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ABSTRACT More often than not, currents due to gravity, wind friction, and heterogeneous water density
cause frequent drifts of the end-users to random locations creating transmission problems in an underwater
optical wireless communication (UOWC) network. The location uncertainty effect on the overall network
performance in harsh environments, including submarine ones, is an appealing issue that needs to be
adequately addressed in the existing technical literature. The present work takes account of a vertical UOWC
link where a fixed transmitter at the sea surface illuminates towards the seabed following a Lambertian
pattern. In this way, a randomly placed receiver inside a spherical cone is served, and the problem is treated
with three-dimensional stochastic geometry methods. In the sequel, the complete statistical behavior of the
random distributions of the channel gain and the instantaneous electrical signal-to-noise ratio is estimated.
Moreover, some critical network performance metrics, including the outage probability and the bit-error
rate for intensity modulation/direct detection with on-off keying and M -ary pulse position modulation,
are derived, whereas indicative numerical results are illustrated adequately through a series of appropriate
figures.

INDEX TERMS UOWC communications, random location, spherical conical volume.

I. INTRODUCTION
A. PRELIMINARIES
The profusion of scientific work on underwater optical wire-
less communication (UOWC) networking, as documented in
the extensive surveys by [1] and [2] and the recent review
by [3], testifies to the highly increased influence of this
technology in the digital era of tomorrow. UOWC, which nor-
mally operates in the blue-green (450-532) nm wavelength
spectrum, has evolved as a complementary candidate com-
pared to traditional acoustic communications, given its ability
to provide high data rates with low latency. These two fea-
tures offer significant advantages to these systems regarding
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their massive exploitation in deploying the so-called internet
of underwater things (IoUWT), particularly in subsea envi-
ronments. IoUWT aims to render some appealing real-time
applications such as those aptly mentioned by [3], including,
among others, ocean floor bathymetry, underwater environ-
mental monitoring, navigation and surveillance, naval-mine
reconnaissance, border and coastal security, as well as seismic
monitoring and ocean sampling.

However, submarine environments are the least explored
areas of the planet, which makes optical signal transmission a
challenging issue for telecommunications engineers. Optical
signals can propagate only a few tens of meters due to the
high attenuation degree, and therefore an adequate trade-off
between depth and coverage is necessary for estimation in
vertical UOWC links, as pointed out in [4]. Besides, several
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additional effects hinder their performance, including point-
ing errors between transmitter (Tx) and receiver (Rx) [5], [6],
random air-bubble generation created by breaking waves [7],
sea surface slopes for links near the sea surface [8], vertical
salinity gradient [9], and turbulence appearance [10], [11].
In addition, currents generated by gravity, wind friction, and
heterogeneous water density often move the end-user termi-
nals to random locations, so pointing and tracking mecha-
nisms should be considered as outlined in [12]. With this in
mind, the location uncertainty was recently addressed in two
dimensions (2D) for a UOWC vertical link in [13], where a
node was randomly placed in a circular coverage area at a
certain depth. Roughly speaking, problems of this kind are
the subject of the stochastic geometry field, also known as a
geometrical probability in the old days [14], [15].

B. LITERATURE REVIEW
It is clear that the investigation of uncertainty in three dimen-
sions (3D) increases complexity but leads to safer conclusions
about the impact of this phenomenon. In view of the above,
recent applications of stochastic geometry to 3D problems
appeared in the open technical literature. Some denotative
studies, among others, include the following. In [16], a mixed
mobility model for a 3D unmanned aerial vehicle network
(UAV) with cylindrical geometry was explored. Using this
model, the authors focused on the coverage probability of
a user equipment (UE) in a finite network of UAVs under
different UAV association policies. The authors also consid-
ered the impact of interference from nonserving UAVs on the
coverage probability of the UE. In [17], Talgat et al. assumed
a system with several concentric spheres, each containing
a number of points uniformly distributed on their surface,
and employed stochastic geometry to provide a new tractable
model for distance distributions with emphasis on satellite
networks. In [18], the authors assessed the downlink perfor-
mance for uniform distribution for satellites in a low-earth-
orbit (LEO) network. They developed analytical expressions
for the downlink coverage probability and average data rate
using stochastic geometry tools. The proposed model and
analysis provided guidelines for selecting design parameters
for massive LEO constellations, such as the number of fre-
quency channels and altitude.

Very recently, the random placement within a truncated
cone with applications to UAV communications and indoor
visible-light communications (VLC) was thoroughly ana-
lyzed in [19] and [20], respectively. In the first study, the
authors derived closed-form expressions for the probability
density function (PDF) and cumulative distribution function
(CDF) of the random distance from the apex to a random
point placed in a truncated conic shape with applications in
UAV to UAV communications. In the second one, the authors
focused on the VLC channel gain and then evaluated the
outage probability and average bit error rate (BER) for on-off
keying (OOK) under single-user and multi-user scenarios,
considering intensity modulation/direct detection (IM/DD).

FIGURE 1. System configuration.

C. MOTIVATION
Similar to the aforementioned, a 3D stochastic geometric
analysis of the location uncertainty issue in the case of a
UOWC requires adopting a relatively realistic geometric cov-
erage model. The model must be suitable for the homo-
geneous propagation medium, incorporate the environment
characteristics, and have a convenient mathematical descrip-
tion to facilitate the overall performance evaluation. In the
case of our UOWC scenario, some candidate models include
the sphere [21] or the hemisphere due to the uniformity (con-
stant radius) in all directions. In the event of a UOWC link,
the hemisphere seems appropriate at first sight since the Tx
is located at the sea surface. However, upon careful observa-
tion, one can observe that neither hemisphere reflects reality
as the Rxs rarely lie near the surface. Furthermore, such
consideration would require light-emitting diodes (LEDs)
with high irradiance angles and emission power to support
communication links inside the hemispheric volume. In this
respect, Txs with low irradiance angles must be used, and in
this case, the coverage volume takes the shape of a spherical
cone. Notwithstanding, to the best of our knowledge, the
consideration of position uncertainty in a spherical conical
volume with application to UOWC has not been addressed to
date, which motivated our interest in conducting the present
study.

D. MODEL DESCRIPTION
Without loss of assumption, the mathematical analysis pre-
sumes the system configuration in Fig. 1, which refers to a
vertical UOWC link with a fixed Tx located at the sea surface
and considered as the axis origin, O. The Tx comprises a
single LED or a LED array directed toward the seafloor.
The emission follows a Lambertian radiation pattern, thus
illuminating the spherical conical coverage volume whose
surface is marked in a bold black line and determined by
the semi-angle θ0. The Tx semi-angle at half luminance is
denoted by φ1/2 and is the angle from the axis perpendicular
to the LED by which the luminous intensity is only 50%.
It should be noted that the values of θ0 and φ1/2 are not
necessarily equal. An optical Rx is randomly placed at point
Pwith Cartesian {x, y, z} and cylindrical {r, θ, z} coordinates,
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respectively. The incidence angle is denoted by ψ whereas
the Euclidean distance between Tx and Rx is d . Moreover,
the critical geometric parameters (radius R of the underlying
hemisphere, distancesH1 andH2, and radius α) are distinctly
depicted.

E. CONTRIBUTIONS
In summary, the paper fills the void of relevant studies in
the technical literature regarding the effect of terminal uncer-
tainty within a spherical conical coverage volume, and its
contribution includes the following points:

• We focus on the location uncertainty of the receiver
(Rx) and expand the model from 2D to 3D to obtain
a more realistic assessment of performance. By doing
that, the coverage volume is represented by a spherical
conic shape, and we also consider the particular case
of a hemispherical shape. This extension allows us to
consider the additional depth dimension, resulting in a
more accurate representation of the real-world scenario

• We assess the efficiency of a UOWC system in which
the location of the receiver (Rx) is uniformly dispersed
inside a spherical conic volume. To accomplish this,
we derive an analytic expression for the joint PDF of
the radical distance and height of a point uniformly
placed within the spherical cone. Utilizing this expres-
sion, we can derive novel closed-form expressions for
the complete statistical behavior of the random channel
gain for a depth-dependent extinction coefficient, which
measures the signal’s attenuation as it travels through
the water. These expressions enable us to accurately
estimate the performance of the UOWC system under
different conditions.

• We derive analytic mathematical formulas for the PDF
and CDF of the instantaneous electrical signal-to-noise
ratio (SNR). These formulas allow us to analyze the SNR
and understand its behavior mathematically. In addition
to the derived formulas, we also use Monte Carlo (MC)
simulations to validate our results. By comparing the
results obtained from the analytic formulas with those
obtained from the MC simulations, we can ensure the
accuracy and reliability of our analysis.

• In conclusion, we mathematically deduce the outage
probability and compute the average BER for OOK
andM -ary pulse positionmodulation (M -PPM) schemes
under the assumption that the receiver uses intensity
modulation/direct detection (IM/DD). We examine the
most crucial factors using relevant figures to analyze
the influence of different link parameters on the overall
performance.

F. STRUCTURE
Beyond the introductory chapter, the rest of the paper is
structured as follows. Section II outlines the fundamental
assumptions of the channel model employed throughout the
study. These considerations provide the basis for interpreting

the results obtained in the subsequent sections of the paper.
Section III deals with the theoretical analysis of the uncer-
tainty problem. The primary statistical metrics of the random
channel gain versus Tx-Rx distance and SNR are extracted in
closed-form mathematical expressions. Section IV evaluates
the outage probability and average BER of the examined
UOWC link. The analysis yields important insights into the
performance and reliability of the link under various condi-
tions. Representative results are adequately discussed. Even-
tually, Section V offers a brief overview of the key findings
and implications of the work, highlighting the contributions
and significance of the study. It also discusses potential direc-
tions for further research and development.

II. CHANNEL MODEL
A. EXTINCTION COEFFICIENT MODEL
Seawater contains large amounts of dissolved or suspended
elements in various concentrations and chlorophyll, which is
the pigment used by phytoplankton to capture and convert
solar energy into biomass. This composition activates two
physical processes that contribute decisively to the degra-
dation of the transmitted optical signal along the light path,
namely absorption and scattering, which are affected by both
wavelength and depth. Therefore, if λ is the wavelength of
light when traveling in a vacuum, the extinction coefficient,
c(λ,L), at a specific depth, L, is determined by the sum of
absorption, a(λ,L), and scattering coefficient, b(λ,L) as [22]

c(λ,L) = a(λ,L) + b(λ,L). (1)

These two factors have extensively been considered in the
open technical literature and can further be analyzed and
calculated by the sum of individual coefficients referring to
specific absorption and scattering characteristics [23]. There-
fore, from (1) one can readily estimate the extinction coeffi-
cient at any depth and operating wavelength values. However,
since this value does not take L into account, we make use of
the average extinction coefficient denoted by cav(λ,L) which
occurs by integrating the extinction coefficient over the total
depth as [13]

cav(λ,L) =
1
L

ˆ L

0
c(λ, x)dx. (2)

Note that the chlorophyll concentration varies from sea level
to a depth of L. A peak in chlorophyll concentration has been
observed due to an optimal trade-off between sunlight and
nutrients, occurring at a depth between 20m and 120m [24].
Based on extended measurements, the chlorophyll concentra-
tion over a depth L wasmodeled as a five-parameter Gaussian
curve in [24], and nine profiles (also called S profiles) have
been assumed to represent different ocean locations. There-
fore, the average extinction coefficient can be estimated for
each of these profiles, as illustrated adequately in Fig. 2. It is
clear that as we pass from profile S1 to profile S9, the average
extinction coefficient values on the vertical axis increase,
indicating a more hostile environment for the propagating
light.
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FIGURE 2. Average extinction coefficient for (a) S1–S4 and (b) S5–S9 profiles.

Incorporating (2) in the channel gain model is critical
in a vertical underwater optical link. The quantification of
losses and the corresponding performance analysis considers
the fundamental physical mechanisms governing light prop-
agation in the underwater environment, thus enhancing the
validity of the obtained results. In the current study, we chose
S2 and S5 profiles, which have small and moderate values of
the average extinction coefficient, respectively, as the most
representative of a typical underwater environment [13].

B. CHANNEL GAIN
For the assessment of the channel gain, h, we follow the
recently published generic model in [5] which refers to line-
of-sight (LOS) conditions

h =
(m+ 1)cosm(φ)Aeff

2πd2
e−dcav(λ,L), (3)

where φ is the Tx irradiance angle, m is the order of the Tx
Lambertian emission given by

m = −
ln 2

ln(cos(φ1/2))
, (4)

where Aeff is the effective Rx light collection area expressed
as

Aeff =
APDTs(ψ) cos(ψ)n2

sin2(φFoV)
. (5)

In the above equation, APD is the active photodetector (PD)
area, Ts(ψ) the average filter transmission over the filter
wavelength range1λ for a specific incidence angleψ [25], n
is the refractive index and φFoV is the Rx field of view (FoV).
Without loss of generality, we consider that the Tx and the Rx
planes are parallel, i.e., ψ = φ.

III. STATISTICAL METRICS
A. JOINT PDF
As a first step, the joint PDF of a random point location
inside the spherical cone of Fig. 1 is derived according to the
following lemma.

Lemma 1: The joint PDF of the radical distance and
height of a uniformly located point inside the spherical cone
of Fig. 1 is given by

fr,z(r, z) =
3r
H2R2

, (r, z) ∈ {Dsc} . (6)

where the set Dsc is defined as the union of two discrete
subsets, corresponding to the cone which is formed from the
center of the sphere and the base of the spherical cap and the
cap itself, respectively:

Dsc =

{
(r, z)

∣∣∣∣ 0 ≤ r ≤ za/H1,

0 ≤ z ≤ H1

}
∪

{
(r, z)

∣∣∣∣ 0 ≤ r ≤
√
R2 − z2,

H1 ≤ z ≤ R.

}
(7)

Proof: The proof is provided in Appendix A.

B. CHANNEL GAIN DISTRIBUTION
Next, we investigate the stochastic channel gain, h, which
corresponds to the random distance d from the axis origin,
O, to the reference point, P, as indicated in Fig. 1. The CDF
of h can be evaluated as

Fh(h) = P (h(r, z) ≤ h) =

‹
Dh

fr,z(r, z)drdz, (8)

where Dh = {(r, z) ∈ R2 : h(r, z) ≤ h}. The final
closed-form expression occurs according to Theorem 1.
Theorem 1: The CDF of the channel gain, h, from the axis

origin to a random point inside the spherical cone of Fig. 1
is expressed by

Fh(h) =



1 +
H2
1 z

∗3(h) − R2z3min(h)

2H2
1H2R2

−C131(h)h
1

m+1 , h(1) ≤ h < hmax

−2H3
1 + 3zmax(h)H2

1 − z3min(h)

2H2H2
1

−C132(h)h
1

m+1 , hmin ≤ h < h(1)

(9)
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where C1 =
3(m+ 3)µ1

4(m+ 1)H2R2c
µ2
av (λ,R)B1/(m+1)

, B =

(m+ 1)APDTs(ψ)n2

2π sin2(φFoV)
, µ1 =

4m+ 6
m+ 1

, and µ2 =
3m+ 5
m+ 1

,

are system-dependent constants. Furthermore, hmax → ∞,

h(1) =
Be−cav(λ,R)R

R2
, hmin =

Be−cav(λ,R)RHm+1
1

Rm+3 , whereas

31(h) = 3

(
3,
Rcav(λ,R)zmin(h)

2H1
,
cav(λ,R)z∗(h)

2

)
+3

(
4,
Rcav(λ,R)zmin(h)

2H1
,
cav(λ,R)z∗(h)

2

)
,

(10)

and

32(h) = 3

(
3,
Rcav(λ,R)zmin(h)

2H1
,
C2(m+ 3)

2

)
+3

(
4,
Rcav(λ,R)zmin(h)

2H1
,
C2(m+ 3)

2

)
, (11)

are defined through the user-defined function

3(x, y1, y2) = 2(−µ3)
−(x+ 2

m+1 )

×

(
0

(
x +

2
m+ 1

,−
2y1
m+ 1

)
−0

(
x +

2
m+ 1

,−
2y2
m+ 1

))
, (12)

where µ3 =
m+ 3
m+ 1

, C2 =
Rcav(λ,R)
m+ 3

is a system-dependent

constant and 0(·, ·) is the incomplete Gamma function [26,
eq. 06.06.02.0001.01].

Proof: The CDF of h is deduced in Appendix B which
also defines and derives z∗(h), zmin(h), and zmax(h).

The PDF of h is obtained as
Corollary 1: The PDF of the channel gain, h, is expressed

by

fh(h) =



3
(
H2
1 z

∗3(h) − R2z3min(h)
)

2H2
1H2R2(m+ 1)

h−1
−

C131(h)
m+ 1

h−
m

m+1 , h(1) ≤ h < hmax

−
3z3min(h)

2H2
1H2(m+ 1)

h−1
+(

3C3

2H2(m+ 1)
−

C132(h)
m+ 1

)
h−

m
m+1 ,

hmin ≤ h < h(1)

(13)

where C3 =

(
Rm+3

Be−Rcav(λ,R)

) 1
m+1

is a system-dependent con-

stant.
Proof: The PDF occurs by taking the derivative of (9)

with respect to h and applying some simple differentiation
rules.

C. SNR DISTRIBUTION
The instantaneous electrical SNR assuming IM/DD at the Rx

is defined as γ =
(ρhPt )2

N0B
= γth2, where Pt is the trans-

mitted optical power, ρ is the optical to electrical conversion
efficiency, N0 is the one-sided noise power spectral density
of the additive white Gaussian noise (AWGN) term with zero
mean and variance of σ 2

n , B is the modulation bandwidth,

and γt =
(ρPt )2

N0B
is the SNR at the Tx [13]. The SNR CDF

and PDF are given according to Theorem 2 and Corollary 2,
respectively.
Theorem 2: The CDF of the instantaneous SNR, γ ,

is expressed by

Fγ (γ ) =



1 +

H2
1 z

∗3
(√

γ
γt

)
− R2z3min

(√
γ
γt

)
2H2

1H2R2

−

C131

(√
γ
γt

)
γ

1
2m+2
t

γ
1

2m+2 , γ (1)
≤ γ < γmax

−2H3
1 + 3H2

1 zmax
(√

γ
γt

)
− z3min

(√
γ
γt

)
2H2

1H2

−

C132

(√
γ
γt

)
γ

1
2m+2
t

γ
1

2m+2 , γmin ≤ γ < γ (1)

(14)

where γ (1)
= γth(1)

2
, γmax = γth2max, and γmin = γth2min.

Proof: The expression (14) is derived from (9) accord-
ing to

Fγ (γ ) = P(γth2 ≤ γ )

= P
(
h ≤

√
γ

γt

)
= Fh

(√
γ

γt

)
, (15)

Corollary 2: The PDF of the instantaneous SNR is
expressed by

fγ (γ ) =



3
(
H2
1 z

∗3
(√

γ
γt

)
− R2z3min

(√
γ
γt

))
4H1

2H2R2(m+ 1)
γ−1

−

C131

(√
γ
γt

)
2γ

1
2m+2
t (m+ 1)

γ−
2m+1
2m+2 , γ (1)

≤ γ < γmax

−

3z3min
(√

γ
γt

)
4H2

1H2(m+ 1)
γ−1

+ 3C3

4H2γ
1

2m+2
t (m+ 1)

−

C132

(√
γ
γt

)
2γ

1
2m+2
t (m+ 1)

 γ−
2m+1
2m+2 , γmin ≤ γ < γ (1)

(16)
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FIGURE 3. SNR PDFs for typical values of θ0, R, and ϕ1/2. Histogram corresponds to MC simulation.

Proof: The PDF yields by differentiating (14) with
respect to γ .
Some indicative SNR PDF illustrations are demonstrated

in Fig. 3 against several parameters. At first, the impact of θ0
is exhibited in Figs. 3 (a) and (b). We observe that the range
of SNR values widens towards lower values as θ0 gets high.
The validity of analytical expressions is enhanced through
MC simulation, indicating a satisfactory agreement. On the
other hand, the effect of R and ϕ1/2 is displayed in Figs. 3
(c) and (d), respectively. Apparently, as R increases, the SNR
reduces; so the PDF shifts to lower values. Furthermore,
as ϕ1/2 deviates and no longer equals θ0, the SNR also
decreases, resulting in a PDF shift towards lower values.

IV. PERFORMANCE METRICS AND RESULTS
In this section, we offer results for two characteristic system
performance metrics: the outage probability and the average
BER for OOK and M -PPM schemes for two representative
chlorophyll profiles, S2 and S5, which have small andmoder-
ate values of the average extinction coefficient, respectively.

TABLE 1. Parameter values.

Unless specified otherwise, the model parameters used are
listed in Table 1 [20], [27].

A. OUTAGE PROBABILITY
Figures 4 and 5 illustrate the outage probability, obtained as
Pout = Fγ (γth), against the threshold γth and the values ofm,
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FIGURE 4. Outage probability against γth and m, for S2 and S5 chlorophyll profiles.

FIGURE 5. Outage probability against θ0 and Pt for S2 and S5 chlorophyll profiles.
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FIGURE 6. Average BER for S2 and S5 chlorophyll profiles.

θ0 and Pt , respectively, for both chlorophyll profiles. Unless
specified otherwise, the following parameters are selected:
θ0 = 60o, ϕ1/2 = 45o, γth = 16.5 dB and R = 10 m.
It is clear from Figs. 4 (a) and (b) that Pout is lower for the
S2 profile since the average extinction coefficient is smaller.
Moreover, the best performance is attained when the Tx emis-
sion semi-angle gets approximately equal to the maximum
angle of the spherical cone, i.e., ϕ1/2 ≈ θ0, as depicted
in Figs. 4 (c) and (d). Note that the Tx optical power is
distributed at different angles according to the ϕ1/2 value.
When ϕ1/2 is small, the Tx optical power is gathered over
smaller angles close to the spherical cone axis. As a result,
a greater number of locations within the spherical cone will
experience a decrease in optical power. Furthermore, when
ϕ1/2 is large, the optical power is distributed uniformly over
an extensive range of angles, and therefore locations within
the spherical cone will again receive less optical power.
Finally, it should also be noted that the optimal value of φ1/2
changes slightly from profile S2 to S5 since the propagation
medium becomes more hostile. Thus, its impact on the link
performance becomes more decisive.

On the other hand, Figs. 5 (a) and (b) present the trade-off
between θ0 and Pt for a required Pout value, assuming both
chlorophyll profiles. Referring to Fig. 5 (a) for Pout = 10−3

and Pt = 500 mW we achieve θ0 ≃ 45o, whereas for Pt
= 1000 mW θ0 is approximately 56o. Moreover, for Pt =

1500mW, the value of this angle is about 61o. Similar conclu-
sions can be drawn for the S5 profile, with the difference that
the angles are about 4–7 degrees smaller in each case. Finally,
the trade-off between R and Pt for both chlorophyll profiles is
visualized in Fig. 5 (c) and (d). Keeping the exact requirement
for the Pout value and doubling the R value, i.e., from R =
10 m to R = 20 m, requires a sixfold or eightfold increase in
Tx power, correspondingly, for each profile. This is quite an
important parameter to consider during the network design
process.

B. AVERAGE BER
We consider IM/DD since coherent detection presents tech-
nical difficulties, increased cost, and complexity in hos-
tile underwater environments, where scattering and turbu-
lence prevent detection changes of the optical carrier [28].
Another important reason for this choice is that coher-
ent detection schemes can only be achieved with coher-
ent sources, e.g., collimated laser sources, and not inco-
herent ones like LEDs [29]. In this vein, we select OOK
and M -PPM as the most appropriate modulation schemes
to calculate the average BER, according to the following
expressions [20], [30]

POOKe =
1
2

ˆ γmax

γmin

erfc
(√

γ

2

)
fγ (γ )dγ, (17)
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FIGURE 7. Average BER for S2 and S5 chlorophyll profiles, considering two modulation schemes.

FIGURE 8. Areas for the surface integral evaluation in (8).

PM−PPM
e =

M
4

ˆ γmax

γmin

erfc

(√
γM log2M

4

)
fγ (γ )dγ, (18)

where erfc(·) is the complementary error function [26, eq.
06.27.02.0001.01]. The integrals in (17) and (18) include the
Lambert and incomplete Gamma functions and hence cannot
be solved analytically but numerically.

Figures 6 and 7 demonstrate the average BER against
γt , for both chlorophyll profiles, assuming several θ0 values
(Fig. 6 (a) and (b)), ϕ1/2 (Fig. 6 (c) and (d)) as well as the
two modulation schemes (Fig. 7 (a) and (b)), accordingly.
It can be witnessed in Fig. 6 (a) and (b) that for given ϕ1/2
and γt values, the average BER degrades as θ0 increases since
the SNRs at the potential Rx positions are low. For instance,
reffering to the S2 profile and for a value of γt equal to
145 dB, the average BER raises from 7 · 10−9 to 6 · 10−5

as the angle θ0 widens from 30 to 45 degrees. If θ0 increases
to 60 degrees, the average BER becomes equal to 10−2.
Furthermore, in order to achieve an average BER of 10−6,
the required γt value increases, for both profiles, by 5 dB as
the angle θ0 widens from 30 to 45 degrees. An additional
8 dB is required as θ0 increases from 45 to 60 degrees.
In Fig. 6 (c) and (d), we observe similar behavior to the outage
probability. Indeed, we notice that the optimum average BER

performance is attained when the semi-angle value is approx-
imately equal to θ0, whereas a possible reduction of this angle
leads to worse average BER results. Finally, in Fig.7 (a) and
(b), we observe the predominance of M -PPM schemes over
OOK. Assuming Pe = 10−5, the difference between 16-PPM
and 8-PPM, as well as 8-PPM and 4-PPM is about 4 dB,
whereas the difference between 4-PPM and OOK is about
6 dB. The numerical results have been validated through MC
simulation results, where 103 samples were generated, and
the observed level of agreement is satisfactory.

V. CONCLUSION AND FURTHER RESEARCH
The location uncertainty issue in a spherical conical volume
was adequately addressed from the stochastic geometry view-
point. The problem is quite attractive and applies to UOWC
connections where an Rx is often located at a random position
inside the covering volume of such a shape served by a Tx
that radiates with a Lambertian pattern. Using an appropriate
methodological framework, we derived closed-form expres-
sions for the distributions that fully describe the channel gain
and instantaneous electrical SNR. These outcomes allow the
determination of some primary performance metrics, such as
the outage probability and the average BER for OOK andM -
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PPM assuming IM/DD. Moreover, MC simulations are used
for validation.

In the current study, the user is assumed to be stationary at
a given location. Any slight movement or swinging around its
position wouldmake the analysis extremely difficult since the
corresponding randomness of movement must be determined
and incorporated along with the position uncertainty. For
example, employing the commonly used random waypoint
model (RWP) for large movements within the conical volume
requires the extraction of a complicated joint PDF instead
of (6). On the other hand, adopting any small oscillatory
moves demands the inclusion of an additional impairment
in the analysis. Such extensions would lead to complicated
equations that could not be solved analytically. Thus, the
problem of considering small or large motion effects is left
as a possible future extension. Furthermore, different chan-
nel conditions (such as salinity, temperature, etc.) can be
investigated by adequately adjusting the value of the average
extinction coefficient.

The authors will exceptionally be satisfied if their find-
ings resonate with the scientific community and contribute
to solving similar problems commonly encountered in wire-
less communications using stochastic geometry techniques.
As regards UOWC networking, some partial extensions
include, among others, the incorporation of other uncertain-
ties such as the capture of solar noise effect, the combined
effect of oceanic turbulence and air bubbles, and a multi-
user and/or multiple Txs scenarios as described in [25], [31],
and [32], respectively. In all these cases, the derivations from
this study can be viewed as the initial step toward the perfor-
mance evaluation of more complicated networking scenarios.

APPENDIX A PROOF OF LEMMA 1
The spherical conical volume is evaluated according to [33,
eq. 3.160] as

V =
2πR2H2

3
. (A.1)

Therefore, the uniformly located point, P, is determined in
Cartesian coordinates by the joint PDF of

fx,y,z(x, y, z) =


1
V
, H2

1 x
2
+ H2

1 y
2

≤ a2z2, 0 ≤ z ≤ H1

1
V
, x2 + y2 ≤ R2 − z2,H1 ≤ z ≤ R

0, else,
(A.2)

By converting to cylindrical coordinates using x =

r cos θ , y = r sin θ , z = z, we arrive at

fr,θ,z(r, θ, z) =
fx,y,z(x, y, z)
|J (x, y, z)|

. (A.3)

Eq. (6) eventually occurs if we replace the Jacobian

|J (x, y, z)| =
1
r
into (A.3) and notice that θ is an independent

uniformly distributed random variable with fθ (θ ) =
1
2π

.

APPENDIX B PROOF OF THEOREM 1
In order to solve the surface integral in (8), we distinguish
three different cases where area, Dh, satisfies the condition
P(h(r, z) ≤ h). These cases are clearly shown in Fig. 8.

For each case we determine some necessary critical points
in order to solve the integrals. At first, we consider the
intersection of the z-axis with the curve

h(r, z) = B(r2 + z2)−
m+3
2 zm+1e−cav(λ,R)

√
r2+z2 . (B.1)

After some algebra, this point is determined as

z∗(h) =
2

cav(λ,R)
W0

(
cav(λ,R)

2

√
B

h

)
. (B.2)

where W0(·) is the principal branch of the Lambert function
[26, eq. 01.31.02.0001.01]. Then, we consider the projec-
tions, zmin(h) and zmax(h), on z -axis of the intersection of

this curve with the line z =
H1

a
r and the circle r2 + z2 = R2,

accordingly as

zmin(h) =
2H1

cav(λ,R)R
W0

cav(λ,R)
2

√
B

h

(
H1

R

)m+1
 ,
(B.3)

zmax(h) = C3h1/(m+1). (B.4)

After we have identified these points, we proceed to define
the integration limits for each area as

Fh(h)=



´
z∗

zmin

´
zα
H1

r(z)
fr,z(r, z) dr dz+´

H1

z∗

´
zα
H1

0
fr,z(r, z) dr dz+´

R

H1

´ √
R2−z2

0
fr,z(r, z) dr dz, h(2) ≤ h < hmax´

H1

zmin

´
zα
H1

r(z)
fr,z(r, z) dr dz+´

z∗

H1

´
zα
H1

0
fr,z(r, z) dr dz+´

R

z∗

´ √
R2−z2

0
fr,z(r, z) dr dz, h(1) ≤ h < h(2)´

H1

zmin

´
zα
H1

r(z)
fr,z(r, z) dr dz+´

zmax

H1

´ √
R2−z2

r(z)
fr,z(r, z) dr dz, hmin ≤ h < h(1).

(B.5)

where h(2) =
Be−cav(λ,R)H1

H2
1

and r(z) is the solution of (3)

with respect to r after substituting cos(ϕ) =
√
r2 + z2/z and
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d =
√
r2 + z2, i.e.,

r(z) =

√√√√( m+ 3
cav(λ,R)

)2

W 2
0

(
cav(λ,R)
m+ 3

(
B

h

) 1
m+3

zµ3

)
− z2.

(B.6)

In order to proceed with our analysis, we substitute (6) into
(B.5), and then solve the resulting double integrals individu-
ally. It is noteworthy that the first two branches of (B.5) are
equivalent in terms of their outcome. As a result, the final
expression of (9) contains only two branches.
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