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ABSTRACT Over the last several decades, many algebraic generalized families and classes of statistical
distributions have been developed. This research aims to construct a new cotangent exponentiated general-
ized and generator of distributions with support on the real line. After that, two novel families of distributions
incorporating the cotangent function are proposed: one called the cotangent exponentiated generalized
(CE-G) family, and the other called the logistic cotangent exponentiated generalized (LCE-G) family.
A comprehensive analysis of the mathematical and structural properties of the recently suggested G-family
and a Burr-based novel model (LCEB) is presented here. The maximum likelihood method estimates model
parameters and evaluates model performance in Monte Carlo simulation studies. These tasks are carried out
using the maximum likelihood technique. The statistical analysis on the survival and waiting times data sets
are carried out, and the outcomes confirm the competence, superiority, and utility of the suggested generator,
G-family, and novel distribution compared to similar and competing Burr-based models already well-known.

INDEX TERMS Exponentiated generalized family, cotangent trigonometric function, reliability and prob-
ability functions, maximum likelihood methodology.

I. INTRODUCTION work with and analyze. They often have clear interpreta-

Generalized distributions are important in statistics and data
analysis. They are flexible and can model a wide range
of data shapes and characteristics. They can be used to
model data that does not fit well with traditional paramet-
ric distributions, such as the Normal or the Poisson dis-
tributions. Generalized distributions are often more robust
than traditional distributions. They can handle outliers and
heavy-tailed data better than some parametric distributions.
They often have closed-form expressions for moments, quan-
tiles, and other statistical properties, making them easier to
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tions for their parameters. For example, in the case of the
Student-t distribution, the degrees of freedom parameter can
be interpreted as the number of observations required to
estimate the population mean with a given level of con-
fidence. They have a wide range of applications in fields
such as finance, engineering, biology, and social sciences.
They are used to model phenomena such as financial returns,
earthquake magnitudes, gene expression levels, and social
network structures, among others. In summary, generalized
distributions are a powerful tool for statisticians and data
analysts, allowing them to model complex data shapes and
characteristics and to make more accurate inferences and
predictions.
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The flexibility of generalized distributions comes from
their ability to model a wide range of data shapes and
characteristics. Unlike traditional parametric distributions
that assume a fixed shape, generalized distributions can
accommodate a variety of shapes by introducing additional
parameters that control the distribution’s characteristics. For
example, consider the Normal distribution, which assumes a
bell-shaped curve. While the Normal distribution is appropri-
ate for many types of data, it may not be suitable for data that
is skewed or has heavier tails. In contrast, the Generalized
Extreme Value (GEV) distribution can model a wider range
of shapes, including both symmetric and asymmetric distribu-
tions with heavy or light tails. The GEV distribution includes
the Normal, the Logistic, and the Gumbel distributions as spe-
cial cases. Similarly, the Generalized Pareto distribution can
model data with heavy tails, while the Beta distribution can
model data that is bounded between 0 and 1. The Student-t
distribution is another example of a generalized distribution
that can accommodate a wider range of shapes than the
Normal distribution. The Student-t distribution has heavier
tails than the Normal distribution and can model data that may
contain outliers. Overall, the flexibility of generalized distri-
butions allows them to model a wide range of data shapes and
characteristics, making them useful for modeling complex
real-world phenomena. The choice of a specific generalized
distribution depends on the specific characteristics of the data
being modeled and the research question being addressed.

Statistical distributions play a crucial role in data analysis
by providing a mathematical framework for describing the
behavior of data. They allow us to summarize, model, and
analyze data, making it easier to draw conclusions and make
predictions. Statistical distributions are used to describe the
probability of an event occurring, and the shape of the distri-
bution can provide insights into the underlying causes of the
data. For example, a Normal distribution may indicate that
the data is symmetric around a mean value, while a skewed
distribution may indicate that the data has a bias or preference
towards one side. Different statistical distributions are used
in different contexts depending on the type of data being
analyzed. For example, the Poisson distribution is commonly
used to model count data, while the Normal distribution is
often used to model continuous data. Statistical distributions
are also used in hypothesis testing, where the distribution of
the test statistic is compared to a known distribution to assess
the likelihood of the observed data under a specific hypoth-
esis. This allows researchers to draw conclusions about the
significance of their findings. The choice of a specific statis-
tical distribution depends on the characteristics of the data
being analyzed and the research question being addressed.
It is important to choose a distribution that best represents
the data in order to obtain accurate and meaningful results.
In summary, statistical distributions are important tools for
data analysis and provide a mathematical framework for
summarizing, modeling, and analyzing data. They are used
in a wide range of applications and help researchers draw
meaningful conclusions from their data.
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TABLE 1. Recent generalized families with aims/methodology.

Aim/Methodology

Using the aid of differential aligns [55] carried out some
of the initial studies on generalizing distributions. Several
approaches, including transformation techniques, transmuted
functions, compounding of discrete and continuous distri-
butions, production of skewed models, injection of the new
parameter(s), quantile technique, T-X generalizing system,
extended T-X method, T-RY methodology, and others, are
utilized in this context. etc.

The following Table 1 presents some recent important
examples of generalized families of distributions, along with
their aims or adopted methodologies:

The research that has been done in the field of generalized
probability models has uncovered the following features,
which will serve as the foundations of this article: (i) An over-
whelming number of statistical families and models distribute
algebraic generators (ignoring the non-algebraic especially
trigonometric generators). (ii) Because researchers wanted to
model directional-proportional data, they turned to trigono-
metric function-based models, which are better equipped to
deal with such data sets. These models were developed as a
result. (iii) The mixture and hybrid generalizers are neither
investigated nor the algebraic nor trigonometric functions.
(iv) By using the exponentiated cotangent generalizer that
has been presented, it is possible to translate any traditional
distribution into its corresponding trigonometric form easily.

Table 2 offers the previously conducted study on
trigonometrically-based families and distributions, which
served as the impetus for the inspiration behind the presen-
tation of this paper.

The following is a list of the primary reasons why this study
was carried out: being inspired by these concepts and being
content with the results of the flexibility and the goodness-of-
fit (gof), both of which are highly fulfilling.

« presenting an original distribution generator known as
the CE-G that is based on the cotangent function.

o presenting a new distribution generator that is based
on the cotangent exponentiated function and which at
the same time incorporates the algebraic function, the
algebraic generator, and the cotangent function.

« Introducing a new G-family termed the LCE-G (short
for logistic cotangent exponentiated-G family of distri-
butions) in the Lehmann Alternative-1 and trigonometric
case;

o The suggested class has several benefits, such as sim-
plicity and the absence of non-identifiability problems;
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TABLE 2. Generalized Classes and Distributions Adopting Trigonometric
Functions.

| Proposed Trigonometric Model | Inventor(s) | Year |
| Cosine Distribution | Raab and Green | 961y |
‘ Beta Trigonometric Distribution ‘ Nadarajah and Kotz ‘ (2006) ‘
| Sin-skew Logistic Distribution | Chakraborty | 012) |
| New Trigonometric Classes of Probabilistic Distributions | Souza | @o15) |
| Hyperbolic Sine-Weibull Distribution | Kharazmi and Saadatinik | (2016) |
| Cosine Sine (CS) Distribution | Chesneau | 019) |
| A New Sine-G Family of Distributions | Mahmood | 019) |
| Sine Kumaraswamy-G Family of Distributions | Chesneau | (2020) |
| Sine Topp-Leone-G Family | Al-Babtain | (2020) |
| On Sine Power Lomax Model | Ali | @o21) |
| Estimation of Sine Inverse Exponential Model | Shrahili | @o21) |
| Sine Half-logistic Inverse Rayleigh Distribution | Shrahili | o021y |
| Sine Entropy of Uncertain Random Variables | Gang Shi | o021y |

sine exponentiated Weibull-H Alyami et al. (2022) ‘

An Extended Cosine-G Trig Family Mahmood et al. (2022)

o The new CDF has the capability of improving flexibility
and goodness of fit owing to the inclusion of the cotan-
gent function and one more shape parameter, which
eventually leads in models that are one of a kind, more
flexible, and more effective;

o Practically, for all base models, the new density also
adopts bimodal shapes, and the hazard function adopts
all monotone and non-monotone forms.

The primary motivations for introducing CE-G, LCE-G fam-
ilies, and LCEB model are:

« An exponentiated version of the cotangent-G family is
developed by simultaneously disbursing the cotangent
trigonometric function and the exponentiated families
(EF) procedure.

o The proposed families (CE-G, LCE-G) utilize the expo-
nentiated mixed algebraic and trigonometric generator
of distributions, which has not been previously studied.

o Due to the addition of the cotangent function and one
additional shape parameter, the new CDF improves the
flexibility, accuracy, and gof, leading to the creation of
new flexible and effective models.

o The numerical outcomes demonstrate the capability,
superiority, and usefulness of the proposed generator, the
G-family, and the novel distribution.

« Using the suggested extension allows for a straightfor-
ward rollback of any G-class or classical model.

A novel exponentiated trigonometric G-family of distribu-
tions, which the authors of this paper refer to as the new
logistic cotangent exponentiated generalized family of distri-
butions, is presented here. It has symmetrical, unimodal, and
bimodal tails, in addition to a particular member that is pred-
icated on the Burr distribution. Our goal is to provide proof
that the LCEB model that has been proposed has excellent
simulation qualities in addition to outstanding capacity to fit
not only the survival data set but also the real data set.

The following is the order in which the paper should be
folded. In Section II, the proposed exponentiated trigonomet-
ric family is described, whereas, in Section III, the family
characteristics are discussed. Special models are presented
with their graphs in Section IV. In Section V, the unique
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TABLE 3. The LCEG family members with essential description.

| Name | New cdf N(x)(gasetine)
LCEU | N0 uigorm) = 1/ (1 + explcot@(3)%)))
LCEE | N eqponemiary = 1/ (1 expleot(w((1 = e +))%)))

| Parameter(s) | Supporting Interval |
(6,a) (0,6)
(A, a) (0, 4-o0)

member based on Burr distribution is discussed in detail,
while Section VI focuses on the estimate of parameters by
employing the maximum likelihood method, conducting a
simulation exercise, and applying the results to two different
data sets. A few concluding feedback ends this study in
Section VIII.

Il. THE CE AND LCE GENERALIZED FAMILIES

A. DEVELOPMENT OF COTANGENT EXPONENTIATED-G
(CE-G) FAMILY

Suppose r(¢) is the density of ar.v. T € [a, b] for —oo < a <
b < oo. The suggested generator W[L(X)] is a link function
that satisfies the T-X family’s required conditions. The main
functions(cdf and pdf)of CE-G family, respectively, are:

(= cot(m L¥(x)))
N(x) = / r(t)dt. = R (— cot (n L“(x))) €))

n(x) = ma LX) [LO1®™D ese?(r (LX)Y)
X r [— cot(m (L(X))“)] )

1) COTANGENT REPRESENTATION OF THE LCE-G
suppose that 7 is considered as a logistic r.v. and placing
WIL(X)] = — cot[m(L(X))*)] in logistic cdf = (1 + e")_l,

then new cdf and pdf of LCE-G, respectively, are:

1
N = et L)) )

n(x) = 7 o [LX)]Y esc?(rr (L(X))Y) e~ cotlr LX)
[1 4 (- cottr (L(X))D’»]‘2 @

The above central functions of LCE-G can be presented in
tangent form simply using the trigonometric relationships.

2) MEMBERS OF LCEG FAMILY

Prominent members of the LCEG family are listed in Table 3.
In Section V, the Burr L(X) user will be the focus of all
discussion.

Ill. CHARACTERISTICS OF LCEG FAMILY
Major characteristics of LCEG are presented in this section.

A. RELIABILITY AND NON-RELIABILITY FUNCTIONS

. . 1
Survival function=S(x)=1— |:(1 e (L(X))"‘)))i|

e—(—cot(m (LX)Y))
T 1+ e~ (— ol L))

-1
Hazard rate function=h(x)=m o [1 + ¢ (— cotlr (LX) ))]

[LX)]® esc?(r (L(X))%) ®)
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Cumulativehazardrate = H(x) = e~ 0t LX)™)

+1In [1 + e%wot(n(L(X))“))] (6)

B. QUANTILE AND QUANTILE DENSITY FUNCTION

You may find the quantile function, also known as the qf,
by immediately inverting the distribution. (3) as

0w = 06 (V) = G, (7
1

such that v = (—1In @ ) ]a. If u follows
a uniform U(0, 1) distribution, then the density function in
(4) is present in the solution of the nonlinear align X =
Q(u). The crucial uses of Eq. (7) are: (1). For example,
substituting the Burr baseline model, we can use Eq. (7) to
simulate 1000 LCEB (1.5,2.0) occurrences and onward, many
useful graphical measures and respective graphs for these
simulated data can be obtained. (2). Eq. (7) can be used to
find median=Q(1/2), Bowley’s skewness and Moors kurtosis.
After differentiating Q(u) with respect to u, one may derive
the quantile density function (qdf) of X:

Lot (= () e
m t (8)

Tat(l—1t) (1 +(—(— ln(@))))

1 -1
[; cot (—

qdf = Di(t) =

C. LINEAR REPRESENTATION OF NEW CDF
We can rewrite the cdf of LCEG (3) as

N(x) = [1 + ool <L<X>>“>]_1
Since (1+€)"' =1— (1 +e¢ ")~ ! then N(x) is
O

by the following two expansions (1 + vl = Z;’,ozo(—l)h Vi
for [v|] < 1 and & = Z;io %’ respectively, we have
proposed model cdf as follows.

(=D ficot w (LX)*Y
No=> 3 ;
i=1 j=0
. | i
We know [cot n(L(X))“}’ = [m] . Using the
power series [tan(x)} = Z,fio ar(H(x)** | where ag(j) =
L ai1() = —j/3, ax(j) = j(5) — 7)/90,etc. ‘ _
Hence, [cot( (LX)™)Y = 3320 br() (m)*H (LX) @+
where by (j) = %(» Finally,
o
Nx) = Z Wi j) Hi j(x)
j.k=0
such that Hj j(x)) is the distribution function with power
parameter that is exponentiated «(2k + j)

[o N i+

@Y1 .

Wiy = 2, = —— @) ™™
i=1 ’
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Hy j(x)) = (LX))* D,
whereas
o0
n(x) = Z Vij e Qk+j)(X) )
j. k=0

here h(y2k+j))(x) a pdf of the exponentiated distribution with
parameter («(2k + j)) in the power,

B (l)](_l)(1+j+l)

i=1
ao(j) = 1, a1(j) = —j/3, a2(j) = j(5 = 7)/90, etc.

and

bi(j) ()

Be ki () = @ (2k + ) LX) (L(X))@ Gk+D-1

D. MATHEMATICAL DERIVATION OF MOMENTS, AND
OTHER PROPERTIES

We can represent the nth moment of X by the aid of equation
(9) as below:

o0
EX") =, > vij B i) (10)
k=0

Formally speaking, the definition of the probability-
weighted moment (PWM) of our proposed model is defined
as follows:

o
Dr.s =/ xX"N@&Y n(x)dx, r > 1,5 > 0. (11)
0

We consider
N(.X)S — [(1 + eCO[[TL’ (L(X))“])—l]s
Putting the pdf of the LCEG family(given below)
n(x)=mwaPLX) (LX) ™V esc?( (L(X))*)e ot EEND)
[1 4 (oot (L(X))"))]’2

in (11), then using the binomial expansion and exponential
series, PWM = p, , may also be interpreted as
Pr.qg= Z T

(—(s.+2)) (@ —i?‘ 1y /°° X LOO (L)@
= l J: —00
i,j=0

(csc(rr (L(X))"‘))2 [cot(n (L(X))“)]j dx. (12)

For [cot(w(L(X))*)V, we used the following expansion
[cot))* = D2, a(s)x)*75, where ap(s) = 1,
ai(s) = —s/3,a2(s) = s(5s — 7)/90,etc. and similarly for
[ese( (LM = 272 cr@)@)* 2 we get

e ¢]

~ .
—(s+2)\ G+ 1y —(i42))—
pra= 3 ( . o 77 QUA+D—(+2) 1

i j!
i.j k. 1=0 J

ar () c1(2) / x" L(X) [L(X)] @ GkFH21HD=G+3) gy
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Pr.q= Z Uljkl/ r(a(2k+21+1)—(]+3))L(X)
i,j,k,1=0
[L(X)](a(2k+21+l)—(]+3)) dx

(T6) @& G 2 QUAD~G+D-D) g, () ¢1(2)
where  Ujjr1 = (a(2k+2[+1) Ey . The
corresponding moment-generating function is:

Mx (1)
:E(etx)z/ (e"*)n(x)dx

= [ @ 3 v ooy L ax

Jj-k=0

E. STOCHASTIC ORDERING
As the following theorem demonstrates, the LCEG family of
distributions, denoted by the letter («), is ranked according to
the “likelihood ratio” ranking deemed the most authoritative.
This demonstrates the adaptability of the parameter set used
by the LCEG family of distributions.

Theorem. Let X follows LCEG(x;) and Y follows
LCEG(a2).

If a; > ap then
X <ir V), X < (), X it (Y)andX < (Y) .

Proof. We can easily write the ratio of the likelihood as
shown at the bottom of the page. Now if oy > a3 then

logf’y((x) < 0, it suggests that X <; (YY) and hence
\lr (Y) X <hr (Y) X <omrl (Y) X < X5t (Y)

IV. LCEG FAMILY’s SPECIAL MODELS

Here, famous baseline models are utilized to develop
the LCEG family’s special models, which are under
the:

A. THE LOGISTIC COT EXPONENTIATED EXPONENTIAL
(LCEE) DISTRIBUTION

Using exponential as baseline with pdf L(X) = Ae ** and
cdf L(X) = 1 — e **. Then, the cdf of the LCEE distribution
is:

Nx) = (14 e TV D)=l "y = 1 — exp[—A(x)].

13)
and its pdf is:

n(x) = w e exp[—A(x)][1 — e~rx@=D
[esc?(m (1 — exp[—A(x)]%))](e(~ oDy
(1 4 ¢ (cotlm¥eDy—2

and its hz is:

h(x) = 7 ha exp[—A(x)][1 — exp(—1x)] @D
[esc?(r (1 — exp[—A(0)I*NI(L + e~ ¥y~

fx(x)
frx)

a1 LX) 7% sin (7 L(X)*?) e cot(L(X)™1)

(ecot(nL(X)‘”l) + 1) csc (mL(X)*)

azecot(nL(X)EZ) (ecot(nL(X)"Z) + 1)

dl Jx(x)
dx f()

= 7w LX)™ ' L(X) (= cot (T L(X)™)

ecot(nL(X)o‘l) CSCZ (JTL(X)D”) (ecot(rrL(X)"‘l))’ (ecot(nL(X)"‘l) + 1))

eCot(TL(X)*1) (ecot(nL(X)"‘l) + 1)

+ LX) LX)

ecot(nL(X)"‘Z) C802 (ﬂL(X)O‘Z) (ecot(nL(X)“Z))’ (ecot(nL(X)O‘Z) 4 1)
ot L(X)*2) (ecot(nL(X)"‘Z) + 1)

+ e L(X)™ T LX) (cot (T L(X)™?))
+ 7w L)Y LX) (_ecot(n’L(X)"‘l))
(ese? (rLX)*)) (e TEO™ + 1)

oCOLTL(X)1) (ecot(nL(X)"‘l) + 1)

_ ( (COUTL(X)2) 4 1)

(o LX) LX) (—

eCoL(TL(X)*2 )) csc2 (rL(X)*2 ))

oCOLTL(X)*2) (ecot(nL(X)“Z) + 1)

(a1 —a2) LX)
LX)
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hix)

)
00 05 10 15 20 25 30

00 05 10 15 20 25 30

)
00 05 10 15 20 25 30

FIGURE 2. The LCEGa (a) density (b) hazard function plots.

B. THE LOGISTIC COT EXPONENTIATED GAMMA (LCEGa)
DISTRIBUTION

Exercising the gamma distribution as baseline in Eq. (3), the
main functions of LCEGa are produced.

-1
N(X) = (1 + e_(_COt[ﬂ(}/(p‘{)i))a]))

~ (@=1)
nx)=rna ’B_x)\—l e—ﬁx (M)
ro) TV

|:CSC2(7r (%) )] (ecot(nL(X)O‘Z) 4 1)

(el (552)]) (1 ; e<°°t[ﬂ(”?z£’f“)“]>)_2

A (@=1)
hix)=ma«a ’B_x)\—l e—ﬁx (M)
() ()

|:csc2(n (M)a)} (1+e_(_cm[n(w)a]))_l

T (L)

C. THE LOGISTIC COT EXPONENTIATED Weibull(LCEW)
DISTRIBUTION

Disbursing Weibull as base model with cdf L(X) = 1 —
exp[—A(x)?] and density L(X) = ABxP~! exp[—A(x)?] The
two-parameter LCEW having the following main functions is
produced.

NG = (14" Cm D)1 @ = (1 — exp[—2(x))).
(14)
n(x) =nmo (AB Bl CXp[—)»(x)ﬁ])CD(a_l)
[csc(r ©%)]
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15 20 25 30

00 05 10

() (b)

FIGURE 4. The LCEB's plots for (a) density (b) density.

o cot[n@“])(l +e - cot[n¢°‘]))—2
h(x) = ra (ABxP1 exp[—X(x)ﬁ])Q(“_l)
[csc(r DY)](1 4 ¢~ cotlr @Dy —1 (15)

V. THE LCEB DISTRIBUTION

Here, a new distribution logistic cot exponentiated
Burr(LCEB) is proposed. Firstly, its cdf, pdf, and hazard
functions are derived then graphs of the pdf and hazard are
presented with possible shapes to testify to the flexibility
present in the model.

A. METHODOLOGY

L(X) be the Burr cdf with A > Oand 8 > 0, L(X) =
1 — (1 +xk)_’3 , x >0 A, B > 0. with density
LX) = ABx) 11 4+ (x)")~®+D it follows three-parameter
LCEB whose cdf, pdf, and hazard function, respectively,
are:

n(x) = a MBI + ()~ FHDy Ale=D
(cscz(n A“)) o~ (—cot(mA®)
(1 +e cot(nM))) —2
h(x) = 1o QB 11 + (0)h)~F+Dy aAle=D
(cse*Gra))
(1 +e—<—cot<ma>)*1 6

VOLUME 11, 2023
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2=05 p=05 x=05 ~
b=

interested in the reversed hazard rate function I_Qt(x). Shaked
and Shanthikumar (1), for example. is created as shown at the
bottom of the next page.

4) SUB-MODELS OF LCEB

TABLE 4. Some sub-models of LCEB distribution.

(@) (b)

FIGURE 5. The LCEB's plots for (a) density and (b) hazard rate.

hix)

(@) (b)

FIGURE 6. The LCEB's plots for (a) hazard (b) hazard rate.

B. CHARACTERISTICS OF LCEB DISTRIBUTION

This section deduces the LCEB’s reliability properties,
as well as its residual and reverses residual life, quantile
function, moments, generating functions, entropies, order
statistics, and other relevant mathematical aspects.

1) RELIABILITY MEASURES

Sx) = (1 + exp(cot(mw A“))) [1 - (1 ~+ exp(cot(mw A“‘)))]_l
h(x) = 7 o OB (1 + ()~ FD)

A@=D (csc?(r A))

(1 + e~ (= cot(nA“)))

2) QUANTILE FUNCTION, SIMULATION, SKEWNESS, AND
KURTOSIS

The gf of LCEB is:

!
=B
X =Dr@t) = (l - (l cot™! <(1 — t))) ) -1
e t

a7

The median of the LCEB (A, 8, «) distribution is given by
Med = 0r(0.5)

N
G -

3) RESIDUAL AND REVERSE RESIDUAL LIFE

The LCEB random variable X’s residual lifetime, indicated
by the symbol R;(x), is obtained as shown at the bottom of
the next page. In addition, many scholars have recently been

VOLUME 11, 2023

Reduced distribution

1 - - Logistic cot exponentiated Lomax(Pareto type 2)distribution
1 - Logistic cot exponentiated Fisk distribution

Logistic cot Burr distribution

- Logistic cot Lomax(Pareto type 2)distribution

1 1 Logistic cot Fisk distribution

VI. LCEB AND STATISTICAL INFERENCE

A. METHODS OF PARAMETER ESTIMATION

Let xq, ..., x, represent a sample of size n taken from the
LCEB distribution represented by (16). The vector of parame-
ters @ = (a, A B)" may be modeled using the log-likelihood
function as described in the following sentence.

E_Zlog(csc 1—(x +1) ﬁ))“)
“(1= 1))
+ Z log (ecol(n

The score vector U(®)’s components are provided by

ST 1) as)

_S O A A
Uo,—izl“log(l (o + 1))+~ (19)
) ~Plog (x} +1)
Vs (a_l)z 1—x+1)
S log (e 4 1)+ (20)
i=1 ﬂ

—p—1
=(a — I)Z Pt log 0 (. 1)+ 1)

*log (xi)
—(ﬁ+1)zx'xfﬂ+210g(x,»)+% 1)
i=1 i=1

41

The MLEs of the model parameters are produced by setting
these aligns to zero and concurrently solving them. Following

are the results of the observed Fisher information matrix:

U n
oo — az

—28 1og? ( 1)

Upp = =53 + (= ”Z( 1—(x 1))
_(xl-k—i-l) “Plog? (x} +1))

1— (xt41)-F

u B2 log? (x;) (x} +1) 7262
U“‘(“_“Z( (=@ +1)h)?
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Bx} log? (x;) (x} + 1) ~A~! n
1—(x +1)-F 22

+ (@ - 1>Zﬂx? log (x;)

i=1
(¥} (log (7)) (¥} +1) =P=2— Bx? log (x;) (¢} +1) ~#2)
1—(x} +1) -
"M log? (xp)  xPrlog? (xi)
—(B+1 ! -
(,3 ); )Ci)"+1 (XZ\+1)2
n _
(xi)‘ + 1) B log (xl)‘ + 1)
U, g =
@b ; 1= (x}+1)—#
n A A —-p-1
px}log (xi) (x} +1) ~F
Uy, s =
ok ; 1— (xt41)-F
2 [ x}log (xi) (x} + 1) P71
Uss = (o — 1 ! :
po =@ ); 1 — (e +1)—F
Bx} log (x;) (x} + 1) P~ 1log (x} + 1)

Z”: Bx}log (xi) (x} + 1) 2P ~log (x} + 1)
i=1 (1 - (xz)\ + 1) _ﬁ) 2

B. SIMULATIONS

The accuracy of the maximum likelihood technique for esti-
mating the LCEB parameters is evaluated with the use of
Monte Carlo simulations, which may be found in the afore-
mentioned section. The simulation study consists of a total
of one thousand iterations, each of which uses a different
combination of sample sizes and parameter settings: n =
50, 100, 200, 300, and 500. I: « = 0.1, = 0.3 and A = 0.2,
I« = 0258 =0.75and A = 0.5,and IIl: « = 0.5,8 =
0.35 A = 0.25,. The mean square errors (MSEs), aver-
age widths (AWs), and average biases (Biases) of the 95%
confidence intervals for the parameters alpha and lambda
are all provided in Table 5 for various sample sizes. These
data indicate that the MLEs provide an accurate prediction
of the characteristics of the LCEB distribution. The biases,
MSEs, L.bounds, and U.bounds of X will all decrease as the

TABLE 5. Monte Carlo simulation results: Biasedness, Mean Square Error
(MSEs), Lower limit and Upper limit.

Parameter n Biasedness ~ Mean Square Error ~ Lower limit ~ Upper limit
1
o 50 1.017 26.223 2.802 5.019
100 0.507 0.410 0.105 1.214
200 0.438 0.250 0.198 0.881
300 0.423 0.216 0.259 0.789
500 0.423 0.202 0.322 0.728
B 50 15.409 1556.516 43.961 70.310
100 12.383 788.318 22.326 41.036
200 12.224 1000.469 7.924 25.113
300 11.406 159.326 6.585 17.868
500 11.346 157.775 7.898 16.111
A 50 -0.118 0.018 0.029 0.167
100 -0.124 0.018 0.035 0.135
200 -0.128 0.019 0.038 0.107
300 -0.132 0.019 0.043 0.095
500 -0.136 0.019 0.045 0.084
I
o 50 0.993 69.333 4.157 6.640
100 0.423 0.330 0.113 1.338
200 0.370 0.185 0.226 1.014
300 0.342 0.144 0.290 0.895
500 0.330 0.122 0.357 0.803
B 50 15.749 743.979 34.021 61.434
100 13.584 262.014 12.488 33.726
200 12.047 163.492 6.853 20.851
300 11916 160.360 8.047 19.500
500 11.379 132.126 8.322 15.936
A 50 -0.160 0.050 0.093 0.719
100 -0.148 0.036 0.117 0.619
200 -0.158 0.032 0.177 0.508
300 -0.156 0.030 0.211 0.479
500 -0.161 0.028 0.241 0.437
il
o 50 1.362 31.992 5.770 9.494
100 0.511 2.827 0.559 2512
200 0.279 0.194 0.223 1.348
300 0.238 0.1031 0.325 1.151
500 0.216 0.071 0.415 1.018
50 3.003 10.831 0.996 5.901
100 2.697 7.975 1.549 4.558
200 2.517 6.626 1.890 3.845
300 2.491 6.368 2.064 3.617
500 2.468 6.185 2227 3.408
A 50 0.023 0.018 0.055 0.567
100 0.024 0.010 0.091 0.465
200 0.029 0.005 0.151 0.407
300 0.027 0.003 0.175 0.379
500 0.027 0.002 0.199 0.355

sample size n increases. In addition, the confidence limits’
critical points (CPs) are located within a close proximity to
the nominal 95 percent values. As a consequence of this,
it is feasible to estimate the model parameters and provide
confidence ranges for them by utilising the MLEs and the
discoveries on their asymptotic behaviour.

VIl. DATA ANALYSIS TO THE PROPOSED DISTRIBUTION
This section covered the analysis of two real-life data sets
using many models, focusing on the LCEB model.

R/(x) = (1 I ef(fcot(n(lf(l+x+t)‘)_ﬂ)°‘))) (1 _ (1 " ef(fcot(n(17(1+x)‘)_ﬁ)°‘))))

[(1 - (1 +exp(eot(r(1 — (1 +x + r*)‘ﬂ)“)))) (1 + expleot((1 — (1

x}»)—ﬁ)a)))]f

Rt(x) =

(1 n e—(—cot(n(l—(1+x—z*)*’3)‘*))) (1 _ (1 i e—(—cot(n(l—(1+x*)*ﬁ)a))))
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FIGURE 7. For data set 1,(a) Histogram (b) TTT plot.
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FIGURE 8. For data sets 1 (a) Boxplot (b) Normal Q-Q plot.

A. THE FIRST DATA SET

The first data set, which was compiled by Bekker et al.
(2000), includes the survival rates (measured in years) of a
group of patients who were treated with chemotherapy. The
following data set is presented: 0.047, 0.115, 0.121, 0.132,
0.164, 0.197, 0.203, 0.260, 0.282, 0.296, 0.334, 0.395, 0.458,
0.466, 0.501, 0.507, 0.529, 0.534, 0.540, 0.641, 0.644, 0.696,
0.841, 0.863, 1.099, 1.219, 1.271, 1.326, 1.447, 1.485, 1.553,
1.581, 1.589,2.178, 2.343,2.416, 2.444, 2.825, 2.830, 3.578,
3.658, 3.743, 3.978, 4.003, 4.033.

The histogram of data set 1 is shown in Figures 7 (a), which
also displays the TTT plot’s indication of a heavy right tail in
Figure 7 (b). Figure 8 (a) displays the boxplot of data set 1,
and Figure 8 (b) displays the Q-Q plot (b).

B. THE SECOND DATA SET

The second data are obtained from Gamma Frechet JSTA
May 2013 waiting times between 64 consecutive eruptions
of the Kiama Blowhole (Pinhoet al., 2012), which are 83, 51,
87, 60, 28, 95, 8, 27, 15, 10, 18, 16, 29, 54,91, 8, 17, 55, 10,
35,47,717,36, 17, 21, 36, 18, 40, 10, 7, 34, 27, 28, 56, 8, 25,
68, 146, 89, 18, 73, 69, 9, 37, 10, 82, 29, 8, 60, 61, 61, 18,
169, 25, 8, 26, 11, 83, 11,42, 17, 14, 9, 12.

The summary statistics can be easily calculated, so we omit-
ted them Figures 9 (a) show a heavy right tail on the TTT
plot and the histogram of data set 2, which both indicate a
right tail. Shows a heavy right tail on the TTT plot and the
histogram of data set 2, indicating a right tail in Figure 9 (b).
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FIGURE 11. (a) Estimated pdfs of data set 1, (b)Estimated pdfs of data
set 2.

The figure displays the box plot that was generated from data
set 2 can be found in 10 (a) and the QQ plot in Figure 10 (b).

1) RESULTS CONCLUDED FROM THE DATA ANALYSIS
We calculate certain well-known measures of goodness-of-
fit statistics, including the log-likelihood function assessed
at the MLEs (é), Anderson-Darling (Ax), and Cramer-von
Mises (W), to investigate data sets 1 and 2 and compare
the fitted models. in [16], the statistics Ax and W are dis-
cussed in depth. With the aid of the R-software, the nec-
essary computations are performed. The better fit is shown
by lower Ax, W.
The model parameters MLEs and its standard errors (in
parentheses) are listed in Table 6 for Data Sets 1 and 2.

The LCEB model offers a better match than other models,
according to all of the Table 7 findings.
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TABLE 6. MLEs and their standard errors (in parentheses) for the data
sets 1 and 2.

Distribution A B ] c Z]
Data set 1
LCEB 1.8339 0.6313 0.4959
(0.9592) (0.5179) (0:3138)
WTBurr 0.7513 0.4351 2.7916 0.9562
(0:2149) (0:5089) (3.0284)  (0:2871) -
KumEBurr 7.5088 94.6498 0.1696 2.2587 2.7257
(772000)  (252.3350)  (0.4342)  (7.0380)  (27.8501)
WBurr 2.7747 2.2049 0.5377 0.6294 -
(17.0895) (47452) (1.1012)  (1.0139)
BBurr 14.9386 31.7049 0.3218 0.5806
(66.2553) (138.4791) (0.7179) (2.2323)
Burr 1.4215 1.2435 - -
(0.1791) (0.1945)
Data set 2
LCEB 1.3106 0.8928 26.10
(2:4601) (1.7927) (19 9295)
WTBurr 0.0095 0.2406 1.8664
(0.0042) (0.0605) (0.4340) (0.3721) -
KumEBurr 26.9917 7.2839 0.1501 5.8259 26.0711
(109.0143) (15.9483) (0.2083) (7.6099)  (105.2834)
WBurr 2.0773 3.4357 2.6137 0.0612 -
(18.0927) (1.6967) (15. 7114) (0.4749)
BBurr 15.8442 12.9804 3.1139 0.0786
(3.5292) (24 0289) (5.0624) (0.1218)
Burr 6.2127 -
(25.9616) (0.2009)
TABLE 7. The statistics ¢, A*, W*, for the data sets 1 and 2.
Distribution 7 AIC BIC A* wH
Data set 1
LCEB 56.97902
WTBurr 56.9856
KumEBurr 58.0709
WBurr 58.0536
BBurr 58.8978
Burr 59.8167
Data set 2
LCEB 288.0167
WTBurr 296.9266
KumEBurr 294.0857
WBurr 293.8743
BBurr 293.9108

FIGURE 12. (a) Estimated cdfs of data set 1, (b) Estimated cdfs of data
set 2.

As we can easily see from Figures 11, and 12, that proves
to be the greatest among competitors and visually appeal-
ing. Not to mention, the LCEB model can provide greater
goodness-of-fits to more complex models, with three param-
eters or more.

VIIl. CONCLUDING REMARKS

The literature has extensively examined the generalized con-
tinuous univariate distributions. The LCEG family of distri-
butions, which includes a four-parameter LCEB distribution
with monotone and non-monotone hazard rates, is a novel
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class of distributions that we suggest. We examine a few of
the new family’s structural characteristics. In order to provide
an accurate estimate of the model parameters, the maximum
likelihood method is used. A Monte Carlo simulation analysis
is given to confirm the accuracy of the estimations. We test
which distribution fits these data sets best using a variety of
goodness-of-fit measures. We have come to the conclusion
that these one-of-a-kind models often provide better matches
than competing models. We believe that the family that is
proposed, along with the models that it generates, will see
more use across a variety of domains.

APPENDIX A
A. SHAPES OF THE DENSITY FUNCTION
Forms of the density function may be characterized mathe-
matically, and the roots of the following equation represent
the critical points of the LCEG density function:
d log n(x)
dx
_ g0 @—DLK)
- LX) LX)

LOOED [2cotr (L)) + (eser (L))

o L(X)

[CSC(?T (L(X))ot )]2 cot(r (L(X))*)
1+ ot (L(X))¥)

=0 (22)

and there may be more than one root to (22). Let A(x) =
d? log[n(x)]/d x* can be find very easily. As shown at the
top of the next page.

B. SHAPES OF THE HAZARD FUNCTION
The critical points of the hrf h(x) are obtained from the
following align:
gx)  (a—1LX)
LX) LX)
TaL(X)* 1 L(X)ec LX) csc? (r L(X)®)
+ eCotrL(X)Y) 4 ]

— 2aL(X)* ' L(X) cot (mL(X)*)

=0 (23)

and there may be more than one root to (23). Let A(x) =
d? log[n(x)]/d x*. We have

Ax)
d® dw | (@-Dgw
T LX) LX)? L(X)

— 2w L(X)* ' g (x) cot (T L(X)®)
maL(X)? g/ (x)eCtT L&) ¢sc2 (s L(X)Y)
+ ecot(rrL(X)"‘) +1
+ 222 L(X)** 72L(X)? esc? (mL(X)*)
2a2L(X)2a—2L(X)262 cot(w L(X)%“) CSC4 (rL(X)%)
(ecot(nL(X)"‘) + 1)2
2a2L(X)Za—ZL(X)ZeCOt(nL(X)“) CSC4 (T[L(X)a)
eCOtT L)) 4 ]

_ (eCOI(TL’L(X)Ot) + 1)_1 [27.[2a2L(X)20l72L(X)26C0[(7TL(X)D()

VOLUME 11, 2023



Y. Tashkandy et al.: Exponentiated Cotangent Generalized Distributions: Characteristics and Applications

IEEE Access

'@ gy

(@ — Dg'(x)

A

LX) LX)? LX)

—2maL(X)* " 'g'(x) cot (mLX)%)
— maL(X)*'g'(x) esc? (TL(X))

N 2maL(X)* g (x)eStTLOY) cse? (r L(X)Y)

ecot(nL(X)“) +1

+ 2120 L(X)** T2 L(X)* esc? (nL(X)*)
27[20[2L(X)2a_2L(X)2€2 cot(w L(X)%) CSC4 (JTL(X)O[)

(ecotrLC)) 4 1)2

22 L(X )2 2L(X)2e L cset (rL(X)*)

ecot(nL(X)"‘) +1
+ 27%?L(X)** 2L(X)* cot (mL(X)*) esc* (mL(X)®)
4202 L(X)2 2L (X)L cot (m L(X)¥) esc? (T L(X)%)

eCOlmLX)™) 1 |

(@ — DL(X)?
O LX)?

— 27 (a — DaL(X)* "2L(X)* cot (7 L(X)*)

— (e — DaL(X)* *L(X)* esc? (7 L(X)*)

N 27 (o — Do L(X)*2L(X )2 LX) ¢5e2 (7 L(X)%)

ecot(ﬂL(X)“) +1

cot (nL(X)“) csc? (JTL(X)"‘) ]

(@ — DLX)?

Top e DaL(X)*2L(X)* cot( L(X)*)

G DaL(X)*~2L(X 2T L&D ¢se? (rL(X)Y)

ecot(nL(X)"‘) +1

ACKNOWLEDGMENT

This study was funded by Researchers Supporting Project
number (RSP2023R488), King Saud University, Riyadh,
Saudi Arabia.

REFERENCES

[1]
[2]

[3]

[4]
[5]

[6]

[71

[8]

M. V. Aarset, “How to identify a bathtub hazard rate,” IEEE Trans. Rel.,
vol. R-36, no. 1, pp. 106-108, Apr. 1987.

C. Alexander, G. M. Cordeiro, E. M. M. Ortega, and J. M. Sarabia, “Gen-
eralized beta-generated distributions,” Comput. Stat. Data Anal., vol. 56,
pp. 1880-1897, Jun. 2012.

A. A. Al-Babtain, I. Elbatal, C. Chesneau, and M. Elgarhy, “Sine
Topp-Leone-G family of distributions: Theory and applications,” Open
Phys., vol. 18, no. 1, pp. 574-593, 2020.

A. Ali, “Sine Power Lomax model with application to bladder cancer
data,” Nano Sci. Nano Technol. Lett., vol. 12, no. 5, pp. 677-684, 2020.
M. Alizadeh, M. C. Korkmaz, J. A. Almamy, and A. A. E. Ahmed,
“Another odd log-logistic logarithmic class of continuous distributions,”
J. Statistician, Statist. Actuarial Sci., vol. 11, no. 2, pp. 55-72, 2021.

M. A. Aljarrah, C. Lee, and F. Famoye, “On generating T-X family
of distributions using quantile functions,” J. Stat. Distrib. Appl., vol. 1,
Jun. 2014, Art. no. 2.

E. Altun, M. C. Korkmaz, M. El-Morshedy, and M. S. Eliwa, “A new
flexible family of continuous distributions: The additive odd-G family,”
Mathematics, vol. 9, no. 16, p. 1837, 2021.

S. A. Alyami, I. Elbatal, N. Alotaibi, E. M. Almetwally, and M. Elgarhy,
“Modeling to factor productivity of the United Kingdom food chain: Using
a new lifetime-generated family of distributions,” Sustainability, vol. 14,
no. 14, p. 8942, 2022.

VOLUME 11, 2023

[9]

(10]

(11]

[12]

[13]

[14]

[15]

[16]

(17]

(18]

[19]

[20]

(21]

(22]

A. Alzaatreh, C. Lee, and F. Famoye, “A new method for generating
families of continuous distributions,” Metron, vol. 71, no. 1, pp. 63-79,
Apr. 2013.

A. Alzaatreh, C. Lee, and F. Famoye, ““T-normal family of distributions: A
new approach to generalize the normal distribution,” J. Stat. Distrib. Appl.,
vol. 1, no. 1, p. 16, 2014.

A. Alzaghal, F. Famoye, and C. Lee, “Exponentiated 7-X family of
distributions with some applications,” Int. J. Statist. Probab., vol. 2, no. 3,
pp. 3149, Jul. 2013.

M. Amini, S. M. T. K. Mirmostafaee, and J. Ahmadi, “Log-gamma-
generated families of distributions,” Statistics, vol. 48, no. 4, pp. 913-932,
Jul. 2014.

F. A. Bhatti, G. G. Hamedani, M. C. Korkmaz, G. M. Cordeiro,
H. M. Yousof, and M. Ahmad, ““On Burr III Marshal Olkin family: Devel-
opment, properties, characterizations and applications,” J. Stat. Distrib.
Appl., vol. 6, no. 1, pp. 45-72, Dec. 2019.

M. Bourguignon, R. B. Silva, and G. M. Cordeiro, “The Weibull-G family
of probability distributions,” J. Data Sci., vol. 12, no. 1, pp. 53-68, 2014.
S. Chakraborty, P. J. Hazarika, and M. M. Ali, “A new skew logistic distri-
bution and its properties,” Pakistan J. Statist., vol. 28, no. 4, pp. 513-524,
2012.

G. Chen and N. Balakrishnan, “A general purpose approximate goodness-
of-fit test,” J. Qual. Technol., vol. 27, no. 2, pp. 154-161, Apr. 1995.

C. Chesneau, H. S. Bakouch, and T. Hussain, “A new class of probability
distributions via cosine and sine functions with applications,” Commun.
Statist., Simul. Comput., vol. 48, no. 8, pp. 2287-2300, 2019.

C. Chesneau, H. S. Bakouch, T. Hussain, and B. A. Para, “The cosine
geometric distribution with count data modeling,” J. Appl. Statist., vol. 48,
no. 1, pp. 124-137, Jan. 2021.

C. Chesneau and F. Jamal, “The sine Kumaraswamy-G family of distribu-
tions,” J. Math. Extension vol. 15, no. 2, pp. 1-33, 2020.

G. M. Cordeiro, E. Altun, M. C. Korkmaz, R. R. Pescim, A. Z. Afify, and
H. M. Yousof, “The XGamma family: Censored regression modelling and
applications,” Revstat, Stat. J., vol. 18, no. 5, pp. 593-612, 2020.

F. Caeiro and A. Mateus, ““A new class of generalized probability-weighted
moment estimators for the Pareto distribution,” Mathematics, vol. 11,
no. 5, p. 1076, Feb. 2023, doi: 10.3390/math11051076.

G. M. Cordeiro, E. M. M. Ortega, and D. C. C. D. Cunha, “The expo-
nentiated generalized class of distributions,” J. Data Sci., vol. 11, no. 1,
pp. 1-27, Mar. 2021.

35707


http://dx.doi.org/10.3390/math11051076

IEEE Access

Y. Tashkandy et al.: Exponentiated Cotangent Generalized Distributions: Characteristics and Applications

[23]

[24]

[25]

[26]

[27]

[28]

[29]

[30]

[31]

[32]

[33]

[34]

[35]

[36]

[37]

[38]

[39]

[40]

[41]

[42]

[43]

[44]

[45]
[46]

[47]

G. M. Cordeiro and S. Nadarajah, “Closed-form expressions for moments
of a class of beta generalized distributions,” Brazilian J. Probab. Statist.,
vol. 25, no. 1, pp. 14-33, Mar. 2011.

G. M. Cordeiro and M. de Castro, “‘A new family of generalized distribu-
tions,” J. Stat. Comput. Simul., vol. 81, no. 7, pp. 883-893, 2011.
E.-S.-A. El-Sherpieny, E. M. Almetwally, and H. Z. Muhammed, ‘‘Bivari-
ate Weibull-G family based on copula function: Properties, Bayesian and
non-Bayesian estimation and applications,” Statist., Optim. Inf. Comput.,
vol. 10, no. 3, pp. 678-709, Jul. 2021.

E. A. ElSherpieny and E. M. Almetwally, “The exponentiated generalized
alpha power family of distribution: Properties and applications,” Pakistan
J. Statist. Oper. Res., vol. 18, no. 2, pp. 349-367, Jun. 2022.

N. Eugene, C. Lee, and F. Famoye, “‘Beta-normal distribution and its appli-
cations,” Commun. Statist., Theory Methods, vol. 31, no. 4, pp. 497-512,
2002.

M. E. Ghitany, D. K. Al-Mutairi, N. Balakrishnan, and L. J. Al-Enezi,
“Power Lindley distribution and associated inference,” Comput. Statist.
Data Anal., vol. 64, pp. 20-33, Aug. 2013.

1. S. Gradshteyn and I. M. Ryzhik, Table of Integrals, Series, and Products.
New York, NY, USA: Academic, 2000.

R. D. Gupta and D. Kundu, “Theory & methods: Generalized exponential
distributions,” Austral. New Zealand J. Statist., vol. 41, no. 2, pp. 173-188,
1999.

R. D. Gupta and D. Kundu, ‘“Exponentiated exponential family: An alter-
native to gamma and Weibull distributions,” Biometrical J., vol. 43, no. 1,
pp. 117-130, Feb. 2001.

R. D. Gupta and D. Kundu, “Generalized exponential distribution: Exist-
ing results and some recent developments,” J. Stat. Planning Inference,
vol. 137, no. 11, pp. 3537-3547, Nov. 2007.

R. C. Gupta, P. L. Gupta, and R. D. Gupta, “Modeling failure time data by
lehman alternatives,” Commun. Statist., Theory Methods, vol. 27, no. 4,
pp. 887-904, 1998.

G. G. Hamedani, M. C. Korkmaz, N. S. Butt, and H. M. Yousof, “The type
I quasi Lambert family: Properties, characterizations and different estima-
tion methods,” Pakistan J. Statist. Oper. Res., vol. 17, no. 3, pp. 545-558,
2021.

M. C. Jones, “Families of distributions arising from distributions of order
statistics,” Test, vol. 13, pp. 1-43, Jun. 2004.

J. Kenney and E. Keeping, Mathematics of Statistics, vol. 1, 3rd ed.
Princeton, NJ, USA: Van Nostrand, 1962.

M. C. Korkmaz, E. Altun, H. M. Yousof, and G. G. Hamedani,
“The Hjorth’s IDB generator of distributions: Properties, characteriza-
tions, regression modeling and applications,” J. Stat. Theory Appl., vol. 19,
no. 1, pp. 59-74, 2020.

M. C. Korkmaz, H. M. Yousof, M. Alizadeh, and G. G. Hamedani,
“The Topp-Leone generalized odd log-logistic family of distributions:
Properties, characterizations and applications,” Commun. Fac. Sci. Univ.
Ankara A, Math. Statist., vol. 68, no. 2, pp. 1506-1527, Jul. 2019.

J.F. Lawless, Statistical Models and Methods for Lifetime Data. New York,
NY, USA: Wiley, 2003.

Z. Mahmood, T. M. Jawa, N. Sayed-Ahmed, E. M. Khalil, A. H. Muse,
and A. H. Tolba, “An extended cosine generalized family of distributions
for reliability modeling: Characteristics and applications with simulation
study,” Math. Problems Eng., vol. 2022, Feb. 2022, Art. no. 3634698, doi:
10.1155/2022/3634698.

Z. Mahmood, C. Chesneau, and M. H. Tahir, “A new sine-G family of
distributions: Properties and applications,” Bull. Comput. Appl. Math.,
vol. 7, no. 1, pp. 53-81, 2019.

G. S. Mudholkar and D. K. Srivastava, ‘“Exponentiated Weibull family
for analyzing bathtub failure-rate data,” IEEE Trans. Rel., vol. 42, no. 2,
pp- 299-302, Jun. 1993.

G. S. Mudholkar and A. D. Hutson, ‘“The exponentiated Weibull family:
Some properties and a flood data application,” Commun. Statist., Theory
Methods, vol. 25, no. 12, pp. 3059-3083, Jan. 1996.

G. S. Mudholkar, D. K. Srivastava, and M. Freimer, “The exponentiated
Weibull family: A reanalysis of the bus-motor-failure data,” Technomet-
rics, vol. 37, no. 4, pp. 436-445, Nov. 1995.

D. Murthy, M. Xie, and R. Jiang, Weibull Models. New York, NY, USA:
Wiley, 2004.

S. Nadarajah and S. Kotz, “The exponentiated type distributions,” Acta
Appl. Math., vol. 92, no. 2, pp. 97-111, Sep. 2006.

S. Nadarajah and F. Haghighi, “‘An extension of the exponential distribu-
tion,” Statistics, vol. 45, no. 6, pp. 543-558, 2011.

35708

(48]
(49]

(50]

[51]

[52]

(53]

(54]

[55]

[56]

(57

(58]

[59]

(60]

[61]

[62]

[63]

[64]

[65]

[66]

S. Nadarajah, H. Bakouch, and R. Tahmasbi, “A generalized Lindley
distribution,” Sankhya B, vol. 73, pp. 331-359, Mar. 2012.

S. Nadarajah, “The exponentiated exponential distribution: A survey,”
Adbv. Stat. Anal., vol. 95, pp. 219-251, Feb. 2011.

S. Nadarajah and A. K. Gupta, “The exponentiated gamma distribution
with application to drought data,” Calcutta Stat. Assoc. Bull., vol. 59,
pp. 29-54, Mar. 2007.

S. Nadarajah and A. K. Gupta, “A generalized gamma distribution with
application to drought data,” Math. Comput. Simul., vol. 74, no. 1, pp. 1-7,
2007.

S. Nadarajah and S. Kotz, “Beta trigonometric distribution,” Portuguese
Econ. J., vol. 5, no. 3, pp. 207-224, 2006.

V. B. V. Nagarjuna, R. V. Vardhan, and C. Chesneau, ‘“Kumaraswamy
generalized power Lomax distributionand its applications,” Stats, vol. 4,
no. 1, pp. 2845, 2021.

E. Ozkan and G. G. Simsek, ““Generalized Marshall-Olkin exponentiated
exponential distribution: Properties and applications,” PLoS One, vol. 18,
no. 1, 2023, Art. no. e0280349.

K. Pearson, ““X. Contributions to the mathematical theory of evolution—II.
Skew variation in homogeneous material,” Philos. Trans. Roy. Soc. London
A, vol. 186, no. 1895, pp. 343—414, 1895.

A. Rényi, “On measures of entropy and information,” in Proc. 4th Berke-
ley Symp. Math. Statist. Probab., vol. 1. Berkeley, CA, USA: Univ. of
California Press, 1961, pp. 547-561.

D. H. Raab and E. H. Green, “A cosine approximation to the normal
distribution,” Psychometrika, vol. 26, no. 4, pp. 447-450, Dec. 1961.

M. M. Risti¢ and N. Balakrishnan, “The gamma-exponentiated exponen-
tial distribution,” J. Stat. Comput. Simul., vol. 82, no. 8, pp. 1191-1206,
Aug. 2012.

N. Salahuddin, A. Khalil, W. K. Mashwani, H. Shah, P. Jomsri, and
T. Panityakul, “A novel generalized family of distributions for engineering
and life sciences data applications,” Math. Problems Eng., vol. 2021,
May 2021, Art. no. 9949999.

C. E. Shannon, “A mathematical theory of communication,” Bell Syst.
Tech. J., vol. 71, no. 3, pp. 379-432, 1948.

L. Souza, “New trigonometric classes of probabilistic distributions,”
M.S. thesis, Universidade Federal Rural de Pernambuco, Recife, Brazil,
2015.

L. Souza, W. R. D. O. Junior, C. C. R. D. Brito, T. A. E. Ferreira, and
L. G. M. Soares, “General properties for the Cos-G class of distributions
with applications,” Eurasian Bull. Math., vol. 2, no. 2, pp. 63-79, 2019.
M. H. Tahir, G. M. Cordeiro, A. Alzaatreh, M. Zubair, and M. Mansoor,
“The logistic-X family of distributions and its applications,” Commun.
Statist., Theory Methods, vol. 45, no. 24, pp. 7326-7349, 2015.

H. Torabi and N. M. Hedesh, “The gamma-uniform distribution and its
application,” Kybernetika, vol. 48, no. 1, pp. 16-30, 2012.

H. Torabi and N. H. Montazari, “The logistic-uniform distribution
and its application,” Commun. Stat. Simul. Comput., vol. 43, no. 10,
pp. 2551-2569, 2014.

K. Zografos and N. Balakrishnan, “On families of beta- and generalized
gamma-generated distributions and associated inference,” Stat. Methodol.,
vol. 6, no. 4, pp. 344-362, Jul. 2009.

YUSRA A. TASHKANDY received the Ph.D. degree in philosophy of statis-
tics from the Department of Statistics and Operations Research, Faculty of
Science, King Saud University, Riyadh, Saudi Arabia, in 2018. Her research
interests include statistical inference, biostatistics, probability distributions,
regression, and multivariate analysis.

M. NAGY was born in Fayoum, Egypt, in 1978.
He received the B.Sc. degree in mathematics
from the Mathematics Department, Faculty of
Science, Cairo University, Cairo, Egypt, and the
M.Sc. and Ph.D. degrees in order statistics from
Al-Azhar University, in 2015 and 2018, respec-
tively. In 2001, he joined the Faculty of Science,
Fayoum University, Egypt. In 2018, he became an
Assistant Professor of statistics with the Depart-
ment of Statistics and Operations Research, Fac-

ulty of Science, King Saud University, Riyadh, Saudi Arabia.

VOLUME 11, 2023


http://dx.doi.org/10.1155/2022/3634698

Y. Tashkandy et al.: Exponentiated Cotangent Generalized Distributions: Characteristics and Applications

IEEE Access

MUHAMMAD AKBAR received the Ph.D. degree in philosophy of econo-
metrics from the Department of Economics, The Islamia University of
Bahawalpur, in 2021. His research interests include economics, economet-
rics, statistical inference and analysis, probability distributions, and ridge
regression and analysis.

ZAFAR MAHMOOD received the Ph.D. degree
in statistics from the Department of Statistics,
The Islamia University of Bahawalpur, Pakistan,
in 2021. His research interests include probabil-
ity and probability distributions involving trigono-
metric functions, statistical inference and analysis,
simulation studies, and regression analysis.

AHMED M. GEMEAY received the M.Sc. degree
in statistics from Tanta University, Tanta, Egypt,
in 2020. He is an Assistant Lecturer of statistics
and mathematics with the Department of Math-
ematics, Faculty of Science, Tanta University.
His current research interests include generalized
classes of distributions and their special models.

VOLUME 11, 2023

MD. MOYAZZEM HOSSAIN received the B.Sc. (Hons.) and M.Sc. (Thesis)
degrees from the Department of Statistics, Jahangirnagar University (JU),
Savar, Dhaka, Bangladesh, in 2003 and 2004, respectively, and the M.Phil.
degree from the Department of Statistics, JU. He is currently pursuing the
Ph.D. degree with Newcastle University, U.K. He is also a full-time Faculty
Member with the Department of Statistics, JU. He is an applied statistician
with expertise in both developing and applying recent methodologies, mod-
els, and techniques. He loves to play with data and is passionate to learn
from the insight of data. He started his teaching career as a Lecturer with
the Department of Mathematics and Statistics, Bangladesh University of
Business and Technology (BUBT), Mirpur, Dhaka, in 2008. Before joining
JU, as an Assistant Professor, in 2014, he served as a Lecturer and an Assis-
tant Professor with the Department of Statistics, Islamic University, Kushtia,
from 2010 to 2014. Moreover, he has established national and international
connections and is an active participant in several collaborative research
activities. Furthermore, he has also attended various workshops and training
on data analysis. He enjoys research activities and published many research
articles in different reputed international peer-reviewed journals and book
chapters. His research interests include econometrics, time-series analysis,
multivariate analysis, data mining, regression analysis, survival analysis,
public health, biostatistics, probability distributions, statistical inference,
environmental statistics, and business statistics. He is a Lifetime Member
of the Bangladesh Statistical Association.

ABDISALAM HASSAN MUSE was born in Borama, Somalia, in 1988.
He received the bachelor’s degree in mathematics and physics from the
Faculty of Science, Amoud University, Borama, in 2012, the M.Sc. degree
in mathematics and statistics from the School of Postgraduate Studies and
Research, Amoud University, in 2017, and the Ph.D. degree in statistics
from the Institute of Basic Science, Technology and Innovation, Pan African
University, hosted with Jomo Kenyatta University of Agriculture and Tech-
nology, Nairobi, Kenya, in 2022. He is the Head of the Faculty of Science
and Humanities, School of Postgraduate Studies and Research, Amoud
University. He is a Maintainer of three R packages and has over 30 refereed
journal articles published or accepted. His research interests include applied
statistics, survival analysis, Bayesian statistics, distribution theory, disease
mapping, spatial statistics, and regression modeling. He received the Post
Graduate African Union Scholarship Award during his Ph.D. (statistics)
Program. He serves as a reviewer for several journals.

35709



