorithms (as shown in Fig. 11(b)) indi-
cates that this algorithm is the second best one because
it outperforms eighteen algorithms using different CR
values. Also, it provides a close solution (1.2702e−4) to
the best-found solution with DE/best/1/bin using CR =
0.80 (1.2034e− 4).

• It is confirmed that the variations of the crossover values
in the DE/rand/1/bin present more significant differ-
ences among the comparisons than the DE/best/1/bin.
Meanwhile, the DE/best/1/bin presents, in the major-
ity of the cases, no conclusion (significance differ-
ences) about the algorithm performance with different
crossover values. This is observed by visualizing the
diverse set of intervals of ranks (lines).
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FIGURE 11. The Bonferroni multiple comparison post hoc test with a significance level of α = 0.05.

Figure 12(a) shows the objective function evolution
through generations of the best solution for both DE variants.
It is observed in Fig. 12 for DE/rand/1/bin that after the

solution is feasible (around the generation 900), a decreas-
ing trend is observed until the generation 5000. After the
generation 5000, the trend is towards a certain value. In the
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FIGURE 12. Objective function behavior of the best solution found in the
thirty executions.

case of DE/best/1/bin showed in Fig. 12(b), the feasible
solution is found in around the generation 300. After that
generation, a stagnation to a local solution is observed in the
interval of generations [2000, 5000]. It is also observed that
the objective function evolution remains almost constant after
the generation 6000. In contrast to the DE/best/1/bin, the
behavior of the performance function in the DE/rand/1/bin
empirically confirms the capacity of the algorithm to go out
of local solutions.

B. PERFORMANCE ANALYSIS OF THE
OBTAINED SOLUTIONS
This section presents the comparative analysis of the best
solutions found by the DE variants for the spherical mecha-
nism in passive ankle rehabilitation. Table 6 shows the values
of the design variables of the best solution found for both
algorithms. The solution given by DE/rand/1/bin obtains
the best objective function value with J = 1.1929e − 4.
In the case of DE/best/1/bin, it has an objective function
value of J = 1.2034e−4. The Pearson correlation coefficient
between the design variables is 0.5407, which implies that
there is not a relationship between both solutions in spite
of having a percentage difference of 0.87% between both
objective function values. Nevertheless, suppose the design

TABLE 6. Design variables found by optimizers.

variables associated with the vector coordinates are normal-
ized according to (25)-(28). In that case, the Pearson corre-
lation coefficient between the obtained solutions given by
DE variants presents a value of 0.9998, indicating that the
best mechanisms found with both algorithms have a close
relationship between them. The normalized design variables
(Cartesian coordinates of the spherical mechanism) are dis-
played in Table 7.

Table 8 shows the precision points qj, and those gener-
ated by the coupler point pj of the best mechanism found
with the DE/rand/1/bin. The positions of those points are
graphically observed in Fig. 13, where red circles represent
the precision points, and blue crosses are the coupler points
of the mechanism through diverse movements of the mech-
anism’s crank. Moreover, in Fig. 13(c) a close-up view of
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TABLE 7. Cartesian coordinates of both the mechanism joints and the
coupler point.

TABLE 8. Coordinates for the precision points and the obtained
coordinates in the coupler point of the spherical mechanism.

a point is observed. The average distance value from the
precision and coupler points shown in Table 8 is 0.00209,
with a maximum distance value of 0.00437 and a minimum
one of 3.62047e− 4. So, the spherical mechanism can fol-
low the desired path with a percentage error in the interval
[0.437, 0.036]%.

On the other hand, the graphical representation of the
spherical mechanism through four different rotations of

FIGURE 13. Path, coupler and precision points generated by the spherical
mechanism.

FIGURE 14. Graphical representation of the crank movement of spherical
mechanism.

the crank (red link) in a simulation environment is shown
in Fig. 14. The black link represents the ground link, the green
link is the output (rocker) link, and the spherical triangle
(blue link) represents the coupler link. It is observed that the
coupler point describes the desired path.

C. EXPERIMENTAL PROTOTYPE
The obtained numerical results are validated by manufactur-
ing the ankle rehabilitation mechanism with a 3D printer.
Figure 15 shows the experimental prototype and theComputer-
Aided Design (CAD) of the obtained design. The red, black,
green, and blue links in Fig. 15(b) represent the crank (r2),
ground (r1), rocker (r4), and coupler links (r3), respectively.
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FIGURE 15. Spherical mechanism prototype for passive ankle
rehabilitation.

TABLE 9. Geodesic distance of the manufactured prototype.

FIGURE 16. Radial distances of the sphere layer that contains links.

Also, the base where the foot should rest is displayed in gray
color. As the coordinates of the spherical mechanism links
are expressed in unit vectors (an sphere with unit radius), the
obtained geodesic distances also represent the arc angles, and
those distances must change to manufacture the prototype.
Therefore, the size of the geodesic distances is enlarged by
multiplying the obtained arc angle by a scale factor to allow
links with different geodesic distances to be assembled. The
scale factor represents a new radius of the sphere related to
the foot size, with or without the addition of the link width.
The scale factors and the resulting geodesic distances are
presented in Table 9, where r5 is the geodesic distance joining
the points a0 and p0.

The detailed description for generating the scale factor
is explained next using Fig. 16: In this case the prototype
is scaled 30% from the original size. It is considered that
the foot size is 240 mm, so the scaled foot size is 72 mm.

FIGURE 17. Motion simulation in the CAD of the spherical mechanism for
passive ankle rehabilitation. For more details see the video in this link
(click here).

FIGURE 18. Angular displacement in the spherical joint.

This scaled foot size represents the radius of the sphere layer
that contains the geodesic distances r3 and r5. The following
exterior sphere layer has an increment related to the link
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FIGURE 19. Path following of the passive ankle rehabilitation prototype.

width (5 mm), and this layer contains the geodesic distances
r2 and r4. The last layer contains the geodesic distance r1,
which represents an increment of two times the link width
with respect to the scaled foot size.

Figure 17 shows themotion simulation of the rehabilitation
mechanism in four different positions in the CADmodel. The
corresponding angular position of the PL/DO and the AD/AB
movements of the ankle (spherical joint) are displayed in
Fig. 18. It is observed that the precision points transformed
into the angular space present the minimum and maximum
errors of 0.0127 and 0.2435 degrees in the PL/DO move-
ment, respectively. In a similar fashion those errors in the
AD/ABmovement are 5.8031e−4 and 0.1775 degrees. These
values additionally confirm the precision to perform the
rehabilitation trajectory by using the obtained rehabilitation
mechanism.

Finally, the movement of the prototype of the ankle reha-
bilitation mechanism is exposed in four photographs given
in Fig. 19, and also a video of the prototype functionality
is given in this link (click here). It is observed that the
experimental prototype fulfills the desired path for ankle
rehabilitation.

VI. CONCLUSION
This paper presents the design approach of an ankle rehabili-
tation device with a one-degree-of-freedom spherical mecha-
nism through an optimization approach. The proposed design
is formulated as a mono-objective constraint optimization
problem where the relative angle approach, the Grashof cri-
terion, the force transmission and the rehabilitation routine

are included in the dimensional synthesis to find the link-
Cartesian coordinates that perform a passive rehabilitation
exercise. The resulting design is obtained through differential
evolution variants DE/rand/1/bin and DE/best/1/bin.
The statistical results using the differential evolution vari-

ants indicate that both algorithms find similar solutions
with a slight difference of 0.87% in the objective function
value given by DE/rand/1/bin than the provided by the
DE/best/1/bin. Also, the Pearson correlation coefficient
confirms the close relationship of 0.9998 in the obtained
design solutions. Considering that the CR value is the
only parameter configuration of the algorithms and it must
choose in the interval [0, 1], the DE/best/1/bin can reach
promising solutions in 45% of the interval. In contrast,
the DE/rand/1/bin can reach them in 15%. This indicates
that the algorithm’s parameter configuration is more critical
in DE/rand/1/bin, because the DE/best/1/bin can reach
promising solutions in a wider range of CR values than
DE/rand/1/bin. On the other hand, several executions of
the algorithms are required to provide the best solution to the
problem in both algorithms. In those executions, there also
exist solutions that do not converge to the best solution region.
This fact is attributed to the way of stating the optimization
problem, i.e., the inclusion of the relative angle approach in
the dimensional synthesis. This is because this approach can
search in a broader field of the search space, so there is more
chance to converge to local solutions to the problem. Future
work involves the improvement of the optimizer to make a
better balance in the exploration and exploitation of the search
space, such that the convergence of the algorithm to the best
solution region is more reliable through the executions in this
kind of kinematic synthesis problem statement.

The numerical simulation results, the motion simulation of
the CADmodel, and the ankle rehabilitation mechanism pro-
totype show the movement of the final design where the per-
centage error between the desired rehabilitation path and the
curve generated by the coupler point of the mechanism is in
the interval [0.036, 0.437]%with an average error of 0.209%.
So, the potential of the proposed rehabilitation mechanism is
evidenced as an aid in developing passive ankle rehabilita-
tion exercises. Future work will also concern experimentally
testing the device and designing additional devices with the
proposed approach to carrying out rehabilitation exercises.

The proposed nature-inspired intelligent synthesis design
methodology can be extended for coupling spherical four-bar
mechanisms to generate more complex paths. Other future
work involves including the eversion/inversion ankle move-
ment into the nature-inspired intelligent synthesis through
coupling mechanisms.
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