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ABSTRACT The paper reports an experimental non-linear load evaluation regarding current harmonics
sensitivity to supply voltage harmonics. A base for the model is proposed relying on the time-domain
waveform variations, rather than impedance or conductance approach. The proposed Waveform Variation
Defined Model is able to detail to provide improved correspondence for the actual load physical operation
on the emergence of cross-order coupling between the supply voltage and current harmonics variations.
Model proposal specifies to implement non-impedance relation and separated phase and magnitude response
components, in empirical outcome of the voltage-to-current harmonic variation relation. It will be shown that
the model proposed is able to provide an accurate estimation on cumulative influence of different supply
voltage harmonics included, for the most probable supply voltage harmonics in the residential grid, for
the low order odd harmonics. Model results present outstanding match of the harmonic voltage influence
estimations on the load current harmonics levels measured, phase and magnitude values included.

INDEX TERMS Power quality, current harmonic addition, harmonic estimation, harmonic sensitivity.

I. INTRODUCTION
This low voltage distribution network (DN) loads’ harmonic
current emissions are known to have a response to the
harmonics present in the supply voltage [1], [2]. DNs are
designed to supply constant RMS magnitude and frequency
AC supply voltage with small tolerance around rated values
in normal operation [3], [4]. However, as modern energy-
efficient electrical devices utilize DC voltage for their oper-
ation, power input is commonly delivered by converting the
mains AC voltage to DC voltage for power electronic (PE)
units using full-bridge rectifiers [5].

In order to model the current waveform response of sev-
eral power electronic loads in DN system, analysis is often
performed in the frequency domain [6], [7], [8], assuming
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sinusoidal supply voltage. Harmonic current emission
assumed as constant I∗h = IhM ,const ̸ ϕIh,const is one of the
common presentations for harmonic [9], [10] fingerprinting.
It faces clear limits for DN supply voltage having some
voltage harmonic content, as an evident coupling/sensitivity
emerges from measurements [11]. In the following paper,
for the benefit of clarity, the current waveform harmonic
components are nominated as vectors I∗x , with ‘‘x’’ stating
the current harmonic order observed; whereas supply voltage
harmonic components are nominated as vectors U∗

y with
‘‘y’’ stating the voltage harmonic order observed, if different
form ‘‘x’’.

A Norton model employs two current harmonic compo-
nents, a constant current source with current I∗x,Base and a

linear impedance reaction I∗x,Z [12], [13]. I
∗
x,Base emerges as a

constant value, upon non-distorted sinusoidal voltage supply.
On a vector plot, Norton model proposes that the current
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emission of the device resides around an acceptable reference
quantity, that is, an ideal sinusoidal voltage condition current
emission (modeled as a constant current source) and is linear
for minor deviations. If a voltage harmonic influence is repre-
sented by a vector U∗

x = UxM ̸ ϕUx , a response on the load’s
harmonic current would emerge as

I∗x,Z =
Ux ̸ ϕUx

Zx ̸ ϕzx
(1)

However, Norton model lacks the explanation on several
aspects evident in the measurement results. It is unable to
accurately present how a supply voltage harmonic of a spe-
cific order imposes variation on the current harmonic of
another order (cross-order coupling) and is limited to describe
the variations for different supply voltage levels.

As more sophisticated models for providing a multi-
influence response forming the total I∗x,FCM , frequency cou-
pling matrix (FCM) is one of the most discussed models at
the time [14]. Utilizing impedance or conductance values
for accounting for influence arising from different voltage
harmonic orders, the FCMaddresses the Nortonmodel circuit
base approach and assumes the total I∗x,FCM arises from a
cumulation of multiple sub-reactions. Using FCM, the x-th
harmonic current vector could be written as

I∗x = Ix,Base + [U∗][Y∗
xy] (2)

Here [U∗] is a supply voltage vector matrix, enclosing
voltage harmonic component vectors of different harmonic
orders, [Y∗xy] is the frequency coupling admittance matrix
between the x-th harmonic current component and each
y-th voltage harmonic component in [U∗] [15].

Challenges of FCM arise again as the modeling of practical
devices in practical networks results in deviations. While the
impedance-based products of harmonic voltage U∗

y phase
influences are used, these are best to describe I∗x circular
vector plot result patterns [16]. However, U∗

y phase influence
patterns are often elliptical in form (see also Chapter IV in
this paper). It has been provided that to describe the elliptical
result pattern, another set of variables should be included
via negative-sequence FCM [6], [17], [18] or additional fre-
quency component factor [19]. These make the FCM more
heavy for calculation and parameter estimation. While the

FIGURE 1. Harmonic load reaction models, (a) constant source (b) Norton
equivalent (c) FCM [22], [23].

FCM would be capable of providing a current harmonic
magnitude response, it does not include a direct physical
phenomenon description for the harmonic cross-order cou-
pling [14], [20], [21]. Remaining complexity and the devia-
tion in I∗x phase result will provide limitations of range for
the FCM, as the cumulative assessment of total I∗y different
sub-reactions via (10) also means cumulation of deviations.

In this paper, a novel model is proposed for establish-
ing a total I∗x estimation model, able to include harmonic
cross-coupling physical phenomenon and load current ellip-
tical response reasons to U∗

y phase variation. It will be
presented that due to physical phenomenon of the opera-
tion of the rectifier circuits; there is more optimal way of
describing the time-difference reactions via separate time-
difference/phase-difference coefficients and magnitude dif-
ference via separate magnitude difference coefficients. For
the voltage waveform having the same harmonic RMS-value
but a different harmonic phase angle value, the rectifier
conduction initiation moment of the current waveform is
unique, defining phase shift variation. Furthermore, the dura-
tion as well as the peak of the load current pulse are also
dependent on the incident harmonic phase angle value. These
coefficients would invalidate the total harmonic presentation
through complex impedance variables.

II. EXPERIMENTAL SETUP
The more detailed analysis of the loads U∗

y sensitivity relied
on a systematic scan, similar to [24] and [25], performed
on different loads exhibiting similar load current charac-
teristics (load types, see further [26]). For the test system,
dynamic high-resolution control of the waveform of supply
voltage for measured load is a primary feature. Supply volt-
age is output through a high-precision amplifier, provided
with reference from 16-bit waveform synthesizer, updated in
every 10 seconds for different harmonic voltage content. The
supply voltage output momentary value is established using
equation (3).

utest (t) =

N∑
y=1

√
2Uy sin

(
2π fyt + αy

)
(3)

FIGURE 2. Measurement setup [27].
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Uy is the rms value of any particular harmonic. The harmonic
frequency is shown by fy and sampling interval by ts. The
number of samples needed for the specific duration (Tm) of
the voltage output from the controllable power supply can be
calculated by (3).

Supply waveform is generated with the sampling fre-
quency of 100 kS/s; meaning 2000 points for every 50 Hz
cycle. Measurements are done via measurement unit having
41 kS/s sampling frequency, with waveform recordings and
1-second averaging of the harmonics used. Extracted values
for current harmonics were recorded with a magnitude and
phase response values, correlated to the waveform-sampled
values.

Commencing the more detailed analysis several criteria
was considered for more accurate measurements. First, time
dependency of harmonic emission profiles of switch-mode
power supplies (SWMPs) [28] was considered. Measure-
ments are done only after the thermal stability of the load,
warmup period 60 minutes was applied. Continuous power is
provided to loads during testing pauses to maintain a working
temperature [29].

During the characteristic scan of the loads, miniature
though stable and repeatable variations of the harmonic cur-
rent component phase and magnitude values were recorded.
This was verified with discrete Fourier transform (DFT) of
the current waveform. The measurement analyzer used in this
study was commercially certified to carry out accurate and
repeatable measurements of such order of level magnitude
and phase angle variations [30].

Main load characteristics scan is done through scenarios
such as presented in Table 1 for the 5th harmonic. As the
first test supply voltage combination, the harmonic currents
of the load are recorded for input voltage containing only the
fundamental component U1. After that, each input voltage
combinations are present for 10 seconds. 24 combinations
implement injection of voltage harmonic to the supply volt-
age, having identical 5th harmonic voltage U5 level but phase
angle at 15-degree steps. This was repeated with different
level of influencer U5 magnitude applied.

TABLE 1. An example of supply voltage combination when adding single
harmonic to supply voltage.

III. LOAD SCAN RESULTS
The LED lamps commercially available in the market are can
be categorized based on the waveform of the drawn current by
LED [26] shown in Fig. 3; the shape of the current waveform
depend on the presence or absence of the waveform control or
filter in the circuit of lamps [31], [32], [33], [34]. In this study,
randomly chosen LED lamps of Type A [26] are observed,

and evaluated for the odd harmonic contents and reaction for
the harmonic orders 3, 5 and 7.

Starting with a time-domain observation, Figure 4
describes the current waveform as a LED lamp is subjected to
pure sinewave supply voltage, compared to the supply voltage
waveform having a specific harmonic voltage component
magnitude level, injected with a specific phase angle towards
themain harmonic phase. Figure 4 describes a selection of the
current waveforms outcome of a scan result when 5th voltage
harmonic was applied with a defined level, and the harmonic
injection phase angle varied in 15-degree steps while the
harmonic voltage level preserved (see Table 1). Measured

FIGURE 3. Load types of LED lamps tested.

FIGURE 4. Current waveform initiation moment affected by the phase
angle of 5th order supply voltage harmonic, measurement results. Dashed
lines – supply voltage waveforms; continuous lines – load current
waveforms.
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current waveforms have been synchronized to the voltage
waveform main harmonic zero phase instant.

A distinctive quantity of the current waveform is the point
of rectifier conduction initiation time instant tinit . Here cur-
rent provides highest gradient and peaks some moment later.
The rectifier current instantaneous peaks provide a charac-
teristic quantity for the magnitude, and another distinctive
time-domain characteristic would be the total conduction
time of the rectifier.

The current waveform of all the LEDs tested shows similar
characteristics of response to voltage harmonics added to
the input voltage. Fig. 4 shows the former effect, in terms
of amplitude and phase angle of the harmonic current, and
it is clear that change in phase angle of the fifth voltage
harmonic affects the harmonic currents across the spectrum.
The initiation moment given as main harmonic phase angle
value (ϕinit ), could be seen to determine to deviation of
the LED harmonic current pattern. Time-domain differences
have been regarded towards phase angle variation in the
literature [35], [36], however not used for base assumption.

The time domain outcome thus establishes a hypothesis
if the initiation phase angle would be responsible for the
LED current harmonic phase angle variations throughout.
The hypothesis proposed refers that the current harmonic
phase angles will be directly related to the rectifier physical
operation in the time-domain.

IV. PHASOR PLOT PRESENTATION
Measurements thus directly have revealed that due to
added voltage harmonics, there are influences to both cur-
rent conduction initiation time instant (i.e., phase angle)
and current magnitude values. For the detailed charac-
terization of frequency approach, total I∗x was recorded
for supply voltage with the specific harmonic component
constant magnitude, while rotating in smaller steps through
the 360 degrees phase angle. Results present a well-
reported [14], [18], [25], [37], [38], though less-approached
outcome.

In the following, the harmonic current vector (example
of I∗7 in plot Figure 5) difference to base point I∗7,Base is
observed as {

dIx,Uy = Ix,Uy − Ix,Base
dϕIx,Uy = ϕIx,Uy − ϕIx,Base

(4)

where dIx,Uy is the measured harmonic current I∗x magnitude
difference due to included U∗

y , compared to I∗x magnitude
Ix,Base emerging in pure sinewave voltage supply conditions;

ϕIx,Uy is the measured harmonic current I∗x phase angle due
to includedU∗

y , compared to I∗x phase angle ϕIx,Base emerging
in pure sinewave voltage supply conditions.

Plot in Figure 5 presents the common measurement out-
come for the influence of U∗

5 added to the sinusoidal
supply voltage, with ϕU5 rotation applied for full circle
(through 360◦) and magnitude U5 held constant. The
response of I∗7 endpoints makes up an ellipse, but also ϕdI7,U5
is going through a rotation of exactly 360◦. This is evident

also for other all other current harmonics, regardless of their
frequency value.

While linear impedance can explain the current difference
component phase rotation, this is only valid for the harmonic
of same order, i.e., identical frequency. As this emerges for
all harmonics, for example added U∗

3 rotated through ϕU3 =

{0 . . . 360◦} again provides ϕdI7,U3 rotation through 360◦,
then this cannot be considered an impedance-based relation.
This will follow the coefficient proposals for model for cal-
culating the harmonic current values.

It emerges that reaction plot is rather well symmetrical
towards the pure-sinusoidal voltage supply product of I∗x ,
termed here as the base harmonic current response I∗x,Base.
Response towards both phase and magnitude response is
proportional to the voltage harmonic influencer magnitude
value IhM . It raises the model description to the response as{

Ix = Ix,base + 1Ix,y
ϕIx = ϕIx,base + 1ϕIx,y

(5)

where 1Ix,y is the harmonic current I∗x magnitude variation
estimation due to included U∗

y , compared to I∗x magnitude
Ix,Base emerging in pure sinewave voltage supply conditions;

1ϕIx,y is the is the harmonic current I∗x phase angle mag-
nitude estimation due to included U∗

y , compared to I∗x phase
angle ϕIx,Base emerging in pure sinewave voltage supply
conditions.

FIGURE 5. Vector component plot for the harmonic load current
component analysis. I∗7 vector endpoints’ ellipse points plot,
for U5 = 3 V, ϕU5 = 0, 15, 30 . . . 345◦.

This presentation is following the basic Norton or FCM
concepts. However, for the reasons laid out in the follow-
ing chapter, and relying on the physical rectifier operation
phenomenon, it is justified to keep the magnitude and phase
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variation quantities independent rather than confined through
complex impedance relation.

A. CURRENT HARMONIC PHASE ANGLE VARIATIONS
The initiation angle of the current conduction (ϕinit ) is a time
instance where the rectifier starts to conduct for charging
the tank capacitor after the rectifier. This initiation angle is
determined as

ϕinit = f · 360o · dtinit (6)

where dtinit – time-difference of the supply voltage main
harmonic zero phase instant and current conduction initiation
moment. Shown in Table 2, initiation phase is referred to
varyingU∗

5 added to the voltage supply. Measurement results
in Table 2 present the summary of the results, where{

dϕinit,Uy = ϕinit,Uy − ϕinit,base

dϕIx,Uy = ϕIx,Uy − ϕIx,base
(7)

where ϕinit,Uy is the initiation moment phase with
U∗y injected to the supply voltage; ϕIx,Uy is the phase angle
of the response current vector withU∗y injected to the supply
voltage, and ‘‘Base’’ notates the values upon sinusoidal supply
voltage conditions (i.e., only fundamental voltage component
present).

TABLE 2. Initiation moment and phase angles of harmonics in load
current, for different magnitude levels of harmonic voltage∗.

TABLE 3. Difference in Phase Angles of Harmonics in Load Current, For
Different Magnitude Levels of Harmonic Voltage, determined by (9).

TABLE 4. Maximum and minimum of peak load current (Il Peak) according
to ϕu5.

Normalizing the phase angles towards the initiation influ-
encing componentU∗

5 , and observing the relation towards the
current harmonic Ix of order x, it is revealed to have a ratio
of closely common to

1ϕ′
Ix,Uy = 1ϕinit,Uy · x · kWF (8)

where kWF– waveform coefficient, with almost same value
for the discussed current harmonic orders (x = 3, 5, 7). The
initiation phase angle ϕinit is in direct and proportional ratio
to the ϕI1, resulting from a frequency domain transfer of tinit
(ϕinit ). The statement above reveals that the variation of har-
monic current phase angles, observed due to U∗

5 , is directly
relational and proportional to the initiation angle ϕinit .

It is important to point out that the harmonic phase angle
values are all varying, if the voltage harmonic phase angle is
varying. This is a key aspect to explain the harmonic cross-
coupling phenomenon, considering that the phase angle vari-
ation of theU∗

y of a specific order will bring along a dedicated
response to current harmonic phase angle of another order.

Table 3 presents the maximum and minimum value of
initiation moment of the current waveforms, corresponding
to ϕU5 value extreme points, calculated as

1ϕ′
Ix,y =

1ϕIx,y

x
(9)

where x is the current harmonic order, further confirming the
equation (8). Furthermore, the fundamental current harmonic
component phase variation defines phase variations for all
other load harmonics, given through fundamental component
phase shift multiplied by the observed harmonic current order
number. It has to be noted that the magnitude of the incident
voltage harmonic (U5) provides a proportional impact on the
initiation moment and the I∗x phase angle ϕIx variation range.
The phase angles are seen to pose a high and low value
responsive to ϕU5 rotation of almost 180◦.

B. CURRENT HARMONIC MAGNITUDE VARIATIONS
Similarly, the highest value of the load currents (Ix,y,max) is
also linked with the phase angle of influencing supply voltage
harmonic (ϕUy) on almost 180◦ rotation. Table 3 illustrates the
behavior of time-domain waveform IL,peak , corresponding
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to ϕU5, providing maximum and minimum I∗x magnitude Ix
values with value range shown. It has to be noted, that the
highest and lowest current magnitude occurrence are also
found at nearly orthogonal (90◦) values towards the ϕU5 value
for peak and minimum ϕIx variation values.

Table 4 presents expectedly, that the harmonic magnitudes
are directly proportional to the level of the added voltage
harmonic (in this case it is U∗

5 ). The proportion origins are
evident from time-domain waveform peak current levels,
deployed to the current harmonics observed, presenting a
physical background for the cross-order harmonic coupling
appearance for the magnitude portion.

V. MODEL OF HARMONIC RESPONSE CURRENTS
CHARACTERIZATION OF PRACTICAL LOADS
Provided the phase angle and magnitude variation consider-
ation in the previous chapter, it has to be pointed out that the
physical characterization to the time-domain origins of the I∗x
components provides justification to model the phase angle
ϕIx and magnitude portions Ix independent of each other.
This is due to non-impedance origins of the I∗x variations
in time-domain current presentation, discussed in previous
chapter.

In the following, a load current model will be described,
providing the correspondence of the current harmonic varia-
tions, detailed in the previous chapter. The load current har-
monic vector I∗x for a particular harmonic order x is formed
of following parts (see also Figure 6):

1. A constant current source part of the harmonic current,
I∗x,Base respective for current magnitude component
Ix,Base, and the current phase angle component ϕIx,Base.
This is the value obtained from device test with pure
sinusoidal supply voltage.

2. A linear current component part1I∗x,LIN , respective for
current magnitude component 1Ix,LIN , and the current
phase angle component 1ϕIx,LIN . These are calculated
as a cumulation of all linear components due to each
U∗
y in the supply voltage, for every I∗x .

3. A nonlinear current component part1I∗x,NL, respective
for current magnitude component 1Ix,NL, and the cur-
rent phase angle component 1ϕIx,NL. The nonlinear
part emerges from the fact that the current harmonic
response on the ellipse is non-symmetrical. These parts
are calculated as a cumulation of all linear components
due to each U∗

y in the supply voltage, for every I∗x .
The load harmonic current will be presented as{

Ix,WVDM = Ix,Base + 1Ix,LIN + 1Ix,NL
ϕIx,WVDM = ϕIx,Base + 1ϕIx,LIN + 1ϕIx,NL

(10)

The main proportion of the current harmonic variation will be
provided by the linear part, calculated as

1Ix,LIN = Uy · Gx · cos(αx − ϕUy), (11)

where Uy is the U∗
y magnitude matrix in form

Uy = [U3 U5 . . . UN ]

Gx is the current harmonic Ix magnitude sensitivity coeffi-
cient matrix in form

Gx =


Gx3
Gx5
. . .

GxN


where Gx3 presents Ix sensitivity to the 3rd supply voltage
harmonic magnitude U3 respectively, (units A/V = S), and

cos(αx − ϕUy) =


cos (αx3 − ϕU3)

cos (αx5 − ϕU5)

. . .

cos (αxN − ϕUN )

 ,

where αx3 is the specific phase coefficient for calculating Ix
related to ϕU3, latter presenting the supply voltage harmonic
U∗
3 actual phase angle value.
Similarly, the main current harmonic phase angle variation

will be provided by the linear part, calculated as

1ϕIx,LIN = Uy · kx · sin(αx − ϕUy), (12)

kx is the current harmonic I∗x,LIN phase angle1ϕIx sensitivity
coefficient matrix in form

kx =


kx3
kx5
. . .

kxN


where kx3 presents 1ϕIx sensitivity to the 3rd supply voltage
harmonic magnitude U3 respectively, (units ◦/V), and

sin(αx − ϕUy) =


sin (αx3 − ϕU3)

sin (αx5 − ϕU5)

. . .

sin (αxN − ϕUN )

 .

Here the coefficients Gxy, kxy and αxy are determined
through load measurements, presented in the next chapter.
The nonlinear part of current will be calculated for supply

voltage harmonic components as

1Ix,NL =Uy ·
[
A1m sin

(
ϕUy+C1m

)
+A2m sin

(
2ϕUy+C2m

)]
(13)

FIGURE 6. Schematic description for harmonic current component I∗x of
order x modeling.
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FIGURE 7. Presentation of roles of different harmonic current model
components.

where A1m, A2m, C1m, C2m are first and second order poly-
nomial expressions related to harmonic current order and
harmonic voltage orders. Similarly nonlinear part for phase
angle part will be calculated as

1ϕIx,NL =Uy ·
[
A1p sin

(
ϕUy+C1p

)
+A1p sin

(
1ϕUy+C1p

)]
(14)

whereA1p,A2p,C1p,C2p are second order polynomial expres-
sions related to harmonic current order and harmonic voltage
orders.

The particular derivation of the polynomials as calcu-
lation of the nonlinear parts will be presented in further
upcoming papers by the authors, as this will need extended
consideration.

The role of the different components shown here are laid
out in Figure 7 below. The main base of the harmonic current
vector, I∗7,Base is presented with a dot as the vector end-
point, while its start-point is zero coordinate, corresponding
to load current upon pure sinusoidal supply voltage. Red
asterisks are forming a presentation of measured harmonic
current results, subjected to supply including a single har-
monic voltage U∗

5 , included with various phase angles 1ϕU5
but identical magnitude. Adding the linear parts 1I7 and
1ϕI7 make up a pattern represented by triangles, forming
a specific ellipse shape. Still, there would be a noticeable
deviation between the linear-part-included harmonic current
results andmeasurement results. Therefore, the nonlinear part
is added to provide improved correspondence to the actual
measurement outcome. The final harmonic current response
pattern, including the linear and nonlinear parts, is presented
as circles’ pattern.

VI. DETERMINATION OF COEFFICIENTS
In the following, the main outline will be discussed for the
coefficient estimation, used in the harmonic current calcula-
tionmodel. An example of I∗7 current component will be used,
influenced by the effect of the U∗

5 supply voltage harmonic.
Here x =7 is the current harmonic order, y =5 is influencing
voltage harmonic order. The quantities observed are referred
to on the basis of Figure 5.
Ideally, for 1Ix to reach from 1Ix,MAX to almost equal to

zero, i.e., current vector magnitude is similar to the sinusoidal
supply voltage component response vector 1Ix,Base, base
harmonic vector; the difference in ϕUy is nearly 90 degrees.
At the voltage harmonic phase angle providing harmonic
current Ix of base magnitude, the ϕIx phase deviation is
highest. Finding the influencing supply voltage phase angles
ϕUy corresponding to the minimum and maximum deviation
of the magnitude Ix , allows to specify the base phase shift
component

αxy =
ϕUy@ϕIx,MAX + ϕUy@ϕIx,MIN

2
(15)

referring to measurement quantities as in Figure 5. Given the
data provided in Table 5, the α75 is found to be close to value
of 230◦. As the measurement steps are 15◦, better accuracy
is not available. Given the orthogonal shift of ϕUy = 90◦ to
find the maximum and minimum magnitude points, the α75
should be calculated as

αxy =
ϕUy@Ix,MAX + ϕUy@Ix,MIN

2
+ 90◦ (16)

Data in Table 5 provides that the α75, calculated based on
minimum andmaximummagnitude, will be around 240◦. The
proposed value of coefficient of current magnitude sensitivity
Gxy can be found using maximum and minimum I∗x magni-
tude difference value i.e., dIx maximum and minimum values
(referring to Figure 5)

Gxy =

(|dI x,Uy@Ix,MAX |−|dI x,Uy@Ix,MIN |)
2

Uy
(17)

TABLE 5. Proposing Alpha Value Form Measurements.

TABLE 6. Comparison Of Voltage Harmonic Amplitude Change To Current
Harmonic Phase Deviation.
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TABLE 7. Model Parameters of Test Loads.

TABLE 8. Comparison of measured and model calculated Harmonic current values U1 = 230 V; U5 = 3 V.

From the result plots (Figure 5, Figure 7) it is evident that
base harmonic current vector I∗x,Base does not lie in the centre
of ellipse, andwith the non-symmetric part included, the aver-
age of |dIx,y@Ix,MAX | and |dIx,y@Ix,MIN | is used to determine
the Gxy using equation (17). The phase variation margins are
well symmetrical to the ellipse centre, and to determine the
initial proposed value of coefficient of phase angle change
(kxy), the measurement-derived dϕIx,Uy@ϕIx,MAX is used as
in (18)

kxy =
dϕIx,Uy@ϕIx,MAX

Uy
(18)

The magnitude of the harmonic current difference vectors
is linearly dependent on the Uy. This way, for influencer
U5 increase by 3 (from 1 V to 3 V) times, results emerge
for the dϕIx,Uy@ϕIx,MAX and similarly dIx,Uy@Ix,MAX and
dIx,Uy@Ix,MIN that provide the close values of linear scalar
coefficients Gxy and kxy. Excellent linearity of the coeffi-
cients is evident from Table 6. Using presented procedures
in (15),(16) and (18) the linear coefficients for different loads
discussed further in this paper are presented in Table 7.

VII. SINGLE SUPPLY VOLTAGE HARMONIC COMPONENT
MODELING
For more detailed evaluation, the linear component model
results are presented for 3 similar type loads. Main emphasis

is on the comparison of the measured vs model calculated
results. Coefficients from Table 7 have been implemented for
the model calculation with linear part included (see (10)), as

Ix,MLIN = Ix,Base + 1Ix,LIN (19)

ϕIx,MLIN = ϕIx,Base + 1ϕIx,LIN (20)

Deviation of calculation to measured magnitude value is
presented as

δIx,LIN =
∣∣Ix,Meas

∣∣ −

∣∣∣Ix,Base + 1Ix,LIN
∣∣∣ , (21)

and similarly

δϕIx,LIN =
∣∣ϕIx,Meas

∣∣ −
∣∣ϕIx,Base + 1ϕIx,LIN

∣∣ , (22)

where δIx,LIN presents the magnitude difference of model
(see (10)) result without nonlinear part included, compared
to measurement outcome;

δϕIx,LIN presents the phase difference of model (see (10))
result without nonlinear part included, compared to measure-
ment outcome.

The full model calculation outcome, including the non-
linear part is calculated according to (10). The deviation
between the full model calculation and measurement out-
come is calculated as

δIx,WVDM =
∣∣Ix,Meas

∣∣ −
∣∣Ix,WVDM

∣∣ , (23)
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TABLE 9. Difference Of Measurement And Estimation For Test Loads; Single supply harmonic U5 = 3 V.

and similarly

δϕIx,WVDM =
∣∣ϕIx,Meas

∣∣ −
∣∣ϕIx,WVDM

∣∣ . (24)

For the whole U∗
y cycle (360◦) rotation the outcome devi-

ation is evaluated using the root-mean-square error (RMSE),
listed in tables 8 and 9 is calculated using the following
equations,

RMSE Ix =

√∑N
i=0 δIx2

N
(25)

RMSEϕIx =

√∑N
i=0 δϕIx

2

N
(26)

where NMEAS is total number of actual (measurement) points
and predicted values (magnitude and phase).

Individual results obtained with model linear part results
are rather accurate (Table 8), however, if considering the vari-
ation full amplitude of 5.7 mA, the maximum model linear
part deviation reaches 1.8◦, which is roughly 30% of the full
variation amplitude. While good for single harmonic volt-
age component influence estimation, it will be shown in the
following chapters that for the cumulative multiple voltage
harmonics influence model to have reasonable outcome, the
single harmonic voltage influencewould need to have as good
correspondence as possible. Thus, the nonlinear part included
full model (see (10)) calculation can provide very low RMSE
value (Table 8). This is valid for multiple loads tested (see
Table 9) where the correspondence between themeasured and
model calculated values shows very high match.

VIII. CUMULATIVE RESPONSE TO VOLTAGE HARMONICS
The harmonic current calculation model (10) is referred
through parts (11, 12) that are making up a scalar product
of multiple influences from supply voltage harmonics of
different order. This means that the model is able to account
for cumulative sum of influences on the harmonic current I∗x
from multiple supply voltage harmonic components. In order
to present this, a measurement based cumulative influence

TABLE 10. Input-Combination-2 When Adding Multiple Harmonic
Voltages to Fundamental Voltage.

analysis is presented. In trivial, the cumulative response is
approached in a manner to keep one or multiple supply volt-
age harmonics as constant vectors while the single other order
harmonic voltage component U∗

y is rotated through 360◦,
keeping the magnitude Uy constant.

Staring with initial base harmonic current I∗7,base point
(‘‘1’’ in Figure 8, sinusoidal supply voltage conditions), U∗

3
is first applied. The rotation of the U∗

3 provides an ellipse
common from the previous chapters (see Figure 8, black line
and asterisks). Two extreme points of attention have been
selected next, having I∗7 with minimum (‘‘2’’ in Figure 8)
and maximum phase value (‘‘3’’ in Figure 8). Next, using U∗

3
respective to the point of interest on graph, U∗

5 is added and
rotated through 360◦. Results have been reported as further
ellipses, having their center-points in the points of interest
previously identified. Therefore, the geometrical cumulation
of influence vectors due to different harmonic orders of sup-
ply voltages included, can be directly observed. Here even
cumulation of U∗

3 and U∗
5 can be seen to provide up to 80◦ I∗7

rotation. The points of I∗7 presented for new origins of ellipses
for U∗

5 influence (‘‘2’’ and ‘‘3’’ on Figure 8) would provide
good accuracy for including more supply voltage harmonic
influence components.

The presentation in Figure 8 allows to propose that the
harmonic current I∗x components, determined respectively
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FIGURE 8. Explanation on harmonic current I∗7 cumulative products
results with U1 = 230 V; U3 and U5 = 3 V. Red line: ϕU3 = 105◦, blue line:
ϕU3 = 300◦, ϕU5 phase values 0,15,30. . . 345, plot of measured response.

TABLE 11. Harmonic Voltage Levels and Phase Ange Present in
Residential grid, Flat and Pointed Top Waveforms.

with (10) for each supply voltage harmonic component U∗
y

influence individually would be presenting the cumulation in
a linear summation as

1I x =

∑N

n=1;y=2n+1
1I x,y (27)

1ϕIx =

∑N

n=1;y=2n+1
1ϕIx,y (28)

where N is the number of odd harmonic components consid-
ered. The (27) and (28) are basically subsets of the matrix
evaluation provided in (11 – 14). However, the authors
express that this cumulation approach should be used with
care, as this is providing good accuracy generally for supply
voltage harmonics low magnitude levels. For example, the
linear relation could be used with voltage harmonics levels
of up to 1.5 V, while greater supply voltage harmonic levels
would provide a remarkable additional deviation. This can
be traced to additional Gxy and Kxy dependence on the I∗x
ellipse cumulative base point positioning. The authors intend
to present work on the stated cumulative I∗x calculation model
in the future.

FIGURE 9. Deviation in magnitude between measurements and modelled
(constant-current, Norton, proposed model) values, for two
residential-area grid waveforms.

FIGURE 10. Deviation in magnitude between measurements and
modelled (constant-current, Norton, proposed model) values, for Flat and
pointed-top supply waveforms.

IX. VALIDATION OF PROPOSED MODEL
Even though stating the expected limitations to the cumu-
lative harmonic current evaluation in the previous chap-
ter, the linear cumulative I∗x model can be seen to provide
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TABLE 12. Difference of Estimations and Measurement for tested residential and industrial voltage supply waveform.

considerably improved performance and accuracy com-
pared to the previously available models. In order to
present this, specific waveforms listed in Table 11 will be
used.

As the residential grid supply tend to have small har-
monic magnitudes, the resultant load current harmonics
have nonlinear part insignificant as compared to linear part.
More extreme cases are available in the industrial grids,
where ‘‘pointed and flat-top’’ supply voltage waveform could
emerge more often. The latter exceed the proposed model
accuracy range; however, could be used for reference of
different model presentations.

For load current harmonic fingerprint estimation using the
proposed model, 2 recorded residential grid voltage wave-
forms have been used (Grid-1 and Grid-2, in Table 11).
Similarly, but for more extensive industrial case presentation
through ‘‘flat top’’ and ‘‘pointed top’’ waveforms are pre-
sented only as reference (Table 11).

For the loads discussed in the previous chapters, the mea-
surements were carried out as the loads were supplied the
waveforms in question, using similar grounds as (chapter II).

Table 12 depicts the measurement and proposed model
estimation accuracy comparison of different techniques by
modeling response of the loads for the targeted waveforms
using (11 – 14). The deviation in harmonic currents mag-
nitude δ|I∗h | is presented for different harmonic models (see
also Figure 9 and 10). The constant harmonic current injec-
tion (I∗x = const) and Norton model (I∗x,Norton) waveforms
have been compared; the proposedmodel (I∗x,WVDM ) presents
considerable accuracy improvement. Table 12 readings have
been compared to on Figures 9 – 10 for the magnitude
result analysis. It has to be noted, that the phase angle val-
ues for all considered I∗x observed, are presenting less than
10◦ difference compared to the measured values. Figure 11
presents the comparison of load current harmonic measure-
ments and modeled response of different harmonic modeling
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FIGURE 11. Comparison of load current harmonic measurements and
modeled response of different harmonic modeling techniques, for
flat-top (FT) and pointed-top (PT) voltage waveforms (see Table 12).

techniques, for flat-top (FT) and pointed-top (PT) voltage
waveforms.

The proposed model harmonic current estimation is rather
usable even for the industrial cases presented, however this is
not valid for all industrial waveform presentations. The phase
margin tends to present more accurate estimation outcome,
result of improved phase results due to cross-order harmonic
coupling evaluation.

X. CONCLUSION
In the presentation above, a novel approach to model the sup-
ply voltage harmonics effect to load current of a non-linear
load presented very good outcome and correspondence of
measured harmonic current levels and phase angles. The
type A LED presents a solid example for this model, given
the excellent correlation between the time-domain initia-
tion moment shift derived harmonic phase angle variations.
In previous network modeling techniques such as Norton
equivalent model, the consideration of cross-order harmonic
influence for current and voltage is not available, however,
this makes up a significant proportion to, for example, 7th har-
monic current estimation. Frequency coupling matrix model-
ing contains many admittance matrix parameters to account
cross-order coupling, however the results provide consider-
able deviations and no physical ground to the emergence of

cross-order coupling. The proposed timed-domain waveform
variation defined model provides a detailed understanding
of the interaction between the supply voltage and current
harmonics variations and their cross-order coupling.

Nevertheless, authors point out that the linearity assump-
tion in the harmonic current components cumulative assess-
ment has narrow application span. The discussed lower order
harmonics’ model is acceptable until ∼1.5 V of supply volt-
age harmonic levels used. In order to improve this model
accuracy, a non-linear approach would be needed for the total
harmonic current calculation. The present model, however,
has been verified to provide good outcome for residential grid
supply voltage harmonic cases. The use of this linear model
would be especially feasible for residential harmonic current
level estimation, where the harmonic vectors are considered.
Authors aim to address the cumulative multiple influencer
modelling with accurate nonlinear part estimation details in
future publications.
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