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ABSTRACT Robots are typically expected to perform multiple tasks. For realizing multiple tasks using
multi-degrees-of-freedom of a robot, priority control was developed. The priority control prioritizes conflict-
ing tasks by projecting lower-priority task velocity into a null space of higher-priority task spaces. Similarly,
for realizing two tasks on a single-degree-of-freedom of a robot, periodic/aperiodic separation control was
developed. The periodic/aperiodic separation control separates a state into quasi-periodic and quasi-aperiodic
states and feedback controls them separately. Thus, the priority control and periodic/aperiodic separation
control realize multiple tasks in a different manner, and this paper proposes an integration of them to increase
the number of simultaneously realized multiple tasks. Furthermore, this study analyzed the stability and
conducted experiments to validate the proposed method. In the experiments, the proposed method achieved
to increase the number of realizable tasks from six to nine by performing the quasi-periodic and quasi-
aperiodic tasks in addition to prioritized tasks.

INDEX TERMS Priority control, periodic/aperiodic separation control, periodic/aperiodic separation filter,

null space, redundant robot.

I. INTRODUCTION

Robots are typically required to perform multiple tasks simul-
taneously. For example, a pick-and-place task requires grasp-
ing an object, carrying it, and avoiding obstacles, simulta-
neously. To achieve such several tasks, hybrid control and
priority control were proposed by utilizing multi-degrees-of-
freedom of a robot, and periodic/aperiodic separation control
was proposed for a single-degree-of-freedom of a robot.

The hybrid control can assign different control to each
degree of freedom of a robot, where multiple tasks can be
realized in different directions. Although the hybrid control
can realize different tasks simultaneously, it cannot perform
conflicting tasks. In contrast, the priority control can realize
several conflicting tasks with prioritization, in which lower-
priority tasks are prioritized to not disturb higher-priority
tasks. The task priority control based on a null-space pro-
jection [1], [2], [3], [4], [5], [6], [7], [8], [9], [10] modifies
task spaces of lower-priority tasks to be in null-space of
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higher-priority tasks, in which the lower-priority tasks are
modified to not disturb the higher-priority tasks. Similarly,
the task priority control based on hierarchical quadratic pro-
gramming [11], [12], [13], [14] optimizes lower-priority task
realization under satisfying higher-priority constraints. These
priority controls can realize conflicting tasks with prioriti-
zation, while they cannot realize multiple tasks in the same
priority level. Lastly, task priority control based on weight-
ing [15], [16] can perform multiple tasks in the same priority
level while conflicts among tasks occur. Therefore, despite
the above advantages, the hybrid and priority controls cannot
realize multiple controls separately on a single-degree-of-
freedom.

The periodic/Aperiodic separation control was proposed
to achieve quasi-periodic and quasi-aperiodic controls on a
single-degree-of-freedom [17], [18], [19]. By using a peri-
odic/aperiodic separation filter (PASF), a state is separated
into quasi-periodic and quasi-aperiodic states, and the sepa-
rated quasi-periodic and quasi-aperiodic tasks are simultane-
ously achieved. In contrast, the PASF is similar to comb filters
including an infinite number of band stops, which are used for
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the harmonics noise elimination [20], [21], [22] and periodic
disturbance elimination [23], [24]. The PASF is composed
of periodic-pass and aperiodic-pass filters, which separate a
signal into quasi-periodic and quasi-aperiodic signals, and
the aperiodic-pass filter can be regarded as a generalized
comb filter because the aperiodic-pass filter is also capable of
eliminating the harmonics. Compared to the comb filters, the
cutoff frequency, convergence speed, and high-order filters of
the first-order PASF can be easily adjusted [25].

To increase functions of a redundant robot, further increase
in simultaneously realizable tasks is effective. To this
end, this paper integrates the above priority control and
periodic/aperiodic separation control and proposes peri-
odic/aperiodic task priority control. The proposed method
realizes multiple periodic/aperiodic tasks with prioritization
based on a null space projection, and each periodic/aperiodic
task can contain separated quasi-periodic and quasi-aperiodic
tasks. The contributions of the paper are the number of simul-
taneously realized multiple tasks is increased by implement-
ing the quasi-periodic and quasi-aperiodic tasks in the same
priority level compared to the priority control, and the global
asymptotic stability is proved for the system using the pro-
posed method including time delay and nonlinear Jacobian
matrices.

Il. PRIORITIZATION OF TASKS

This section introduces tasks, prioritization of the tasks, and
control of the prioritized task for a redundant robot. First, task
coordinates and Jacobian matrices are defined, and their char-
acteristics are shown. Then, the task velocities are changed
into prioritized task velocities using the Jacobian matrices
on the basis of the null projection. Lastly, torque input to a
redundant robot is derived to control the prioritized tasks.

Consider an n-DOF redundant robot

Mg=r, ey

where M € R"", g € R", and T € R” denote the moment of
inertia, joint angle, and motor torque, respectively. We define
task coordinates xi € R” and a mapping ®i : R” — R™
from the joint space ¢ to the task space xi € R

xi := ®i(q). 2)

Among the tasks, we assign priority to the tasks as xi is prior
toxjifi < j, where the number of the tasks is assumed to be k.
Then, the whole dimension matches the degrees of freedom
n of the robot as

Zi = 1*mi = n. (3)

For the task coordinates xi € R™, joint angle g € R", prior-
itized joint angles gi € R”, and prioritized task coordinates
Xi € R™ Jacobian matrices are defined as

oxi 9%

.:=_.__€Rmi><n 4
Tii= 0 = v (4a)
Ni:= g1 e R™"

dq
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FIGURE 1. Conceptual diagram of the spaces.

1 ifi=1
- {Ni—l—]i— i tifis 1. @Y
- oxi .
Ji= % — JiNi e R™*", (4)
q

where Ni is the null space projection matrix, and Jit is the
generalized inverse matrix of Ji

Jit =Ji"JiJi") ' e R™M™, (5)

Figure 1 illustrates the relationship among the spaces,
in which the intersections of the task spaces are assigned
to a higher-priority task by the prioritization. The Jacobian
matrices satisfy

- .= Iifi=j

it — J

JiJjT = [Oifi;éj (6a)
_ I ifi=j

JiJit = 0 ifi<j (6b)

JiJjtifi > j,
which are derived below. o
_ The matrix JitJi is symmetric because JitJi =
liT(JiJiT)’]Ji, where (JiJiT)~! is also symmetric because
JiJiT is symmetric. Moreover, the null space projection

matrix Niis symmetric because it is the sum of the symmetric
matrices Ni — 1 and JitJi as (4b). If Ni> = Ni,

JiJit =JiJi'JiJinh ' =1 (7a)
JiNi = JiNi* = Ji (7b)
NiJit =N&Ji'JiJih) ' =Jit, (7¢)

which give

Ni+ 12 = (Ni—JitJi)?
=Ni? =NiJit*Ji— JitJiNi+ Jit JiJitJi
=Ni+1. (8)

Thus, Ni? = Ni = Ni+ 12 = Ni+ 1. Because N12 =
I’ = N1,

Ni? =Ni, Vie Z>0 9)
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and (7) holds for i € Z> 0. Additionally, the multiplication
of Ni satisfies

NiNi+1=Ni* =NiJitJi=Ni—JitJi
=Ni+1,VieZ>0 (10a)
Ni=Ni—INi=Ni—2Ni— INi=---,
(10b)
and
Ni=Ni" = NINh+1---Ni)"
=Ni---Nh+ INh, Vh e {k € Z|0 < k < i}. (11)
Moreover,
JiNi+1=JiNi—JitJ)=Ji—JiNJi" (JiJi") "' Ji
=Ji—JiJi'JiJi"H ' Ji=o. (12)
Consider (6a). If i = j, JiJjt = I according to (7). If i < j,
using (11) and (12),
JiJjt =Jidj" Jigi" ™t = JiNiNjIj T Jigi ™!
= JiNiNi+1---NjJj"JiJj"H™"
=JiNi+1---NjJj"JjJiH "' =o. (13)
Ifi > j, using (11) and (12),
Jilit = JiliTJjigiH~" = JiNiNjJi T (Jdigi T !
— JiNi---Nj+ INjJi T (JjiJi")!
= JiNi---Nj+ 1Jj " (JiJiH™ ' = 0. (14)
Therefore, (6a) holds. Consider (6b). If i = j, using (9),
JiIit =JiNiJi"JiJinh™ = JiNPTiTJigiT) !
=JiJit =1. (15)
If i < j,using (11) and (12),
JiJjit = JiNiJiT(Jigi !
=JiNi+1---NjJj"JjiJih " =0. (16)

Therefore, (6b) holds.
We set the angular velocity as

g:= Y i=1"Jit&i", (17)

where xi"f € R™ denotes the reference task velocity. Then,
according to (6), it achieves

di=Jig=Jiy j=1"]j" %™

=&+ JiYy j= 17 (18a)
xi=Jig=Jiy j=1"Jj 5" =&, (18b)
and (17) is rewritten as
q =Tz (19)
where
ri=[J1t ... Jkt] e R™" (20a)
Zfi= [T . @ke)T]T e R (20b)
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Accordingly, the angular acceleration can be calculated as
PR P P P U @1
where
ro=[J17 - k7] e Rm (22)

and TTT = I based on (6a). Consequently, the motor torque
T is obtained as

T =M7"+C§ e R", (23)
where

M :=MTt e R € .= MT'T e R™".  (24)

Ill. PERIODIC/APERIODIC SEPARATION OF TASKS
Section II formulated the priority control, while it was still
unable to realize several tasks on a single priority level. This
section introduces quasi-periodic and quasi-aperiodic tasks to
double the number of realizable tasks in a single priority level.

We separate the prioritized task coordinate 7z =
1T ... k"] into a quasi-periodic prioritized task coordi-
nate Zp € R" and quasi-aperiodic prioritized task coordinate
zae R" as

Llzp] := Fp(s)L[z]
L[za] := Fa(s)L[z],

(25a)
(25b)

where Fp(s) and Fa(s) are the periodic-pass and aperiodic-
pass filters of the PASF, respectively. In a first-order case,
the periodic-pass and aperiodic-pass filters of the first-order
PASF are

(1 —Ils
Fp) = —PIATC D) oy
(pTT +2) 4 (pIT — 2)e~''s
2(1 — —IIs
Fa(s) = d-e ) —, (26b)
(pIT 4+ 2) + (pIT — 2)e— s
and their continuous-time representation is
zp(t) = plzp(t — IT) + p2z(t) + p2z(t — I1)  (27a)
za(t) = z(t) —zp(1), (27b)
where
2 —pll pll
=3 . p2i= . (28)
+ pIl 2+ pll

The Bode plots of the periodic-pass filer Fp(s) and
the aperiodic-pass filter Fa(s) are depicted in Figure 2.
The periodic-pass filter passes constant element and
harmonics corresponding to the Fourier series a0/2 +
> n=1%ancos(mw0t) + bnsin(nw0t) and surrounding
waves. Additionally, the aperiodic-pass filter is complemen-
tary to the periodic-pass filter and passes the other waves.
To control the quasi-periodic prioritized task coordi-
nate Zp and quasi-aperiodic prioritized task coordinate Zza,
a proportional-derivative controller is used to compute the

acceleration reference 7! of (23) with the quasi-periodic task
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FIGURE 2. Bode plots of the periodic-pass filer Fp(s) and the
aperiodic-pass filter Fa(s) of the PASF.

command zp°™d

zaMd ¢ R” ag

€ R” and quasi-aperiodic task command

zref — zpref + Zaref (29&)
#p™ = Kpp(zp™ — zp) + Kpv(zp™ —zp) (29b)

za™f .= Kap(za®™ — za) + Kav(za*™ —za), (29c¢)
where the diagonal gain matrices are as follows
Kpp := diag(Kppl, ..., Kppn) € R™"  (30a)
Kpv := diag(Kpvl, ..., Kpvn) e R"”*"  (30b)
Kap := diag(Kapl, ..., Kapn) € R™" (30¢)
Kav := diag(Kavl, ..., Kavn) € R™".  (30d)
The elements of Z = [¥1T --- ¥k']" can be computed

according to (18) as
ii:xi—/O’JiZj: 1= Jjtxjde, (31)
and z can be obtained as
z=Tq. (32)

The block diagram of the proposed periodic/aperiodic task
priority control is shown in Figure 3.

We consider the state-space representation of the peri-
odic/aperiodic task priority control system. According
to (18b), the reference and prioritized task velocities are equal

=87 T =g (33)

and the controller (29) can be transformed into

Z:=2zp+za (34a)
Zp := Kppap™ — zp) + Kpv(zp™ —zp)  (34b)
za = Kap(za®™ — za) + Kav(za™ —za). (34c)

Consequently, the state-space representation of the system is

E(t) = A&(t) + Apép(1) + By (1) (35a)
Ep(r) = plép(t — D) + p2&(2) + p2§(r — TI), (35b)
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where
£:= ;] eR¥, gp = [;ﬂ € R (36a)
-_zpcmd
z cmd
0= Zg’cmd e RY (36b)
iacmd
. 0 I 2nx2n
A= | _Kap _Kav} eR (36¢)
. [ 0 0 2nx2n
Ap = | Kap — Kpp Kav—va] €R (36d)
— [ 0 0 0 0 2nx4n
B = | Kpp Kpv Kap Kavi| €R ) (36e)

IV. STABILITY ANALYSIS

To support stable and convergent behavior of the state of
the redundant robot with the proposed method, Theorem 1
shows the global asymptotic stability of the origin for the

system (35).
Theorem 1: Consider the system (35) and zero com-
mands: zp“md =0, chmd = 0, za™ = 0, and za*™ = 0.

If the matrix A + p2Ap is Hurwitz, the origin [§ T, & T —
I), &p' (t — IT)] = 0 is globally asymptotically stable.

Proof. As preliminaries, the system (35) can be expressed as

E(1) = AE(1) + ApEp(D) (37)

Ep(t) = plép(t — IT) + p2&(r) + p2§(r — IT) (37b)

under the zero commands: zp“™! = 0, zp*™ = 0, za"™ = 0,
and za*™d = 0, which is equivalent to n = 0. Besides, since
the matrix A +p2Ap is Hurwitz, given any symmetric positive
definite matrix Q > 0, there exists a unique symmetric posi-
tive definite matrix P > O satisfying the Lyapunov equation:

(A + p2Ap) TP 4+ P(A + p2Ap) + Q = 0. (38)

Lastly, the matrix Ap'Ap is positive semi-definite
Ap"Ap > 0 because

y'Ap'Apy = |Apy|* > 0, Vy € R™". (39)

Consider the Lyapunov function candidate:

V=E'PE+ r/t —'E"(0)E(0)do

+w / t — 'ép' (0)ép(o)da, (40)
such that
amin(@Q) > +/3vy 1+ 3p22y2 (41a)
r = ¥1/Amin(Q), w := ¥2/Amin(Q)  (41b)
vl € {y e R> 0|y > 3yp2> +p2%y2}  (4lc)
Vv2 € {y € R> 0|y > 3ypl?/a} (41d)

y = Amaxz(P)Amax(ApTAp), a:=1 —p12,
(41e)
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e
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(pIL + 2) + (pII — 2)e—TIs

FIGURE 3. Block diagram of the proposed periodic/aperiodic task priority control.

where Amin(Q), r, w, ¥1, ¥2, « > 0Oand y > O.
By substituting (37b) for (37a), the dynamics of & are
€ = (A +p24p)
+p2Apé(r — IT) + plApEp(r — IT). (42)

Hence, using (38), the derivative of the Lyapunov function
candidate is

V = —£TQ& + 26 TPAp(pl&p(t — 1) + p2&(1 — T1))
+r )&% — rl&@ — D)2
+wll€pll* — wllép(r — TDI%. (43)

Its terms are bounded as follows

2
——ETQS + 2& "PAp(p1&p(t — TI) + p2&(r — T1))

2
<1 H‘/““‘“(Q . WPAp&p(r “m
ﬂ PApép(t — TD)||?
+/\min(Q) |[PApEp(r — IT)||
2
L H/M - —_(Q PApE( — TT)
3p2? )
+m||PAP§(f —ID]|
3)/pl2 ’
< mnsp(r — |2 + s Q ||s<t - %,
(44)
and
IEpI* — lIEp( — T2
< |lp1&p(r — 1) 4 p2& + p2&(t — TD)||> — [|&p(t — D)2

< —allgp(t — TD|> + p22[|€]I* + p2°[1E(r — TD|>.  (45)
From (44) and (45), the derivative is bounded as

V< - (%Amin@—r ~ W,,zz) HE

3yp2* 2 2
- (" T min@) wp2 ) 1§ — ID]|

3ypl? 2
- (WOl - m) lEp(x — D)~ (46)
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Owing to (41),
Amin?(Q) — 3y 1 — 3p22y2

1
gkmin(Q)—r —wp2? =

31min(Q)
>0 (47a)
3yp2? > Y1 —3yp2? —p2*y2
- —wp2° = -

Amin(Q) Amin(Q)
>0 (47b)

2 _ 2
_ 3)/'p1 _ a(y?2 '3yp1 /o) - 0. (470

Amin(Q) Amin(Q)

Hence, the derivative V is zero at the origin and negative in
the other region

V=0 if £&¢) = &@ — D)

V < 0 otherwise.

=§&p(t —I1)=0 (48a)

(48b)

Therefore, if the matrix A + p2Ap is Hurwitz, the origin
[’;‘T(t), £T(t — 1), SpT(t — IT)] = 0 is globally asymp-
totically stable.

V. EXPERIMENTS
To validate that the proposed method increases the num-
ber of realizable tasks, we conducted experiments of the
first-priority ball grasping task and the second-priority quasi-
periodic positioning and quasi-aperiodic impedance control
with the six degrees-of-freedom robot, as shown in Figure 4.
The robot consisted of the upper and lower robots, and each
robot had the two direct-drive motors for x and y movements
and the linear motor for the z movement. The controllers
were implemented on a PC with Linux and RTAI, where the
sampling time was 7 = 0.1 x 1073

For the proposed periodic/aperiodic task priority control,
the state, tasks, and Jacobian matrices were set as follows.
The state ¢ in the joint space was

g=[010221030422]", (49)

and the coordinate of the first task x1, that of the
second quasi-periodic task x2p, and that of the second
quasi-aperiodic task x2a were

xl=[xl—x2yl—y2z1 —22]" (50a)
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FIGURE 4. Experimental robot grasping a yellow ball.

(50b)
(50c)

x2p = [xlp ylp zlp]—r
x2a = [xlayla zla]T

Accordingly, the matrices M and C of the controller (23) were
based on the following Jacobian matrices

J1 = [W(01,02) —W(H3,064)] (51a)
2 = [¥(41,62) 0], (51b)
—0.3siny1 —0.3cosy2 0
W(yl, ¥2):= | 03cosyl —03siny2 0 | (51c)
0 0 1
Nl =1 N2=1-J11]1 (51d)
J1 = JIN1=J1, J2=J2N2
= J2d —J17J1) (51e)
=1 j2N" (51f)
f = 1t J2t
= J1rguth=tj2tgar2hh.
(51g)

The mass matrix M and the gain matrices were set as
follows
M = diag(3.8 x 1072 kgm?, 3.8 x 107> kgm?,
0.16 kg, 3.8 x 1072 kgm?,
3.8 x 1073 kgm?, 0.16 kg)
Kpp = diag(6400 Nm/rad, 6400 Nm/rad,
100 N/m, 6400 Nm/rad,
6400 Nm/rad, 900 N/m)
Kap = diag(6400 Nm/rad, 6400 Nm/rad,
100 N/m, 900 Nm/rad,
900 Nm/rad, 400 N/m)
Kpv = diag(480 Nm - s/rad, 480 Nm - s/rad,
80 Ns/m, 480 Nm - s/rad,
480 Nm - s/rad, 100 Ns/m)

(52a)

(52b)

(52¢)

(524d)
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FIGURE 5. Experimental results with the conventional method.

Kav = diag(480 Nm - s/rad, 480 Nm - s/rad,
80 Ns/m, 450 Nm - s/rad,

450 Nm - s/rad, 40 Ns/m), (52e)

which satisfy that the matrix A 4+ p2Ap is Hurwitz and
the global asymptotic stability with Theorem 1. The quasi-
periodic and quasi-aperiodic commands were

1% = [0m Om —0.1m]" (53a)

2
—0.05 sin ?”t m
cmd 27
z2p =103-0.05{1—cos ?t m (53b)
2
0.1 sin _th m
3

z2a™ = 0. (53¢)

Before the activation of the proposed method (¢ < O s), the
classical priority control without the periodic/aperiodic sepa-
ration control was conducted with the first-priority grasping
task and the second-priority quasi-periodic task only for the
initialization of the PASF. After initializing the PASF, the
proposed method was activated. For the PASF, the separation
frequency was set to p = 0.01 rad/s.

The experiments compared the proposed method with the
conventional priority control [5]. The conventional method
prioritized tasks on the basis of the null space projection in
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FIGURE 6. Experimental results with the proposed method.

the same manner as the proposed method, while it did not
realize the quasi-periodic and quasi-aperiodic tasks. Hence,
in the experiment, the conventional method realized the task
assigned to the proposed method as the quasi-periodic task
in the second-priority level. In the first-priority level, the
conventional method realized the same task as that of the
proposed method.

The experimental results with the conventional method
are shown in Figure 5. In the first-priority task shown in
Figure 5(a), the displacement between the upper and lower
robots in x and y directions was almost zero, and the z direc-
tion was impedance controlled for grasping a ball. The error
between the command z1°™4 —z2¢Md and response z1 —z2 was
caused by grasping the ball and corresponds to the size of
the ball. In the second-priority task shown in Figure 5(b), the
position responses x1, yl, and z1 followed the commands
xlemd - y1emd “and z1°Md. Thus, the conventional method
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performed the six tasks including the two first-priority syn-
chronizations of the upper and lower robots in x and y direc-
tions, one first-priority impedance controlled ball grasping
in z direction, and three second-priority positionings of the
upper robot in x, y, and z directions.

The experimental results with the proposed method are
shown in Figure 6. The proposed method achieved the pri-
oritization of the first-priority task of Figure 6(a) and the
second-priority task of Figure 6(b) on the basis of the torque
computation (23) and achieved the quasi-periodic and quasi-
aperiodic tasks as Figure 6(b) on the basis of the separation
control (29). Figure 6(a) shows similar results to those of
Figure 5(a) because they used the same control in the first-
priority level. In the second-priority level, quasi-periodic
moving task and quasi-aperiodic adaption task were con-
ducted, where the quasi-periodic position responses tracked
their commands and the quasi-aperiodic position moved to
be adaptive against the experimenter’s contact in 30-35 s,
as shown in Figure 6(b). Thus, the proposed method per-
formed the nine tasks including the two first-priority synchro-
nizations of the upper and lower robots in x and y directions,
one first-priority impedance controlled ball grasping in z
direction, three second-priority quasi-periodic positioning of
the upper robot in x, y, and z directions, and three second-
priority quasi-aperiodic impedance controlled adaptation task
in x, y, and z directions. Therefore, compared to the conven-
tional method, the proposed method achieved to increase the
number of realizable tasks from six to nine.

VI. CONCLUSION

This paper proposed the integrated control of the priority con-
trol and periodic/aperiodic separation control. The proposed
method can realize prioritized and separated quasi-periodic
and quasi-aperiodic tasks, where the lower-priority quasi-
periodic and quasi-aperiodic tasks are modified not to dis-
turb higher-priority tasks. The global asymptotic stability
was proved on the basis of the Lyapunov function, and the
experiments comparatively validated the proposed method
increased the number of realizable tasks with first-priority
grasping, second-priority quasi-periodic moving, and second-
priority quasi-aperiodic adaptation tasks.
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