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ABSTRACT This paper concentrates on analyzing the stability problems of aperiodic sampled-data systems
with time delay. Based on Lyapunov theory, a new time-square-dependent two-side looped-functional
(TTLF) is proposed, which can take full advantage of the second order terms with respect to time. And
by using the intrinsic relationships of state vectors, a new zero equality is obtained. Then, a less conservative
stability condition is gained. In addition, the method proposed is applied to an electric power market (EPM)
to study the influence of market clearing time (MCT) and communication delay on system stability. Finally,

the effectiveness of the proposed stability criterion is verified based on numerical experiments.

INDEX TERMS Sampled-data system, electric power market, looped-functional, stability.

I. INTRODUCTION

With the rapid development of computer network technology
and modern communication technology, various digital
control systems have been studied [1], [2], [3], [4], [5], [6],
[7]. Furthermore, since sampled-data control reduce control
cost and improve control accuracy, it has been diffusely used
in various domains such as industrial production, scientific
research and national defense construction. In some complex
systems such as intelligent traffic, artificial intelligence and
the smart power grid, it need to use wide area network
to realize the collection of information, data exchange and
resource sharing. Although these information are collected
and sent in a fixed period, the sampling signal is actually
an aperiodic signal received by the controller because of the
communication delay of signal transmission in the network.
For sampled-data system, sampling period is an important
index to measure the performance of sampled-data system.
The larger the sampling period, the lower the operating
requirement for system communication rate, capacity and
bandwidth, the requirement on system hardware will be
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relaxed. Therefore, various methods have been used to obtain
a larger allowable sampling period under the premise of
ensuring the stability of sampled-data system [8], [9], [10],
[11], [12], [13].

At present, several methods have been proposed to
investigate the stability of aperiodic sampled-data system.
In [14] and [15], the stability condition is obtained by
the discrete-time approach, which converts the sampled-
data system into a discrete-time system. In [16], [17], [18],
and [19], in terms of the input delay method, sampled-data
system 1is treated as continuous-time system with a time-
delayed input, which is designed to study the stability of these
systems [20], [21], [22]. In [23], the stability condition is
obtained by the impulsive system approach, which converts a
sampled-data system to the modality of impulsive systems.

In fact, the conservativeness of the derived stability
conditions based on Lyapunov functional approach depends
on the construction of Lyapunov functionals [24], [25], [26],
[27], [28] and the bounding approach for the functional
derivative. In [29], a two-side looped-functional is proposed,
which relaxes the restrictive condition of conventional
Lyapunov functional and yields relaxed stability criterion.
To get a tight bound for the integral terms in the derivative
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TABLE 1. Notations.

Notations Explanations

HT the transpose of matrix H
H1 the inverse of matrix

R n-dimensional Euclidean space
R xm n X m real matrices

M >0 the matrix M is positive definite and symmetric
diag{---} a block-diagonal matrix

I the identity matrix

0 a zero matrix

* the symmetric terms of the matrix
He{C} C+CT

col{lo, 11, ,In} T, 1T

]| the Euclidean vector norm

of Lyapunov functional, several integral inequalities are
employed, such as Jensen inequality [30], Wirtinger-based
inequality [31], [32], Bessel-Legendre inequality [33] and
free-matrix-based inequalities [34], [35]. Lately, by using
a method that guarantees that the sum of several matrices
is positive definite instead of requiring each matrix to be
positive definite, relaxed stability condition are obtained
in [36]. Nevertheless, it only considers the first order terms
with respect to t. Whether the conservativeness of the derived
condition can be reduced by increasing the order of the terms
with respect to t motivate current research.

This paper concentrates on the stability problem of
aperiodic sampled-data systems with time delay. The main
contributions of this paper are concluded as follows:

1) Based on the Lyapunov theory, a time-square-dependent
two-side looped-functional (TTLF) is proposed, which intro-
duces the second order terms with respect to t.

2) In order to reduce conservativeness, a new zero equality
is established by using the intrinsic relationships of state
vectors. Based on the proposed TTLF and zero equality,
an improved stability condition is obtained.

3) To validate the practicability, the proposed method is
applied to the model of electric power market (EPM), and the
influence of market clearing time (MCT) and communication
delay on the stability of the power market is discussed, which
provides certain guiding significance to ensure the balance of
energy supply and demand.

Il. PRELIMINARIES
Consider the linear system of the form:
#(t) = Ax(t) + Bu(t) (1

where u(t) € W™ and x(t) € R" are the control input and the
state vector, A € W and B € R are system matrices,
respectively. sg(k = 0, 1,2---) represent sampling instant
time of sampler. When the measurement and control signals
are transmitted through the network, communication delay
can not be avoided. Therefore, the u(t) is described as

u(t) = Kx(sg), t € [sg + 7, k41 +7) 2
Then, let t; = s; + t and u(t) is described as

u(t) = Kx(ty — 1), t € [t, ty1) 3
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where K is the state feedback matrix and {; means the
updating time instant of the system, which satisfy

he =t — te = Sk — Sk, by € [, 2] 4

where hy represents the sampling periods (update periods),
hy and hy represent the minimum and the maximum of the
sampling periods. The communication delay is denoted by
and it is assumed that T < hy. At this point, the closed-loop
system is represented as

x(t) = Ax(t) + Bx(te — 1), t € [t, trt1) &)

with B = BK. Let ¢r = hx 4+ t, and the maximum of ¢y
is indicated by ¢y = hy + 7. Let dp(t) = t — t; and (5) is
indicated by

x(t) = Ax(®) + Bx(t — di (1) — 1) (6)
where

di(t) € [0, hy), di(t) = 1fort # 4 (7

Ill. MAIN RESULTS
In order to simplify the description, we define

B
1
C1(p ) = () =@, Eafo) = = [ x(oas,

B s
2
(B, a) = (ﬁ_—a)za/a/x(u)duds,

5 B B
4B, o) = w_—a)za//x(u)duds,

Ipl(t) = COl{x(t)v -x(t - T)s r§2(ts t— T)9
72 72
7;3(t? t— T)» ?{4(t7 t— T)},

Yo (t, s) = col{x(s), x(s), x(t), x(t — 1), T&o(s, t— 1),
T60(t, 5)},

Y3(t) = col{x(te), x(t — ©), x(tet1), x(tey1 — 1),
ot e — 1), x(B), x(t — 1), So(tet1, V),
Ca(tet1, B, Ltk — 7, t— 1),

C4(tk+1 -1, t— 7:)1 Té‘2(t$ t— T)v
72 72
7;3(t? t— T)» ?{4(t7 t— T)}v

Ya(t) = col{x(ty), x(tx — 1), x(tg11), x(te1 — ),
t€2(tks tk - 1")’ X(t), -x(t - T)’ ;2(ts tk)s
;3(tv tk)v §2(t -1, tk - t)a {3(t - T, tk - T)v

72 72
TQ(L t— T)v 7{3(t7 t— T)v 7;4(t7 t— t)}v

Ys(t) = col{x(te), x(t — 1), x(tkq1), x(tkg1 — ),
ng(tky tk - T)v X(t), X(t - t)v Q(ts tk),
G, Q-1 4% — 1), lt—1, 4 — 1),
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Okt 8, Galtet1, V), Lty — 7, t— 1),
Caterr — T, t— 1), TO(t, t — 1),
‘L'2 'L'2
353(’(, t—r1), 7{4("» t—1)},
Ye(t) = col{¢i(t, &), Ci(t — 71, % — 1)},
V7(H) = col{C1(t, ter1), C1(t— 7, teg1 — T,
Ys(t) = col{a(t, t — 1), G3(t t— 1), Lot &), &3t ),
Otet1, V), Galter1, 8, Lt —1, 4% — 1),
Gt—t,t%— 1), Qter1 —7,t—1),
Calte1 — 7, t— 1), o, tk — T},
Y1) =colfx(t), x(t), x(tes1), (et ), Laltisr, D,
Yo (t) = col{x(t), x(te), x(tei1), St t), La(t, G},

P3(t) = colfx(t), x(t), x(tes1), St ), 3(k, &),
Otk+1, B, Galtet1, O},
Y1) = colfx” (1), x(t— 1), x(4), x(t — ), *¥(tit1),
(b1 — T), x(t— @), x(t— 1), Ys(H},
Y(8) = col{x(V), x(4), Ca(t, &), a(t, &), x(ter),
Otk+1, B, Galtet1, O},
ej = [ Onx(—tyn In Onx19—jpn | » j=1,2, -+, 19,
& = [Onx(—tn In Onx7—jn |, j=1,2,-++, 7.

Now, the following theorem is presented.

Theorem 1: For given t > 0 and hy > hy > 0, system (5)
with the control input (3) satisfying (4) is stable if there exist
matrices P > 0, S > 0, Dy > 0, D, = DI, D3 > 0, 01, 0,
X,G=G', W > 0,W, >0,W5 >0, Wy >0, Ni, M,
Li,i=1,2,3,Y;, j=1,2,---,13,such that LMIs (8)-(14)
are satisfied.

D)+ D3 >0 ®)
Wi+ D3 >0 ©)]
Wis+Dy >0 (10)

A Uy ﬁ‘l—’z_
«  —II 0 <0 (11
* * e TR
[Al + Ay +hIAs W3 <0 (12
* _H32— hi€lhy, ha]
A+ a w ]
|: 1+ Z 2 132 <0 (13)
* T2 ey, o)
|:A1 + %hkAz + %h]%A3 Ws31o <0 (14
* 0302 J ey, oy
where
Ay

= He{p{ Pp2 + p3,Xp31 + p3gX p32 + Mip11 + Mapin
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+ Mz p1z + Nipia + Napis + N3pis + Vip17 + Dapse
+ V3037 + Vapis + V5038 + Vepso + L1p19 + L2020
+ L3021 + V1p22 + Wspaz + Yop2z — Viop11 — V11014
— V12028 — V13029 + piaySpa1
+ e (=202, 01 05 + p3 Q108 + V11025 + Vi3 p2r
+ p34Gpe) + M (pH 0105 + p30Q197)} + p3 Sp3
— pI'Spa + 0" Din + han” Dan + eun” D3y
+ hi(pg Gps +n' Win + eg Wies)
Ar
= He{Y10024 + V12026 — (2030105 + p1o 015
+ V1125 + Vi3027) + 203,029
+ 03102010 + ik pi3Gpe + p3sGps — P14Gre
— 2l (p3,01p5 + p3gQ1p71)} — pL Gps + 1" Wan
+ €5 Wiaes — (pt Gpe + 1" Win + e{ Wses)
A3
= He{—p13Gps + p1,0105 + p1oQ107 + p3o0209
+ P§1Q2,07}

with

Uy = [IgN1 N2 N3 Vs i Ys e hidol
VW =Ly Lo L3 V7 Vsl
W3 = [Ig My Mo M3 Yy i Ya hi Vsl
Ty = diag{lmWa, 3 W, SluWa, uWa, 3 Wa,
ShWa, hi(Da + D3)}
1, = diag{D1, 3Dy, 5D1, D3, 3D3}
M3 = diag{h W1 + D3), 3h (W1 + D3), 5h (W) + D3),
h(Ws + D2), 3hi(Ws3 + D3), Shi(Ws3 + D3)}
Wy =¥ TV, M3y = diag{IT3, M1}
Wi = [V W3 /T¥]
.4
Mz = dlag{gﬂl, 4113, I}
W30 = [W3 W /TW]
.4
M312 = d1ag{§1‘[3, 411y, M}
n=Aey + Bes
'L'2 T2
pi=tel & vl Sy 2~ Sy
o =1[n" eg e{ - e2T r(eg - eg) r(elT
03 = [elT nT e1T eg reg O]T
P4 = [e2T eg elT eg 0 reg

— e’

T
]
T T T T_T T T T T T T
ps =lez ey e5 e Tejg ) €) ej3 €1y €17 €13
2 2
Tt r 21 U T.T
Teg 5€l0T €9 — ?elo]
T T T T_T T T T T T T
pe =lez ey e5 e Tejg €] ) ey €1, €15 €

2
T 1 1 7 _ 1Y 1 27 T T.T
€13 €14 €17 €18 T€9 €10 T €9 — €jol
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p7=[000007n" L 0000el — el

T T T T\ T
T(eg —ey) T(e] —ey)]

=[0000000e”; — e 2(cT, — eTy) e, — eF
2efg —e]7) 000"

T T T T_T T T T T T T
po = le3 ey e5 e Tejg €] €) ey €1y €15 €

TTZT o7 U ToT
7:89 7610 T 69 — 7810]

p10=1[0000000¢ —
2els —elg)000]"

P11 =e1 —e3, p12 =e] +e3—2eqy

p13 =e1 —e3 — 6eq1 + 6e1n, p14 =e5 — e

T T T\ T T
e 2ey —ep) ey —es

P15 = es +e) — 2e3, pi6 =es —e| + b6ej3 — bejy

P17 = €2 —e4, P18 = €6 — €2, P19 = €] — €2

020 = e1 + ez —2e9, p21 =e; — ey — beg + beyo

P22 =e3 —eq4, P23 =e4—e7, P24 = Aeqy + Bey

25 = Aeiz+Bey, prs=~Aeiz +Bey, p27 = Aerq + Bey

p2s = 2e11 — 2e3, pa9 = 2es —2e13, p32 =1’ el 1"

pi0=lel —el el —el1", p31 =[e] —el e —el1”
033 =[00000n" ¢ 00000000

T T T T
e; —e (e —ez)t(el —eg)]

034 =[0000000e]
2els —el)0000000]7
035 =[00000000000e¢l; —el
2ety — ef3) el7 — €] 2ely —e]7) 0001
P36 = €2 +eq — 2e15, p37 = e2 — eq — beys + begg
P38 = e + €2 — 2e17, p39 = eq — €2 + 6e17 — beig

T T T
—en 2(‘311 - 612) € — €5

2 2
T T
T T T T T T 2T T 1T
p40 = [Te9 el —62 fel ‘Eez ?elo T 6’9 — 7610]
T T T T4T
pa1 =[00n" eg —e; €11, pa2 = e3+eq — 2e19.

Proof: First we constract a new Lyapunov functional for
the system (5)

V() =Ve® + Va® (15)

where V.(t) = Z Vej(H) and V() = Z Vy;(t) are as follows
j=1
Ver(t) = W] OPY1(D),
Vea(t) = f 1//2 (t, 5)SY2(t, s)ds,
t—t1

0 t
Vaatt)y = [ [ xT(w)D1x(u)dud®,

-7 t+6
-t t
Va®) = [ [ iTwDyx(u)dud?,
—(ﬂOM t+0
t
Vest) = [ [ 3T w)Dsx(u)dud9,

—¢m t+0

Vai(t) = 2(hx — de(0)*¥d (D0193(0),

48938

Var(t) = 2dZ (YT ()0 a(b),
Va3(t) = (e — die(0)di (DY T (OGys(b),
Vaa(t) = 2y L (DX yrr(b),

t

Vas(t) = (b — di() [T (s)Wik(s)ds,
tr

g1

Vae(t) = —di(t) f T ()Whi(s)ds,
Var(t) = (h — d (1)) f T (s)Wsi(s)ds,
ti—7
tep1—T

Vas() = —di(t) [ &7 (s)Wai(s)ds.

t—
Taking the derivative of V(rt) along the trajectories of system
(5) yields

Ve () = 29 (HPYr (b),
Ve () = v (t, f)Slﬂz(f ) —

+2/¢2(t )53%(1 5) s,

vl t—1)SYa(t, t— 1)

Ves(H) = rxTa)Dlx(t) + o1

Vea(t) = hpi " (D25 (1) + 2,

Ves(t) = i’ (OD3x(t) + g3,

Va1(t) = —4(h — de ()Y (01931 + 2(hy — di(1)
X Yd (D0193() + 20 — di(0)* Y (HQ1r3(b),

Var(t) = 4de (Y] ()021a(t) + 24OV (H024(t)
+ 2dE(O)Y (HQ2(b),

Vas(t) = —de (YT OGYs) + (i — di (D)1 (HGPs ()
+ 20 — dr(D)dr (YL (G5 (b),

Vaa(t) = 20 (DX ¥7(8) + 297 (DX r7(b),

Vas(t) = (b — de()xT (OW1E(®) + 4,

Vao(t) = dk (0xT (O (1) + s,

Var(t) = (e — die(®)i7 (t — THW3k(t — T) + g6,

Vag(t) = di(DxT (t — DWWkt — 1) + 7.

with .
o1 =— [ xT(s)D15(s)ds,
t—1
t—1
o2 =— [ il(s)Dyi(s)ds,
t—om
t
o3 =— [ iT(s)D3x(s)ds,
t—om
t
o1 = — [T (s)W1x(s)ds,
t
e
P5 = — f T (s)Whi(s)ds,
= - f T ($)Wsx(s)ds,
ti—71
.
o7 =— [ xT(s)Wax(s)ds.
t—t
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For ¢y > ¢ and Dy + D3 > 0, it follows that

t—1 t
P2+ 93 = — / T ()Dak(s)ds — / i (9)D3i(s)ds
t—om t—om
t—1 t
<-— / T (s)Dax (s)ds — / 1T (5)D3x(s)ds
ti—71 tr
e
— / T (s)D3x(s)ds
ty—1
ty—7
- / T (5)(Ds + Da)i(s)ds
t—oxk

Then,we obtain

2+ 3+ o4t o6 <2+ o3+ pat+ 6 (16)

where

t
2 = — [T ()W) + D3)i(s)ds,
tk

03 = — f
ty—7
ty—7

i=—

t— <Pk

o= |

Applying free-matrix-based integral inequality in [35],
it follows from (9) and (10) that

2T ()O3 + D2)x(s)ds,
T () (D2 + D3)x(s)ds,

1T (s)D3x(s)ds.

o1 < T (Ol i et
+ He{[flpl;:-:- L2p20 + L3p21 Y (H), (17)
B2 = ¥ Ode() i S MOV, 4 Ds) MT
+ He{/\/llpllj-ll- Mapiz + Mzpizlly(t),  (18)

3
_ 1 _
3 SwT(f)[dk(f) ; myi()/\@ + D») lyf

+ He{Y1 017 + Vap3ze + V3037H¥ (D), (19)
64 <7 O — de(©)VoD33 VI
+ He{Yop3 W (1), (20)
s < v O — dka))z mNW N
+ He{N1p14 +/\/2p15 + N3p16}1¥ (), (21)
2
1
96 <U" (OIr D > VissD5 Vo
i=1
+ He{Y702 + V3pa2} ¥ (1), (22)
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o7 < ¥ O — dk(t»Z Vs Wy Vs
+ He{Yap13 + ysp38 + Yo 30 (1). (23)
Similar to arguments used in [29], we can gain
0 =2y (OVroldi(O)p24 — pr1l¥ () (24)
0 =2y OVl — de(®)p2s — pral¥ () (25)
0 =2y OV12ldi(t)p2s — p2s1¥ (1) (26)

0 =2y (OVi3l(h — de(®)p27 — p2ol¥ ()  (27)
Then, we have
V() <y OBV (28)
where

E(di (1)
=dZ(OA3 +d(DA2 + A1+ T,

. (e LD LT + de(OIMW) + D3) ' MT

iy !
B P 20 —
+ Vi3 + Do)~ V] 1+ (e — de()INW; N
+ y,-+3w—1 Vil + (i — de(0)Yo(D2 + D3) ™' g

+TZ

with A1, A and A3 being defined in Theorem 1.
By using the Lemma 4 in [37] for N = 1, V(t) < O for
di(t) € [0, hy) is ensured by the following inequalities:

yl+6D yl+6’

Ede(tyel0,h) <0 (29)
i=1,2 (30

]

1, .
d (="t Iy + th S =5 = 0.

Obviously, if (29) and (30) are satisfied, then
V) < =3 |x(®)]? for a sufficiently small § > 0. Based
on Schur complement, it follows that (29) and (30) are equal
to (11)-(12) and (13)-(14), respectively. Therefore, if (11)-
(14) are satisfied, then system (5) with the control input (3)
satisfying (4) is asymptotically stable. This completes the
proof.

Remark 1: Inspired by the work [37], the TTLF (15)
is constructed, which take full advantage of the second
order terms with respect to t. It is made up of two
parts, V.(t) and V;(t), where V;(t) satisfies the boundary
conditions of the two-side looped-functional obtained in [29],
Vdj(tk) = Vdj(tk—l-l) = O’] =12,.--,8

Remark 2: Based on the condition given in Theorem 1, the
allowable upper bound of time delay and sampling periods
that the system keep to be stable can be obtained by using the
dichotomy method presented in [24].

Remark 3: Similar to arguments used in [29], four zero
equalities, (24)-(27) are introduced, which is helpful to
reduce the conservativeness of the derived stability condition.
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In addition by using the intrinsic relationships of state

t t—t
vectors, f x(s)ds + f x()ds = [ x(s)ds + [ x(s)ds,
ty—7 t—t ty—7

anew zero equality (31) is obtained for any matrix Y4 with
appropriate dimensions.

0 = 29T (OV14ldi(V)pas + pa3 ¥ (V) 31)

where, p43 = T(e9 — e19), p44 = €15 — e11.

By adding the zero equality (31) to (28), the following
theorem is obtained.

Theorem 2: For given T > 0 and hy > hy > 0, system (5)
with the control input (3) satisfying (4) is stable, if there exist
matrices P > 0, S > 0, D > 0, D, = D}, D3 > 0, 0y,
0,X,G=GI', W >0,W, >0,W3 >0, W; >0, N,
M, Ly, i =1,2,3,);, j=1,2,---, 14, such that LMIs
(8)-(10), (32)-(35) are satisfied.

[[33 hVeR <0 (32
* * —1II dhgelh, hal
[/_\1 + Ay + h%A3 W3, <0 (33)
* 32 Lyetm, o)
I:Z\l + %]\2 Wiz <0 (34
* _H132— hi€lhy, ha]
|:1_\1 +3mAy + ShIAs g ] <0 (39
* 312 Ji ey, oy
where
Ay = Ay + He{YV14pa3)
A> = Ay + He{V14pas)
with

pa3 = T(eg —e19), pas =ej5 —ejj.

and other notations are defined as the same in Theorem 1.

Based on the Theorem 1, the following corollary can be
easily obtained for sampled-data system without considering
communication delay.

Corollary 1: For given hy > hy > 0, system (5) with the
sampling periods satisfying (4) and r = 0 is stable if there
exist matrices P > 0, Ql, Q2,X Z W1 > 0, W2 > 0, N,,
M,, i=1,2,3, Yj, j = 1,2,3,4, such that LMIs (36)-(39)
are satisfied.

|:[\1 \i’uz ] <0
* —I hi€lhy, ha]
(36)
|:]\1 +hk[\2+h]%Z\3 ¥y ] <0
* _Hl-hké[hl, h3]
37
Ar+ %7\2 j’z ¥ i
* * U ey, o)
(38)
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]\1 + %h/d‘z + %h]%]\3 \illv \112
* —%l’[l 0 <0
* * AL i, oy

where

Ay = Helel Pij + 7" X ps — pl X0t + My p1 + Maprn
+ M3p13 + N1 ps + Napia + Napis — Y151 — Yofis
— Y3020 — Yapo1 + (=257 Q152 + T Q154
+ p1\Z g + Yap17 + Yapro) + R Q12
+ 51 0183} + hie(B§ Z s + 11 W),

Ay = He{2pF 0o po+pE Qo7 + pTZBs+Y1 16 + V3p1s
— (=257 0192+ BT Q1 pa+ploZ s + Yapi7 + Yapiro)
+ hi(Pa Zps) — 2hi (i Q152 + BL 0153)) — pa Z s
+ i Wai) — (B8 Zps + 7T W),

Az = He{—i)" 0206 + % 023 + 117 Q152 + p{ 0153
— P35 Zps),

Uy = [My by hyeM3)

2 = [Ny heN2 leNs]

I, = diag{h W1, 3h Wy, She W1},

I, = diag{hx Wa, 3 Wa, Shi W},

i =Aé +Béy, pr =[e] — &1,
pr = e & & & e71 . p=17"0000]",
pr=10008 —el 207 — &',
=[e5 — &1, pe=1e] & & & &)"

/57 = [000?1 _63 (ez _34)] s

ps =1e] & & & & ef &f1"

P9 = [ﬁTOOOOOO]

pro=1[000e" —&l 2(e3 —ehoor,

P11 =1[000008] —e&f 27 — e,

P12 = &1 + é2 — 2¢3, P13 = €] — &y — 6é3 + 6¢4,

(=4

’

P14 = €5 + €1 — 2¢6, P15 = é5 — €1 + 6ég — 6é7,
P16 = Aé3 + Béa, p17 = Aée + Béy,

P18 = Aés + Bés, p19 = Aéy + Bés,

P20 = 283 — 2¢, P = 2é5 — 2¢g.

IV. NUMERICAL EXAMPLES
In this section, a typical numerical example is used for
experimental simulation to verify the superiority of the
method.

Example 1: Consider system (5) with

-2 0 -1 0
A_I:O —0.9i|’ IB%_|:—1 —1]'
In terms of different communication delay, the maximal
allowable sampling periods calculated by Theorem 1 and 2

VOLUME 11, 2023



W.-M. Wang, W. Wang: Further Results on Stability of Sampled-Data Systems

IEEE Access

TABLE 2. Maximal value of h, for h; = 10~5 and different z.

Methods 7=01 7=02 7=04 71=06
[36] 2.7999 2.5538 2.2545 2.0660
Theorem 1 2.8516 2.5914 2.2831 2.1110
Theorem 2 2.9186 2.6772 2.3328 2.1183

TABLE 3. Maximal value of h, for h; = h, and different .

Methods =01 7=02 7=04 7=06
[36] 2.8671 2.6359 2.4080 2.3338
Theorem 1 3.0641 29176 2.7673 2.7626
Theorem 2 3.2553 3.2145 3.1191 3.0867
Analytic bound 3.37 3.47 3.68 3.89

TABLE 4. Maximal value of h, for h; =10~5 and « = 0.

Methods ha
[19] 2.8554
[29] 3.2632
Corollary 1 3.2713
Corollary 1(h1 = h2) 3.2715

are listed in Table 2 and Table 3, respectively, for the cases of
aperiodic sampling and periodic sampling, which are along
with the results given in [36]. It is observed in Table 2 and
Table 3 that the results obtained by Theorem 1 and Theorem 2
are superior over that in [36]. In comparison with the results
obtained by Theorem 1 and Theorem 2, it is observed that
the results computed by Theorem 2 are much better than
that by Theorem 1, which indicate that the new zero equality
(31) in this paper play important role in the reduction of
conservatism.

Next, the proposed method is applied to system (5) without
time delay and the results obtained by Corollary 1 and other
methods are summarized in Table 4. Then, as can be seen
from the data in the table, the new TTLF and the zero equality
proposed in this paper can produce less conservative results
than [19] and [29] and even the sampling period reaches
3.2715 when hy = hy. Thus, the superiority of the method
proposed is verified again.

Moreover, the state response of the system (5) in the cases
of t = 4,h = hp =31191andt = 0, = hp =
3.2715 are, respectively, provided in Figure 1 and Figure 2
under the initial state x(0) = [2, —1.8]. It is shown in
Figure 1 that the provided maximal allowable bound can
ensure the stability of the system with i1 = hy, = 3.1191 and
T = 0.4. In addition, as shown in Figure 2, the results
obtained by our method make the system reach the critical
stable state in the case of iy = hy = 3.2715and T = 0.
Therefore, the effectiveness and superiority of the proposed
method are confirmed.

V. APPLICATION OF THE PROPOSED METHOD IN EPM

In this section, an electric power market (EPM) is studied
by the proposed method and a dynamic model of the EPM
models is constructed to analyze the influence of market
clearing time (MCT) and communication delay on the
stability of the system.
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FIGURE 1. State response of the system (5) in the case of r = 0.4 and
hy = h, =3.1191.
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FIGURE 2. State response of the system (5) in the case of r = 0 and
hy = h, =3.2715.

A. DYNAMICS OF THE EPM
The dynamic balance between power generation and load at
all time, which is an important index to measure the reliable
and stable operation of power grid. In order to realize the
balance of energy supply and demand, a method that measure
the balance of energy supply and demand by using prices
is proposed in recent years. This method can accurately
reflect the actual situation of regional energy supply and
demand, so as to provide effective means for formulating
corresponding countermeasures.

A simplified EPM is composed of electricity suppliers,
electricity consumers and real-time market.

1) SUPPLIER MODEL
The marginal production costs can be expressed as follows

Xg = bg +cgPy 40)

where x,, by, cg, and P, are the marginal cost, the fixed cost,
the fixed coefficient, and the amount of the generated power,
respectively.

If power suppliers see that the market price of electricity
is higher than its production costs, the suppliers will
expand production. The expansion rate is proportional to
the difference between the observed price and the actual
production cost. In addition, if there is a glut in supply
and demand, the power suppliers must pay additional cost.
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Therefore, the dynamic of the supplier is described as
TPy = x — by — cgPy — KE (41)

where 1, x, k, and E are the time constant that is described
as the rate of change of supply, the observed power price,
a constant gain, and the time integral of the difference
between supply and demand, respectively.

2) CONSUMER MODEL
The marginal benefit functions can be expressed as follows

Xd = bg + cqPa(t) 42)

where x4, by, cq, and Py are the marginal benefit, the fixed
benefit, the fixed coefficient, and the amount of the consumed
power, respectively.

When the marginal benefit function in consumer demand
is greater than the marginal price, it will stimulate consumers
to expand consumption, and the speed of expansion depends
on consumers. The behavior of the consumer is defined by

4Py = by + caPa — X 43)

where 7, is the time constant that denote the rate of change
of demand.

3) ENERGY IMBALANCE AND PRICE RESPONSE
The imbalance between supply and demand is defined as the
integral of the difference between them over time,

E=P,—Py (44)

At the same time, the price of electricity is changed by the
observed electric grid supply and market demand,

% =—E (45)

where 7, is the time constant representing the rate of change
of prices in response to market perturbations.

In the real market, the discrete price signal are received
by the participants that is actually equal to the MCT,
namely the updating period of electricity price. In addition,
when electricity price signals are sent through various
communication networks and equipment, it will introduce
communication delay. Combining those two aspects, the
following linear model that take into account sampling
periods and communication delay is obtained,

ToPy(t) = x(t — T) — by — cgPy(t) — KE(Y),
taPa(t) = by + caPa(t) — x(t — 1),

E(t) = Py(t) — Pa(),

T X() = —E()

where t; is the updating instants of the price satisfying

(40)

0 < tit1 — t = Tinety < Tomet

with Tyeq, and Ty¢ being the MCT for k& and its maximal
value, respectively, and t being the communication delay.

48942

B. STABILITY ANALYSIS OF THE EPM

The stability region of an EPM is analyzed in [38] and
the parameters of the system are given as 1, = 0.2,
cg = 01,y = 2,7y = 0.1,cqy = —02,b4 = 10,
7, =100 and k = 0.1.

1) STATE-SPACE EQUATIONS
Model (46) can be expressed as the following continuous-
time state equation form:

) =Az() + Bzt —dr () — 1)+ C 47)
where 0 < ty+1 — tx = Tinety < Tmet and
[Py (t)
_ | Pa®
z(t) = E® |
| x(®)
- X _
_& o9 L o
Tg Tg
o “ 9
A = Td )
1 -1 0
1
0 0 -—— 0
L Ty _
_ 1 b
0 0 0 — -2
T T
i bdg
B=|0 0 0 —|, C=| —
T4 Td
0O 0 O 0 0
10 0 O 0 0

The constant term C can be dealt with in the above system by
using the method in [39] and [40]. Suppose z* is the balance
point of system (47). By defining a new state x = z — 7%,
the stability of system (47) at its equilibrium point can be
mathematically equivalent to that of the following system at
Zero-point:

X(t) = Ax(t) + Bx(t — dx (V) — 1) (48)

Notice that the above system is the closed-loop system (6)
described in the paper. And, the relevant parameters such
as A, B, di(t), and 7 in the system have the same physical
meaning as those in closed-loop system (6). Therefore, the
new stability criterion proposed in this paper can be used to
discuss the influence of communication delay t and MCT
di(t) on power market system.

2) ALGORITHM OF CALCULATION, CALCULATION RESULTS
AND DISCUSSION
Define the following functions

Tinet 2
., 6€[0°90°], h=+/T;. 2 49
T [ ] met T T (49)

where 6 is the polar angle, which represents all value ranges
corresponding to the possible proportion of MCT maximal
value Tyt to the communication delay t; A is the polar axis,
and when given different 6, its maximum value is defined as

tan(0) =
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TABLE 5. hmax(0) for hy = h, and different 6.

Methods 0 =20° 60=40° 60 =45° 6§ =50°
[7] 7.14 6.75 6.66 6.36
Theorem 2 8.46 8.58 8.64 8.72

Nnax(0). In terms of different 6, the values of A,,,, calculated
by Theorem 2 are listed in Table 5, which are along with
the results given in [7]. In Table 5, the method proposed in
this paper is obviously superior to the result in [7]. Thus,
this demonstrate that the method proposed in this paper is
effective in the application of EPM.

VI. CONCLUSION

This paper proposes a new method for stability analysis of
aperiodic sampled-data systems with communication delay.
A TTLF is proposed, which take full advantage of the
second order terms with respect to t. Improved stability
criteria are derived by employing the TTLF and introducing
some zero equalities with free matrices. The effectiveness
of the proposed method has been validated by a given
numerical example. In addition, the proposed method is
applied to the dynamic model of the EPM, and the influence
of MCT and communication delay on the stability of the
power market is discussed, which provide certain guiding
significance to ensure the balance of energy supply and
demand.
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