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ABSTRACT The two-dimensional optimization capability of the space-time minimum variance distor-
tionless response (STMVDR) can improve the spatial spectrum estimation performance of the broadband
beamformer with limited samples, but its high sensitivity to frequency errors may lead to the suppression
of some narrowband signals not at the grid point of the frequency spectrum calculation. In order to reduce
the sensitivity of STMVDR to frequency errors, a broadband spatial spectrum estimation method based
on STMVDR and frequency derivative constraints is proposed in this paper. First, based on the beam
response of the STMVDR beamformer, an arbitrary order frequency derivative constraint is derived. Second,
combining the gain constraint and frequency derivative constraint, the linear constrained minimum variance
problem is established to solve the optimal weight of the beamformer. Finally, the calculation method of the
broadband spatial spectrum is derived. Numerical simulations show that the proposedmethod not only solves
the problem of frequency mismatch caused by the insufficient number of points for calculating frequency
spectrum, but also does not cause the spatial spectrum peaks to deviate from the true direction due to
the broadening of the main lobe of frequency spectrum. In addition, the proposed method can reduce the
computational complexity of the algorithm by more than half by increasing the interval of the frequency
calculation grid points, and does not significantly loss in the angular resolution capability and estimation
accuracy of the algorithm.

INDEX TERMS Space-time minimum variance distortionless response, frequency derivative constraint,
broadband spatial spectrum estimation.

I. INTRODUCTION
Spatial spectrum estimation is an important research topic,
which is widely used in passive sonar, radar, wireless commu-
nication and other fields [1]. Broadband spatial spectrum esti-
mationmethods can be divided into space-frequencymethods
and space-time methods according to different processing
domains.

Space-frequency method usually decomposes the
time-domain wideband signal into a set of frequency-domain
narrowband signals with the help of FFT (Fast Fourier
Transform), and then uses narrowband method to estimate
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Spatial Spectrum [2]. Two classical space-frequencymethods
are incoherent signal subspace method [3] and coherent
signal subspace method [4]. The space-frequency method
can obtain accurate spatial spectrum estimation only when
the subband bandwidth meets the narrowband condition.
Therefore, a large number of time-domain data samples are
needed to ensure frequency resolution and sufficiently small
subband frequency interval. However, when the sampling
time is limited (such as the interference ofmobile interference
sources or short-time burst signals), the narrow-band filtering
in space-frequency method has serious leakage of spectral
energy. The spectral leakage will cause the peak to deviate
from the true direction in the spatial spectrum, resulting in
inaccurate spatial spectrum estimation.
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The space-time method extends one-dimensional spatial
filtering to two-dimensional domain of space and time. And
its two-dimensional optimization ability effectively inhibits
the leakage of spectrum energy, so it still has good perfor-
mance under the condition of limited time samples [5]. Frost
is the most classical space-time broadband beamformer [6],
which obtains the lossless output of the array normal direction
signal by linearly constrained minimum variance (LCMV)
beamforming. However, the Frost beamformer must adjust
the pre-steering delay to ensure that the desired direction
signals are in the same phase at the output of each array
element, but its performance will be affected by the preci-
sion of the pre-steering delay [7]. Because it is difficult and
expensive to realize high-precision pre-steering delay, a new
set of linear constraints is proposed in documents [8], [9], [10]
to eliminate pre-steering delay. However, the proposed linear
constraint set consumes a large number of degrees of free-
dom (DOF) of the beamformer in advance, and when the
degree of freedom consumption of desired signal is lower
than that of the linear constraints, the degree of freedom
is wasted. In addition, the beam response performance of
these LCMV space-time broadband beamformers without
pre-steering delay depends on the spatial reference point [11],
and the algorithm stability is poor. In adaptive array Doppler
processing, Brennan proposed an MVDR algorithm based
on space-time covariance matrix [12], which can avoid the
early loss of DOF and has good stability when applied to
broadband spatial spectrum estimation. However, the space-
time MVDR (STMVDR) algorithm is very sensitive to fre-
quency and angle. High sensitivity to angle is an advantage,
which can improve the angular resolution of spatial spectrum
estimation, but high sensitivity to frequency will lead to
some new problems: Due to the high sensitivity of STMVDR
beamformers to frequency errors, the signal that are not at the
frequency spectrum calculation grid point are suppressed as
interference. That is, there is the problem of frequency mis-
match. In order to avoid frequency mismatch, the STMVDR
algorithm applied to broadband spatial spectrum estimation
usually adopt a small enough frequency spectrum calculation
interval to ensure that all frequency signals can be detected.
However, this leads to the high computational complexity of
the algorithm, which can not meet the requirements of real-
time signal processing.

Broadband spatial spectrum estimation algorithms typi-
cally deal with two types of classical broadband signals:
broadband signals consisting of multiple narrowband signals
with different frequencies and broadband signals with a flat
spectrum. When dealing with broadband signals with flat
spectrum distribution, STMVDR algorithm can still obtain
accurate spatial spectrum estimation results with the help of
the remaining signals located at the frequency calculation
grid point, even if there is a frequency mismatch. However,
when dealing with broadband signals consisting of multiple
narrowband signals of different frequencies, the frequency
mismatch problem may result in failure to detect narrowband
signals that are not at the frequency calculation grid point.

FIGURE 1. The basic array structure of STMVDR beamformer.

Derivative constraint can reduce the sensitivity of beam
response to selected parameters by limiting the parameter
derivative in beam response or output power function to
zero [13], [14], [15]. In order to solve the problem of fre-
quency mismatch causing the STMVDR algorithm to fail to
detect narrowband signals that are not at the grid point of fre-
quency calculation, a broadband spatial spectrum estimation
method based on STMVDR and frequency derivative con-
straints is proposed in this paper. Firstly, based on the beam
response of STMVDR beamformer, the construction method
of arbitrary order frequency derivative constraint is deduced.
Secondly, combining gain constraint and frequency derivative
constraint, the linear constrained minimum variance prob-
lem for solving the optimal weight of the beamformer is
established, and the calculation method of broadband spatial
spectrum is derived. Finally, the computational complexity
of the algorithm is analyzed. Numerical simulations show
that, compared with space-frequency MVDR (SFMVDR)
beamformer, the broadening of the frequency spectrum main
lobe does not cause the shift of the peak in the true direction
in the spatial spectrum. When dealing with the problem of
spatial spectrum estimation of broadband signals composed
of multiple narrowband signals, the proposed method can
reduce the computational complexity of the algorithm by
more than half, and the angular resolution and estimation
accuracy of the algorithm are not obviously lost.

II. SIGNAL MODEL
Fig. 1 shows the basic processing structure of the STMVDR
beamformer without pre-steering delay structure [12]. Con-
sider the number of sensors to beM . Connect a tapped delay
line of length L after each sensor. The received signal of each
array element is the resolved signal after quadrature demod-
ulation. The input broadband resolved signal of the sensor
channel at the nth data sample is x̃1 (n) , x̃2 (n) , . . . , x̃M (n).
xml is the input data for each tap, wml is the complex weight-
ing factor of each tap, where m = 1, 2, . . . ,M ,B, l =

1, 2, . . . ,L. The output of the beamformer can be
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expressed as

y =

M∑
m=1

L∑
l=1

wmlxml (1)

which is expressed in vector form as

y = wHx (2)

where,

w = [w11, . . . ,w1L ,w21, . . . ,w2L , . . . ,wM1, . . . ,wML]T

(3)

is the vector ofML dimensional weight coefficients,

x = [x11, . . . , x1L , x21, . . . , x2L , . . . , xM1, . . . , xML]T (4)

is the ML dimensional input data vector. For the case where
the array data are generalized smooth in time, the data covari-
ance matrix can be estimated as

R̂ =
1
K

K∑
k=1

xkxHk (5)

where, xk denotes the k-th snap data of the estimated data
covariance matrix. K denotes the number of snaps required
to estimate the data covariance matrix.

The optimal weights of the STMVDR beamformer can
be found by the following linearly constrained minimum
variance problem {

minPout = wH R̂w
s.t. wHa(θ0, f0) = 1

(6)

a is a space-time two-dimensional steering vector and can be
written as

a (θ0, f0) = Ss (θ0, f0) ⊗ St (f0) (7)

where, θ0 denotes the orientation of the signal; f0 denotes the
frequency of the signal; ⊗ denotes the Kronecker product;
St (f0) and Ss (θ0, f0) denotes the L-dimensional frequency
steering vector and theM -dimensional space steering vector,
respectively, and the expressions are given by the following
equations

St (f0) =

[
1, e−j2π f0Ts , · · · , e−j2π f0(L−1)Ts

]T
Ss (θ0, f0) =

[
e−j2π f0τ1(θ0), e−j2π f0τ2(θ0), · · · , e−j2π f0τM (θ0)

]T
(8)

where j denotes imaginary units; Ts denotes the sampling
interval of data samples; τm (θ0) denotes the propagation
delay of the m-th sensor with respect to the first sensor when
the source orientation is θ0.

III. PROPOSED METHOD
A. FREQUENCY DERIVATIVE CONSTRAINT
In this section, a frequency derivative constraint on the beam
response is imposed on the STMVDR beamformer to reduce
the sensitivity of the beamformer to frequency. The beam
response of the STMVDR beamformer at the location (θ0, f0)
can be expressed as

b (θ0, f0) = wHa (θ0, f0) (9)

The α order frequency derivative constraint requires that
the α order derivative of the beamformer’s beam response
at (θ0, f0) with respect to frequency is zero, which can be
expressed as

wH
∂αa (θ0, f )

∂f α

∣∣∣∣
f=f0

= 0 (10)

Substituting (7) into (10) yields

∂αa (θ0, f )
∂f α

=
∂α [Ss (θ0, f ) ⊗ St (f )]

∂f α

=

α∑
k=0

Ck
α

[
∂α−kSs (θ0, f )

∂f α−k ⊗
∂kSt (f )

∂f k

]
(11)

where

Ck
α =

α!

k! (α − k)!
(12)

and

∂α−kSs (θ0, f )
∂f α−k =

{
Ss (θ0, f ) α − k = 0
−j2πAα−kSs (θ0, f ) α − k ̸= 0

A = diag (τ 1 (θ0) , τ 2 (θ0) , · · · , τM (θ0))

(13)

and

∂kSt (f )
∂f k

=

{
St (f ) k = 0
−j2πBkSt (f ) k ̸= 0

B = diag (0,Ts, · · · , (L − 1)Ts) (14)

where diag (·) denotes the diagonal matrix. Then the α order
frequency derivative constraint of the beam response of the
weight vector at (θ0, f0) with respect to frequency can be
expressed as

wH
α∑
k=0

Ck
α

[
Aα−kSs (θ0, f0) ⊗ BkSt (f0)

]
= 0 (15)

where A0
= IM×M , B0

= IL×L , I denotes the unit matrix.

B. BROADBAND SPATIAL SPECTRUM ESTIMATION
METHOD
Setting frequency derivative constraints should follow: when
using high-order frequency derivative constraints, all low-
order frequency derivative constraints should be adopted [14].
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Construction of linear constrained minimum variance prob-
lems based on STMVDR and frequency domain derivative
constraints {

min Pout = wH R̂w
s.t. C(θ0, f0)Hw = G

(16)

where C(θ0, f0) = [c1, c2, · · · , cJ ] is the constraint matrix
at the desired response point (θ0, f0), cj (j = 1, · · · , J) is the
corresponding constraint vector, and G = [g1, g2, · · · , gJ ] is
the corresponding gain response vector. The optimal weight
vector satisfying (16) is

wopt (θ0, f0) = R̂
−1
C(θ0, f0)

(
CH (θ0, f0)R̂

−1
C(θ0, f0)

)−1
G

(17)

Select c1 = a(θ0, f0) and g1 = 1 to control the unit gain of
the selected response point. The remaining constraint vector
is the frequency derivative constraint and cj (j = 2, · · · , J) is
chosen to be the j − 1 order frequency derivative constraint
vector, which can be expressed as

cj=
j−1∑
k=0

Ck
j−1

[
Aj−1−kSs (θ0, f0) ⊗ BkSt (f0)

]
(j = 2, · · · , J)

(18)

the corresponding gain response is gj = 0 (j = 2, · · · , J).
The angle-frequency two-dimensional power spectrum of

the beamformer output is obtained from (17) as

P̂(θp, fq) = GH
(
CH (θp, fq)R̂

−1
C(θp, fq)

)−1
G

(p = 1, 2, · · · ,P; q = 1, 2, · · · ,Q) (19)

where P and Q denote the number of angle scan points and
frequency scan points, respectively. To obtain an estimate
of the spatial spectrum of a broadband target, the angle-
frequency two-dimensional power spectrum of the beam-
former output can be averaged cumulatively in the frequency
dimension. The spatial spectrum of the broadband target can
be expressed as

P̂out
(
θp

)
=

1
Q

Q∑
q=1

GH
(
CH (θp, fq)R̂

−1
C(θp, fq)

)−1
G

(p = 1, 2, · · · ,P; q = 1, 2, · · · ,Q) (20)

C. FREQUENCY SCAN INTERVAL
The beamformer needs to select the appropriate frequency
scan interval 1f = fq − fq−1 to ensure that the attenuation
of all signals in the angle-frequency 2-dimensional power
spectrum does not exceed 3 dB. Defines the standard fre-
quency spectrum as the projection of the angular-frequency
2-dimensional power spectrum of the beamformer in the
frequency-power plane for a single narrowband signal input.
The frequency scan interval can be set to the 3 dB main lobe
width of the standard frequency spectrum.

TABLE 1. Primary computation complexity of the algorithms under
different order derivative constraints.

D. COMPUTATIONAL COMPLEXITY ANALYSIS
The computational complexity of the spatial spectrum estima-
tion algorithm depends on the number of frequency spectrum
scan points. The number of frequency spectrum scan points is
minimized when themaximum frequency calculation interval
of the algorithm is the 3 dB main lobe width of the standard
frequency spectrum. Table 1 statistically shows the main
computational complexity (number of complex multiplica-
tions) of different algorithms when the minimum number
of frequency computation points is selected. Where P and
Q represent the minimum values of angle scan points and
frequency scan points of the angle-frequency 2-dimensional
power spectrum scan grid of STMVDR algorithm, respec-
tively; ηi (i = 1, 2, · · ·N ) denotes the ratio of the minimum
number of frequency scan points between the STMVDRalgo-
rithm and the spatial spectrum estimation algorithm based
on STMVDR and the i-order derivative constraint. The com-
putational complexity of calculating the derivative constraint
vector in Section III, paragraph A, is not considered in the
table, because it can be pre-calculated and stored in the com-
puting device. Since the derivative constraint extends the 3 dB
main lobe width of the standard frequency spectrum, it is
possible to reduce the minimum value of the number of points
calculated for the algorithm frequency. From Table 1, it can
be found that the computational complexity of the spatial
spectrum estimation algorithm based on STMVDR and the
i-order derivative constraint is lower than that of STMVDR
algorithm when ηi > i+ 1.

IV. SIMULATION ANALYSIS
In this section, numerical simulations are provided to demon-
strate the effectiveness and performance advantages of the
proposed method. The highest order of the derivative con-
straint used in the simulation is second order. The comparison
algorithms are spatial spectrum estimation method based on
STMVDR and the spatial spectrum estimation method based
on STMVDR. Among them, the space-frequency MVDR
method decomposes subbands through FFT, and then car-
ries out the spatial spectrum estimation algorithm based on
MVDR in each subband.
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FIGURE 2. Angle-frequency 2-dimensional power spectrum of the algorithms.

Considering a 16 yuan uniform linear array, the STMVDR
method connects a 5-tap delay line structure at each array
unit. The space-frequency MVDR (SFMVDR) method uses
only 50 data points and decomposes the sub-band based on
FFT. The number of snapshots of STMVDR method and
SFMVDR method is 2 ML and 2 M , respectively, and the
snapshot overlap rate is 0% and 50%, respectively, so the
data consumption of the two algorithms to estimate the data
covariance is almost the same. Assuming working in a broad-
band environment, the array spacing is equal to half a wave-
length of the maximum frequency component. The sampling
frequency fs is equal to twice themaximum frequency, and the
processing bandwidth of the expanded beamformer is from
0.24fs to 0.46fs.

A. THE STANDARD FREQUENCY SPECTRUM
Consider a narrow-band signal with a frequency of 0.41fs
from a 40◦ hitting the array. Four algorithms (SFMVDR
method, STMVDR method, STMVDR combined with first
derivative constraint, STMVDR combined with first deriva-
tive constraint and second derivative constraint) are used to
obtain the angle-frequency 2-dimensional power spectrum as
shown in Fig. 2, and the angle interval and frequency inter-
val of the angle - frequency 2-dimensional power spectrum
scan grid are selected as 0.1 degree and 0.002fs respectively.

FIGURE 3. The standard frequency spectrum of the algorithms.

Fig. 3 shows the standard frequency spectrum of the four
algorithms. Due to the lack of frequency domain optimiza-
tion ability, the SFMVDR method will produce spectrum
leakage in short snapshot duration, resulting in wide main
lobe and high sidelobe, as shown in Fig. 3. Although the
SFMVDRmethod has a wide frequency spectrum main lobe,
the leaked frequency energy points to an angle different from
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FIGURE 4. Spatial spectrum of the algorithms with narrowband signal
input.

the true incoming signal direction as shown in Fig. 2(a).
STMVDR method has the ability of two-dimensional opti-
mization of spatial frequency at the same time, so as shown
in Fig. 2 (b) and Fig. 3, sharp peak is formed in both angle
and frequency. The main lobe of the standard frequency
spectrum is expanded by STMVDRwith frequency derivative
constraint, and the spatial spectrum peak of the expanded
frequency still points to the arrival direction of true signal,
as shown in Fig. 2 (c) and (d). In addition, STMVDR com-
bines the first derivative constraint and the second derivative
constraint at the same time, and obtains a wider expansion
of the standard frequency spectrum main lobe than only
combining the first derivative constraint, as shown in Fig. 3,
and the correlation peak is not shifted.

B. FREQUENCY MISMATCH PROBLEM
Considering that a narrow-band signal with a frequency of
0.41fs affects the array from 40◦, the frequency calculation
interval of the calculation grid is increased to 0.02fs. The
frequency 0.41fs of the narrowband signal is just between
the frequency calculation points 0.40fs and 0.42fs, so the
frequency of the grid calculation point will not match the
actual frequency. In Fig. 4, the broadband spatial spectra of
these four algorithms is compared. As shown in Fig. 4, the
beam patterns of the two proposed algorithms all point to
the true direction of arrival. In addition, compared with the
STMVDR algorithm which only combines the first deriva-
tive constraint, the STMVDR algorithm which combines the
first derivative constraint and the second derivative constraint
simultaneously obtains sharper beam pointing and lower side-
lobe level. The beam patterns of STMVDR algorithm and
SFMVDR algorithm do not point to the actual direction of
arrival, as shown in Fig.4. Themain lobewidth of the standard
frequency spectrum of the STMVDR algorithm is narrow.
At two grid points 0.40fs and 0.42fs adjacent to the actual
signal frequency 0.41fs, the frequency response has been
greatly attenuated, as shown in Fig. 3, so its spatial spectrum

TABLE 2. Running time when the maximum frequency calculation
interval is selected.

FIGURE 5. 3dB main lobe width of the standard frequency spectrum at
different angles.

has a wide main lobe and a high side lobe. Although the
frequency spectrum main lobe width of SFMVDR algorithm
is wide, the spectral energy leakage of the actual signal at
the frequency calculation point will only lead to the beam
pointing error.

C. ALGORITHM COMPLEXITY ANALYSIS
Fig. 5 shows the 3dB main lobe width of the standard fre-
quency spectrum at different angles. It can be found that the
3dB main lobe width of the standard frequency spectrum of
STMVDR algorithm is the narrowest. The 3dB main lobe
width of the standard frequency spectrum is expanded by
increasing the frequency derivative constraint, and a wider
3dB main lobe width can be obtained by combining the first-
order-frequency derivative constraint and the second-order-
frequency derivative constraint than only combining the
first - order frequency derivative constraint. The frequency
calculation range of the algorithm can be selected accord-
ing to the 3dB main lobe width of the standard frequency
spectrum. Under the case of equal interval, the maximum
frequency calculation interval should be the minimum of the
main lobe width of the standard frequency spectrum of 3dB.
Table 2 shows the running time of different algorithms on the
same computer usingMatlab R2018b and 2.6GHzCPUwhen
the maximum frequency calculation interval is chosen, and it
can be found that the proposed algorithm reduces the running
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FIGURE 6. Spatial spectrum under multiple narrowband signal inputs.

time bymore than half. In addition, the width of the 3dBmain
lobe of the Under the case of equal interval, the maximum
frequency calculation interval should be the minimum of the
3dB main lobe width of the standard frequency spectrum.
increases with the decrease of the angle, which is obvious,
so the frequency calculation interval at small angles can be
further increased to reduce the computational complexity of
the algorithm.

D. ANGULAR RESOLUTION OF THE ALGORITHM
The angular resolution of the algorithms are evaluated
by comparing the width of the main lobe of the spatial
spectrum. Assume a broadband signal impingement array
consisting of four narrowband signals with frequencies
0.30fs, 0.32fs, 0.35fs and 0.41fs respectively from 40◦, and
the frequency calculation interval is chosen according to
Table 2. Fig. 6 illustrates the comparison results of the spa-
tial spectra of the four algorithms with multiple narrowband
signal inputs. As shown in Fig. 6, the spatial spectrum estima-
tion algorithm based on STMVDR and frequency derivative
constraints is basically the same as the STMVDR algorithm
in terms of the main lobe width. Therefore, after increasing
the frequency calculation interval, the proposed algorithm
can still obtain an angular resolution comparable to that of
the STMVDR algorithm. SFMVDR algorithm has no time
domain optimization ability, and the spectrum leakage will
lead to beam pointing error, so its beam main lobe is the
widest.

E. ROOT MEAN SQUARE ERROR
Fig. 7 evaluates the relationship between the root mean
square error (RMSE) of spatial spectrum estimation and the
change of signal-to-noise ratio (SNR) of different algorithms.
The RMSE of spatial spectrum estimation is estimated by
300 independent Monte Carlo simulations. The simulation
conditions are consistent with paragraph D. It can be seen
that the RMSEs of the proposed algorithm are slightly higher
than those of the STMVDR algorithm at low SNR, but at high

FIGURE 7. RMSE of spatial spectrum estimation with different SNR.

SNR, the RMSEs curves of the proposed algorithm almost
overlap with those of the STMVDR algorithm.

V. CONCLUSION
In order to reduce the sensitivity of STMVDR to frequency
errors, this paper extends the main lobe of the standard
frequency spectrum of STMVDR beamformer by adding a
frequency derivative constraint. When the broadband signal
received by the array consists of multiple narrowband signals
of different frequencies, the proposed method can reduce
the computational complexity of the algorithm by more than
half by reducing the frequency computation density of the
broadband beamformer, and there is no significant loss in the
angular resolution and estimation accuracy of the algorithm.
However, since adding frequency derivative constraints con-
sumes additional DOF of the beamformer, the proposed algo-
rithm may lose some degree of spatial spectral estimation
performance when the broadband signal received by the array
consumes a high amount of DOF (e.g., a broadband signal
with a flat spectrum).
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