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ABSTRACT The penetration level of renewable energy sources is increasing worldwide with incentives and
subsidies for declining greenhouse gas emissions. Nevertheless, determining the optimal location and size of
renewable distributed generators (RDGs) remains a challenging task, owing to the uncontrollable reactance
that dominates power distribution networks in voltage control and its sensitivity to weather conditions.
Hence, without considering the reactive compensation of generators, RDG integration incurs undesired
total power losses and puts the system at risk for voltage instability and collapse. This research proposes
Load Disabling Nodal Analysis for Robust Voltage Stability (LDNA-RVS), a method that determines the
optimal location and size of RDGs and aims to improve robust voltage stability by considering reactive
compensation while enhancing the loss reduction efficiency (LRE) of the RDG integration. The proposed
LDNA-RVS method has been successfully applied to the IEEE 33-bus and IEEE 69-bus test distribution
systems, demonstrating its suitability for small-scale systems with a limited number of RDGs. Finally,
LDNA-RVS outperforms other methods in six out of eight categories for robust voltage stability and achieves
the top rank in all eight categories for LRE. These findings prove the effectiveness of LDNA-RVS in terms
of robust voltage stability and LRE against the uncontrollable reactive compensation.

INDEX TERMS Reactive compensation, voltage stability, distributed renewable generators, power loss
reduction.

I. INTRODUCTION
Due to the problem of greenhouse gas emissions and the
insufficiency of conventional power sources to meet growing
energy demand, renewable distributed generators (RDGs)
have been increasingly promoted worldwide [1], [2], [3]
as an environment-friendly option. However, due to their

The associate editor coordinating the review of this manuscript and

approving it for publication was Laura Celentano .

intermittent nature, the amount of generated power from
RDGs (such as photovoltaic (PV) and wind turbine (WT))
is uncontrollable compared to conventional dispatchable
sources like oil, natural gas, and coal. As a result, inappro-
priate sizing and placement of RDGs can lead to increased
power losses and degraded voltage stability [4], [5], [6], [7],
[8]. In particular, the uncontrollable reactive compensation
of these energy sources can lead to voltage stability
degradation [8].

52260
This work is licensed under a Creative Commons Attribution-NonCommercial-NoDerivatives 4.0 License.

For more information, see https://creativecommons.org/licenses/by-nc-nd/4.0/ VOLUME 11, 2023

https://orcid.org/0000-0001-5203-8033
https://orcid.org/0000-0002-2785-348X
https://orcid.org/0000-0003-1705-4411
https://orcid.org/0009-0008-5072-111X
https://orcid.org/0000-0002-0915-7181


A. Kwangkaew et al.: Optimal Location and Sizing of RDGs for Improving Robust Voltage Stability

The optimal location and size of RDGs have been the
subject of numerous studies. Researchers have focused on
developing methodologies that minimize total power losses
while determining optimal locations and sizes [9], [10], [11],
[12], [13], [14], [15], [16], [17], [18], [19], [20], [21], [22] and
improve voltage profiles [10], [13], [15], [17], [21]. In [9],
the authors proposed an analytical expression to estimate the
optimal size of the distributed generator (DG) and presented
a methodology to determine their locations. The authors
of [10] determined locations of DGs based on the incremen-
tal voltage sensitivity and developed Differential evolution
(DE) for obtaining their sizes with considering the minimum
losses. The proposed techniques of [10] named Bones parti-
cle swarm optimization (BBPSO) and Multi-membered non-
recombinative evolution strategy (MMNRES) performed the
best result in terms of minimum losses and voltage profile
improvement. Genetic algorithm (GA) was used utilized by
the authors of [12] and [23] to determine the locations of
DGs with considering the losses minimization as the DG
installation objective, while the authors of [23] involved
energy saving in terms of cost. GA was developed into the
augmented Lagrangian genetic algorithm (ALGA) by the
authors of [24] for determining the locations of RDGs with
minimizing both the losses and investment cost. The authors
of [11] formulated the sensitivity factor and employed it to
determine the optimum location and size of DGs with min-
imizing losses using an analytical method and the classical
grid search algorithm. The authors of [25] utilized the particle
swarm optimization (PSO) technique to solve the optimal
placement of DGs while considering the loss minimization.
Later on, PSO was developed into the Multileader Particle
Swarm Optimization (MLPSO) by the authors of [26], which
provided better results. The authors of [14] proposed a Mod-
ified Teaching-Learning Based Optimization (MTLBO) to
determine the optimal location and size of DGs simultane-
ously in distribution systems. The authors of [15] determined
the optimal placement and size of DGs by minimizing the
multi-objective performance index, including active power
loss, reactive power loss, voltage profile, and reserve capacity
indices and using the supervised Big Bang-Big Crunch (BB-
BC) method. The author of [27] managed a swarm optimiza-
tion technique, namely a Backtracking Search Optimization
Algorithm (BSOA), to determine locations and sizes of DGs
by adapting the weighting factor in the objective function to
reduce losses and enhance the voltage profile. The authors
of [16] involved the Ant Lion Optimization Algorithm
(ALOA) to determine the optimal placement of RDGs, result-
ing in the minimum losses. The above methodologies have
succeeded in loss minimization and voltage profile improve-
ment. Nevertheless, these studies often neglect voltage sta-
bility robustness and reactive compensation, which may lead
to increased power loss in case of uncontrollable reactive
compensation.

In [28], it is pointed out that the uncontrollable reac-
tive compensation of renewable energy sources can have a

significant impact on voltage stability, security against volt-
age collapse, and the efficiency of reducing power losses in
generators. This is because reactive power plays a dominant
role in voltage control in power distribution networks. From
this perspective, the previous research studies are inadequate
as they rarely take reactive compensation into account.

Recently, the authors of [8] reported on the crucial impact
of uncontrollable reactive compensation from renewable dis-
tributed generators (RDGs) on the voltage stability and secu-
rity of power systems, and they proposed a methodology
that considers the uncontrollable reactive compensation in
order to minimize power loss and improve voltage stability.
However, they still did not consider the robustness of voltage
stability, which could result in adverse consequences, such as
increased power losses, decreased efficiency, and a weakened
ability to mitigate voltage collapse.

A. MOTIVATION
To determine appropriate locations and sizes of RDGs is a
crucial task for managing a power system. As it is summa-
rized above, there is room for improvement of the location
algorithm. The major concerns we focus on include the fol-
lowing.

• Uncontrollable RDGs have the potential to exacerbate
power losses due to uncontrollable reactive compensa-
tion.

• Employing total power losses as the exclusive objective
function might not guarantee effective loss reduction.

• Consequently, a methodology for ascertaining the opti-
mal placement of RDGs should consider voltage sta-
bility robustness in the face of uncontrollable reactive
compensation.

These insights inspire the development of a more compre-
hensive and sophisticated approach that addresses both power
loss reduction and voltage stability enhancement in determin-
ing the optimal location and size of RDGs.

In this study, we introduce a novel index called the Nor-
malized Voltage Stability index (3) and a method named
Load-Disabling Nodal Analysis (LDNA) for identifying the
optimal location and size of RDGs. Our objective is to
enhance voltage stability robustness in the face of uncontrol-
lable reactive compensationwhile also taking into account the
efficiency of power loss reduction efficiency (LRE). Through
our discussions and experiments, we show that3 is important
for accomplishing two primary objectives of RDG allocation:
the improvement of voltage stability and the maximization of
LRE.

B. MAIN CONTRIBUTIONS
The primary contributions of this research include:

• The proposed Load-Disabling Nodal Analysis for
Robust Voltage Stability (LDNA-RVS) method
addresses the challenge of uncontrollable and weather-
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dependent variations in the dominant reactance in power
distribution networks, improving robust voltage stability
by considering reactive compensation and enhancing the
loss reduction efficiency (LRE) of RDG integration.

• The consideration of the challenge posed by uncontrol-
lable and weather-dependent changes in the dominant
reactance in power distribution networks, which exposes
the system to risks of voltage instability, collapse, and
undesirable total power losses.

• The application of the proposed LDNA-RVS method to
IEEE 33-bus and IEEE 69-bus test distribution systems,
including a comparative analysis with other techniques
to demonstrate its effectiveness in terms of robust volt-
age stability and LRE against uncontrollable reactive
compensation.

• The demonstration of the relationship between voltage
stability, power loss reduction, and the voltage product
function through various case studies.

• The LDNA-RVS method’s contribution to enhancing
voltage stability and power loss reduction, as well as the
proposal of a system voltage stability index.

• The validation of the proposed voltage stability index
(3) for identifying optimal RDG installation locations
that support both voltage stability improvement and
power loss reduction efficiency.

C. ADVANTAGES
• LDNA-RVS determines the optimal size and location
of RDGs by incorporating reactive compensation to
enhance robust voltage stability.

• The method also improves the loss reduction efficiency
(LRE) of RDG integration, presenting a comprehensive
solution for enhancing the incorporation of RDGs into
power distribution networks.

• The proposed approach takes into account the non-linear
characteristics of reactive compensation, enabling the
achievement of minimum power loss.

• This research provides a solution for addressing the chal-
lenges associated with RDG integration and attaining
sustainable and reliable power generation from renew-
able sources.

D. ORGANIZATION AND HIGHLIGHTS
The rest of paper is organized as follows: Section II intro-
duces the preliminary and background, i.e., system model,
voltage stability index, power loss, and power loss reduction
efficiency. Section III describes the voltage product function,
related mathematical key functions, and their contributions.
Next, Section IV introduces the proposed method for deter-
mining the optimal locations and sizes of RDGs. Section V
explains the simulations and results of determining the opti-
mal placement on IEEE 33- and IEEE 69-bus test distribution
systems. Finally, Section VI presents the conclusions of the
paper and future research directions.

The highlights of this paper include

• Introduction of the voltage-product function and its rela-
tions with L-index and power loss reduction.

• Introduction of LDNA as a general framework for find-
ing suitable locations of RDGs.

• Various simulation results which intensively show the
performance shifts depending on the reactive power
compensation ratio (RCR), and indicate the superior-
ity of the proposed method to the previous approaches
under the RCR-induced variability of performances.

II. PRELIMINARY BACKGROUND
In this section, we provide preliminary background informa-
tion on the power distribution network and discuss the voltage
stability index and loss reduction efficiency as keymetrics for
evaluating the performance of our proposed method.

A. SYSTEM MODEL
Information on the power requirement, a single line diagram,
and line impedance is provided considering the steady-state
situation. The following variables are reserved for represent-
ing a given system.

N the number of buses,
N = {1, 2, . . . ,N } the set of bus indices,
NRDG the number of RDGs,
Ymn the mth row nth column complex

element of the admittance matrix
Ybus,

Pk total active power injection at the
kth bus,

Qk total reactive power injection at the
kth bus,

PREk generated active power injections
of RDG at the kth bus,

QREk generated reactive power injections
of RDG at the kth bus,

V k the complex voltage at the kth bus,
I k the complex current injection at the

kth bus,
Vk the magnitude of the complex volt-

age V k
δk the angle of the complex voltage

V k .

The following assumptions are made for the discussions in
this paper.

• The number of generators to be installed is given.
• For any RDG, the reactive compensation required for
maintaining the voltage level at an acceptable rate is
assumed to be consumed depending on its generated
active power multiplied by the reactive power compen-
sation ratio (RCR). Thus, the effect of uncontrollable
reactive compensation of an RDG associated with its
generated power is evaluated using RCR.

• The power system is assumed to be a three-phase system
with balanced voltages.
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• Basically, the voltage stability degradation appears on
the negative value of RCR or the lagging of the power
factor. Thus, for observing the robust voltage stability
(RVS) and the safety margin of voltage collapse, the
uncontrollable reactive compensation on the negative
value of RCR is focused on.

• Energy Star, operated jointly by the Environmental Pro-
tection Agency (EPA) and the US Department of Energy
(DOE), policies for computing equipment to have a
power factor of greater than 0.9 at the rated output in
the application’s power supply. Accordingly, this paper
considers that the power factor ranges from 0.9 lagging
to 0.9 leading.

B. VOLTAGE STABILITY INDEX
For delineating quantitative measurement of a weak bus and
forecasting voltage collapse, the L-index proposed by [29] is
used as one of themeasurements to evaluate a system. In order
to achieve robust voltage stability (RVS), the variation of
voltage levels needs to be safe from voltage collapse. In this
paper, the voltage stability and its robustness against the
uncontrollable reactive compensation of RDGs are examined
by using the L-index. At the kth bus, the L-index is defined
as follows [29].

Lk =

∣∣∣∣∣∣∣∣1 −

∑
n∈αG

FknV n

V k

∣∣∣∣∣∣∣∣ (1)

where αG is the set of generator buses. Fkn is the kth row, nth
column element of the hybridmatrix, which is generated from
the admittancematrixYbus and can be used as amultiplicative
factor of Vn to express Vk .

In order to describe the stability of the whole system,
a global indicator L-index is expressed as follows.

L = max
k∈N

Lk (2)

Basically, the value of the L-index should be less than 1 for
a stable operation. When the voltage collapse happens, the
value of the L-index will be equal to 1. The smaller from
1 the value of the L-index is, the more stable the system is.
Since the voltage degradation appears on the negative value
of RCR or lagging power factor, the worst case of voltage
stability is focused. That is, RVS is measured using L-index
with 0.9 lagging of the power factor or RCR=−0.48 using the
L-index.

C. LOSS REDUCTION EFFICIENCY
The ability to reduce the active power losses is one of the
key factors in choosing the optimal placement of RDGs [8].
In order to reveal the power loss effect regarding power
generated from RDGs, first, the system power losses (Ploss)
which is introduced by [30] is calculated with additional
power generated from RDGs and the reactive compensation
rate (RCR). Now letRE be the set of indices of buses where

RDGs are installed, and let PRE be the vector of generated
active power of RDGs, i.e.,

PRE =

(
PREG1

,PREG2
, · · · ,PREGNRDG

)
∈ RNRDG

where

RE =
{
G1,G2, · · · ,GNRDG

}
Let P′

i = Pi + PREi for i ∈ RE , P′
i = Pi otherwise, and

Q′
i = Qi + QREi for i ∈ RE , Q′

i = Qi otherwise. Equation
(3) shows the power loss computation considering initially
installed sources/loads and PREGi and QREGi = RCR × PREGi of
RDGs to be installed.

PREloss (P
RE ,RCR) =

N∑
m=1

N∑
n=1

(amn(P′
mP

′
n + Q′

mQ
′
n)

+ bmn
(
Q′
mP

′
n − P′

mQ
′
n
)
) (3)

with

amn =
rmn
VmVn

cos(δm − δn),

bmn =
rmn
VmVn

sin(δm − δn)

where rmn is the element in the mth row, nth column element
of Re[Y−1

bus].
Then, loss reduction efficiency (LRE), which is used as the

ability of the RDG(s) to reduce the active power losses of the
system, can be expressed as follows.

LRE =
PREloss (PRE ,RCR)∑

i∈RE
PREi

(4)

III. THE CONTRIBUTIONS OF THE VOLTAGE PRODUCTION
FUNCTION
In this section, we will recall the voltage product function [8].
Several case studies show how it relates to voltage stability
and power loss reduction.

A. MATHEMATICAL KEY FUNCTIONS
For any kth bus, the conjugate complex power S

∗
is given as

S
∗

k = V
∗

k I k

= V
∗

k

N∑
n=1

Y knV n

which can be converted to

S
∗

k

Y kk
=

 N∑
n=1,n̸=k

Y knV n

Y kk

 · V
∗

k + V 2
k (5)

The voltage product (v-p) function (ψk ) at the kth bus is
defined as

ψk
△
=

N∑
n=1,n̸=k

Y knV n

Y kk
(6)
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Next, we can rewrite equation (5) by substituting ψk ,
as shown below.

S
∗

k

Y kk
= ψkV

∗

k + V 2
k (7)

= ψkVk cos(ζk − δk ) + jψkVk sin(ζk − δk ) + V 2
k (8)

where ψk and ζk are the v-p magnitude and the v-p angle at
the kth bus, respectively.

Separating (8) into real and imaginary parts, we define

αk (Vk ,1k , ψk )
△
= V 2

k + ψkVk cos(1k ) (9)

βk (Vk ,1k , ψk )
△
= ψkVk sin(1k ) (10)

where 1k = ζk − δk . For simplification, αk and βk are used
for αk (Vk ,1k , ψk ) and βk (Vk ,1k , ψk ), respectively, if the
arguments are unambiguous from the context. For calculating
the magnitude of the voltage at the kth bus using αk , βk and
ψk , we substitute (9) and (10) into (8) to obtain the bus voltage
equation as

V 4
k − V 2

k

(
ψ2
k + 2αk

)
+ α2k + β2k = 0 (11)

With the aid of a complex transformation, (7) can be
expressed in a different form.

S
∗

k

Y kkV 2
k

& =
ψk

V k
+ 1 (12)

B. VOLTAGE STABILITY IMPROVEMENT
Voltage stability is defined as the ability to maintain the
voltage level of each bus in an acceptable range during regular
operation and after any contingency events [31]. However, the
nonlinear relationship between the power injection of RDGs
and the voltage stability expressed in the formulation of the
L-index is challenging to apply to the RDG location and
sizing problem. The voltage stability depends not only on
voltage levels and power injection of individual node but also
on other adjacent buses and system variables. In this paper,
we will find that the voltage product function (Equation
(6)) plays an important role in the voltage stability issue.
The following demonstrates how the function associates with
voltage stability improvement using the 3-bus system shown
in Fig.1.

Depending on a different choice of reference bus of the
3-bus system, we can have three different network models
as shown in Fig.2, where case I, case II and case III are
obtained by choosing bus c, bus b and bus a, respectively,
as the reference node.

Then, the hybrid parameters of the three cases are obtained
as following equations.
Case (I)

vac = h(I)11 · i
(I)
a + h(I)12 · vbc (13)

i
(I)
b = h(I)21 · i

(I)
a + h(I)22 · vbc (14)

FIGURE 1. Single line diagram of the 3-bus system.

FIGURE 2. Three different cases regarding referent buses.

Then, h(I)11, h
(I)
12, h

(I)
21 and h

(I)
22 can be computed,

h(I)11 =
vac

i
(I)
a

∣∣∣∣vbc=0

=
vac

vac · yac + vac · yab
=

1
yac + yab

h(I)12 =
vac
vbc

∣∣∣∣i(I)a =0

=
yab

yab + yac

h(I)21 =
i
(I)
b

i
(I)
a

∣∣∣∣v(I)bc=0

= −
yab

yac + yab
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h(I)22 =
i
(I)
b

vbc

∣∣∣∣i(I)a =0

= ybc + (
yab · ybc
yab + ybc

)

Then,the matrix of hybrid parameters of the Case (I) can be
obtained,[

h(I)11 h
(I)
12

h(I)21 h
(I)
22

]
=

[
1

yab+yac
yab

yab+yac
−

yab
yab+yac

ybc + ( yab·yacyab+yac
)

]
Case (II)

vcb = h(II)11 · i
(II)
c + h(II)12 · vab (15)

i
(II)
a = h(II)21 · i

(II)
c + h(II)22 · vab (16)

Then, the matrix of hybrid parameters of the Case (II) can be
obtained,[

h(II)11 h(II)12
h(II)21 h(II)22

]
=

[
1

yac+ybc
yac

yac+ybc
−

yac
yac+ybc

yab + ( yac·ybcyac+ybc
)

]
Case (III)

vba = h(III)11 · i
(III)
b + h(III)12 · vca (17)

i
(III)
c = h(III)21 · i

(III)
b + h(III)22 · vca (18)

Then, the matrix of hybrid parameters of the Case (III) can
be obtained,[

h(III)11 h(III)12
h(III)21 h(III)22

]
=

[
1

yab+ybc
ybc

yab+ybc
−

ybc
yab+ybc

yac + ( ybc·yabyab+ybc
)

]

When h(I)12, h
(II)
12 , and h

(III)
12 are obtained, L-index of the three

cases can be expressed,

L(I)ac= |1 −
h(I)12 · vbc
vac

| = |1 −

(
yab

yab+yac

)
· vbc

vac
| (19)

L(II)cb = |1 −
h(II)12 · vab
vcb

| = |1 −

(
yac

yac+ybc

)
· vab

vcb
| (20)

L(III)ba = |1 −
h(III)12 · vca

vba
| = |1 −

(
ybc

yab+yab

)
· vca

vba
| (21)

On the other hand, by applying (6) to each case, the v-p
functions ψ

(I)
ac , ψ

(II)
cb , and ψ

(III)
ba are given as follows

ψ
(I)
ac=

(
−yab

yab + yac

)
· vbc (22)

ψ
(II)
cb =

(
−yac

yac + ybc

)
· vab (23)

ψ
(III)
ba =

(
−ybc

yab + ybc

)
· vca (24)

Hence, L-index and v-p function are related in the follow-
ing forms.

L(I)ac =

∣∣∣∣∣1 +
ψ

(I)
ac

vac

∣∣∣∣∣ (25)

L(II)cb =

∣∣∣∣∣1 +
ψ

(II)
cb

vcb

∣∣∣∣∣ (26)

L(III)ba =

∣∣∣∣∣1 +
ψ

(III)
ba

vba

∣∣∣∣∣ (27)

From the above observation as well as the similarity
between L-index defined with the so-called ‘‘equivalent-
voltage’’ [29] and its variant having v-p function, we can
assume the following relation (see appendix).

Lk ∝

∣∣∣∣1 +
ψk

Vk

∣∣∣∣ (28)

Let γ be a proportional coefficient, and using (12), we have,

L2k =
γ 2S2k
Y 2
kkV

4
k

(29)

Considering that the power load is constant and hence ∂Sk
∂ψk

=

0, the derivative of L2k with respect to ψk can be given as
follow.

2Lk
∂Lk
∂ψk

= −
4γ 2S2k
Y 2
kkV

5
k

·
∂Vk
∂ψk

(30)

On the other hand, using another arranged form of (12);

S2k
Y 2
kk

= V 4
k + 2ψkV 3

k cos(1k ) + ψ2
kV

2
k (31)

∂Vk
∂ψk

is given as the following formula.

∂Vk
∂ψk

= −
Vk (Vkcos(1k ) + ψk)

(2Vk + ψk )(Vk + ψk )
(32)

Finally, by substituting (32) into (30), we get,

∂Lk
∂ψk

=
2γ 2S2k (Vkcos(1k ) + ψk)

LkY 2
kkV

4
k (2Vk + ψk )(Vk + ψk )

(33)

From this formula, it is found that Lk decreases when ψk
increases if the following condition holds.

cos(1k ) < −
ψk

Vk
(34)

C. POWER LOSS REDUCTION
Power loss by a wire depends on the voltage difference
between two ends of the wire, and hence making a lower
terminal voltage higher would contribute to reducing the
power loss. In addition, a higher voltage can convey the same
amount of power with a smaller current, and hence keeping
terminal voltages as high as possible would also contribute to
power loss reduction. Equation (32) shows that Vk increases
when ψk increases if the condition (34) again holds.
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IV. PROPOSED METHOD
A. NORMALIZED VOLTAGE STABILITY INDEX
Several demonstrations in the previous section show the close
relation between v-p function and two crucial power system
parameters, the L-index for voltage stability measure and
power loss. These relationships motivate us to utilize the v-p
function as a reliable indicator for identifying RDG locations
in both voltage stability and power loss. From the view points
of L-index and power loss, the lowest v-p function value over
all buses should be maximized. On the other hand, if we
consider the relation of v-p function with bus voltage, the
gap between the maximum and the minimum of v-p function
value over all buses can be an indicator of voltage deviation,
which is to be minimized.

Based on these observations, the magnitude of the v-p
function normalized by the gap between the maximum and
the minimum of v-p function value, which is denoted by λk ,
is proposed as an indicator of voltage stability and power loss
for the kth bus.

λk =
ψk

ψ max − ψ min
(35)

where

ψ max
= max{ψ1, ψ2, . . . , ψN } (36)

ψ min
= min{ψ1, ψ2, . . . , ψN } (37)

For assessing the voltage stability of overall system, the
minimummagnitude of the normalized voltage product func-
tions over all buses is utilized and named ‘‘Normalized Volt-
age Stability index (3),’’ as follows.

3 = min{λ1, λ2 · · · , λN } (38)

B. LOAD-DISABLING NODAL ANALYSIS
This section presents the proposed method for searching for
an optimal location of RDGs. The method is named ‘‘Load-
Disabling Nodal Analysis (LDNA),’’ and it consists of two
design steps, (1) location determination and (2) size determi-
nation.

1) RDG LOCATION DETERMINATION
The primary responsibility of a power distribution system is
transferring power from sources to loads with maintaining
voltage levels within an acceptable range and keeping power
losses as low as possible. Hence the RDG location problem
is to find RDG installation locations so that the voltage levels
are maintained and power losses are decreased effectively.
When a RDG is installed at kth bus, it may raise a naive
behavioral assumption that the load at kth bus may receive a
sufficient power from the newly installed RDG, and is hidden
from the rest of the power distribution system. It motivates us
to observe the system behavior after disconnecting the load
from kth bus for evaluating the effect of installing a RDG at
kth bus.

We introduce a vector (c1, c2, . . . , cN ) where ck =

0 means that the load of kth bus is disconnected and ck = 1

means otherwise. Note that the number of 0s is no larger than
NRDG which is themaximum number of RDGs to be installed.
The vector is called the ‘‘location vector’’ hereinafter. Now
let C be the set of all possible location vectors, and the best
location(s) of RDG installation (X ) is determined by the
location vector which maximizes a given objective function
fo over the set C.

(c∗1, c
∗

2, · · · , c
∗
N )= arg max

(c1,c2,...,cN )∈C
{fo((c1, c2, . . . , cN ),lf ,RCR)}

(39)

and

X = {k|c∗k = 0} (40)

(39) should be solved with being subjected to the following
constraints.
1. Voltage constraint
The minimum and the maximum voltage constraints of

each bus are expressed as follows.

Vmin
≤ Vk ≤ Vmax , k ∈ N (41)

where Vmin and Vmax are taken as 0.95 and 1.05 p.u respec-
tively as given in Refs. [32] and [24].

2. Voltage collapse constraint
The voltage magnitude at each bus must be greater than
its voltage stability limit (V SNB

k ), since the violation of
the constraint results in voltage collapse and system
blackout. This constraint is expressed as follows.

V SNB
k < Vk , k ∈ N (42)

3. Feasibility constraint
From the voltage equation of (11),V 2

k can be expressed,

V 2
k =

ψ2
k + 2αk±

√
(ψ2

k + 2αk−2V 2
k )

2

2
(43)

Thus, Vk is a feasible solution only if the following
equation is satisfied,

ψ2
k + 2αk ±

√
(ψ2

k + 2αk − 2V 2
k )

2 ≥ 0 (44)

V 2
k − ψ2

k − 2αk ≤ 0, k ∈ N
(45)

2) RDG SIZE DETERMINATION
The total active power produced by RDGs should be no larger
than the system’s total active power demand because the
violation of this constraint results in a reverse power flow in
the system [33]. This constraint is expressed as follows.

0 ≤

∑
k∈X

PREk ≤

N∑
k=1

Pk (46)

After finding the locationsX = {G1, · · · ,G|X |} of RDGs,
the optimal sizes of RDGs are determined so as to minimize
the power losses (PXloss), which can be calculated using (3).

(PREG1
, . . . ,PREG|X |

)
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FIGURE 3. The overall procedure of Load-disabling Nodal Analysis
(LDNA).

= arg min
(xG1 ,...,xG|X |

)∈R|X |

{
PXloss((xG1 , . . . , xG|X |

),RCR)
}

(47)

(47) should be solved with being subjected to (41), (42),
(43) and (46).

In summary, the proposed system design process is
described using the flowchart of LDNA which is shown in
Fig. 3. First, the information of a power distribution system,
i.e., load and line data, a peak load factor, a value of RCR,
and the number of RDG(s) to be installed are given. Next, the
optimal locations are chosen bymaximizing a given objective
function which is explained in the next sub-section.

C. LDNA-RVS: PROPOSED OBJECTIVE FUNCTION
In order to improve the voltage stability after RDG installa-
tion, Normalized Voltage Stability index (3) is used as the
objective function in LDNA along with RCR= −0.48 and
lf= 100%.

arg max
(c1,c2,··· ,cN )∈C

{3((c1, c2, · · · , cN ), lf ,RCR)} (48)

The optimization problem given in (48) should be solved
with being subjected to(41), (42) and (45).

Locating of RDGs using the Normalized Voltage Stability
index as the objective function to be maximized is called
LDNA-RVS.

D. LDNA-QSVS
In [8], another possible objective function, which is named
Reactive Power Compensation Support Margin for Voltage
Stability Improvement (QSVS), has been proposed. That is,
the locating of RDG(s) was formulated as;

arg max
(c1,c2,··· ,cN )∈C

{QSVS((c1, c2, · · · , cN ), lf ,RCR)} (49)

FIGURE 4. Single line diagram of the 33-bus test distribution system.

The optimization problem given in (49) should be solved with
being subjected to(41), (42) and (45).

Locating of RDGs using the QSVS as the objective func-
tion to be maximized is called LDNA-QSVS, and is used as
one of the competitors of LDNA-RVS in the following design
simulations.

V. SIMULATIONS AND RESULTS
The proposed method LDNA-RVS is applied to IEEE33- and
IEEE 69-bus test distribution systems which are provided
by [34] and [35]. For the IEEE33-bus system, Fig. 4 shows
the system diagram, which has a total load of 3720 kW and
2300 kVAr at a voltage level of 12.66 kV. Fig. 5 shows
the system diagram, which has a total load of 3800 kW
and 2690 kVAr at 12.6 kV for the IEEE69-bus system. The
information on the maximum levels of power consumption of
loads is required when maximum power losses and voltage
stability are evaluated. All simulations were carried out using
Python programming with a library called PYPSA [36].

We have tested one RDG installation and two RDGs instal-
lation for both IEEE33- and IEEE69-bus systems. After the
results are obtained, the variations of voltage stability with
non-reactive compensation (RCR = 0) and maximum reac-
tive compensation (RCR = −0.48) are evaluated. Finally,
a summary of the simulation results is provided with the two
performance indexes, i.e., the loss reduction efficiency (LRE)
and voltage stability (VS).

A. OPTIMAL LOCATIONS AND SIZING
1) ONE RDG INSTALLATION
For one RDG installation, the optimal location and size are
obtained via LDNA-RVS. Fig.6 and 7 show the variation of3
for different choices of load disconnecting nodes with a peak
load factors 80%, 100%, and 120%. From Fig.6, we can find
that disconnecting the 14th bus achieves themaximum3, and
hence there is the best location for one RDG installation for
IEEE33-bus system. Similarly, Fig.7 indicates that the 61st
bus is the best location for one RDG installation in IEEE69-
bus system.

By considering the system power losses minimization,
the size of RDG installing at the 14th bus is determined at
1151.65kW for IEEE 33-bus system as Fig. 8 shows, and
the one at the 61st bus for IEEE 69-bus system is fixed at
1023.81kW as Fig. 9 shows. As a result, in IEEE33-bus
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FIGURE 5. Single line diagram of the 69-bus test distribution system.

FIGURE 6. Variation of 3 at each removal loads and for each peak load
factors on IEEE 33-bus test distribution system.

FIGURE 7. Variation of 3 at each removal loads and for each peak load
factors on IEEE 69-bus test distribution system.

system, the system power loss is decreased from 212.95kW
to 178.24kW, which corresponds to power loss reduction
efficiency LRE =0.1082. Similarly, for the IEEE 69-bus

FIGURE 8. Variation of power losses with a single RDG for the IEEE
33-bus test distribution system.

FIGURE 9. Variation of power losses with a single RDG for the IEEE
69-bus test distribution system.

system, the system power loss is decreased from 244.16kW
to 183.35kW, which corresponds to LRE = 0.1241.
Table 1 and 2 organize the numerical results of the pro-

posed method of LDNA-RVS which are compared with [9],
[17], [24], [25], [26], [27], [32], and [8] in terms of
LRE and VS.

For the one RDG installation on IEEE33-bus test system,
it is found that LDNA-RVS performs the best in LRE and VS
when RCR = 0.
For the one RDG installation on IEEE69-bus test system,

it is found that LDNA-RVS performs the best in LRE while
GA [12] and LDNA-QSVS [8] perform the best in VS when
RCR = 0. When we consider the results at RCR = −0.48,
it is found that LDNA-RVS performs the best in both LRE
and VS.

2) TWO RDG LOCATIONS
Next, we have tested two RDGs installation. By considering
the maximum increment of3 after disconnecting loads from
candidate node pairs, the 14th and 30th buses are selected as
the best locations of two RDGs installation for IEEE33-bus
system. Similarly, the 12th and 61st buses are selected for
IEEE69-bus system.
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TABLE 1. One RDG integration results for IEEE 33-bus test distribution
system.

TABLE 2. One RDG integration results for IEEE 69-bus test distribution
system.

FIGURE 10. Variation of system losses with two RDGs installation for the
IEEE 33-bus test distribution system.

By considering the system power losses minimization for
IEEE 33-bus system, the size at the 14th and 30th buses
determined at 520.10kW and 520.10kW (see Fig. 8). As a
result, the system power losses are decreased from 212.95kW
to 165.91kW, which corresponds to LRE = 0.0959.
For the IEEE 69-bus system, the sizes of RDGs installing

at the 12th and 61st buses are respectively determined at
403.60kW and 941.74kW (see Fig. 9). As a result, the system
power losses are decreased from 244.16kW to 110.53kW,
which corresponds to LRE = 0.0993.

FIGURE 11. Variation of system losses with two RDGs installation for the
IEEE 69-bus test distribution system.

TABLE 3. Two RDGs integration results for IEEE 33-bus test distribution
system.

Table 3 shows the comparison of LDNA-RVS with [8],
[24], [25], [26], [27], and [32] for IEEE33-bus system in
terms of RDG size, power losses, LRE and VS, and it is
found that LDNA-RVS performs the best in LRE and VS
when RCR = 0.
Similarly, for the twoRDGs installation on the IEEE69-bus

test system, compared with [14], [23], [24], [32], [37], and [8]
in Table 4, LDNA-RVS performs the best result in LRE, while
MTLBO [14] performs the best result in VS when RCR = 0.
When we consider the results at RCR = −0.48, it is found

that LDNA-RVS performs the best in both LRE and VS.

B. LOSS REDUCTION CONSIDERING REACTIVE
COMPENSATION
The minimization of power losses is one major aspect of
determining RDGs’ optimal placements and can be affected
by the uncontrollable reactive compensation of RDGs. The
following simulations show the LRE variation of the one and
two RDGs installation cases.

1) LOSS REDUCTION OF ONE RDG INTEGRATION
Figs. 12 and 13 show the variation of LRE versus RCR
for several different locations and sizes of one RDG
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TABLE 4. Two RDGs integration results for IEEE 69-bus test distribution
system.

FIGURE 12. Variation of LRE of the IEEE 33-bus system with reactive
compensations of 1 RDG.

FIGURE 13. Variation of LRE of the IEEE 69-bus system with reactive
compensations of 1 RDG.

installation in IEEE33-bus system and IEEE69-bus sys-
tem, respectively. Based on these results, the variation

FIGURE 14. Variation of LRE of the IEEE 33-bus system with reactive
compensations of 2 RDG.

FIGURE 15. Variation of LRE of the IEEE 69-bus system with reactive
compensations of 2 RDG.

of function LRE appears to be decreased directly pro-
portional to the capacity of reactive compensation of
RDGs. Another point is that, even if the location of RDG
installation is identical, different size of RDG may yield
different LRE.

2) LOSS REDUCTION OF 2 RDGs INTEGRATION
Figs. 14 and 15 show the variation of LRE for different
locations and sizes of RDGs installation. Here we can observe
the similar characteristics on LRE with those in the case of
one RDG installation.

While RDGs compensate for the reactive power to main-
tain the voltage level at the operating point, their LRE
is reduced and the power losses may increase, as we
can see such examples PSO [25] and WOA [17] in
Figs. 12 and 14. Therefore, to avoid increasing losses
against the fluctuation of RDGs, LRE of them needs
to be considered within the target range of reactive
compensation.
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FIGURE 16. Variation of voltage stability of the IEEE 33-bus system with
reactive compensations of 1 RDG using maximum L-index.

FIGURE 17. Variation of voltage stability of the IEEE 69-bus system with
reactive compensations of 1 RDG using maximum L-index.

C. VOLTAGE STABILITY CONSIDERING REACTIVE
COMPENSATION
Figs.16 and 17 show the variations of voltage stability mea-
sured by L-index versus RCR for different solutions of RDG
installation. Similar to LRE characteristics, L-index is mono-
tonic with respect to RCR, and the worst voltage stability
happens at RCR = −0.48, the smallest end of RCR under
consideration. Most solutions of one RDG installation stay in
the region of voltage stability improvement for RCR larger
than 0 in IEEE33-bus system and for all range of RCR in
IEEE69-bus system. We also found that the solution by our
proposed LDNA-RVS performs the best in the voltage stabil-
ity at RCR = −0.48, and it goes across the border between
stability degradation and improvement at the smallest RCR
compared with other solutions.

Figs. 18 and 19 show voltage stability characteristics ver-
sus RCR achieved by solutions of two RDGs installation, and
we can find the similar tendency with one RDG installation
case. Here we also observe the superiority of the solution by
our LDNA-RVS in voltage stability.

FIGURE 18. Variation of voltage stability of the IEEE 33-bus system with
reactive compensations of 2 RDGs using maximum L-index.

FIGURE 19. Variation of voltage stability of the IEEE 69-bus system with
reactive compensations of 2 RDGs using maximum L-index.

TABLE 5. List of best solutions with respect to LRE and VS at RCR = 0 and
RCR = −0.48.

D. SUMMARY RESULTS
Table 5 shows the list of best solutions with respect to LRE
and VS at RCR = 0 and RCR = −0.48. Our proposed
LDNA-RVS takes the first place at 8 categories out of 8 cat-
egories in LRE, and at 6 categories out of 8 categories in
VS. On the other hand, LDNA-QSVS, GA [12] and MTLBO
[14] take the first place at an only one category in VS.
Finally, our proposed LDNA-RVS performs the best in LRE
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and supports the robustness of voltage stability overall in the
reactive compensation.

VI. CONCLUSION
After examining Tables 1, 3, 2, and 4, it becomes evident
that increased reactive compensation in Reactive Distribution
Generators (RDGs) leads to a decrease in voltage stability
variation, which is accompanied by a decline in loss reduction
efficiency. Therefore, voltage stability improvement plays an
important role not only in ensuring effective power delivery
and mitigating the risk of voltage collapse but also in reduc-
ing losses within the system. Nevertheless, the power loss
minimization does not always contribute to voltage stability
improvement. Throughout the discussions and simulations
in this paper, our proposed voltage stability index(3) is
confirmed to work well for finding the locations of RDGs
installation in both voltage stability improvement and power
loss reduction efficiency. While the placement of RDGs has
been mainly addressed in this paper, the proposed LDNA is
applicable to the placement of DGs and that of the mixture of
DGs and RDGs if their reactive power compensation ratios
are explicitly specified.

FUTURE RESEARCH DIRECTIONS
Several issues need to be addressed in future work to further
improve the applicability and performance of the proposed
method.

Firstly, it is crucial to reduce the time complexity of the
Load Distribution Network Algorithm (LDNA), particularly
for large-scale power systems. This is because the time com-
plexity is dependent on the size of the power system and expo-
nentially dependent on the number of RDGs to be installed.
One practical solution to this issue could be to the elimination
of computations, such as by skipping unpromising candidate
locations for RDGs.

Secondly, considering the crucial role that energy stor-
age devices play in absorbing the fluctuations of RDGs,
it is essential to extend the proposed method to power sys-
tems that incorporate these storage devices. This will help
overcome the serious issues associated with uncontrollable
reactive compensation and environment-dependent changes.
Additionally, exploring the application or extension of the
proposed method to the location and sizing of energy storage
devices could be a valuable area for future research.

APPENDIX
A. EXPLANATION OF EQUATION (28)
L-index has been defined in the following way in [29]. For
a given system, at first, nodes are separated into the set αG
of generator nodes and the set αL of consumer nodes, and a
system equation in terms of a hybrid matrix as follows.(

VL

IG

)
=

(
ZLL FLG

KGL YGG

)(
IL

VG

)
(50)

VL and IL are vectors of voltages and currents, respectively,
at consumer nodes, VG and IG are vectors of voltages and

currents, respectively, at generator nodes, and ZLL , FLG, KGL

and YGG are submatrices of the hybrid matrix. Then, for any
consumer node k , k ∈ αL , its voltage V k is represented as
follows.

V k =

∑
n∈αL

Z kn · In +

∑
n∈αG

Fkn · V n (51)

Now, by multiplying V
∗

k to both side of the equaiton, we get,

V 2
k =

(∑
n∈αL

Z kn · In

)
V

∗

k +

(∑
n∈αG

Fkn · V n

)
V

∗

k

= Z kk

∑
n∈αL
n̸=k

Z kn
Z kk

·
S

∗

n

V
∗

n

V
∗

k + Z kk · I k · V
∗

k

−

(
−

∑
n∈αG

Fkn · V n

)
V

∗

k

=

(
S
corr
k + Sk

)∗

Y kk
− V 0k · V

∗

k (52)

where

S
corr
k =

∑
n∈αL
n̸=k

Z
∗

kn

Z
∗

kk

·
Sn
V n

V k (53)

Y kk =
1

Z kk
(54)

V 0k = −

∑
n∈αG

Fkn · V n (55)

From (52), we have,

1 +
V 0k

V k
=

(
S
corr
k + Sk

)∗

Y kk · V 2
k

(56)

Finally, L-index has been defined as follows.

Lk =

∣∣∣∣∣∣∣∣1 −

∑
n∈αG

Fkn · V n

V k

∣∣∣∣∣∣∣∣ (57)

=

∣∣∣∣∣1 +
V 0k

V k

∣∣∣∣∣ (58)

=

∣∣∣∣∣∣∣
(
S
corr
k + Sk

)∗

Y kk · V 2
k

∣∣∣∣∣∣∣ (59)

Recall that a power system is a linear time invariant circuit,
and now we limit our discussion on a system excited by a
single generator whose voltage is VG. Due to the linearity of
the circuit, every current In can be represented as the product
of T n, the transfer conductance from the generator to the nth
bus current, and VG. Accordingly, we have the following.

In = T n · VG =
T n
T k

· T k · VG =
T n
T k

· I k (60)
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Consequently, S
corr
k can be related to Sk in the following

form.

S
corr
k =

∑
n∈αL
n̸=k

Z
∗

kn

Z
∗

kk

·
Sn
V n

V k

=

∑
n∈αL
n̸=k

Z
∗

kn

Z
∗

kk

· I
∗

n

V k

=

∑
n∈αL
n̸=k

Z
∗

kn

Z
∗

kk

·
T

∗

n

T
∗

k

· I
∗

k

V k

=

∑
n∈αL
n̸=k

Z
∗

kn

Z
∗

kk

·
T

∗

n

T
∗

k

 Sk (61)

1 +
V 0k

V k
=

(
S
corr
k + Sk

)∗

Y kk · V 2
k

=
(Wkn + 1)∗ · S

∗

k

Y kk · V 2
k

(62)

where

Wkn =

∑
n∈αL
n̸=k

Z
∗

kn

Z
∗

kk

·
T

∗

n

T
∗

k

(63)

Finally,

Lk =

∣∣∣∣∣∣∣
(
S
corr
k + Sk

)∗

Y kk · V 2
k

∣∣∣∣∣∣∣
= |Wkn + 1| ·

∣∣∣∣∣ S
∗

k

Y kk · V 2
k

∣∣∣∣∣
= |Wkn + 1| ·

∣∣∣∣∣1 +
ψk

V k

∣∣∣∣∣ (64)
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