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ABSTRACT At the moment of electric locomotive passing the neutral-section, the voltage and current of
traction network may have low-frequency oscillation (LFO), which will seriously affect the safe operation
of the railway. Aiming at eliminating the transient LFO, a modeling method of vehicle-grid coupling system
based on flux-current theory is presented in this paper. In the model of electric locomotive, the transient
current control strategy and magnetic saturation of on-board transformer are considered, and the equivalent
model of excitation inductance of on-board transformer is established based on the flux-current theory. Using
this model, based on the Middlebrook impedance ratio criterion, the stability region of vehicle-grid coupling
system is analyzed under the influence of average saturation of on-board transformer and control parameters
of electric locomotive. The simulation results are analyzed to evaluate and verify the proposed modeling
method of LFO. This work has the benefits of defining the opening and closing phase angle region of system
stability as well as providing guidance to adaptively modify the control parameters to suppress the LFO.

INDEX TERMS Electrified railways, impedance ratio criterion, low-frequency oscillation, stability region,
vehicle-grid coupling system.

NOMENCLATURE
Cd Voltage stabilizing capacitor.
IN1 Output current of the voltage loop.
IN2 Effective component of the given current at the DC

side.
IkST Critical saturation currents.
Im Excitation current of on-board transformer.
I∗n Given value of the network side current.
id DC link current.
in Output current at secondary side of on-board trans-

former.
is Current of traction network.
Kip Proportional parameter of the current loop regulator.
Kvi Integral parameter of the voltage loop regulator.
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Kvp Proportional parameter of the voltage loop regula-
tor.

kb Saturation of on-board transformer.
k̄b Average saturation of on-board transformer.
L1σ Equivalent inductance of the primarywinding of on-

board transformer.
L2σ Equivalent inductance of the secondary winding of

on-board transformer.
Lm Excitation inductance of on-board transformer.
Lmb Equivalent inductance in nonlinear region.
Lmdy Equivalent inductance of transformer in one cycle.
Lmx Equivalent inductance in linear region.
Rd Equivalent impedance of electric locomotive load.
S̄ab Average value of the difference between the switch-

ing functions, generally 0.5.
T PWM switching period.
U∗
d Given value of DC side voltage.
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uN Voltage of on-board transformer.
uab Modulating signal.
us Voltage of traction network.
ud DC voltage at the output terminal of the rectifier.
un Output voltage at secondary side of on-board trans-

former.
Z0 Front output impedance of cascade system.
Zc Equivalent impedance of capacitance to ground.
Zeq Equivalent impedance of the traction network line.
Zinb Equivalent input impedance of the electric locomo-

tive when transformer is saturated.
Zind Rear input impedance of cascade system.
Zinx Equivalent input impedance of the electric locomo-

tive when transformer is not saturated.
Zp Equivalent impedance of rectifier input side.
ZT Equivalent impedance of traction transformer.
α Closing phase angle of on-board transformer.
β Opening phase angle of on-board transformer.
φ Flux of on-board transformer.
φ′
L Magnetic flux corresponding to inductance in the

flux-current model.
φm Amplitude of steady-state flux of on-board trans-

former.
φ′
R Magnetic flux corresponding to resistance in the

flux-current model.
φr Residual magnetism of on-board transformer.
φS Steady-state flux of on-board transformer.
φ′
S Magnetic flux corresponding to grid voltage in flux-

current model.
φST Magnetic flux at both ends of on-board transformer

in the flux-current model.
φsat Critical saturated flux.
φT Transient flux of on-board transformer.
φ′
T Magnetic flux at both ends of the traction trans-

former.
φTc Initial value of transient flux of on-board trans-

former.

I. INTRODUCTION
Electrified railway is an important part of comprehensive
transportation hub, which has been supported and vigorously
developed by countries all over the world [1], [2], [3], [4].
When the electric locomotive passes the neutral-section, there
will be a complex electromagnetic transient process. When
the electric locomotive adopts manual or on-board automatic
passing, the on-board transformer may produce a large inrush
current when it is closedwithout load, causing the voltage and
current of the vehicle-grid coupling system to oscillate [5],
[6], [7]. This will cause train traction blockade and feeder
protectionmalfunction of traction substation, which seriously
affects train operation safety [8], [9], [10], [11], [12]. Table 1
shows the LFO phenomena in the railway systems of various
countries in the world since 2006 [13], [14]. These cases have
caused the problem that electric locomotives can not enter or

TABLE 1. LFO cases in electrified railways.

leave normally, which has caused great harm to the stability
and safety of the railway system.

Taking a traction substation of Beijing-Guangzhou high-
speed line as an example, the field measured data show
that the electric locomotive is prone to cause LFO during
the neutral-section passing, and the catenary voltage fluc-
tuates sharply after the oscillation, which seriously endan-
gers the safe operation of the electrified railway. In this
paper, the mechanism of LFO caused by electric locomotive
passing the neutral-section is analyzed.

The vehicle-grid coupling system of electrified railway is
a dynamic coupling chain combination network with multi-
source and multi-load, including traction power supply sys-
tem model and electric locomotive model.

For the establishment of the traction power supply system
model, references [15], [16], and [17] regards the traction
network as a passive linear system, and based on Thevenin’s
theorem, the impedance of the traction power supply sys-
tem is equivalent to the series connection of resistance and
inductance. In reference [18], the influence of traction net-
work on ground capacitance is considered in the equiva-
lence of traction power supply system, and the impedance
of traction network is simplified as the parallel connection
of line impedance, transformer impedance and distributed
capacitance. Reference [19] developed a harmonic generator
based on the frequency scanning method, and obtained the
(inter)harmonic impedance of railways through experimental
measurement. Based on the equivalent circuit model of trac-
tion network, reference [20] established the flux-current loop
model of traction power supply system by considering the
integral relationship between flux and voltage, and analyzed
the generation mechanism and influencing factors of inrush
current electric locomotive passes the neutral-section.

For the establishment of the electric locomotive model, ref-
erence [21] regards the electric locomotive running at a con-
stant speed as a constant power load and equates it to a current
source. This method is only applicable to the electric locomo-
tive running normally, and cannot reflect the influence of the
control strategy of the electric locomotive. In reference [22],
the vehicle-grid interaction mechanism and equivalent mod-
eled all frequency impedance behaviors of electric locomo-
tives and traction networks is studied. In most modeling
methods, the on-board transformer is simply equivalent to the
leakage inductance, which is only applicable to the steady-
state operation of electric locomotive, and cannot analyze the
transient phenomenon of electric locomotive when it passes
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the neutral-section. In order to study the transient problem,
some scholars have proposed a method to establish the flux
current loop model. Based on the flux-current loop model,
references [23] and [24] constructed an equivalent model of
electric locomotive when it passes the neutral-section, and
analyzes the saturation characteristics of on-board transform-
ers under different conditions. This model can reasonably
explain the generation mechanism and attenuation character-
istics of magnetizing inrush current and sympathetic inrush
current, and provides a new idea for analyzing the LFO
caused by electric locomotive passing the neutral-section.

The LFO in electrified railway is the root cause of sta-
bility issue occurring in vehicle-grid coupling system. Any
oscillation problem can be attributed to the impedance prob-
lem. At present, there are two mainstream stability analysis
methods of vehicle-grid coupling system: eigenvalue analysis
based on state space formula [25], [26], [27] and impedance
analysis based on frequency domain model [28], [29], [30],
[31], [32].

The first method is to describe the impedance problemwith
the formula of state, and transform the stability analysis of
the vehicle-grid coupling system into the eigenvalue problem.
Reference [25] described how a traction power system and
its dynamical railway-related components are modelled in
a commercially available power system analysis software
and studied by linear analysis such as eigenvalues, partici-
pation factors and parameter sensitivities. In reference [26],
the entire single-phase railway power supply including the
vehicle is modelled together in the time-invariant rotating ref-
erence frame. Such a reference-frame transformation allows
utilization of linearization tools as eigenvalue analysis includ-
ing participation factors and parameter sensitivity analysis.
Reference [27] proposed a method combining time-domain
simulation with eigenvalue analysis, and analyzed the influ-
ence of various parameters on LFO. In general, the eigenvalue
method can accurately identify the oscillation mode of the
vehicle-grid coupling system, and obtain the damping ratio
and LFO frequency of the system, but the calculation of this
method is usually cumbersome, and the influence of closing
phase angle and remanence of on-board transformer on flux
is not considered when the electric locomotive passes the
neutral-section.

The other method is to use the impedance characteristics
of the system in the frequency domain to analyze the trans-
fer function and judge the stability of the system accord-
ing to its dominant poles. In reference [28], the stability
of vehicle-grid coupling system is analyzed by utilizing
Middlebrook impedance ratio criterion, but only the current
inner loop is considered for the rear input impedance of
cascade system. In reference [29], the LFO factors including
the control parameters, line impedance, load and number
of locomotives in frequency domain is analyzed, and the
frequency domain analysis results are effectively verified by
time domain simulation. In reference [30], the impedance
model of vehicle-grid coupling system is established, and
the generalized Nyquist analysis method is used to analyze

FIGURE 1. Measured waveforms before and after tripping. (a) overall
waveforms (b) zoom-in view of waveforms from 2500 to 3500ms.

FIGURE 2. Equivalent model of vehicle-grid coupling system.

the stability of the system. In reference [31], a new stability
criterion based on forbidden region is proposed to analyze the
stability of the system for the dq decoupled multi-input multi-
output vehicle-grid coupling system, which is more conserva-
tive. Reference [32] predicted the stability of LFO based on
the analysis of dominant poles, and verified that this method
is faster in predicting low-frequency instability through sim-
ulation and experiments. The feature of impedance analysis
method is black box modeling, in another word, analysis is
carried out without detailed system parameters. The equiv-
alent model of the converter is established according to the
frequency domain transfer function, and then converted into
impedance. The impedance analysis method can use some
traditional linear system analysis methods, such as Bode
diagram and root locus, to analyze the stability of the vehicle-
grid coupling system, which is widely used. However, the
above stability analysis does not consider the influence of
the nonlinear characteristics of the transformer and the tran-
sient flux when the electric locomotive passes the neutral-
section. In the practical project, the transformer may be in
the saturated nonlinear working area, so the linear steady
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FIGURE 3. Structure diagram of electric locomotive system with control loop.

state analysis method cannot be directly used to analyze the
transient LFO.

To sum up, the LFO of electric locomotive when pass-
ing the neutral-section is affected by three characteristics:
transformer nonlinearity, initial state uncertainty, and control
parameters of electric locomotive. The uncertainty of the ini-
tial state is related to the closing phase angle and remanence
of the on-board transformer when the electric locomotive
passing the neutral-section.

In order to address the issues described above, this paper
evaluates the transient LFO of electrified railway vehicle-grid
coupling system. The main contributions of this paper can be
summarized as:

(1) A modelling method of vehicle-grid coupling system
is presented based on the flux-current theory to analyze the
magnetic saturation of on-board transformer. As a result, the
accurate estimation of transient inductance can be achieved.

(2) The system stability region is determined when the
electric locomotive passes the neutral-section, and the open-
ing and closing phase angle region that makes the system
stable is defined.

(3) A simulation platform is built in Simulink to verify the
correctness of the analysis. This work can provide guidance
to adaptively modify the control parameters to suppress the
LFO.

II. MODEL ESTABLISHMENT OF VEHICLE-GRID
COUPLING SYSTEM
Fig. 1 shows an example current measured waveforms before
and after tripping. It can be seen from Fig. 1(a) that the
current has an obvious upward trend, and from Fig. 1(b) that
the current increases rapidly from 2500 to 3000ms, with an
oscillation trend. As the tripping time is close and most of
the locomotive are of the same model, this paper considers

that the tripping is caused by the LFO generated by electric
locomotive when passing the neutral-section. It should be
noted that the curve shown in Fig. 1 only contains the opera-
tion data under stable condition for the practical system,while
the instability is not illustrated for safety reason. However, the
unstable condition can be verified through theoretical anal-
ysis and simulation. Missing data of unstable part in Fig. 1
shall not impact the proposed control/modeling analysis or
any other discussion through the paper.

Aiming at the above problems, this paper analyzes the LFO
generated when the electric locomotive passes the neutral-
section. According to the Thevenin equivalent circuit, the
traction network can be equivalent to the parallel connection
of impedance and capacitance. Convert the traction network
model to the secondary side of the traction transformer and
the electric locomotive model to the primary side of the
locomotive transformer. The circuit model of the vehicle-
grid coupling system is established as shown in Fig. 2. The
vehicle-grid coupling system can be equivalent to a cascade
system, which includes the front output module (traction
power supply network) and the rear output module (electric
locomotive load).

Wherein, us is the voltage of traction network, is is the
current of traction network, Zeq is the equivalent impedance
of the traction network line, ZT is the equivalent impedance
of traction transformer, Zc is the equivalent impedance of
capacitance to ground, Z0 is the front output impedance of
cascade system, Zind is the rear input impedance of cascade
system, uN is the voltage of on-board transformer.
The front output impedance expression of cascade system

is:

Zo =
Zc

(
ZT + Zeq

)
Zc + ZT + Zeq

(1)
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The equivalent impedance of electric locomotive includes
on-board transformer, and the on-board transformer will
become saturated when the electric locomotive passes the
neutral-section. At this time, the influence of nonlinear exci-
tation inductance cannot be ignored. Therefore, the nonlin-
ear problem of the on-board transformer will be considered
below to establish the electric locomotive model.

A. ELECTRIC LOCOMOTIVE CIRCUIT MODEL WITH
NONLINEAR T-NETWORK INTERFACE
1) MAIN CIRCUIT AND CONTROL STRATEGY OF ELECTRIC
LOCOMOTIVE
The rectifier of the electric locomotive adopts multiple two-
level technology. In order to facilitate the research, the single
pulse rectifier is analyzed first. Ignoring the secondary filter-
ing circuit, the electric locomotive controller adopts transient
current control strategy. The structure diagram of the electric
locomotive including the control system is shown in Fig. 3.
Wherein, un is the output voltage at secondary side of

the on-board transformer, that is, the equivalent voltage con-
verted from the catenary to the secondary side of the on-
board transformer, in is the output current at secondary side
of on-board transformer, Lm is the excitation inductance of
on-board transformer, L1σ is equivalent inductance of the pri-
mary winding of on-board transformer, L2σ is the equivalent
inductance of the secondarywinding of on-board transformer,
id is the DC link current, Cd is the voltage stabilizing capaci-
tor, ud is the Dc link voltage, Rd is the equivalent impedance
of electric locomotive load, U∗

d is the given value of DC side
voltage, IN1 is the output current of the voltage loop, IN2
is the effective component of the given current at the DC
side, I∗n is the given value of the network side current and
uab is the modulating signal. In the transient current control
strategy, the instantaneous phase ωt of the grid side voltage
un is obtained through phase locked loop (PLL).

As shown in Fig. 3, the mathematical model of transient
current control is:

IN1 = Kvp
(
U∗
d − Ud

)
+ Kvi

∫ (
U∗
d − Ud

)
dt

IN2 =
IdUd
Un

I∗n = IN1 + IN2

uab = un − ωL1σ Incosθ−(
in −

un − ωL1σ Incosθ
ωLm

)
ωL2σ

−Kip
[
I∗n sin (ωt) − in (t)

]
(2)

wherein,Kvp is the proportional parameter of the voltage loop
regulator, Kvi is the integral parameter of the voltage loop
regulator and Kip is the proportional parameter of the current
loop regulator.

2) EQUIVALENT IMPEDANCE OF ELECTRIC LOCOMOTIVE
The equivalent impedance of electric locomotive involves
the control link of rectifier, and its control block diagram is
shown in Fig. 4.

In Fig. 4, G1 is the sampling delay link, G2 is the current
loop proportional link, G3 is the transfer function of Pulse
WidthModulation (PWM)modulation, G5 is the voltage loop
proportional integral link, T is the PWM switching period,
and S̄ab is the average value of the difference between the
switching functions, generally 0.5. Taking un as input and in
as output, the equivalent impedance of rectifier in frequency
domain is:

Zp (s) =
1
in
un

=
1+G4G9+G8G9 + G1G2G3G4 (G1G5G6G7 + 1)

G4 + G8 − G1G3G4
(3)

The electric locomotive has four power carriages, and each
power carriage uses a dual two-level pulse rectifier. There-
fore, the equivalent impedance of the electric locomotive is:

Zind (s) =
k2

8
Zp(S) (4)

B. EQUIVALENT MODEL OF EXCITATION INDUCTANCE OF
ON-BOARD TRANSFORMER BASED ON FLUX-CURRENT
LOOP
Lm is a non-linear inductance, and its value cannot be obtained
directly. The value of Lm is related to the flux at both ends of
the transformer.

Lm = f (i, φ) (5)

Considering the relationship between the flux and the cur-
rent at both ends of the transformer, the equivalent excitation
inductance model of on-board transformer is established as
follows.

The load on the secondary side of the on-board transformer
will be cut off and run without load at the moment of pass-
ing the neutral-section. For the transformer, the relationship
between the magnetic induction strength and the magnetic
field strength is nonlinear, with hysteresis and saturation char-
acteristics. According to Maxwell’s formulas, the relation-
ship between transformer flux and excitation current is shown
in Fig. 5(a) without considering the change of transformer
coil turns and cross-sectional area.

If we do not consider the time-delay characteristics, we can
perform piecewise linearization on Fig. 5(a), and the results
are shown in Fig. 5(b). The curve can be divided into three
parts: linear region, positive saturation region and negative
saturation region. Abscissa Im is the excitation current of
on-board transformer, and ordinate φST is the magnetic flux
at both ends of on-board transformer. IkST is the critical
saturation currents, φsat is the critical saturated flux, Lmx and
Lmb are the equivalent inductors in linear region and nonlinear
region respectively. When the on-board transformer is in the
linear region, the excitation current and the magnetic flux at
both ends of the on-board transformer are less than the critical
saturation point, and the excitation inductance is Lmx ; When
the transformer is in the positive or negative saturation region,
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FIGURE 4. Control block diagram of grid side rectifier.

FIGURE 5. Flux current characteristics of transformer. (a) hysteresis
current characteristics (b) linearized flux current curve.

the excitation current and the magnetic flux at both ends of
the transformer are greater than the critical saturation point,
and the excitation inductance is Lmb.

The mathematical expression of flux-current loop of the
on-board transformer is:

φST =


Lmb

(
IST +

φsat

Lmx

)
− φsat (φST< −φsat)

LmxIST (−φsat < φST < φsat )

Lmb

(
IST −

φsat

Lmx

)
+ φsat (φST > φsat)

(6)

The flux-current loop model of the on-board transformer
is established by formula (6), as shown in Fig. 6. Branch #
2 is always on, and the on-board transformer is in the linear
region.When the flux exceeds the critical saturation flux from
the positive or negative direction, branch # 1 or # 3 is opened,
which is equivalent to the transformer working in the positive
saturation area or negative saturation area.

The flux at both ends of the on-board transformer will grad-
ually decay, and the decay speed is related to the line param-

FIGURE 6. Flux-current equivalent model of transformer.

FIGURE 7. Equivalent model of excitation inductance for on-board
transformer.

eters. Therefore, it is necessary to establish the flux-current
model of the traction power supply system. By analogy with
the modeling method of the transformer, the models of the
grid voltage, the resistance and the inductance of the traction
network in the traction power supply system are established,
which together form the equivalent excitation inductance
model of the on-board transformer, as shown in Fig. 7.

In Fig. 7, φ′
S is the magnetic flux corresponding to grid

voltage in flux-current model, φ′
R is the magnetic flux cor-

responding to resistance in the flux-current model, φ′
L is the

magnetic flux corresponding to inductance in the flux-current
model and φ′

T is the magnetic flux at both ends of the traction
transformer.

29488 VOLUME 11, 2023



Z. Li et al.: Research on Transient LFO of Electrified Railway Vehicle-Grid Coupling System

The resistance has the property of ‘‘magnetic storage’’ in
the flux-current model, so the resistance symbol in the flux-
current loop can be represented by the capacitance symbol
in the circuit. The flux of the inductance is proportional to
the current, which is similar to the resistance characteristic
in the voltage-current circuit. Therefore, the symbol of the
inductance in the flux-current circuit can be replaced by
the resistance symbol in the circuit. In order to distinguish
the components in the circuit model and the flux-current
loop model, the flux-current loop components are uniformly
framed. The model can analyze the transient flux change in
transient phase and the influence of transient flux on on-
board transformer, which lays a foundation for analyzing the
influence of the transient flux change of on-board transformer
on the equivalent impedance of electric locomotive.

III. MECHANISM ANALYSIS OF TRANSIENT LFO
The impedance ratio criterion is widely used in LFO analy-
sis. However, this method can only analyze the steady-state
stability, and cannot directly analyze the nonlinear problem
caused by the equivalent impedance change of the on-board
transformer when the electric locomotive passes the neutral-
section. To solve this problem, this section considers the
initial state when the on-board transformer is closed, ana-
lyzes the influence of the electric locomotive passing the
neutral-section on the equivalent impedance of the on-board
transformer based on the flux-current loop model, derives
the function of the saturation of the on-board transformer
changing with time, and turns the nonlinear problem into
a time-varying problem. The average saturation of the on-
board transformer in different time periods is calculated based
on the sliding window theory, and the transient problem
is averaged by sections. Then, the stability of the vehicle-
grid coupling system is analyzed based on the Middlebrook
impedance ratio criterion, the generation mechanism and
oscillation frequency of LFO are clarified, the stability region
of the vehicle-grid coupling system under the influence of the
main parameters is determined, and the opening and closing
phase angle under the stability of vehicle-grid coupling sys-
tem is defined.

A. ANALYSIS OF EQUIVALENT EXCITATION INDUCTANCE
According to the excitation inductance equivalent model
of on-board transformer in Fig. 7, the flux at both ends
of the transformer of the electric locomotive is formed by
the superposition of the steady-state flux and the transient
flux corresponding to the closing moment, as shown in
formula (7).

φ = φS + φT (7)

wherein, φ is the flux of on-board transformer, φS is the
steady-state flux of on-board transformer and φT is the tran-
sient flux of on-board transformer.

The initial value φTc of φT is affected by the closing phase
angle α and residual magnetism φr of the on-board trans-
former. The relationship between the initial value of transient

TABLE 2. The value and corresponding time of transient flux at the
extreme point of steady magnetic flux.

flux and the closing phase angle and residual magnetism is
shown in formula (8).

φTc = φmcosα + φr (8)

wherein, φm is the amplitude of steady-state flux of on-
board transformer. The transient flux will gradually decay
over time. It can be seen from Fig. 7 that the impedance
of the traction network in the flux-current circuit is equiva-
lent to capacitance and resistance, in which the capacitance
has the characteristics of ‘‘magnetic storage’’. By analogy
to the attenuation curve of the capacitor voltage in the RC
circuit, the transient flux will decay exponentially. As the
line parameters of the traction network do not change, the
closing phase angle and residual magnetism do not affect
the attenuation trend of the transient magnetic flux when
they affect the magnitude of the transient magnetic flux. The
transient flux attenuation is analyzed when the closing phase
angle is 0 degrees and the remanence is 1 p.u. The transient
flux attenuation curve is shown in formula (9).

φT = φTce−
t
τ (9)

According to formula (7) and (9), the flux at both ends of
the transformer is:

φ = φs + φT = φmcosωt + φTce−
t
τ (10)

In formula (10), φTc and τ can be obtained through test
data. Taking the maximum point and the corresponding time
of the maximum point of each cycle in the flux curve, and the
obtained data is shown in Table 2.

The flux attenuation curve can be obtained by fitting the
data in Table 2. Since the transient flux decays exponentially,

VOLUME 11, 2023 29489



Z. Li et al.: Research on Transient LFO of Electrified Railway Vehicle-Grid Coupling System

FIGURE 8. Linearization fitting curve of transient flux.

FIGURE 9. Fitting curve transient flux attenuation.

take the logarithm of both sides of formula (9):

ln φT = ln φTc + ln e−
t
τ = ln φTc +

(
−
t
τ

)
= c0 + c1t

(11)

It can be seen from Fig. 8 that the logarithm of the transient
flux and the time corresponding to the extreme point of the
transformer flux are near the straight line y = c0+c1t . Where
c0= 5.265, c1= −1.372, and φTc = e5.625, τ= 1/1.372.
From formulas (9) and (11), the expression of transient

flux is: φT = e5.265e−1.372t , and the transient flux attenuation
curve is shown in Fig. 9.

The flux at both ends of the transformer can be obtained by
substituting the fitted transient flux expression into formula
(11):

φ = e5.265e−1.372t
+ φmcos100π t (12)

According to formula (12), the fitting curve of excitation
flux attenuation is shown in Fig. 10.

Under the influence of the transient flux, the on-board
transformer will enter the saturation state. According to
Fig. 11, the on-board transformer will be in the saturation
state and the unsaturated state in one cycle. When the flux
of the on-board transformer is higher than the saturation flux,
it will be in the saturation region. At this time, the excitation
inductance is Lmb. When the flux of the on-board transformer
is lower than the saturation flux, as shown in the shaded part in
Fig. 11, it is in the linear region, and the excitation inductance
at this time is Lmx .

FIGURE 10. Fitting curve of excitation flux attenuation.

FIGURE 11. Equivalent excitation inductance of on-board transformer.

The equivalent excitation inductance of the transformer can
be obtained according to the principle of area equivalence.
In a cycle, if the area of the excitation flux is S1 when it is
higher than the saturation flux, S2 when it is lower than the
saturation flux, and the area enclosed by the excitation flux
curve and the saturation flux curve is S. Then the equivalent
inductance of the transformer in one cycle Lmdy is:

Lmdy =
S1
S
Lmb +

S2
S
Lmx (13)

Due to the value of excitation inductance is affected by the
instantaneous current and the instantaneous magnetic flux,
it will change in a cycle. Therefore, the saturation of on-board
transformer kb is defined to evaluate the impact of excitation
inductance on system stability. The ratio of saturation area S1
to total area S is defined as the saturation of transformer kb,
and the expression of saturation is:

kb =
S1
S

(14)

Saturation of transformer in one cycle is:

kb= 1−
S2
S

= 1−

∫ t
t1 2

∣∣∣φTce− t
τ + φm cosωt

∣∣∣ dt∫ t
0

∣∣∣φTce− t
τ + φm cosωt

∣∣∣ dt (15)

Formula (13) can be rewritten as:

Lmdy = kbLmb + (1 − kb)Lmx (16)

And the excitation flux of the transformer decays
exponentially:

φ = φTce−1.372t
+ φmcos100π t = φsat (17)
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FIGURE 12. Proportion linearization curve.

Since the excitation flux decays exponentially, the satura-
tion also decays exponentially, let:

kb= Ae−αt (18)

Take the logarithm of both sides of formula (18) at the same
time:

ln kb = ln A+ ln e−αt
= ln A+ (−αt) = b0 + b1t (19)

It can be seen from Fig. 12 that the logarithm of the
transient flux and the time corresponding to the extreme
point of the transformer flux are near the straight line
y= −0.1619 − 0.2486t .
Therefore, the expression of the proportion changing over

time is: kb = e−0.1619e−0.2486t , and the change curve of the
proportion is shown in Fig. 12. According to formula (16),
the equivalent excitation inductance of on-board transformer
changes continuously with the attenuation of transient flux.

B. MECHANISM ANALYSIS OF LFO IN VEHICLE-GRID
COUPLING SYSTEM
According to the modeling in section II, the vehicle-grid cou-
pling system can be divided into traction power supply system
and electric locomotive. It is more complicated to directly
analyze the stability of the vehicle-grid coupling system.
In this section, on the basis of Middlebrook impedance ratio
criterion, the vehicle-grid coupling system is equivalent to a
cascade system, as shown in Fig. 2. The equivalent impedance
of the traction network is the front output module, and the
electric locomotive is the rear input module. The closed-loop
transfer function of the vehicle-grid coupling system is:

G (s) =
un
us

=
1

1 + Zo (s)
/
Zind (s)

(20)

In formula (20), the equivalent open-loop transfer function
is:

L (s) = Zo (s)
/
Zind (s) (21)

According to Middlebrook’s impedance ratio criterion,
in order to maintain the stability of the cascade system,
|L(s)| ≪ 1 must be satisfied, that is, the amplitude frequency
characteristic curve of L(s) should be less than 0dB in the
Bode diagram. The rear input impedance of the cascade

TABLE 3. Average saturation of transformer in different time periods.

system is affected by the on-board transformer. In the loco-
motive equivalent impedance control block diagram, when
the on-board transformer is in the linear zone, G8= 1/Lmx ;
When the on-board transformer is in the saturation area,
G8= 1/Lmb. The equivalent impedance of the load is:

Zind = Zinx ∗
(
1 − k̄b

)
+ Zinb ∗ k̄b (22)

wherein, Zinx is the equivalent input impedance of the electric
locomotive when transformer is not saturated, Zinb is the
equivalent input impedance of the electric locomotive when
transformer is saturated and k̄b is the average saturation of
on-board transformer. According to formula (1), Zo(s) is the
impedance of the traction transformer and traction network
line, which will not change. Therefore, the stability of the
vehicle-grid coupling system is affected by the rear input
impedance of cascade system. According to formula (22), the
rear input impedance is affected by the average saturation and
control parameters, which will be analyzed below.

1) STABILITY ANALYSIS INFLUENCED BY THE AVERAGE
SATURATION OF ON-BOARD TRANSFORMER
The saturation of on-board transformer will affect the equiv-
alent impedance of locomotive, and then affect the stability
of the system. It can be seen from Fig. 9 that the transient
flux of the transformer decays exponentially. The decay is
fast in the early stage of exponential decay, and it takes a
long time to decay to a stable value. After 3τ , the transient
flux decays by 99.5%, which can be considered that the tran-
sient flux has little effect on the transformer. In the process
of excitation flux attenuation, the equivalent impedance of
electric locomotive changes constantly. Based on the sliding
window theory, the saturation of the on-board transformer is
equivalent in different time periods. If the average saturation
of the on-board transformer is calculated every five cycles at
power frequency, then T= 0.1s. The average saturation of the
on-board transformer in each time period can be calculated,
and the average saturation of the on-board transformer k̄b in
[0, T ] can be calculated:

k̄b =

∫ t2
t1

φdt +
∫ t4
t3

φdt + · · · +
∫ tn2
tn1

φdt∫ τ
7
0 |φ| dt

= 0.835 (23)

According to formula (17), 68 intersections of magnetic
flux and steady magnetic flux can be obtained, which is the
solution of formula (17) in [0, T]. Set these solutions to
t1, t2. . .tn2, similarly, the average saturation of transformer in
other time periods can be calculated, and only the average
saturation in each time period within [0, 5T ] is shown in
Table 3.
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FIGURE 13. Fitting curve of saturation attenuation.

FIGURE 14. Bode diagram of open loop transfer function L(s) at
saturation k̄b = 0.835.

It can be seen from table 3 that k̄b= 0.835 in [0, T ], and the
Bode diagram of the equivalent open-loop transfer function
L(s) of the vehicle-grid coupling system is shown in Fig. 14.

It can be seen from Fig. 14 that there is a peak in the ampli-
tude frequency characteristic curve of the system in the low
frequency band, and the amplitude corresponding to the peak
is greater than 0dB. According to Middlebrook criterion that
the LFO will occur in the vehicle-grid coupling system.

With the attenuation of the transient flux, the aver-
age saturation of the transformer decreases, the equivalent
impedance of the electric locomotive increases, and the out-
put impedance remains unchanged. The frequency character-
istic curves under different average saturations are shown in
Fig. 15.

By comparing Fig. 15(a) and Fig. 15(b), it can be seen
that with the decrease of the average saturation k̄b of the
on-board transformer, the amplitude-frequency characteristic
curve of Zind moves up, and the system gradually tends to
be stable. Therefore, with the decay of the transient magnetic
flux, the oscillation amplitude of the vehicle-grid coupling
system becomes smaller and smaller, and finally tends to be
stable.

As the average saturation of the transformer decreases, the
equivalent input impedance increases. There must be a k̄b so

FIGURE 15. Frequency response curve of vehicle-grid coupling system
with different average saturation. (a) k̄b= 0.797 (b) k̄b= 0.5.

that the equivalent output impedance is equal to the equivalent
input impedance, as shown in formula (24).

Zo = Z ind = Zinx ∗
(
1 − k̄b

)
+ Zinb ∗ k̄b (24)

The solution is k̄b= 0.675. When the system is critically
stable, the amplitude-frequency characteristic curve of Zind (s)
and the maximum value of the amplitude-frequency char-
acteristic curve of Zo (s) intersect at a point. The frequency
ωr at the intersection is determined by Zo(s). The equivalent
impedance of the traction network is shown in Formula (25),
then the amplitude of its frequency domain impedance is:

|Z0 (ω)| =

2
√(

ω2C2
)
+

(
RT + Req

)2
2

√
1 + ω4

(
LT + Leq

)2 C − 2ω2
(
LT + Leq

)
C

−ω2
(
RT + Req

)
C

(25)
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FIGURE 16. Influence of current loop parameters on stability.
(a) proportional Parameters (b) zoom-in view of Bode diagram.

When the amplitude of Zo (s) is the largest, formula (25)
holds.

d |Z0 (ω)|

dω
= 0 (26)

At this time, ωr = 8.21(rad/s), and the oscillation fre-
quency of the system is 1.31Hz.

2) INFLUENCE OF CONTROL PARAMETERS ON STABILITY
The control parameters of electric locomotive will affect
the equivalent impedance of locomotive. In this section, the
influence of current loop parameters and voltage loop param-
eters on the stability of vehicle-grid coupling system will be
analyzed respectively.

The Bode diagram of the open-loop transfer function
of the system is obtained by changing Kip, as shown in
Fig. 16. When the proportional coefficient of the current
loop decreases, the peak value of the amplitude frequency
characteristic curve of the system in the low frequency band
rises and tends to cross 0dB. The peak value of the amplitude
frequency characteristic curve in the middle frequency band
moves to the left and rises, and the system becomes more and
more unstable.

The Bode diagram of the open-loop transfer function of
the vehicle-grid coupling system is obtained by changing
the parameters Kvp and Kvi of the locomotive equivalent
resistance, as shown in the figure below.

As shown in Fig. 17(a) and (b), with the increase of the
voltage outer loop proportional coefficientKvp, the amplitude
frequency curve moves down in the low frequency band,

FIGURE 17. Influence of voltage loop parameters on stability.
(a) proportional parameters (b) zoom-in view of proportional Parameters
Bode diagram (c) integral parameters (d) zoom-in view of integral
parameters Bode diagram.

and the system becomes more and more stable. As shown in
Fig. 17(c) and (d), the increase of the voltage loop integral
parameter Kvi has little effect on the vehicle-grid coupling
system.
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FIGURE 18. Influence of k̄b on system stability.

3) STABILITY REGION OF VEHICLE-GRID COUPLING SYSTEM
According to the analysis in the previous two sections, the
average saturation of on-board transformer of electric loco-
motive k̄b, current loop control parameter Kip and voltage
loop control parameter Kvp has a great impact on the stability
of the system. This section will comprehensively analyze
their impact on the stability.

According to formula (24) and formula (25), the system is
stable when |L(s)| < 1. Let A= 20log |L(s)|, combined with
formula (1), formula (20) and formula (22), we can obtain:

A = 20 log

∣∣∣∣∣
(
ZT + Zeq

) / [
1 + s

(
ZT + Zeq

)
C

]
(Z inx∗(1−k̄b) + Zinb ∗ k̄b)

∣∣∣∣∣ (27)

Zinx and Zinb are greatly affected by locomotive control
parameter Kip and Kvp. When other parameters are constant,
A is a function of k̄b, Kip and Kvp, which contains three
variables, so the image is a three-dimensional thermodynamic
diagram, where the x, y, z axes represent Kip Kvp and k̄b, and
the color axis indicates the size of A. To facilitate observation,
the diagram is sliced along the x, y and z axes, and a three-
dimensional thermodynamic diagram is obtained. Take the
z-axis as an example, slice along z-axis when k̄b =0.4, 0.6,
0.8 to obtain Fig. 18. In this figure, the red area indicates A >

0, the system is unstable. The light blue area indicates A < 0,
the system is stable.

As shown in Fig. 18, when k̄b becomes smaller and smaller,
the stability area of the system becomes larger and larger.
When Kip =1, Kvp =1, if k̄b =0.8, the system is unstable,
and if k̄b decreases to 0.6, the system is stable.

Similarly, slice along the x-axis when Kip =0.4, 0.8, 1.2 to
obtain Fig. 19.
Slice along the y-axis, when Kvp =0.4, 0.8, 1.2 to obtain

Fig. 20.
As shown in Fig. 19 and Fig. 20, with the increase of Kip

and Kvp, the stable area of the system becomes larger and
larger.

According to Fig. 18, Fig. 19, Fig. 20 and impedance ratio
criterion, the system is stable when k̄b, Kip, Kvp satisfy the

FIGURE 19. Influence of Kip on system stability.

FIGURE 20. Influence of Kvp on system stability.

following formula:∣∣∣∣∣∣∣∣
−kb

{
kip

[
kvp (3.02 − j2.42) − 0.47 − j1.8

]
(0.055 − j0.002) + 0.00009 + j0.0456

}
+ (kb − 1)

{
kip

[
kvp (3.02 − j2.4) − 0.47 − j1.8

]
(4.3 − j27.59) + j2.26

}
∣∣∣∣∣∣∣∣ < 44

(28)

Therefore, the vehicle-grid coupling system can be stabi-
lized by controlling the value of k̄b, Kip, Kvp. The value of
Kip, Kvp can be realized by improving the control strategy
of electric locomotive. The value of k̄b is related to the ini-
tial value of the transient flux of the on-board transformer.
According to formula (8), φTc is determined by α and φr , φr
is related to the opening phase angle of on-board transformer
β. Therefore, φTc jointly determined by α and β when the
electric locomotive passes the neutral-section, as shown in
formula (29).

φTc = φmcosα−φmcosβ (29)

When k̄b = 0.675, the vehicle-grid coupling system is in a
critical stable state, and the average saturation of the on-board
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FIGURE 21. Opening and closing phase angle area.

transformer is shown in formula (30):

k̄b =
λe−

t1
τ + λe−

t2
τ + · · · + λe−

tn
τ

n
= 0.675 (30)

Here λe−
t1
τ = 0.7372, so when the saturation ratio of the

first cycle is 0.7372, the vehicle-grid coupling system is in a
critical stable state, and the flux of the transformer satisfies
formulas (31) and (32).

φ = φTce−1.372t
+ φmcos100π t = φsat (31)

where t ∈ (0, 0.02).∫ t2
t1
(φTce−αt

+ φm cosωt)dt∫ t
0

∣∣φTce−αt + φm cosωt
∣∣ dt = 0.7372 (32)

According to the simultaneous formula (31) and formula
(32), we can obtain: φTc = 162, that is, when the transient
flux is 162Wb, the vehicle-grid coupling system is in a critical
stable state. In order to maintain the stability of the vehicle-
grid coupling system, the initial value of the transient flux
must be less than 162Wb, that is, the absolute value of the
transient flux at the closing time must less than the transient
flux at the critical stable time of the system.

|φTc| = φm |cosα − cosβ| < 162 (33)

The relationship between the opening and closing phase
angle and the transient flux is shown in Fig. 21. The red
part represents that the absolute value of the initial value of
the transient flux is greater than 162Wb, and the blue part
represents that the absolute value of the initial value of the
transient flux is less than 162Wb.

According to Fig. 21 and formula (33), LFO can be sup-
pressed by controlling closing phase angle and opening phase
angle when pass the neutral-section, to make the absolute
value of the initial value of the transient flux less than 162Wb.
The optimal solution is:

α = βorα + β = 2π (34)

At this time, the transient flux is zero, the transformer will
not be saturated, and the system is stable.

FIGURE 22. Simulation curve of magnetic flux attenuation. (a) transient
flux attenuation curve (b) Excitation flux attenuation curve.

IV. SIMULATIONS
In this section, a simulation platform is built in MAT-
LAB/Simulink to verify the correctness of mechanism anal-
ysis and stability region. It can be seen from the analysis
in Section III-B that when the electric locomotive passes
the neutral-section, it will cause the saturation of the on-
board transformer, thus reducing the equivalent impedance
of the electric locomotive, making the impedance of the
vehicle-grid coupling system mismatched, and causing LFO
of the voltage and current of the traction network and the
locomotive.

A. VERIFICATION OF TRANSIENT FLUX ATTENUATION
When the closing phase angle is 0 degrees and the remanence
is 1p.u., the transient flux is maximum. At this time, the flux
curve of the locomotive transformer is shown in the following
figure.

Comparing Fig. 9 and Fig. 22(a), Fig.10 and Fig. 22(b)
respectively, the simulation curve of transient flux attenuation
is basically consistent with the fitting curve, which verifies
the correctness of exponential attenuation of transient flux.

B. MECHANISM ANALYSIS AND VERIFICATION
When the electric locomotive passes the neutral-section,
it will cause the saturation of the on-board transformer, thus
reducing the equivalent impedance of electric locomotives
and mismatching the impedance of vehicle-grid coupling
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FIGURE 23. LFO waveforms at high saturation. (a) voltage and current
waveforms of traction network (b) zoom-in view of current waveform of
traction network (c) voltage and current waveforms of electric
locomotive.

system, resulting in LFO of voltage and current between
traction network and locomotives. The LFO waveforms are
shown in Fig. 23.
The electric locomotive passes the neutral-section at 1.1s

and reclosed at 1.2s. As can be seen from Fig.23 (a) and (b),
voltage drop occurs in traction network at the moment of
reclosing, and inrush current is large. In addition, LFO
appeared in the voltage and current of the traction network,
with the voltage fluctuation range of 13.6% and the cur-
rent fluctuation range of 42.8%. If there is a heavy-load
electric locomotive running under the same power supply
arm at this time, it is easy to cause misoperation of feeder
impedance protection of traction substation. It can be seen
from Fig. 23(c) that the vehicle side voltage fluctuates in

FIGURE 24. Voltage and current waveforms of electric locomotive with
different on-board transformer saturation. (a) high saturation (b) low
saturation.

FIGURE 25. Voltage and current waveforms of electric locomotive under
different Kip. (a) Kip = 0.5 (b) Kip = 1.

the range of 1400 ∼ 1750V, with a fluctuation range of
22.6%, which will cause train traction blockade and seriously
endanger the driving safety.
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FIGURE 26. Voltage and current waveforms of electric locomotive under
different Kvp. (a) Kvp = 0.2 (b) Kvp = 0.4.

The influence of on-board transformer saturation and con-
trol parameters of electric locomotive on LFO is verified as
follows.

1) INFLUENCE OF ON-BOARD TRANSFORMER SATURATION
When the electric locomotive passes the neutral-section, due
to the different closing phase angles, the on-board trans-
former will be saturated to different degrees. The simulation
waveforms of traction network voltage with different satura-
tion degrees of the transformer are shown in Fig. 24.

According to the simulation results, the saturation of the
on-board transformer will cause LFO of the vehicle-grid
coupling system. Moreover, the higher the saturation of the
on-board transformer, the stronger the oscillation. After the
oscillation occurs, the amplitude decreases gradually. Com-
pared with the previous analysis, the saturation of on-board
transformer decreases with the decay of transformer transient
magnetic flux. When the saturation of on-board transformer
decreases to the critical value, the vehicle-grid coupling sys-
tem returns to stability.

2) INFLUENCE OF CONTROL PARAMETERS
According to the previous analysis, among the control param-
eters of electric locomotive, the proportion parameters of the
current inner loop and the control parameters of the voltage
outer loop have a great impact on the system. The following
simulation mainly verifies the impact of Kip and Kvp on the
system stability. Change parameter Kip, the voltage and cur-
rent waveforms of electric locomotive are shown in Fig. 25,

FIGURE 27. Waveforms of traction network before and after closing
phase angle adjustment. (a) closing phase angle in unstable region, α = 0
(b) closing phase angle in unstable region, α =

π
6 (c) closing phase angle

in unstable region, α =
π
4 (d) closing phase angle is optimal.

and change parameter Kvp, the voltage and circuit waveforms
of electric locomotive are shown in Fig. 26.

Comparing Fig. 25(a) and Fig. 25(b), it can be seen that
with the increase of Kip, the oscillation of voltage and current
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is weakened, which verifies the previous analysis and also
proves that LFO can be suppressed by changing the current
loop control parameters.

Comparing Fig. 26(a) and Fig. 26(b), it can be seen that
with the increase ofKvp, the oscillation of voltage and current
is weakened, which verifies the previous analysis and also
proves that LFO can be suppressed by changing the voltage
loop control parameters.

According to the previous analysis, LFO can be effectively
suppressed by controlling the opening and closing phase
angle. By comparing the voltage and current waveforms at the
grid side of the electric locomotive between the normal phase
transition and the phase-selecting closing phase transition,
the simulation verifies the suppression effect of LFO. The
simulation results are shown in Fig. 27.

It can be seen from Fig. 27(a), (b) and (c) that the inrush
current will be generated when the closing phase angle of the
electric locomotive is in the unstable area, and the instanta-
neous amplitude of the inrush current can reach 1500A. The
voltage of the traction network will drop at the moment of
closing, and the voltage and current of the traction network
will oscillate about 2-3Hz. In addition, as the closing phase
angle approaches the stable region, the inrush current and the
amplitude of voltage fluctuation has decreased significantly.
It can be seen from Fig. 27(d) that within the system stability
region, when the closing phase angle is optimal, the electric
locomotive will not produce excitation inrush current when
passing the neutral-section, and the network voltage and cur-
rent remain stable.

V. CONCLUSION
This paper mainly studies the transient LFO caused by elec-
tric locomotive when passing the neutral-section, the nonlin-
ear modeling and mechanism analysis of vehicle-grid cou-
pling system are discussed in details all through the paper.
The correctness of presented analysis method is verified by
simulation. The main conclusions are as follows:

(1) The influence of instantaneous closing phase angle and
residual magnetism on the initial value of transient flux and
the attenuation of transient flux are analyzed at the moment
of passing the neutral-section. The attenuation curves of tran-
sient flux and excitation flux are fitted, and the saturation
of on-board transformer is defined. Based on the principle
of area equivalence, the function of transformer saturation
changing with time is deduced, and the conclusion that exci-
tation inductance changes continuously with the attenuation
of transient flux is obtained.

(2) Based on the sliding window theory, the average satu-
ration of the on-board transformer in different periods of time
is calculated. Combined with the equivalent circuit model
of the electric locomotive, the equivalent frequency domain
impedance of the electric locomotive is obtained. Based on
Middlebrook impedance ratio criterion, the influence of sat-
uration of on-board transformer and control parameters of
electric locomotive on the stability of vehicle-grid coupling
system is analyzed. Based on the above analysis, the stability

region of the system is obtained when the saturation of the
on-board transformer, the proportional control parameters of
the voltage loop and the proportional control parameters of
the current loop change, and the opening and closing phase
angles under the stability of the vehicle-grid coupling system
are also defined.

(3) Benefits of system stability region determination: the
saturation of the on-board transformer will cause the reduc-
tion of locomotive impedance and the instability of the sys-
tem. The saturation of the on-board transformer is affected by
the transient flux, which is related to the closing phase angle
and opening phase angle. In addition, the control parameters
of the grid side rectifier can affect the equivalent impedance
of the locomotive. Therefore, the LFO can be suppressed
by controlling the opening and closing phase angles and
improving the control strategy of grid side rectifier.
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