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ABSTRACT Robust adaptive tracking control design for quadrotors with unknown parameters, including
the thrust and the drag factors, is presented. Firstly, the adaptive linearizing control approach is employed
for conquering the issues of unknown input gains in both the outer- and inner-loop design steps. Secondly,
based on the barrier Lyapunov function (BLF) method, a robust virtual controller is constructed in the
intermediate design step for counteracting the coupling nonlinearity and speeding up the convergence at
the same time. Thirdly, the dynamic surface control (DSC) technique is applied for alleviating the measure-
ment of acceleration signals and explosion of complexity problem simultaneously. Last, the serial-parallel
identification model (SPIM) based composite update algorithms are incorporated for further improving the
tracking performance. In particular, the prediction errors are ensured to converge to the vicinity of zero
without relying on the parameter convergence. Simulation studies demonstrating its validity are carried out

in the final.

INDEX TERMS Composite update algorithm, quadrotors, robust adaptive, unknown input gains.

I. INTRODUCTION

Motivated by its wide variety of applications, control of
quadrotors has attracted lots of attentions in both the aca-
demic and industrial fields in recent years ([1], [2], [3], [4],
[51, [6], [7], [8], [9], and the references in [10]). It is quite a
challenging task for the under-actuated and highly nonlinear
coupling features of the system [2], [11]. In this regard, the
backstepping tool is widely adopted for tackling such a task
and a vast of relevant control algorithms are now available
in the literature [12], [13], [14], [15], [16], [17]. Among oth-
ers, the adaptive backstepping control is applied for dealing
with the parametric uncertainty in mass, inertia, viscosity,
etc, while the robust backstepping control is for coping with
nonparametric uncertainty, e.g., the wind turbulence, nonlin-
ear coupling, etc. [10], [12], [18]. Noticeably, most of the
aforementioned works use the thrust force and torques as their
control inputs, of which the required motors’ rotary speeds
can be directly calculated when the proportional constants,
namely, the thrust and the drag factors, are available (see [10],
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[11] and references therein). Unfortunately, these two con-
stants are difficult to attain in real operations since they vary
with some environmental factors such as the air density, lift
constant, etc. [2], [6], [19].

Clearly, it is more practical to use the motors’ speeds as the
control inputs instead. The task turns into the control design
with uncertain input gains based on a state-space model. First,
via estimating the reciprocal of the input gains, the immersion
and invariance (I&I) based saturated guidance control law in
[20] conquered the limited thrust force without igniting the
control singularity at the same time. The I&I method was
also adopted in the outer-loop design of [21] for estimating
the unknown viscosity-to-mass ratio. To detour the difficulty,
another common approach is to launch the control synthesis
based on the physical model with unity input gains. However,
such a model is not affable to the incorporation of standard
identification schemes for performance improvement [12].

The standard backstepping design starts from stabilizing
the translational (outer-loop) tracking error dynamics via
using the nonlinear coupling term as the virtual control input.
Next, the inner-loop control is activated to manage the error
between the coupling nonlinearity and the virtual controller
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to converge to zero [16]. Under such an architecture, the
hierarchical control uses the time-scale separation (TSS) fea-
ture between the translational (slow) dynamics and the rota-
tional (fast) dynamics to separately design the controllers and
then invokes the singular perturbation method for stability
analysis [16], [17], [22]. The passivity-based approach con-
sidered the translational and the rotational dynamics as two
interconnected passive subsystems. The control task reduces
to the asymptotic stabilization of two uncoupled tracking
error subsystems [21], [23]. Noticeably, the former approach
calls for high control gains while the latter may involve dis-
continuous control for ensuring the asymptotic stability in the
presence of exogenous disturbances [21]. On the other hand,
the saturation control is an alternative without resorting to the
TSS and asymptotic stability [24]. However, the correspond-
ing domain of attraction is hard to prescribe beforehand.

Adaptive control is known to suffer from poor transient
behaviors in general [12], [18], [25]. Via including the
prediction-error terms into the update algorithm, the so-called
composite adaptive control is a popular approach for allevi-
ating such a drawback in the literature [24], [26]. To name a
few, the direct and indirect model reference adaptive control
in [27] includes a bilinear predictor model to generate the
prediction error and improving the tracking performance of
quadrotors. The article in [24] proposed a saturated adap-
tive I&I-based control strategy for the trajectory tracking
of quadrotor systems. Shao et al. proposed an I&I-based
adaptive controller for anti-unwinding attitude maneuvers
[28]. Noticeably, performance improvement in these works
relies on parameter convergence, which in turn imposes cer-
tain excitation criteria on the regressors, such as persistent
excitation [18], [29], internal excitation [30], cooperative
finite-time excitation [31], etc. In contrast, the composite
adaptive control in [32] guaranteed the convergence of pre-
diction errors to a small set around zero without any exci-
tation criteria. However, it cannot be directly applied to the
quadrotors which are not in the linearizable canonical form.

In this regard, we aim to synthesize a robust adaptive
tracking controller for tackling the aforementioned issues
in this article. First, considering its ease of incorporating
the standard serial-parallel identification model (SPIM) [29],
the adaptive linearizing control is adopted in the inner- and
outer-loop design [32]. The possible control singularity is
prevented via the parameter projection method [12]. Next,
a barrier Lyapunov function (BLF)-based robust virtual con-
troller is built in the intermediate design step for suppressing
the coupling nonlinearity and speeding up the convergence at
the same time. The dynamic surface control (DSC) technique
is applied for alleviating the measurement of acceleration
signals and the explosion of complexity problem simultane-
ously [33] and [34]. Last, an SPIM-based composite update
algorithm guaranteeing the convergence of prediction errors,
is incorporated to further improve the tracking performance.
The main contributions of the paper are summarized as
follows.
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i) Therotors’ speeds instead of the popular thrust force and

torques are utilized as the control inputs.

ii) The residual coupling nonlinearity is directly compen-
sated without resorting to the TSS or passivity features
of the system.

iii) The adopted SPIM-based composite update law
ensures the convergence of prediction errors without
relying on the parameter convergence, which in turn
improves the tracking performance.

The rest of the article is arranged as follows. Section II
describes the system model and the tackled problems. Sec-
tion III presents the controller design and the corresponding
stability analysis. Section IV carries out some numerical
studies to demonstrate the validity of the proposed design.
Conclusion is finally drawn in Section V.

A. PRELIMINARY
In this paper, |£| denotes the absolute value or Euclidean
norm when £ is a scalar or a vector, respectively; (T) is the
estimation of an unknown parameter vector (-) and ¢ =
()—(). The componentwise multiplication of any two vectors
X,y € R3 is defined as x. % y = collx1y1, x2y2, x3y3].
tanh(x) = col[tanh(x}), tanh(x), tanh(x3)], x" =
[0, —x3, x2; x3, 0, —x1; —x2, x1, 0]7 and (x")¥ = x.

Lemma 1 ([3]): Fory € R? and M € R**3, the following
equality holds:

tr(My") = —y" (M —MT)Y (1)

Lemma 2 ([1] and [16]): Fory € R}, R € SO(3) with
rotation axis k and angle &, the following equalities hold:

_ pTy\Vv
|w| =cos;/tr(l—R) 2)

2
trIl —R) =2(1 —cos&) 3)
RO)"R" = Ry)" 4

Lemma 3 ([17]): For x € N, if x € [0, k), the following
inequality holds:

I k __x )
n
k—x " k—x
The standard projection algorithm is in a form of
0 = P(o), (6)

where @ is the estimation of the unknown parameter vector 6,
which lies within a prescribed compact convex set 29 C RP,
and o is the function such that § = o, whenever 0 stays in
the interior of 2. It ensures that [12]
P1): 6(t) € Q, ¥t > 0, whenever (0) € Qp;
P2): —éTProj(a) < —-0To.

The following inequality is essential to the subsequent
stability analysis [35]

0<|c|—ctanh(=) <ccwo, Yo eR (1)
wo

where ¢, = 0.2785 and wy is a positive constant.
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FIGURE 1. Configuration of a quadrotor.

Il. SYSTEM MODEL

The quadrotor’s configuration depicted in Fig. 1 is gener-
ally described in two reference frames, a stationary inertial
frame £ = {xg, yg, zz} and a body frame B = {xp, yp, zp}
located at O and the center of mass Op, respectively. Let
p = [px,py,pZ]T and v = [vy, vy, v;]T denote the position
and the translational velocity of Op in frame E, respectively,
and Q = [y, Qy, QZ]T denotes the angular velocity of the
vehicle in frame B. The physical model of a quadrotor is given
by

p=v (8a)

. ~ T .
V= —8Z+ —RZ (8b)

) m

R =RQ" (8c)
JQ=-QNQ++ (8d)
Inw; = tni — Oi, (8e)
where i = 1,---,4, mis the mass, J = diag{Jx,Jy, J;} is

the inertial matrix, z = [0, 0, 1]7 is the third basis vector of
R3, g = 9.81 m/sz, T € Rand t = [7y, Ty, rZ]T denote the
applied thrust force and torque generated by the four rotors
in frame B, respectively, J,, is the inertia of the motor, w;
and 7, ;, are the rotary speed and torque of the i,th motor,
respectively, Q; is the reactive torque (due to rotor drag), and
R € SO(3) is the rotation matrix which, in terms of the Euler
angle o = (¢, 0, ¥)T, is given by [15]

COCy SPSOCYy — ChpSyr CHSOHCy + SpSyr

R = | cosy S¢Sosy + CpCy CySeSy — SpCyr ©)]
—Sg SpCo CopCh
where c, and s, are the abbreviations for cos(x) and sin(x),
respectively.
Based on (8c) and (9), @ is related to 2 by
o =W (10)
where
1 Co S9S¢p SeCo
W= —1 0 cgcp —cos¢ (11
910 s c
¢ ¢

Clearly, W is invertible for all § # 2k — 1)z /2.
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The reactive torque may be modeled as [15]
Qi = Koy, (12)

where « is the drag factor. It then enters (8d) as a part of
the total torque t, which may contain additional components,
such as disturbances, gyroscopic torques, etc. By ignoring
these minor contributions for simplicity, the thrust force T
and the torque vector T can be expressed in terms of the
motors’ speeds w;, i = 1,2, 3,4 as [2], [3], [4], [5], [6], [7],
[81, [9], [10], [11], [12], [13], [14], and [15]

T b b b b w?
wl| | 0-b 0 bl w5
T bl 0 —bl 0 w3 (13)
T, K —K K —K w%

A

where [ is the distance from Op to the rotation axis of each
rotor, while b denotes the thrust factor.
The following two assumptions are essential to the subse-
quent control design.
o Assumption 1: The reference dignals d'p.(t)/dt! and
diy.(t)/dt',i = 0, 1, 2 are bounded and known a priori.
o Assumption 2: The signals d'p(t)/dt' and d'e (1)/dt’,
i = 0, 1 are measurable.
o Assumption 3: The Euler angles are bounded by —% <
p<%5. -5<0<%,-m<y<m.
The control input u = colluy, uz, uz, ua] € R* in this
article is defined by

1

11
_ _lo-10 1 w5
Uu=Aw.*xw = 0 —1 0 5 (14)

-1 1 -1 Z

—_—_— -

Although such control inputs have also been utilized in
some works [15], [36], [37], however, so far they are restricted
for cases with known input gains. Accordingly, (13) can be
rewritten as

T bu
T | _ | blup
Ty o blu3 (15)
Ty KUq

o Assumption 4: The motor’s dynamics in (8e) is negligi-
ble compared to the vehicle dynamics in (8a)-(8d).

Remark 1: The system model (8a)-(8e) consists of the
vehicle dynamics (8a)-(8d) and the motor dynamics (8e),
with the latter coupled to the former via the rotors’ speeds.
By virtue of Assumption 4, we only need to focus on the
vehicle dynamics via using either the popular (7', t) pair or u
in (14) as the control inputs. In either cases, the synthesized
control law should next be transformed to the commands
for the motor subsystem to track in practice [15], [36], [37].
It should be noted that such a procedure cannot be carried
out in the former case when the input gains are uncertain.
Consequently, the proposed design is more suitable under
such circumstances.
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Control objective: This article aims to synthesize a con-
trol strategy for the tracking of a reference command
(pc(t), ¥c(2)) in the presence of parametric uncertainty in m,
J, 1, b,and k.

To that end, three major challenges have to be conquered
a) manipulation of the residual coupling nonlinearity without
resorting to the TSS or passivity properties; b) avoidance
of the measurement of acceleration signals and the explo-
sion of complexity problem while preserving stability of the
closed-loop system at the same time; c) development of a
composite update algorithm for ensuring the convergence
of the prediction errors and hence improving the tracking
performance.

Ill. CONTROL SYNTHESIS

The control design consists of two consecutive steps, i.e., the
outer-loop and the inner-loop designs. In particular, the
residual nonlinear coupling term appearing in the former
is suppressed via a robust control component in the latter,
followed by the DSC technique for preventing the consequent
measurement of acceleration signals and the explosion of
complexity problem, etc. Last, SPIM-based composite update
algorithms, which ensure the convergence of the prediction
errors to the vicinity of zero, are incorporated. Details are
given in the following.

A. OUTER-LOOP DESIGN
Define the auxiliary tracking error vector

t
Zp = Ve + Agpe + )\h/ pe(m)dn, (16)
0

where A4, A, > 0 are gain constants, p, = p — p¢, and
Ve =V — Pe.
By a direct differentiation of z, it yields

Zp = —(8Z+ Pe) + Aave + Abpe + Ou1 RZ A7)

where 6, = b/m.

To stabilize the z, dynamics in (17), the rotation matrix
R should provide appropriate coupling forces. Denote such
a matrix by R, and treat « = ujR.Z as the control input.
Equation (17) can be rewritten as

Zp = —(8Z+ Pc) + Aave + Aope + O + Ou1 SRz (18)

where 6R = R — R,.
o Assumption 5: " < 6, < 6}, with 0 < 6,", 6/ being
known a priori.
The control input « in (18) is specified as

1
«=¢ (19)
6,

where
01 = —kpzp — Aave — Appe + gz + pe (20
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Based on (16), it is clear that the linear control term —k,z,
in (20) is actually the PID control in the p, dynamics. By sub-
stituting (19) and (20) into (18), it yields the following closed-
loop z, dynamics

. N 0
Zp = —(8Z+ Pe) + Aave + Appe + @1 + (é—t - Dey
t
+ 9,u18R2

0 .
= —KpZp —+ eTt(pt + Qtul(SRZ (21)
1

Compared to the popular Lyapunov-based update algo-
rithm (LBUA), the composite update algorithm generally
leads to better tracking performance [26]. In this regard, the
following SPIM is introduced [29]

Zp = — (g8 + Pe) + Aave + Mope + O Re + 8,7, (22)

where 7, =z, — 2.
By subtracting (17) from (22), it yields

Zp = —BpZp + 0 (u1R2) (23)

The following equation is easy to verify and will be used
frequently in the upcoming formulation

10,1 RE| = |9}§| (24)
t

The composite update algorithm for 6, is specified as
0r = P(ny), (25)
where

e = y1l(1 + pBp)Z) (u1R2) — 016,] (26)

By virtue of P1, it is clear that ét(t) lies within €2, 2
{0,101 < 6, < 6!} for all time once 6,(0) € ;.

Remark 2: Even though the thrust factor b can be identi-
fied through an off-line static thrust test, however, uncertainty
in 6; may easily arise from changes in the payload, air density,
etc., in a real fly [19]. Consequently, it is more practical
to consider cases with prior knowledge of the bounding set
[0]", 6/] than 6; itself. Note that such a bounding set is not
difficult to determine when a nominal value of 6, is available.

Using (9) and (19), the desired pitch and roll angles are
generated as

S 01 — Cyr . O
||
0, = tan~1 (XL Sy @7)
o3

By replacing ¢, 6, and ¢ in (9) with ¢, 6., and V., the
rotation matrix command R, can be attained immediately.
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B. INNER-LOOP DESIGN
The inner-loop control design aims to minimize the desta-
bilizing effect caused by the residual coupling nonlinear-
ity 6;u18Rz in (21). Before the start, the bound for SRZ is
estimated as
|8R2? = 2T (R — R)T (R — Ro)z
=221 = R)2
<27 —RIF +3"T =R +2" (I =R

where R, = RT R. Tt follows that
|8RZ| < +/2tr(I — R,) (28)

First, the criterion —1 < #r(R,) < 3 fulfills since R, €
SO(3) [1]. Therefore, the bound in (28) is well-defined. Next,
based on (2) and (4), the control objective is then equivalent
to ensure ¢ = (R, — RT)Y — 0and 0 < tr(I — R,) < 4 for
all time. To speed up the convergence, the restriction is set to
0<tr(I —R,) < a,0 < a < 4 in the upcoming derivation.

To begin with, define the following BLF
a

Vp=In—M— 29

b na—tr(I—Re) 29

Clearly, boundedness of Vj, implies that 0 < tr(I—R,) < a,
or equivalently, (1 — 0.25a) < cos?(£/2) < 1.0 based on (4).

Under such circumstances, (28) can be further simplified as

. 2
IRE| < (7= el (30)
—a
By a direct differentiation of (29), it yields
) r(R
vV, = _A
a—tr(l —R,)
tr(R.Q
— _ r( e g) (31)
a—tr(l —R,)
where Q, = Q — Q. with Q. = RT(RTR.)" [17].
Based on (1), one has
T
. e Q,
Vpy= ———— 32
YT A — R (32)

Note that €2, contains the acceleration signals v, embedded
in R, and therefore is not directly cancellable. To get this
around, the following first-order low-pass filters, i.e., the
DSC schemes, are employed herein

bef = Bo(de — beg)s e r(0) = ¢e(0),
Ber = BoBc — Oep),  Ber(0) = 6:(0), (33)

where By > 01is a constant, ¢ and 6. 7 are the outputs of the
filters. By replacing d)c and éc in RC with d)c,f and 9'0, f»anew
matrix RC, 7 is generated and will be used as an approximation
of R. to resolve the aforementioned difficulty. Its justification
will be further clarified later in Remark 3.

Based on (1) and (33), (32) can be rewritten as

. eTQ,
Vp= ——
a—tr(l —R,)
Q- Qep —89Q) 34
~ a—tr(l —R,)

where Q.; = RI(RTR. ;)" and Q2 = Q¢ — Qe
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Note that S'Zc,f is also non-cancellable. Therefore, the fol-

lowing DSC scheme is employed again
QO = oy — Q) QLp0) = ey (0),  (35)

where Q¢ r € R? is the output of the filter.
Define a new error state z,

2e=Q—-Q;—q, (36)
where ¢ is the output of the following filter
9(0) = ae(0), (37

with o, being the virtual controller to be specified later on.
Equation (34) can be rewritten in terms of z, as

q = Polae — ),

V. — el (zo + otp — S0ty — 82 — Q. f) (38)
b= a—1rd —Ry,)

where 8o, = @ — g and §Qf = Q¢ p — Q?f
The virtual control «, is specified as

kpoe
= ke - ——228
e b T~ Ry b.3u1Zp|
k
(@ tr(I — Rp)ytanh( 3101 (39)
wo

where kp ;, i = 1,2, 3 are gain constants.
Remark 3: In the conventional backstepping design, the
error state z, is in a form of
Ze = Q2 — Q“’f — . (40)

c

Due to the direct compensation of the residual coupling
nonlinearity in (39), the corresponding z, dynamics will con-
tain acceleration signals v, and z,, arising from ¢,. They may
call for extra implementation costs and incur the explosion of
complexity problem at the same time [34]. Via introducing
the DSC method in (37) and a redefinition of z. in (36), such a
difficulty is alleviated since it is the filtered output g instead of
o, being differentiated [33]. Clearly, to minimize the possible
deterioration in tracking performance, the state g(¢) should
resemble () as much as possible, which can be achieved
via picking up a big So.

Via substituting (39) into (38), it yields
kel keolel?

a—trd —R,) (a—tr(l —R.))?
kp 3u1 |Zp|8)

wo
el (ze — Sate — 8 — Q% f)
a—tr(l —R,)

On the other hand, by a direct differentiation of z, in (36),

it yields

7, =

— kp3u1 IzpleT tanh(

(41)

Ze = Q - Q?,f - C]
=J (= +n) - QL —¢
=0y %+ Y 0, — QU — g (42)
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Position error p,; (m)

proposed method
e compared method

(o} 20 40 60

Time (s)

FIGURE 2. Position error pg ;.

0.2
a proposed method
i ———
E 0.1 7:.% A compared method |
= o\ [
=
= -0.17
£ 02|
-0.3
(0] 20 40 60
Time (s)
FIGURE 3. Position error pg 5.
i = T g — colfbl bl x
Where u= [u29 u37 I/[4] ’ 914 - COl[Jl ’ -12 1) J3 ]7 and
Jy=Jo Jy—=Jdy Je—Jy p
Or = [ ) , ]
T Jy J,
9, 0 0
Y,=| 0 Q. 0 (43)
0 0 29

The following control algorithm for u is proposed herein,

A

u= ;1.*(/)“ (44)
where 0! = col[1/6,.1,1/6,.2, 1/6,.3] and
Or = —keze — Y, 0, + Qz’f +q, (45)

with k, > 0 being a gain constant.
By substituting (45) and (44) into (42), it yields the follow-
ing closed-loop system
Ze = —keze + 0. %071 x 0, + Y,0,
= —keze + YO (46)
\yhere Y = [YMEY,], Y, = diag(q),,,-/éu,,-),i =1,2,3, and
Y = — 9, with & = col[6,, 6,].

Similarly, to achieve better tracking performance, the fol-
lowing SPIM for estimating @ is adopted herein

ée = ,BzZe + Yé - Q(Z,f - Qev (47)

where Z, is the estimated state, 8, > 0 is a gain constant, and
ze = Ze¢ — ze-
By subtracting (42) from (47), it yields

Ze=—Bi A+ YD (48)

33074

0.5

proposed method
———-—- compared method

Position error p, 3 (m)

40 60
Time (s)

FIGURE 4. Position error pg 3.

3-D trajectory

z(m)

05 T T

05 T o
y(m) R x(m)

FIGURE 5. Trajectory in 3-D space.

o Assumption 6: 6], < 0,; < 0/, wherei = 1,2, 3 and
0., ) ; are known constants.

The composite update algorithm for D is specified as
o =n, (49)
where n = col[P(n,), n,], with

M = Y2(Yulze + (1 + Yo B)Ze] — 0204},
1 = ol Yrlze + (1 + v 8)7] — 026, ), (50)

where y», o > 0 being gain constants. Similarly, 6.(1) lies
within Q, 2 {6ulO"; < 0. < 0).i = 1,2,3 for all time
once éu(O) € Q,.

Remark 4: By a simple manipulation, (23) and (48) can be
rewritten in a singular-perturbation form of

1d . - ~ -

,B_E(ﬁpr) = _ﬂpzp + 0;u1RZ,

P

1 d - 5 ~

,B_E(IBZZE) =—BZ+ YV (5D
4

Clearly, the subsystems (23), (33), (35), (37), and (48)
act as the fast dynamics while the rest closed-loop system
is the slow dynamics when By, B,, B; > 1. Under such
circumstances, the errors |v,(¢)| = 8,2y — Gui Rz, |vp| =
BZe — YOI, 18¢cl = |be — el 186 = 16 — begl,
|62 ], and |da,| converge exponentially to the set [0, €]
within the time interval [0, 7] and stay there for ¢t > T,
where €1, 71 > 0 can be made arbitrarily small via using
sufficiently big Bo, By, and B, [33].
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proposed method ]
— compared method

Yaw error 9, (m)

o) 20 40 60

Time (s)

FIGURE 6. Yaw angle error ye = ¢ — .

0.2
0.2 proposed method
— ———— compared method
& 0.1 o
= o
< o 0.1 0.2
e Of
= i~
3
/~ -0.1
-0.2
(0] 20 40 60

Time (s)

FIGURE 7. Roll angle error ¢e = ¢¢  — éc-

Remark 5: Via taking Laplace transformation on both
sides of (33), we have

1
bef(8) = —————=0c(s),

(s/Po)+1
1
c = T o~ 1Y\8) 2
Oc.r (5) /P & 79 (s) (52)
Next, by multiplying s to both sides of (52), it yields
. 1 .
e p(t) = mfﬁc@),
. 1 .
O, = ——6:(1), 53
s /B 11 ) (33)

which implies that |8¢¢| = | — de.r| and |86, = |6 — b5
will also converge to [0, €1] within [0, 7T7]. It can then be
expected that [6R.| = |R. — Rep| = |(dR:/dd)8¢. +
(8RC/896)89.C| will be O(e;) for all t > T}. As a consequence,
|6€2.] will also converge to [0, €;] within [0, T7] after a
reselection of T7.

Define

k, = min[2k, — 1,2B,, y101, (4 — @)kp,1, 2ke — 1,
2B;, y202]

. 1
Yo = min(y, — —, ¥p)
0;
8a = (Vp + vo + 3)ei + 0110:1> + 02| > + 6¢.wo
kp = min[2k, — 1, (4 — aYkp.1, 2k, — 2]

8 = (1 + ¢1)84/va + 367 + 6¢cwo (54)
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The main results are summarized in the following.
Theorem 1: Consider the closed-loop system, consisting
of the system dynamics in (8), the virtual/actual controllers in
(19), (39), (44), and the update algorithms in (25) and (49).
For any bounded initial states fulfilling é,(O) e [6/",6/],
éu,,'(O) € 16,;,0,,1.i =1,2,3, and tr(I — R.(0)) < a, the
following properties hold when k,, kp, ¥4 > 0, kp 2 > 2, and
k3 > (2/(4 —a))'/2.
F1) All the signals in the closed-loop system remain
bounded for all time.
F2) tr(I — R.(t)) <a,Vt > 0.
F3) There exists a finite positive number T}, such that

- - 1+c¢1)d
U622+ o2 < (e sq
9[ Va

Vt > T4, and 0 < c1 < 1 is an arbitrary constant.
F4) The tracking error z,(¢) is ultimately bounded by

(1 4+ ¢2)6,8p
kp

where 0 < ¢y < 1 and T > T, is a positive number.
Proof: Select the following Lyapunov function

lzp| < vt > Tp, (56)

’

11 7 ~T~ 1~ 7
Vi) = E(G—tzpzp +2,%p + ;9, +2,2
N
+ Z,2 + y—z? PN+V 57
2

The time derivative of Vi (¢) along (21), (23), (25), (41),
(46), (48), and (49) can be calculated as follows

. 1 T- T 1 -~ x .
Vi@t) = Q—Zpr +2,2p — —0:6; + V
t Y1
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. T2 1 -7
+ 2z, +70z, — —oTd
V2

1 1% .
= ;(_kpZ;Zp + GTIZZ%) + u1ZZ§RZ
t t

— 6,P(ny)
B kp2le|*
(a —tr(d — R,))?
kb,3M1|Zp|8)
wo

o' (ze = b0 = 6Qc = 8Qcy) 57
a—tr(l —R,)
+ 7l (—keze + YD)+ 2L (—BZ + YD) (58)

+ 2L (—BpZp + Oru1 R?)
kp,1lel*
a—tr(l —R,)

- kb,gullzpleT tanh(

By including 6, 'z]'z, instead of the standard z!z, into
(57), the required gain kp 3 is significantly reduced when 6;
is with a high value, e.g, the typical value of 6, = 91.76 in
the subsequent Section IV. The price is that the prediction
error term 9;1@, ¢:/6; cannot be directly canceled. By using
the modular update algorithm in (25), such a difficulty is
circumvented with ease [12].

By completing the squares, one has

T

) 1 6,
071020 < 20711222 4 17,
o, 2
T 2
€'z 1 e
e <2 |&] 2-+IZA2)
a—tr(d —R,) — 2 (a—tr(I —R,))
_ T § 1 2
&' (Soe) <- le] + |5Oée|2)
a—tr(l —R,) ~— 2 (a—tr(I — R,))
—eT (892, 1 2
£ (682) <= le] +|5Qc|2)
a—tr(l —R,) ~— 2 (a—tr(I — R,))
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T 2
—eT(6Qey) 1 le] 5
<5 +162¢17)

a—trdd —R,) ~ 2 (a—tr( —R,))?

(59)
Next, by substltutlng (59) into (58), then cancelhng out

the indefinite terms 9,(u1z R?), (ze + +Z.)T Y based on P2,
it yields

. 1 16 .
i) = 21—y — 3 L 51 PT+ nz) SR:
t t
- kb,1|<9|2 (kp,2 — 2)le|?
- :8p|zp| - - 2
a— tr(I —R,) (a— tr(I —R,))
kp 3u1lzple
— kp3urlzple” tanh(—”) (ke — —>| o

— Oi(ypBpZ) (1 RZ) — 0190 — Bl %
. B ~ 1
— 3T (e BY 2 — 02D) + 5(|6ae|2 + 1692/
+ 1892417 (60)

By recalling (24) and completing the squares again,
we have

—VpBpliZ) (1 RZ) = —yp(va + 6,1 RE) (0111 R2)
Y ~ ~
< 7”(—|ezu1Rz|2 + val?)
p = Pt 2 2
= (-0, =
> (= t9t| + [val®)
—veBT YTz, = —pp(Y ) (v + YD)
%(—WW + )

~ A o ~
0106, < é(—ef +62),
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0BT H < %(—575+0Tﬁ) ©61)
The following result can be easily inferred based on (30)

)

. kp 3uilzple
ulzl];(SRZ — kp3u1 |Zp|8T tanh(4
wo

2 p
< (m) / urlzpllelr — kp3u1lzp|

kp3utlzple

- &7 tanh( ) < 3ccwo (62)

wo
Based on (2) and (5), it can be easily seen that
_ kpaleP
a—tr(l —R,)
25 tr(Il — R,)
2a—tr(I —R,)
a
—4kp (1 — =)1
b.1( 4) n

= —4kp,1 cos

IA

a
a—tr(l —R,)

—(4 — a)kp,1Vp (63)
Substituting (62)-(63) into (60), it yields

AL ETR)

t

IA

. J/ ~
Vi < —k,V1 — 7(1('9!

1
+ E[yp|va|2 + Yo vpl? + 180t |* + 1821
+ 18Qcf1? + 0116 + 2|9 1* 1+ 3ccwo (64)

As explained in Remark 4, given €; > 0, there exist 0 <
T and sufficiently big By, By, B;, such that the errors |v,(?)|,
[vp (D), 18ae(t)], [682:(¢)], and |8€2. f(¢)| converge exponen-
tially to the set [0, €1] within the time interval [0, 7] and stay
there for r > T. As aresult, (64) can be rewritten as

. ~ ~ )
Vi< —kaVi = Z0GZ P+ 13RI+ 2 (65)

2 0, 2
for all # > T. Clearly, F1 and hence F2 sustain immediately.
Define
o(t) = max{0, (2k,) "' [(1 + ¢1)q
~ (p ~
- ya<|9,97’|2 + Y9 H]) (66)
t

It is not hard to see that 0 < o(¢) < (1 + c1)84/(2ky).
By adding and subtracting k,0(¢) to the righthand side of (64),
it becomes
C18a

2

Vi < —ka(V1 — 0(1)) — (67)
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TABLE 1. Numerical values of model parameters.

Symbol | Value Unit

J [0.0259, 0.0260, 0.0397]T kg -m?

m 1.336 kg

l 0.2 m

b 122.6 N/(103rad/s)?

K 6.48 N -m/(103rad/s)?

Since Vl < —c184/2 whenever V| > o(t), consequently,
there always exists a constant 7, > 0 such that V] <
o(t),Vt > T,, which in turn implies that ya(létgot/é,|2 +
|Y5‘|2) <+ c1)84/2,Vt > T,. Property F3 is thus proven.

Finally, define the second Lyapunov function V, =
(1 /2)(6’,*1z;zp + z8'z,) + Vp. Its time derivative can be
calculated as

. 1 g .
Va(t) = 9—(—kpz;zp + QTIZ;%) + MlzchRz
t t

kel kpalel?
a—tr(I —R,) (a—tr(I —R.))?
kh,3u1|Zp|8)

— kp3u1 |Zp|€T tanh(
wo

el(ze — Sate — 8 — 8 f)
a—tr(I —R,)
+ 2l (—koze + YD) (68)

By invoking (62)-(63) and F3, after some straightforward
manipulations, it yields
Vo < —kyVo + %’ vt > T, (69)
The property F4 can then be inferred immediately. [ ]
Remark 6: The major advantages of the proposed design
are twofold, the direct compensation of the coupling nonlin-
earity 6;u16R and the SPIM-based update algorithm. Without
the former, high control gains are required for ensuring the
stability of the closed-loop system. Without the latter, on the
other hand, it can be seen from (65) that z,, will be ultimately
bounded by

1+ ¢)6,6
|zp(t)|s‘/(;¢, Vt > T, (70)
a

where k, = min[2k, — 1, (4 — @)kp 1, 2k, — 1, y101, y202]
and 8, = 3612 + 0116 * 4+ o2 |9 * + 6cwo.

To decrease the error bound in (70), the gain k, has to
be tuned big, which in turn may lead to poor transients
or even high-adaptation instability when yjo1, y200 > 1
[25]. In contrast, the proposed SPIM improves the tracking
performances in two ways

o The error bound in (56) can be decreased via solely using

abig kp, i.e., big control gains kp, kp,1 and k., without big
adaptation gains y;01, y202. The transient performance
is therefore improved.

« Viaincreasing the gain constants y;, and yy of the SPIM,

ép and hence the error bound in (56) will be decreased.
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The steady-state tracking performance is improved at the
same time.

IV. SIMULATION

Note first that the proposed design reduces to the stan-
dard TSS approach with LBUA when k,3 = 0, n, =
v1l@y @1/00) — 1611, 1 = ya(Yuze — 026,). and

nr = y2(Yrze — 020,). (71)

A comparative numerical study between these two schemes
will be conducted herein to highlight the major advantages of
the former.

The adopted model parameters are shown in Table 1.
To facilitate the computation, the rotary speeds w;,i =
1,---,4arein the unit of 10?rad /s. For consistency, the units
for the parameters b and « in Table 1 are N /(10°rad /s)*> and
N -m/(10°rad /s)?, respectively. The reference trajectory is
pe = [1.0c0s(0.5¢), 1.0sin(0.5¢), 1.0 + 0.2 5in(0.5¢1)]” and
Y. = 1.5sin(0.5 7). The adopted numerical values are: A\, =
1.0, \p = 1.0,k = 1.0, 1 = y2 = 0.5,y =y = 10.0,
0;,=0001,i=1,---,4,8,=8,=5.0,kp| =kp3=1.0,
ke =02, kpo =2.0,0" = 0.56;, 6} = 2.06;, 6, = 0.56,,
6} = 2.00,, and wo = 0.2, Bp = 0.1. The initial states are
randomly chosen from [0, 0.3] except that o, (0) and éu(O) are
taken from [6;", 6,'] and [6,], 6], respectively.

The tracking errors p.(t) and v.(¢) of the aforementioned
two methods are depicted in Figs. 2-6. Clearly, the proposed
design exhibits better tracking performance than the latter.
The roll and the pitch angle errors, i.e, ¢.(¢) and 6,(t), are
kept small after a few seconds of transients, as depicted in
Figs. 7-8. The convergence of prediction errors in Figs. 9-10
highlights the major advantages of incorporating SPIM-based
update algorithm as stated in Remark 6. Such advantages
and the corresponding performance improvement, as stated
previously, do not rely on the parameter convergence, as can
be seen in Figs. 11-12. Noticeably, the aforementioned
achievements do not resort to excessive control efforts as
depicted in Figs. 13-14, which further demonstrate its practi-
cal applicability.

V. CONCLUDING REMARKS

Using the motors’s speeds as the control inputs, this article
proposes a robust adaptive tracking controller for quadrotors
with parametric uncertainty including the thrust and the drag
factors. The residual coupling nonlinearity is directly com-
pensated instead of using the TSS or passivity features of the
system. Moreover, the introduced SPIM-based update algo-
rithm ensures the convergence of prediction errors without
relying on parameter convergence, which in turn improves
the tracking performance. Simulation works demonstrate its
effectiveness and practical applicability.

For the future works, in addition to topics like
observer-based control [38], [39], reinforcement learning
control [40], [41], state/output formation control of multiple
quadrotors subjected to parameter uncertainties, external
disturbances, communication quantization errors, partially
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known external reference signals, prescribed performance,
etc., is of particular interests (see [42], [43], [44], [45], [46],
[47] and references therein). Despite their achievements,
however, most of these works used the thrust force and
motor torques as control inputs and rely on TSS method
incorporating the LBUA for parameter estimation. As can
be expected, extension of the proposed design to these tasks
would yield better tracking performance and is therefore
under our investigation.
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