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ABSTRACT This paper presents a new method for the construction and training of interval type-3 fuzzy
logic systems whose inputs are uncertain type-2 non-singleton numbers (IT3 NSFLS-2). The proposed
methodology is divided in two processes: 1) The novel construction of the structure of the IT3 NSFLS-2
systems based on: a) The level-alpha-0 of the interval type-2 fuzzy logic system (IT2-alpha-0 FLS), and on
b) The secondary membership function using Gaussian modeling to construct each rule of the alpha-k fuzzy
rule base (FRB), the firing intervals of the antecedent and the centroids of the consequent, and 2) The training
methodology based on gradient descent algorithm to train the antecedent and consequent parameters of the
alpha-0 FRB. The primary membership functions (MF) of the antecedents of the I'T3 NSFLS-2 system are
modeled as Gaussians with uncertain means and with common standard deviation. The proposal was applied
and tested with the prediction of a transfer bar’s surface temperature in an industrial hot strip mill facility
located in Monterrey México. The modeling results show that the proposal supports the stability required by
this critical process and shows the best performance when compared with similar methods.

INDEX TERMS General type-2 fuzzy systems, gradient descent algorithm, hot strip mill, interval type-2
fuzzy systems, interval type-3 fuzzy systems, temperature prediction, type-2 non-singleton inputs.

I. INTRODUCTION [36], [37], [38], [39], [40], [41], [42]: Castillo et al. [4], [5],

Recent trends on science have generated an evolution of fuzzy
systems. This evolution was marked by the development of
new models as in the case of the interval type-3 (IT3) fuzzy
logic systems (FLS). This type of system was proposed in
2008 by Rickard, et al. with the term type-3 fuzzy sets [1], [2].
L. [3] the IT3 and the type-n systems models were presented
in forecasting application.

In recent years, 2019-2022, important and novel papers
were developed [4], [5], [6], [71, [81, [91, [10], [11], [12], [13],
[14], [15], [16], [17], [18], [19], [20], [21], [22], [23], [24],
[25], [26], [27], [28], [29], [301, [31], [32], [33], [34], [35],
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(61, [71, [81, [91, [101, [11], [12], [13], [14], [15], [16], [17],
[18], [19], [28], [34], Castillo et al. [4], [5], [6], [8], [9], [10],
[11], [12], [13], [14], [18], [19], Castillo et al. [4], [5], [8],
[9], [10], [11], [13], [14], [18], Mohammadzadeh et al. [15],
(161, [201, [211], [22], [23], [25], [26], [27], [28], [29], [301,
(311, [32], [33], [34], [35], [36], [38], [39], [40], [41], [42],
among others. Their work shows that the IT3 FLS systems
constitute an emerging technology.
In [34, p. 154] the IT3 FLS are defined as:

“The type-3 FLS, is the generalization of the type-2
FLS that has more capacity to cope with uncertainties.
In T3-FLSs, the secondary membership function (MF)
is also a type-2 MF. Then the upper and lower bounds of
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memberships are not constant in contrast to the type-
2 MFs. These features cause that more level of uncer-
tainties can be handled by type-3 MFs.”

The IT3 model presents several similarities to the general
type-2 (GT2) model due to their analogous mathematical
foundations. The authors in [10] present a list of character-
istics for similar intelligent systems as provided in Table 1.
It shows that the IT3 FLS provide better accuracy than the
IT2 systems.

TABLE 1. Characteristics of the IT3 compared with other models. adapted
from [10].

Learning  Knowledge Type of  Time to

Method required required model develop Accuracy
NNs Yes No Monolithic Long Good
I]ir;\]s:mble Yes No Hybrid Long Excellent
ANFIS Yes No Hybrid Long Excellent
T1FS No Yes Monolithic Short Regular
T2FS No Yes Monolithic Short Good
IT3FS No Yes Monolithic Short Excellent

Table 2 shows the challenges to be avoided in the imple-
mentation of GT2 models as it is mentioned in [43].

TABLE 2. Challenges of the generalization of type-2 fls. adapted
from [43].

Challenge References
Difficult to implement [44]
Information is non-functional [45]
Information is un useful [45]
Information not needed [45]
Complex learning process [46-50]
Hard computation [46, 49-53]
Defuzzification very complex [46, 53, 54]
Exhaustive computational time [46, 49-53]
Impractical to usage [46]
Method iterative and algorithmic [55]

Determination of the number of alpha planes  [51]

Based on the information above and according to [10] and
[43], the main advantages of IT3FS are: a) Superior accuracy
versus IT2 models, b) Better system performance, c) Man-
agement of non-uniform uncertainties, d) Management of
semantically numerical values that the secondary member-
ship function of IT2 cannot make [58]. The disadvantages are:
a) Complex learning process due to the change of the type
of the secondary membership function, b) Hard computation
and their iterative nature, ¢) Quantity of alpha planes or slices
necessary for the implementation and d) Limited number of
applications available in the literature.

In [56], [57], and [58] the authors proposed to handle
higher levels of uncertainty using IT3 FLS. Nowadays, sev-
eral researchers have developed its mathematical foundations
and applied it to modeling, predicting, and controlling real-
world situations.
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In [21] the authors presented the baseline to construct
and update the IT3 FLS with singleton inputs using a
fractional-order learning algorithm, and only the consequent
parameters are adjusted to help to decrease the computational
cost.

The analysis of the state-of-the-art literature shows that
IT3 models use singleton inputs [4], [5], [6], [7], [8], [9],
(101, [111, [12], [13], [14], [15], [16], [17], [18], [19], [20],
(211, [22], [23], [24], [25], [26], [27], [28], [29], [30], [31],
[33], [34], [35], [36], [37], [38], [39], [40], [41], [42] and
type-1, non-singleton inputs [32]. The applications of the
IT3 FLS systems mainly covers the areas of: Mathemat-
ical theory [1], [2], [3], [4], [6], [11], [19], [24], [56],
[57], [58], [59], [60], [61], [62], [63], quality of sound and
image processing [5], [9], control systems [5], [7], [8],
[91, [15], [16], [17], [20], [22], [23], [25], [27], [28], [29],
[31], [32], [33], [36], [39], [64], [65], [66], fuzzy learn-
ing [16], [20], [21], [26], [27], [34], [36], [40], time series
forecasting [3], [10], [13], parameters optimization [8], [26],
fault detection [30], [64], [65], stabilization and synchro-
nization [35], [64], management [37], prediction [12], [13],
[14], [18], [25], [29], [38], [41], [42], and dynamic adapta-
tion [65], [66]. On the other hand, there exists a gap in the
theory and the characteristics, design, and formulation of the
involved mathematics of the IT3 models as: the number of
rules, the number of alpha planes, and the number of required
optimization parameters. All pertinent information respect to
the previous characteristics of the systems is omitted in the
state-of-the-art literature, as it is shown in Table 3. Also, most
of the papers show the particularity of getting the alpha cuts
from only one level or only a vector of consequent parameters
and from there the alpha cuts or slices are obtained.

In the state-of-the-art literature analysis, there are only
few papers that used the gradient descent (GD) method for
learning: For instance, authors in [40] use only the pure
model and in [34] the extended Kalman filter (EKF) with
hybridization is used. The main characteristics of the IT3 FLS
found in the state-of-the-art literature are shown in Table 3.
It is important to note that most of the publications present
only a common vector of 4 or 8 fixed equations for the oy-
cuts calculation in the consequent section (CCS). The use of
CCS appears in [7], [15], [20], [21], [22], [24], [28], [30],
[34], [35], [41], and [42].

The main contributions of this paper are:

1. An alternative and economical model to construct IT3
NSFLS-2 systems with dynamical structure, where each
2N horizontal levels-ax has its own base of M rules. The
output Yoy of each
level-a; is calculated with the contribution of each
i rule, which only'rejuires both its antecedent’s fir-

. . i —i . . .
ing intervals [f 1o ray | and its consequent’s centroids
—L0k

gfak , Eiak . According to the literature, each output y,,
of each level-ay is calculated using the estimation of the
alpha cuts at level-a. This proposal does not estimate

each oy-cut of each input x,; at each level-og, that is
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TABLE 3. State of art and survey of IT3 systems.

Ref. Inputs Learning algorithm Antecedent & construction Structure & output estimation Simulation
Gaussian primary
membership function
s' T1 T2 Antecedent Consequent Same mean Different A set of antecedents per A set of Rules Horizontal Number of
NSP NS¢ different means same horizontal slice consequents M slices optimized
standard standard per K parameters
deviations deviation horizontal
slice
[21] X Fractional X K vectors of 4 elements per a- CCS 3 4 6
order cut per input per rule.
K = slice levels Only on level
n = inputs =0
n =M number of rules
[24] X Only the  Only the X p vectors of 4 elements per a- CCS 34,5, 6 2
estimation of  estimation  of cut per input per rule. 6
parameters /i parameters m p = slice levels and
and n and n p = inputs
M = number of rules
[30] X Maximum
correntropy Maximum X n vectors of 4 elements per a- CCS No No No
MC) (MC) cuts per input per rule.
unscented unscented n = slice levels
Kalman filter ~ Kalman filter T = inputs
(UKF) (UKF) N =number of rules
[40] X Gradient Gradient X n = h = vectors of 4 elements n=~h= 4 4 16
descent (GD)  descent per a-cut per input per rule. vectors of 4
(GD) n=h=4 = slice levels = elements (a-
number of rules cuts) per
2 = inputs input per
rule.
[34] X Gradient UKF X n = h = vectors of 4 elements CCS 8 8 No
descent (GD) per a-cut per input per rule.
+ extended n=h =8 =slice levels
Kalman filter 3 = inputs
(EKF) R = number of rules
[22] X Specific Specific X n = h = vectors of 4 elements
adaptation adaptation rules per a-cuts per input per rule. CCS Not Not shown Not shown
rules using using n=h =8 =slice levels shown
derivatives. derivatives. 2 = inputs
R = number of rules
[28] X Unscented CUKF X h = vectors of 4 elements per CCS Not Not shown Not shown
Kalman filter a-cut per input per rule. shown
(CUKF) h = slice levels
n = inputs
B = n, number of rules
[35] X Specific Specific control X h = vectors of 4 equations per  CCS Not Not shown Not shown
control law law a-cut per input per rule. shown
v, = 3 =slice levels
n = 3 inputs
7 = number of rules
[10] X X n = inputs n clusters 6 3 Not shown
m = output Cy, ey G
n = number of rules
[7] X Differential X CCs 9 Not shown 10
evolution
(DE)
[15] X Specific Specific X h = vectors of 4 equations per  CCS 3 ng=3
adaptation adaptation law a-cut per input per rule.
law m = inputs a = [0,0.25,0.5]
n, = number of level-a
I =R =rules a = [0.75,0.90,1.0]
i = outputs
[20] X Upper bound X h = vectors of 8 equations per  CCS 8 Not shown Not shown
of a-cut per input per rule.
approximate m = inputs
error (AE) n, = number of level-a
= R =8rules
f = 2 outputs
[41] X UKF X h = vectors of 4 equations per  CCS 10 4 Not shown
a-cut per input per rule.
¢ = number of level-a
M = 8 rules
2
[42] X Fractional X h = vectors of 4 equations per  CCS Not a = [0.85,0.95] Not shown
order a-cut per input per rule. shown @ = [0.90,1.0]

VOLUME 11, 2023

44067



IEEE Access

G. M. Mendez et al.: New Method for the Design of Interval Type-3 Fuzzy Logic Systems

TABLE 3. (Continued.) State of art and survey of IT3 systems.

Our X GD GD M €
proposal [Mi, Mi] =
interval
means

Jg =common
standard
deviation

R =i=rules =
firing intervals per level-a

[f P

k = number of level-a

R=i= 25
rules =
Consequent
centroids per
level-a

1,10,100, and 1000 11
parameters
per rule

25x11=275

P
Clayr Cray

k = number
of level-ar

2 Singleton, ® Type-1 non-singleton, ¢ Type-2 non-singleton.

[a;ak (x{;) s by, (xc’l)], in order to calculate the firing

interval values f;a ,f_lmk of this level-ay.
—lQk

2. The use of Gaussian models to directly calculate the firing
. i -l
interval [}i ;ak’ f mk] of each fuzzy rule at each level-ai
using for the basis of this estimation the firing interval of
the level-«, I:]: i

o L ran |

3. The use of two sets of product operations required to
calculate the values of the o, -cuts for each input variable,
of each rule at each level-cy . e.g. If an IT3 NSFLS-2 fuzzy
system has p = 2 input variables x|, x5, M = 25 rules, and
K = 20 levels-ak, then the new proposal does not require
the calculation of (24) and (25) for a total of 2000 a-cuts
= 2pMK =2 x 2x25 x 20 times, for each estimation of
Ya-

4. To the best knowledge of the authors, this is the first time
that the primary MFs of the antecedents section of the
IT3 NSFLS-2 are modeled as Gaussians with uncertain

mean M (; € [M é oM ;2] and common standard deviation

o;, Fig. 1, with such being a more difficult case than the
one considered in the state-of-the-art literature that uses
the primary MFs modeled as Gaussians with uncertain

standard deviation 0; € [oél , 052] and a common mean
M.

5. The proposal handles the type-2 non-singleton inputs
modeled as Gaussians fuzzy numbers with uncertain
standard deviations a)ﬁq € I:O')éql , a)éqz , representing
the additive measurement non-stationary noise (Fig. 1).
An interval type-3 FLS whose inputs are modeled using
type-2 fuzzy numbers is named a type-2 non-singleton
type-3 fuzzy logic system (IT3 NSFLS-2).

6. The complete set of equations to update all the parameters
of both antecedent and consequent sections of the pro-
posed dynamical structure which are obtained by applying
the gradient descent methodology, is presented here.

7. To the best of the knowledge of the authors, this is the
first time that the IT3 NSFLS-2 fuzzy systems are applied
to predict the transfer bar surface temperature at the entry
zone of the finishing scale breaker of a hot strip mill.

8. To the best knowledge of the authors, this is the first
time that systematic experiments using IT3 NSFLS-2
fuzzy systems with more than 10 levels-o; are proposed:
100 and 1000 levels-oy.
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FIGURE 1. Levels-o and uncertain secondary values of the proposed IT3
NSFLS-2 system.

Il. PROBLEM DESCRIPTION

The Hot Strip Mill (HSM) process presents many complex-
ities and uncertainties involved in rolling operations. Fig. 2
shows the HSM sub-processes: The reheat furnace, the rough-
ing mill (RM), the transfer tables, the scale breaker (SB),
the finishing mill (FM), the round out tables, and the coiler
(CLR).

The most critical subprocess is the FM. There are several
mathematical model-based systems for setting up the FM,
like the finishing mill setup (FSU) model which calculates
the working references required to obtain the target strip
gauge, target strip width and target strip temperature at the
exit zone of the FM. The FSU model takes as inputs the
FM target strip gage, the target strip width, the target strip
temperature, the slab steel grade, the hardness ratio from slab
chemistry, the FM load distribution, the FM gauge offset, the
FM temperature offset, the FM roll diameters, the FM load
distribution, the input transfer bar gauge, the input transfer
bar width, and the most critical variable, the input transfer
bar temperature.

The FSU model requires knowing accurately what the
input transfer bar temperature is at the entry zone of the FM.
A minimum entry temperature error will propagate through
the entire FM and produce a coil out of the required qual-
ity. For the estimation of this FM entry temperature, the
math models require knowledge of the transfer bar surface

VOLUME 11, 2023
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FIGURE 2. Topology of a typical HSM.

temperature, which is measured by a pyrometer located at the
RM exit side, and the time taken to translate the transfer bar
from the RM exit zone to the FM SB entry zone.

These pyrometers’ measurements are affected by the
noise produced by the surface scale growth, environment
water steam, the pyrometer’s location, calibration, resolution,
repeatability, and by the recalescence phenomenon occurring
at the RM exit in the body of the transfer bar [67]. The time
required by the transfer bar to move its head end from the RM
exit to the FM entry zones, is estimated by the FSU model,
when calculating the required transfer bar thread speed to
reach the strip target temperature at the exit zone of the
FM. This time estimation is affected by the free air radiation
phenomenon occurring during the transfer bar translation and
by the inherent uncertainty of the kinematic and dynamic
modeling.

The FSU model parameters are adjusted using both,
the uncertain surface temperature measured by pyrometers
located at the FM entry zone, and the uncertain surface tem-
perature at the FM entry zone estimated by the FSU model.
The proposal was off-line tested using real data from an
industrial hot strip mill facility located in Monterrey, México,
which is currently using a certain type of fuzzy system for this
estimation.

Ill. CONSTRUCTION OF THE IT3 NSFLS-2
The main foundation of IT3 systems is the uncertainty pre-
sented by the horizontal level-a; with respect to its vertical
location or its secondary membership value py (x,u) =
fx (M) = ag, as is shown in Fig. 1. In the IT3 systems, this
additional uncertainty is represented by the interval value
[a). @k |- Geometrically as in [21], it is interpreted as shown
in Fig. 3. This uncertainty is modeled to be between the
horizontal level ¢ and the horizontal level &y, as in Fig. 4.
Based on the economical modeling of WH GT2 Mamdani
fuzzy systems that use the type reduction center sets and
the end-point defuzzification average [60], [61], [62], [63],
the IT3 NSFLS-2 can be calculated as in [60], with ¢ =
1,2, ..., p the number of input variables, i = 1,2,...,2M
the number of rules, k = 1,2,..., N, and the number of
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firansrrs—2 (X) = ywr—3 = Ya
S| (e @)+ () 2]
3

3

where y;, and y;%) -are the left and right points of the center
of sets of each Yoy » and its union can be expressed as an expan-
sion ywp—3 composed by N elements y,, corresponding to
the N horizontal levels-o:

COS

o] I o2 N Ok
Yo = SN Yoy N Yoo T oo T Sy Y
Zn=0 Un Zn=0 On ano Un
Fot =y, @
e N— aN
Zn:O Un

Each weighted output y,, corresponding to each level oy
can be calculated using the IT3 NFLS-2 modeling with the
uncertain level oy € [gk, Ek]. Now the proposed ywr_3
expansion is composed by 2N elements, as in Fig. 4.

ar 2y, Vg
Ya = —
YT a+o
o XYy, t O Yay
+ ...+ N — —
Zn:O n % + 0k

ANYy. T ONYg
+... adil (NQN _ aN) )

+ N
Zn:O n oy T an
_ o] 91V, o 1Yz,
Yo = ZN o +o + N o +o
n=0 %n \ZI1 1 Zn=0 On \Z1 1
bk ( ey )
Ok ak)’Ek
T ( + ) n
ano oy gk + (673

" oy ( ANYg, )+ oy ( ANYgy )
Yo \&y + N Yo \&y + oy

(6)
Vo = Kglygl + Kalyal + ...+ ngygk + Kakyak
+...+ KgNygN + KENyaN 7)
Ya = Kalyal + Kotzyaz +.. ~Kakyak +...+ KOlNyaN
+ KO‘N“yOtNH Tt KO‘ZN*IyOlszl + Keoy Yoy (®)

Now y, of the IT3 NSFLS-2 can be modeled as any GT2
NSFLS-2 system as it is shown in Fig. 4.

where
o] [ L5 ]
Ky = — ©
NN oy Ly
K, — 4 [ @ ] (10)
az Sooon Ly + a1
K, — % [ e ] (11)
Y e L ]
44070

o [ @
e p— k_ ] (12)
Zn:O 27} —Qk +(¥k
ooN—1 | Ay ]
K, = — (13)
aN—1 an=0 o, Lay T an
v [ awn
Koy = _ (14)
N 221:0 a, Lay + aN:|
then:
+ — —
Yo = Ko, |:yla1 yrQ] :| +Ka2 |:y1012 +yr012:|
2 2
+ +K I:ylﬂk +ymki| +K I:ylak+1 +yr01k+1i|
a Q41
2 2
Vs 1+ Vrapy_
+...+Ka2Nl|: 2N12 ZN]}
+Ka2N |:yla2N —;yrazjvjl (15)
2N Vi +¥
o= T K | M| 1

The centroids can be calculated with the centroid equations
using the Karnik-Mendel (KM) algorithm for any left end-

point yyg, :

L zn M
Zn:lfozk *C?ozk + Zn:L—H]:Zk * C;lak
ylak == L —n M n (17)
Zn:lfc(k + Zn:L-I—liak

and for any right endpoint y,q, :

R M r
Zn:lfn *C:‘lozk + Zn—R—Hfak * C:’lak (18)
Yrapy =
P 1/, x4+ DL R-Hfotk

n 7N . . . . . n n
[—ak’ fak] is the estimated firing interval and [clak, cmk]

is the estimated consequent centroid of the rule n of the
level-ay.

A. INPUT VARIABLES, RULES, AND LEVELS-o;,
The designer must select ¢ = 1, 2, ..., p the input variables,
i =1,2,...,M the number of rules, k = 1,2,...,N, the
initial number of horizontal levels-«y to start the construction
of the IT3 NSFLS-2 system.

The p inputs are type-2 non-singleton numbers modeled as
a Gaussian with common mean xt’l and an interval of standard
deviations oy € [0x,,. 0x,,]- The well-known type-2 non-

singleton Gaussian model [61 and 68] is used as primary MF:

L2
1 —
g, ) = e | =3 [x,, xq} (19)

2 Oxgy

Each input must cover its universe of discourse (UOD) with
the required number of MF.
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FIGURE 5. Graphic representation of the proposed model, the IT3
NSFLS-2 system.

B. UNIVERSE OF DISCOURSE AND MF
The number M of rules is determined by the array of required
MFs of each input. If there are two inputs, and the UOD of
X 1 and )~(2 are covered by five MFs each, then the rule base
has M =5 x 5 =25 rules.

As it is shown in Fig. 5, each consequent MF is modeled
M ;2] and

as Gaussian with uncertain means Mé € M(’h,

common standard deviation O’él

B 1 xq—Mé_ 5
) = ep | =5 | =——* (20)

The GT2 Mamdani fuzzy rule base model has p inputs x; €
X1, ..., %, € Xp, one output € Y, and a rule base of size M of
the form:

R':IF xyis Al and ...and x,is A, THEN yi.G' (21)

where ¢ = 1,2,...,p is the number of inputs; i =
1,2, ..., M is the number of rules.
C. RULE BASE

The rule base of the horizontal level-og of M rules, is con-
structed assigning the initial values of each of the M conse-

quent centroids gf e Eiao . These values can be fixed by an

expert or with initialization fixed at zero.
RECIF xi i A and . oxg i THEN yis [cluys Ty |
(22)

D. ALPHA CUTS )
The M firing intervals I:]: an ,flmo] of the horizontal level-crg

or IT2¢ FLS are calculated based on (23) using the «g-cuts
or the intersection of xé and the MF of each input and each
rule. Only the ag-cuts of level-«q are calculated, not the oy-
cuts of any other level-ay, as shown in Table 3.

. _i p . . p . .
[ﬁao’f”"o] - [Hq=l Yy ()—Cif””‘”) ’ Hq=1 Py (x;””“x)]
(23)
with

af{ao ()—Ci],max) = &f(q ('Ei],max)ﬁla; ('Ei],max) (24)
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FIGURE 6. Geometrical view used to calculate, a) For each level-«, each
oy -cut point of the firing interval of the antecedent section of the
proposed IT3 NSFLS-2 systems, and b) Its equivalent geometrical view in
GT2 systems.

and

bi{oto (f;,max) = ﬁf(q()?;,max)ﬁixg(fg,max) (25)

i ~i
)_Cq,max and xq,max

of x; with respect to Mél and M ;2 as it is shown in Table 4.

are determined according to the locations

E. FIRING INTERVALS ]

. . . i Tl .
Each firing interval [j_f ;ao’ f rao] of the horizontal level-ag or
IT20g NSFLS-2 is used to estimate the antecedent’s firing

interval at each level-oy € [g &> &k]. As it is shown in Fig. 6,

the Gaussian model of the vertical slice at x, ,,,, used to

calculate the firing interval I:]: éak ,fiak] of each level-oy is:

i 2
1 X —mi
WUei =op =exp| —= 4 fwx (26)
fvsak 2

%fusag
where
A ]?i
i _ ~lag reo
Mg = 5 27)
Fras 1)
. rag — Jy
g = 7 (28)
. — —i i
‘ oo F a0 Frag =1
. — /] rog rag /]
[l T | =5 7 @ J=2In(ar) (29)
k 2 Z
with z = 1, 2, ..., n being an integer number estimated by

trial and error. The magnitude of the standard deviation of
the model is a fraction of the interval of the means.

F. CONSEQUENT CENTROIDS

Each consequent’s centroids [c; e ¢,
Lo (U
level-a are used to estimate the consequents’ centroid of the

of the horizontal
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TABLE 4. Locations of xg, for xiowq and xi“pq estimation used to calculate I:ﬁ'“o, f'm o]and I:i;.“k s ﬁ""k]'

Location of x;

Case Location of x; for &i;,max calculation for E;’max &i;,max féymax
calculation
1 ] ] N2, . ; X i
' o Mg1q, + Mizq, (U}ql) (Mémg - Mcluao) X < Ml , Crmex ) , Xqmax ,
X, - q i i i ’ i i i
! 2 2(0ia,)’ _ (01) Miza, + (08)'x (0k,) Mine, + (o),
C )2 ;N2 - T N\2 N
(O}é‘?l) + (O-(sao) (O-’éqz) + (Ul;aa)
2 ; . i 2 (agi i xk 7 — 5
’ tlyla(, + Mf;zao (O—’écu) (MILIZ% - Mllllao) x! i 2 -_q,max 2 qmax q
*q < 2 - 2(ot 2 ! i (o}m) Mfllzao + (O-‘;) x"l
(‘Tqao) € [Mqlao' qzan] = 5 3
(a.’éql) + (O-l;ao)
3 Xq
M‘glao + Mlilzao
2
2 ) Xq ) M, + M,
i i i ; ; . i Maia T Mg2ay _ )
_ (GX‘”) (Miza, ~ Mira,) Mg1a, + Mgza, € [M1ap Miza,) Xlow 2 Xqmax = Xq
. 2 4
2(0};‘10) 2
i o (yi i
" (O'qu) (Mang - Mqlag)
2
Z(Uéao)
2 i
. ) ; i i x
4 ’ M‘lll‘lo + Mézao (U’qu) (MstaU B M‘llluo) ’ 2 =amax
Xq > + F3 Xq (ai ) ML, + (di)zx' =i /
2 Z(O'i ) i i Xq1 qlag q q Xgmax = Xq
q%o € [Mqlao’ quao] = N2 i 2
() + (olar)
5 . ) - \2 . . xi _i
o Mgig, + Mgz, n (U’éql) (M‘;Z“U _ M'sl”‘") x! > M 2 T 2 2 Famax 2
X q q2 i i 2. . . )
‘ 2 2ot )’ () Mie + D) (od,,) Mine, + (03)" g
- \2 N3 N2 N
(ot) +(o4er) (o4,)" + (va,)
a) [g;ak , E’mk] of each level-ay is:
u
£l )T T T
) _ _ q cvsa
Ha,, = o =ep | =5 | L (30)
S B S i Olvsatn
where
L Co " i —i
Clﬂk luk & Crﬂk u i _ glao + Crao (31)
b) mcvsao - 2
2 (u)ﬂ\ : e, —c
x X i _rao Sy
g = (32)
i Lik i i i Ei Ci
H c c -
! i —i =l ra reg =l
! i i 0 0 0 2
| [glak, ka] = T Y Din(en) (33)
Clgk Clﬁk Crﬁk Crgk u

FIGURE 7. Geometrical view used to calculate, a) For each level-a, each
oy -cut point of the Centroids of the consequent section of the proposed
IT3 NSFLS-2 system, and b) its equivalent geometrical view in GT2
systems.

level-ay € [y, @k |- As shown in Fig. 7, the Gaussian model

of the vertical slice at x{;’max used to calculate the centroid
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G. EXPANSION OF THE LEVEL-«y,

The proposed IT3 NSFLS-2 solves the processing of the
uncertainty of the secondary grade of each level-oy, Fig. 3,
by replacing this level by its two levels-oy that represent the
uncertainty in the secondary membership: The lower level-
o, and the upper level-ar;. Now the expanded number of the
horizontal levels-cx is 2N, transforming the IT3 NSFLS-2
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into a GT2 NSFLS-2 system, Fig. 4, by applying the WH GT2
methodology to 2N levels-o (8).

H. CALCULATION OFy,

For each input-output training data pair @, ¥), Yo can be
estimated using (16). The proposed IT3 NSFLS-2 is dynam-
ically constructed because its structure is calculated for each
input vector x;. The horizontal level-ag or IT2ag NSFLS-
2 is used as the base line to estimate the structure of each
horizontal level-ox or IT2wy. Regardless of it being either
the low horizontal level-o; or the upper horizontal level-ory,
it requires the same procedure: In each level-o; an IT2w
NSFLS-2 is constructed with its corresponding antecedent
firing interval [Ji ;ak

centroidlgfak, Eiak . An important characteristic is that the
estimated parameters of the antecedent and consequent sec-
tions of each rule of all the levels-ay € [a;, @k | are dynamic
and temporal, and only the parameters of the level-ag or
IT2¢p are permanent. Only the level-og has MF parameters
of its Gaussians models, while any other level-oy temporariljr

,f_lmk] and its corresponding consequent

has the corresponding estimated firing intervals [f Sray

and the estimated centroids glak rak] both required to cal-
culate its weighted contribution to the y, final value.

IV. TRAINING ALGORITHM

An objective function E (6) may have a non-linear form with
respect to an adjustable parameter 6. In the interactive descent
methods, the next point 6 (new) is determined by one step
down from the current point 6 (now) in the negative direction
of the gradient of the function E (6,,5,,). The K learning rates
are selected by trial and error while meeting the selected
criteria of minimizing the error.

0 (new) = 6 (now) — Kg (34)

0 (new) = 6 (now) — (35)

now

K is the training rate, and g is the vector of the first partial
derivatives of E (0) and is equivalent to

agww
T
) |: oE oE oE ] (36)
8 = , yoeeey
0100w 0210w 90nnow

Each rule of the level-op uses (35) to update three 0
antecedent parameters, M ;lao (37), M;Zao (38),and Uqao 39),
and two 6 consequent parameters, ¢; a0 (40), and ¢ cm[O 41).
Equation (35) requires finding the partial derivatives used
to update all the parameters of the antecedent and consequent
sections of each rule of only the IT2cg NFLS-2 located at

level-ay.

oE
M;lao (new) = qlao (now) — K y1a Y (37)
qlag
i E
920 (new) = q2ao (now) — KMqZOtO M (38)
q20

VOLUME 11, 2023

oE
qao (new) = qoto (now) — "qo‘Oa—: (39)
an
oE
Cl(xo (new) = Clao (now) — K¢jay —— (40)
8£la0
oE
mo (new) = cmo (now) — EYQOF 41
ro

where Kz, » KM, 24 » Kogags Kejag» and Kz, o are the training
rates of its corresponding parameter.

The quadratic error function to minimize is:

1
E=20-y) (42)

where: y is the output value of the L input-output data pairs.
The error function is:

€=y VYu (43)

As an example, the logic sequence of the math steps to obtain
the partial derivatives of the objective function E with respect
to the antecedent parameter M L; 1oy AT illustrated from (44)

to (46).
M(;Iao (new) = M;lao (now) — KquO YV (44)
qlag
then
oE _ oE 8ya aygl oE aya 3YE1
M}y | 0Va 9Ve, OM)y, OYa Oya IML,
N N B_E Vo 8yak 0E 0yy 0yg,
T BYa Oy, 3M(l,1a 8Ye 0y, anloto
R 8_E Yo  OVay B_E Yo 0yay
0y Oy OM)y, Ve OYay OM),,,
(45)
which is equivalent to:
oE
BM;MO
_ % 0Ya 8)’011 E A aYOtz
0Ya 0Ya, 8M’ Yo 0Ya, anlao
oE 8}’(1 3yak 0E 0dyy aych
3ya ayotk 8M a))a ayaN 8Mq1ao
oE 0 a
+ ... yOl yOQN (46)
ayol ayazN aM 10(()

Each level-ax € [ay, @] previously defined during the
construction process, contributes only by updating the param-
eters of the permanent level-og. No parameters of the level-a
have training only have it the level-«y parameters.

A similar procedure can be used to calculate the equa-
tions for training: MéZao’ oéao, géao and ¢, of the IT2aq
NSFLS-2.

As shown in Table 4, the final equations for training the
parameters of the antecedent and the consequent depend on

0
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the relative position of x; with respect to M ;mo and M ;2%
positions. Table 5 shows the complete set of equations for
pararpete.rs M o’ M 7200 and o, , with training unde.r Vi
contribution. Table 6 also shows the complete set of equations
for training these three antecedent parameters under y, con-
tribution. Tables 7 and 8 show the equations for training Qiao
and Eiao consequent parameters by adding the contribution of
each horizontal level-oy.

V. CONVERGENCE ANALISYS

The fuzzy-logic identification approach works for the trajec-
tory tracking for a conventional dynamic system. The HSM is
a complex system with a complex mathematical description.
The objective is to design an IT3 NSFLS-2 identifier to
achieve that the output of the fuzzy model converges to the
output of the real system as t — oo, without any knowl-
edge of the plant except the assumptions that its inputs and
outputs are measured by sensors and its values are bounded
by the limits of the process operation. In [69] and [70] it is
established that, by choosing a o;ao as small as 0(;“ the fuzzy
system can match all the L input-output data pairs (x/, y) to
an arbitrary accuracy.

Lemma 1: For arbitrary € > 0, the fuzzy system

SIT3NSFLS—2 (x’ ) with the initial parameters
Mé € [Mél,Méz and common standard deviationo; =

oy, has the property that LfIT3NSFLS—2 (x/(t)) —y0 <

€ where fiT3NSFLS—2 (x’ ) is the output yy in the training
phase, x O s the input training vector, Y is the output
training value, witht = 1,2, ..., L.

Because the proposed IT3 NSFLS-2 is a universal fuzzy
identifier, the training algorithm based on gradient descent
guarantees that the total error from (43) converges to a value €
at every step of training. This can be proved using the general
results of the gradient descent algorithm as defined in [69]
and applied to the proposed IT3 NSFLS-2 training.

Let [f] and [f’] be a sequence of real-valued vectors gener-
ated respectively by one of the gradient-descent algorithms:

[ (new) = f (now) — nVg(f (now))
[ (new) = f (now) — nVg(f (now))

where 7 is the training rate and g : R" — R is a cost
function, g € C2. Assume that all fand f € D C R"
for some compact D. Then, to train the parameters M, €

qr°
42), and to test for convergence, it is necessary to apply

Lemma 1 [69] to each of the lower and upper firing interval
functions (23). Both are piecewise differentiable, i.e., each
branch is differentiable [60] over its segment domain, and
using the Taylor series expansion, it is possible to prove the
next points:

1) g(f (new)) < g(f (now)) if Vg(f (now)) # 0
g(f (new)) < g(f (now)) if Vg(f (now)) # 0

LM M "12] and o, to minimize the squared errors given by
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2) f(new) —>j:* ast — oo
Flnew) > Frast — oo

If g() is bounded from below.
3) [* is alocal minimum of g(f)

F* is a local minimum of g(f)

As for the convergence tuning of the centroid parameters

i =i :
Clag> Cray the same Lemma 1 applies.

VI. SIMULATIONS

This section presents the experimental testing of the pro-
posal, the prediction of the transfer bar surface temperature
in an industrial hot strip mill facility located in Monterrey,
Meéxico.

A. INPUT-OUTPUT DATA PAIRS

From an industrial HSM process, one hundred and
seventy-five noisy input-output data pairs of three different
types of coils, Table 9, were obtained and used as offline
training data, (x{, x}, ). The inputs were x|, the transfer bar
surface temperature measured by the pyrometer is located at
the RM exit zone, and xé, the real time to move from the RM
exit zone to the SB entry zone. The output y was the transfer
bar surface temperature measured by the pyrometers located
at the SB entry zone.

B. ANTECEDENT MEMBERSHIP FUNCTIONS

The primary membership functions for each antecedent of the
base IT2ag NSFLS-2 were Gaussian functions with uncertain
means Mélao, M i2a0, and with the standard deviation cr(jao,
as shown in Tables 10 and 11. An array of two inputs, with
five MF each, produces M = 25 rules.

C. FUZZY RULE BASE

The IT3 NSFLS-2 fuzzy rule base consists of a set of
IF-THEN rules that represent the model of the complete
system. The IT2«¢ NSFLS-2, that is the base of the 3D
construction of the proposed fuzzy system, has two inputs x|
and x, and one output y,. The rule base has M = 25 rules of
the type shown in Table 12.

D. FEEDBACK AND SIMULATION PROCESS

Three different sets of data for three different coil types were
taken from a real mill. Each of these data sets was split into
two sets: One for the initial adjustment and tuning process,
and the other for the setup validation process. Eighty-three
of type A, sixty-five of type B and twenty-seven of type
C input-output data pairs were used for the initial offline
training process, and seven input-output data pairs were used
for testing. The production gage and width coil targets of the
training data with the steel grade are shown in Table 9. In this
initial offline process, computational time was not an issue.
Table 13 shows the predicted temperature by the proposed
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TABLE 5. Gradient descent equations for antecedent training under y; contribution.

Location of xg Parameter of the antecedent membership function that contributes to the left-most
section
1 < —i —1 —L i — i
Mqlao frak € (frak "'frak) Mqlao(nze;:v) Mqlao (TLOW)
1 _1 — Vi 1
+§Kquue Z Kak ak - |:E
k=1 1fmk + 2 =L+1 flak
1/ -2 ln(ak qlao —i
2 frao
(O-(Iﬂo) + (quz)
aqao (new) = crmO (now)
_lak ylak 1
e ZKG,,( L [5
=1 1fmk + 2 L+1fluk
Y=2in(a)|; , (xf = M(lllao) —i
+ z [Uqﬂo] ) 2 . 212 frao
[(Jéuo) + (O',qu) ]
2 s gl —i —1 —L i —
*a = qua“ frak € (frak "'frak) quaO(‘rZEW) quao (nOW)
1 l Vi 1
+ 5 Koty Z K, “" 3
k=1 1fmk + Z =L+1 flak
=2 n(ay) — Mg, —i
+ zZ . 2 f"ao
(a,g(ﬁ) + (aéao)
Oqa,(new) = a,sao (now)
1 < y
lay
+EK‘7qaerK“k |:E
k=1 1fmk + Z =L+1 flak
f 1
1/—2 ln(ak (xq ano) —i
[ qﬂo 2 2 frao
[(quz) + (0da,) ]
*a . fie € (st - £8.) Moz, (1) = Mz, (now)
3 Mclylao + M(Lﬂao - - _ll Yia
<—)— 4o Kquo z Kak ay Kk 5
=1 k lfrak+2 L+1flak

(U’iql) ( qay — qlao)
- 2
2(04e,)’ A2 LT )
z (a;a,l) +(ba)’)

Oy (new) = 0lq, (noW)

cl
_lak ~ Vi
ano Ka, .
=1 1fmk+z et fi

W][ " ) |
“ [(%) )]

4 qui y fio € (flL+1 ﬁgk) Mg, (new) qmo(r%ow)
> —qlao 22 _lla ~Via 1
= += KM Z K, £ k =
qlau k L 2
=1 1fmk + XM fzak

+ (Jiql) ( 20, ~ Mi1a,) .
- - M .
2("5%) + ZlZn(ak) _xqz ql, > | fiao
(o—ém) + (Jédo)

0la,(new) = gl (now)

2N
1 _luk ylak 1
+EK‘7qa0eZK“k E
k=1 1fmk + Z =L+1 flak

TR M),
[(o4)" + (o4e)’]
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TABLE 6. Gradient descent equations for antecedent training under y, contribution.

Location of x;

Parameter of the antecedent membership function that contributes to the right-most
section

1 < M —i —R+1 =M
a1ao frak € (fruk "'fT‘Zk)

2 x > M —i —R+1 —M
q a2 frak € (frak "'frak)

3 Xq fi e(fL ..fR
Misay + Mz, f &t 1)

< 170 0

- 2

_ (o-ﬂl;m) (quao -

2(‘7!5%)

Zmo)

S € (b -

/
4 xg ) )
13 11

- Mgiq, + Myza,

. 2 . .
N (0i) (Mizay = Misa)
2(‘75%)2

£,

Méluo (new) =

1 2N
+§KquuezKa

k=1 ZR 1fmk + 2k fmk

\/—2 ln(ak ]

Mf,lao (now)

E;ak ~ Yray [1

2

qlau i

CREICH
JWO (new) = aqao (now)
Z Ka Cray — Yray |:1
k=1 ZR 1flak + Z R+1fmk

2
\/T@!k][qa (g — qlao) 2]—ci ]
et + @]

My, (now)

rag

1
+ 3 Kgq,zoe

Mg, (new) =

1 < “ 1
Cray, — Yray
+ EKquaUeZKa - i o = (E
k=1 1fzg,k + Z =R+1 fmk

+ ZV -2 ln(ak)) M:;zao i

z i i 2 frao
G’,‘{qz) + (65,10)

O'éao (new) = U;ao (now)
1 & y 1
+5Kaya® Z Kq, L [
k=1

1/—2 ln(ak ] [
qaﬂ

—i
C’rllk
1f1,1k + Z R+1frak
i 2
M(Szao)

quz) + (Glay) ]

2

Zfrag

M‘gz% (new) = anau (now)

—i
Cray —

2
1 1
n EKqune Z Kak Vray (E
k=1 ZR 1fltzk + Z R+1fmk

N 22 ln(ak))
’ (o:;ql)

Ol a,(new) = aly (now)

2N 1
" EKﬂquoe Z Ke, Yray [

1fiak + Z R+1frak
\/ -2 ln(ak

i
quao

+ (Uq)

fluo

—i
Crak

2
’r (Xq qzao) - flao“

[(e) @) ]

M4, (now)

[ qao

Mg, (new) =
2N —i
Cray — Yray [1

1
+=-Ky . e E K, =
2 "Maiay Kk 2
k=1 1flak+z R+1frak

\/ -2 ln(ak ] qlao fi
. Lo
a'qu + (05,10)2

zrqao (new) = aqao (now)
2N

+ EKgqaoe z K,
k=1

V-2 mn(a;) [0 ] (xq qlag)
qao

’ [(a;m)z ¥ (a.s'%)z}

Crak

Yra ] [
1ﬁak + Z R+1frak

2 ﬁao
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TABLE 7. Gradient descent equations for q-"‘o consequent training.

Contribution to the left-most section

|
=

]_ciak € (fiak "'frak)

i € (i - £ih)

2N —i
. . 1 f 1 A-2n(ay)
Ellan (new) = Efaﬂ (now) + Engaue Z Ko, p— Tk - [E + S
= -_ +yM L f!
k=1 1_1fmk j=L+1/1ay
2N i 2
. . 1 fia 1 i-2n(a)
g}ao (new) = Q‘ao (now) + EKEI%e Z Ke, —; = - [E + 7
= _ +yM . f!
k=1 1_1fmk j=L+1 1y

TABLE 8. Gradient descent equations for Fﬁu o consequent training.

Contribution to the right-most section

Fi € (fi 1) B . 1 x| fi 1 2 n(ap)
- (_ - c;au (new) = C,L,ao (now) + EKEraoe Z Kq, — = kM = 3 + S
k=1 | j=1ﬁak +Zj=R+1fmk
71’ c (?R+1 fM ) IN ?i i l ( )
i i 1 1 -2In(a
Tk Tk T Tra, (neW) = Cr (now) + =Kz 4 ez K, Tk —[|=+ k
0 0 2 r&o k R 7 M j 2 z
=1 X1 Sy T iR fi,
TABLE 9. Type of coils. TABLE 12. Fuzzy rule base.
Coil type Target gage  Target width Steel grade Rule M 12ap Mizay Otay Mata, Miza, G2y Clay Elrac(,
(mm) (mm) (SAE-AISI) Q) (9 (9 (s) () (O (0
A 1.879 1041.0 1006 1 1010 1012 30 3216 32.66 27 960 962
B 2.006 991.0 1006 2 1010 1012 30 3488 3538 27 958 960
C 2.159 952.0 1006 3 1010 1012 30 37.60 3810 27 956 958
4 1010 1012 30 4032 4082 27 954 956
5 1010 1012 30  43.04 4354 27 952 954
6 1040 1042 30 3216 3266 27 970 972
TABLE 10. Parameters for MF of x; input.
7 1040 1042 30 3488 3538 27 968 970
- - i 8 1040 1042 30 37.60 3810 27 966 968
A’(’ggo AZ;(Z:;O ‘(’18 9 1040 1042 30 4032 40.82 27 964 966
T 10101012 30 10 1040 1042 30  43.04 4354 27 962 964
2 1040 1042 30 11 1070 1072 30 32.16 32.66 27 980 982
3 1070 1072 30 12 1070 1072 30 3488 3538 27 978 980
4 1100 1102 30 13 1070 1072 30 37.60 38.10 27 976 978
s 10 1132 30 14 1070 1072 30 4032 40.82 27 974 976
15 1070 1072 30  43.04 4354 27 972 974
16 1100 1102 30 32.16 32.66 27 990 992
TABLE 11. Parameters for MF of x; input. 17 1100 1102 30 3488 3538 2.7 988 990
18 1100 1102 30 37.60 38.10 2.7 986 988
Mg M ey 19 1100 1102 30 4032 40.82 27 984 986
(s) (s) (s) 20 1100 1102 30  43.04 4354 27 982 984
13216 3266 2.72 21 1130 1132 30 3216 3266 2.7 1000 1002
2 3488 3538 272 22 1130 1132 30 3488 3538 27 998 1000
3 3760 3810 272 23 1130 1132 30 37.60 3810 27 996 998
4 4032 4082 272 24 1130 1132 30 4032 40.82 27 994 996
5 43.04 4354 272 25 1130 1132 30  43.04 4354 27 992 99

IT3 NSFLS-2 and as compared to type-1 (T1), IT2 NSFLS-

RAM memory and 2.8 GHz using Win 11 HSL OS was used

2 and GT2 NSFLS-2 fuzzy systems. A Dell PC i7, 16 GB Language.

VOLUME 11, 2023

to execute the fuzzy systems programed in MS VS 2022 C++
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TABLE 13. Estimated vs. objective transfer bar surface temperature (°C).

No. of data 1 2 3 4 5 6 7
pair

Objective 994.5 984.4 993.1 991.7 986.7 981.6 976.6

T1 SFLS 979.8 9717.1 979.2 978.3 976.9 974.7 972.4

T1 RBFNN 978.4 977.0 978.1 9717.6 976.9 975.9 974.7

12 992.2 987.4 991.5 990.8 986.7 981.6 976.3

GT2 1 992.2 987.2 991.4 990.7 986.7 981.6 976.8

level-ay,

GT2 10 992.6 987.3 991.8 990.8 986.7 981.6 976.5

levels-ay,

GT2 100 992.6 987.3 993.1 990.9 986.6 981.5 976.5

levels-ay,

GT2 1000 992.3 987.2 993.1 990.8 986.5 981.5 976.6

levels-ay,

IT3 1 993.2 987.2 991.4 990.7 986.7 981.6 976.8

level-ay,

1T3 10 993.7 987.3 991.8 990.8 986.7 981.6 976.5

levels-ay,

1T3 100 993.8 987.3 993.1 990.9 986.6 981.5 976.5

levels-a;

1T3 1000 993.7 987.2 993.1 990.8 986.5 981.5 976.6

levels-a;

TABLE 14. RMSE (°C) of 7 input-output data pairs for temperature
estimation and for antecedent and consequent parameters update.
20 epochs of training.

0 1 10 100 1000
levels- level- levels- levels- levels-
(297 497 497 297 (297
T1 SFLS 3.1667
T1 RBFNN 31622
IT2 NSFLS-2 1.0757 - - - -
GT2 NSFLS- - 1.0690 1.0071 0.9180 0.9411
2
IT3 NSFLS-2 - 1 0.9258 0.8194 0.8280

TABLE 15. Computational time (s) used to update the antecedent and
consequent parameters.

0 1 10 100 1000
levels-  level- levels- levels- levels-
297 297 A 297 297
IT2 NSFLS-2 0.458 - - - -
GT2 NSFLS-2 - 0.489 0.722 0.981 1.212
IT3 NSFLS-2 - 0.568 0.798 0.995 1.315

Seven input-output data pairs were used to test the offline
SB entry temperature estimation. The prediction results
obtained with T1 systems, and IT2 benchmark models are
shown in Fig. 8, while the prediction of the GT2 and the
proposed IT3 systems using different levels-o are shown in
Fig. 9. Table 14, Fig. 10, and Fig. 11 show the root mean
square error (RMSE) behavior of the GT2 systems vs. the
performance of the proposed IT3 systems using 1, 10, 100 and
1000 levels-«. Fig. 10 shows the performance using only
1 level-«, while Fig. 11 shows the performance using 1,
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FIGURE 9. Benchmark results of prediction of GT2 NSFLS-2 and IT3
NSFLS-2.

10, 100 and 1000 levels-«a. The time used to calculate the
temperature and to update its parameters is shown in Tabl. 15
and Fig. 12.

Twenty epochs of training were chosen for offline tuning.
The exclusive usage of validated and bounded input-output
data pairs guarantees the convergence of the proposed IT3
NSFLS-2, as proved experimentally in this research. The pro-
posed training method gave the IT3 NSFLS-2 presented the
better performance, but computational time was higher than
that of the IT2 NSFLS-2 and the GT2 NSFLS-2, as shown in
Fig. 12.

The results show that the best estimation is obtained
by the IT3 NSFLS-2 model using 100 levels-o with a
RMSE = 0.8194°. Both the IT3 NSFLS-2 using 10 and
1000 levels- « presented the values of RMSE=0.9258°C
and RMSE=0.8280°C, respectively. An unexpected result is
shown with the RMSE produced using 100 levels-«: It is
better than that produced by the IT2 NSFLS-2, GT2 NSFLS-
2, and the result obtained by the T1 radial basis function
neural network (T1 RBFNN) and by the type-1 singleton
fuzzy logic system (T1 SFLS).
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VIl. CONCLUSION

Based on mathematical foundations for classical fuzzy sys-
tems, this paper presents a new method to construct and train
IT3 NSFLS-2 systems whose inputs are modeled as type-2
non-singleton numbers. A real-world problem of predicting

VOLUME 11, 2023

the surface temperature of a transfer bar in a hot strip mill
as a case study was introduced and compared with similar
methods.

Benchmark results showed that our method presented
superior performance capabilities when compared to conven-
tional IT2, GT2 and IT3 NSFLS-2 systems. It was shown that
our method used few training epochs, showed stable conver-
gence and lower RMSE values. Best results for the proposed
system occurred when using 100 levels-«. The lower error
was obtained when using the first level-o to estimate the
firing intervals and the centroids instead of the traditional
calculation process used in conventional models.

Experimental results also showed that computational times
for the IT2 NSFLS-2, GT2 NSFLS-2, and the proposed IT3
NSFLS-2 were less than 1 second, which is considered appro-
priate for controlling industrial processes.

The knowledge gap of using type-2 non-singleton numbers
to model the system’s inputs, and the use of Gaussians with
variable mean and fixed standard deviation to model the MFs
of antecedents and consequent has been covered with our
method. As future work, we have envisaged the application of
our method to other industrial cases as well as further mathe-
matical analysis in control theory regarding its robustness and
stability proof using Lyapunov theory.
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