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ABSTRACT Noise, vibration and harshness are a big issue for hybrid vehicles especially in range extenders.
Traditional vibration control and active damping control are generally used for suppressing vibration.
Compared with traditional vibration control, active damping control is more flexible and effective in
suppressing vibration. The basic idea of active damping control is controlling electric motor compensating
for the torque of engine and reducing the vibration from the source. The reduction of vibration is highly
depended on the compensation torque of the electric motor. A differently designed compensation torque has
a significant impact on the active damping control effect. In this paper, an active damping control method
for online application is proposed. And several kinds of compensation torque are designed for this method.
Experiments on vibration performance are conducted to compare the effect of different compensation torque
design in reducing vibration. And the results show that the compensation torque in the shape of square
wave has potential for reducing vibration in all directions. Finally, a guiding tool for compensation design
is proposed by correlation analysis and the relationship between designing factors and vibration is revealed.

INDEX TERMS Hybrid electric vehicles, range extender, active damping control, vibration control.

I. INTRODUCTION
Range extenders are a practicable option for replacing con-
ventional vehicles due to its potential to save energy and
lower emissions [1], [2]. A range extender usually com-
prises an internal combustion engine, an integrated starter
generator (ISG), a driving motor and battery package, etc.
The combination of the internal combustion engine and ISG
motor is usually called the auxiliary power unit (APU). How-
ever, range extenders also have noise vibration and harsh-
ness (NVH) problems like the other hybrid vehicles [3], [4].
Research shows that vibration excited by APU is the crucial
vibration issue of a range extender hybrid vehicle [4], [5].
Vibration problems will affect the life of components, the
driving experience, and cause noise. Therefore, research on
the vibration performance of the range extender and methods
to improve its vibration performance is of great significance.
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There are generally two types of vibration control: 1) tra-
ditional vibration control, which controls vibration passively
through mechanical design, and 2) active vibration control,
which actively reduces vibration from the source. Traditional
vibration control like adding extra weight onto the crank arm
[6], utilizing a dual-mass flywheel [7] or a special-structure
engine [8] is still one of the most effective ways to improve
vibration performance and it is widely used in vehicles.
However, hybrid technology has brought more challenges to
traditional vibration control. Firstly, the relatively constant
parameters of the mechanical structure find it difficult to cope
with the changing operating conditions of hybrid vehicles.
Secondly, extra energy consumption will be generated with
extra addedweight. Furthermore, vibration characteristics are
more complex for hybrid vehicles. Active vibration control
is an alternative method to actively suppress vibration by
utilizing the electric motor. The quick response of electric
motor in a hybrid vehicle has brought a new possibility of
achieving active vibration control.
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Hence, active vibration control for hybrid vehicles has
attracted more attention from researchers. The basic idea of
active vibration control is quite simple. When the engine
outputs a certain torque with fluctuation, the electric motor
will output an extra torque with the opposite phase. As a
result, the excitation of vibration caused by the internal com-
bustion engine will become closer to a constant value. And
the vibration and speed fluctuation can be reduced from the
source.

Active vibration control was called active flywheel tech-
nology at first. The target of an active flywheel is reducing
the speed fluctuation caused by the engine’s torque, espe-
cially during the idling phase. The active flywheel was first
proposed by Gusev et al. in 1997, whose simulation results
showed its effectiveness for reducing vibration [9]. Then
the concept was developed by Zaremlba et al. [10] based on
learning control. And this algorithm was finally validated by
experiments on a diesel engine [11]. Similar research had
been carried out with a harmonic activation neural network
by Beuschel [12]. However, the effect of active flywheel
technology of early researches is generally limited by the
maximum power of the electric motor and power loss of the
electric motor.

With a more powerful electric motor being used in hybrid
vehicles, the application of active damping control has
expanded. And better performance in reducing vibration has
been achieved. Then active damping control was used in a
hybrid vehicle by Honda R&D Co., Ltd [13], and it was
renamed the Integrated Motor Assist (IMA) system. The
IMA system could suppress idle vibration by 3dB∼5dB. The
Ford Motor Co. also achieved this technology by adaptive
Proportion-Integration-Differentiation (PID) control [14].
A 65% reduction of idle speed fluctuation was achieved.

With the popularity of power-split hybrid electric vehicles,
more researches focused on suppressing vibration caused
by the complex structure. The representative research was
completed by Toyota [15], [16]. This researchmainly focused
on vibration control during the start/stop process. The experi-
mental results showed that about 60% of peak floor vibration
is reduced and passengers should barely detect engine startup.
Active damping control was also applied in the Ford Escape
Hybrid [17]. Simulation and experiment results showed that
active damping control was able to suppress driveline vibra-
tion effectively even with increased motor/generator dis-
turbances and change in driveline stiffness. The Chrysler
research group also achieved active damping control for
power-split configuration via slide mode control [18]. Similar
researches [17], [20], [21] using torque observer have also
achieved good effects. Nowadays, vibration suppression of
power-split configuration during start/stop can be effectively
solved by active damping control [19].

However, the configuration of a range extender is quite
different from the power-split configuration. The electric
motor of a range extender is generally coaxial to the engine.
Research [22], [23], and [24] mainly focuses on vibration

control during the start/stop process in a range extender.
Simulation results show that peak to peak force is reduced
by about 31.2% by using active damping control. The diffi-
culty is how to make an active damping control for online
application. Hence, time delay of the communication system
and mechanical response should be taken into consideration.
Active torsional vibration control based on mode predic-
tion was conducted by Chen [25] to cope with the time
delay. Simulation results showed that torsional vibration was
reduced by more than 90%. Jiang [26] researched a similar
mode predictive control, and simulation results showed that
acceleration oscillation was reduced about 80%. However,
neither of these papers conducted experiments to verify the
results. Meng’s research is based on a torque fluctuation
estimation and the vibration acceleration was reduced by
about 8.4%∼11.1% [27].

The above studies have one thing in common. That is, the
control target is how to make the compensation torque of
the electric motor be more similar to the real engine ripple
torque but with opposite phase. However, some researches
about active damping control with the compensation torque
in the shape of a square wave have been done. The vibration
control during the startup process is illustrated in one study
[28] and the effect of idle vibration reduction is illustrated in
a paper [29]. By using a square waveform as compensation
torque, the idle speed fluctuation is reduced by 79.2% and
the vibration index proposed in [29] is reduced by 83%.
More research on the steady state has been conducted [30].
Experimental results show that active damping control is
effective over low speed and load ranges. Not only is the
vibration performance enhanced, combustion stability and
cylinder-by-cylinder uniformity are also improved by active
damping control [31]. The waveform of compensation used
in literature [28], [29], [30], [31] is the square waveform
instead of being similar to the real engine ripple torque but
with opposite phase.

Theoretically, the compensation torque with opposite
phase of engine torque (which is called as the ideal wave-
form in the rest of this paper) is the optimal waveform for
active damping control. However, considering the conver-
sion of analog-to-digital signals and the time delay of motor
response, the real compensation torque waveform tends to be
deformed greatly. Hence the ideal waveform may not be the
optimal waveform anymore. It is meaningful and necessary
to find out what kind of waveform is more suitable for active
damping control. and other kinds of waveforms (such as a
square waveform and a pulse width modulation waveform)
have to be taken into consideration. However, the problem is
that none of these papers [28], [29], [30], [31] have compared
the effect of active damping control with compensation torque
in the shape of the square waveform and the ideal wave-
form. And the vibration indicators which is used to evaluate
vibration performance are not directly getting from sensors.
Hence, the question of which kind of compensation design is
more suitable for online application is yet to be answered.
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In this paper, an active damping control algorithm based
on transient speed observer is proposed at first. And several
kinds of waveforms including the ideal waveform, the square
waveform and the PWM wave are designed for the proposed
method. Experiments about which kind of compensation
design is more suitable for embedded systems to actively
suppress the vibration are conducted.

The contribution of this paper is summarized as follows:
1) A novel way of achieving active damping control for

online application is proposed. Vibration acceleration was
reduced by 52.50% at most in our experiments while the
reduction of traditional vibration control is within 15%.

2) The influence of different kinds of waveforms is com-
pared in this paper through experiments and the reasons
for the difference are analyzed from the perspective of the
frequency spectrum.

3) The relationship between design factors and vibration
performance is revealed through correlation analysis.

II. ACTIVE DAMPING CONTROL AND DESIGN OF THE
TRANSIENT SPEED OBSERVER
The basic idea of active damping control is quite simple.
When the engine outputs a certain torque with fluctuation,
the ISG (Integrated Starter and Generator) motor will output
a torque with the opposite phase of the engine’s ripple torque.
And the result is that thewhole output torquewill be smoother
and the rotational speed fluctuation will be smaller as well.

This section will introduce details of active damping con-
trol including an explanation of active damping control, mod-
eling of the range extender and establishment of the transient
speed observer.

A. ACTIVE DAMPING CONTROL
Configuration of the range extender researched in this paper is
shown in Fig.1. The vibration control mainly focuses on con-
trolling the vibration of theAPU. The integrated starter gener-
ator (ISG) motor is directly coupled to the engine crankshaft.
However, unlike a normal range extender, the rotor of the ISG
motor is manufactured to replace the flywheel on the end of
the crankshaft (as shown in Fig.2). Using this kind of tech-
nology will make the structure of the whole powertrain more
compact and reduce the total cost. However, the problem is
that the inertia of the rotor is generally smaller than that of
the flywheel and the speed fluctuation and vibration will be
enlarged with the decreasing inertia. Hence it is necessary to
use active damping control to reduce the speed fluctuation
and suppress the vibration.

The whole control scheme for online active damping con-
trol is shown in Fig.3. There are three parts of active damp-
ing control: (1) compensation torque feedforward control;
(2) crank position real-time calculation; and (3) transient
speed observer. The whole active damping control algorithm
is programmed in the motor control unit (MCU).

Compensation torque feedforward control is used for cal-
culating the compensation torque through a crank angle-
torque look-up table. The main function of this part is to

FIGURE 1. Configuration of range extender.

FIGURE 2. Structure of crankshaft and ISG rotor.

make the compensation torque get close to the target quickly
and make active damping control suitable for real-time online
application. Considering the working process of an internal
combustion engine, it is easy to know that the transient torque
of the engine is periodic and highly related to the crank angle.
Hence, by calibrating the crank angle-torque look-up table
offline, this part can be accomplished offline.

The real-time absolute position of the crankshaft needs to
be provided for calculating the compensation torque. This
information is generally provided for the engine control
unit (ECU) not the MCU. However, active damping con-
trol algorithm is programmed into the MCU. Thereby, it is
necessary to establish a method to provide that information.
Crank position real-time calculation is used for this purpose.
Except for the reason described above, crank position real-
time calculation is also necessary to output the correct crank
angle. Details of how crank position real-time calculation
works and verification of its accuracy have been researched
in a paper [30]. And crank position real-time calculation is
directly used in this paper.

The control target of active damping control is reducing
speed fluctuation as well as vibration. Hence, the value of the
speed fluctuation range needs to be calculated. However, only
average speed is provided for the ECU or MCU. In addition,
conventional rotational speed measurement used in hybrid
vehicles is unable to provide accurate information about the
speed fluctuation range. In the end, a transient speed observer
is established to provide accurate information.

The working principle of active damping control is as
follows. The control target is the range of speed fluctuation.
Through active damping control, the real value of the speed
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FIGURE 3. Control scheme of active damping control.

FIGURE 4. Flow chart of active damping control.

fluctuation range needs to be smaller than the reference value.
This target is achieved by the ISG motor outputting extra
compensation torque with appropriate amplitude and correct
phase. The appropriate amplitude is guaranteed by the feed-
forward control with look-up table and feedback control with
transient speed observer. The correct phase is guaranteed by
crank position real-time calculation.

The working process of active damping control is shown
in Fig.4.

Step 1: a reference value of speed fluctuation range is
given.

Step 2: crank position real-time calculation method pro-
vides correct absolute position of the crankshaft.

Step 3: transient speed observer is used to calculate the real
speed fluctuation range and then the real value is compared
with the reference value.

Step 4: if the real value of speed fluctuation range is bigger
than the reference value, active damping control is enabled.
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And compensation torque is calculated through feedforward
control and feedback control.

Step 5: if the real value of speed fluctuation range is still
bigger than the reference value, repeat step 4 and enlarge the
amplitude of compensation torque (actually, this process is
accomplished by feedback automatically).

Step 6: if the real value of speed fluctuation range is smaller
than the reference value, then the whole control process is
completed. And active damping control will be disabledwhen
there is no need to use it.

B. DYNAMIC MODEL FOR RANGE EXTENDER
The essential parts of active damping control have been
described in section A above. This part focuses on estab-
lishing the transient speed observer. The next part discusses
designing the compensation torque waveform.

FIGURE 5. A dual-lumped-mass model.

Before establishing the transient speed observer, the range
extender needs to be modeled, as shown in Fig.5. A dual-
lumped-mass model is used to calculate the dynamic perfor-
mance of the range extender.

Teng = J1θ̈1 + c1θ̇1 + k(θ1 − θ2) + c12(θ1 − θ2) + Tf 1 (1)

TISG = J2θ̈2 + c2θ̇2 − k(θ1 − θ2) − c12(θ1 − θ2) + Tf 2 (2)

where, θ1 is the rotational angle of the engine and θ2 is the
rotational angle of the ISG motor. Teng is the transient torque
of the engine. TISG is the transient torque of the ISG motor.
J1 is the inertia of the engine. J2 is the inertia of the ISGmotor.
c1 is the damping of the engine. c2 is the damping of the ISG
motor. k is the stiffness of the shaft and c12 is the damping
of the shaft. Only output speed (θ̇2) needs to be controlled.
Hence, equation (1) and equation (2) are added together as:

Teng + TISG = (J1θ̈1 + J2θ̈2) + (c1θ̇1 + c2θ̇2) + (Tf 1 + Tf 2)
(3)

And let θ1 = θ2. The stiffness of this kind of structure is
generally big because the rotor of the ISG motor is directly
coupled to the crankshaft. Hence, the error between the rota-
tional angle of the engine and the rotational angle of the
ISG motor is generally small. Hence, it is reasonable to let
θ1 = θ2.

The state space equation used for establishing the transient
speed observer is finished.{

ẋ1 = x2 = θ̇

ẋ2 =
−(c1+c2)x2−(Tf 1+Tf 2)+(Teng+TISG)

(J1+J2)
(4)

where x1 is the rotational angle. x2 is the rotational speed.
Now the question is how to calculate the torque of the engine.

The establishment of the engine’s torque model is
described as below. And the model is established using pres-
sure signals of sensors installed on each cylinder and param-
eters of the crank mechanism.

When only considering one cylinder with a crank mech-
anism, the displacement x, velocity v, acceleration j of the
piston can be obtained as follows:

x = hmax − rcosϕ −

√
l2 − (rsinϕ − d + e)2 (5)

v =
dx
dt

=
dx
dϕ

dϕ

dt
= ω

dx
dϕ

= ωr[sinϕ +
(rsinϕ − d + e)cosϕ√
l2 − (rsinϕ − d + e)2

] (6)

j =
dv
dt

=
dv
dϕ

dϕ

dt
= ω

dv
dϕ

= ω2r

cosϕ +
rcos2ϕ + (d − e)sinϕ√
l2 − (rsinϕ − d + e)2

+ [rsinϕcosϕ − dcosϕ + ecosϕ]

·
(rsinϕ − d + e) rcosϕ[
l2 − (rsinϕ − d + e)2

] 3
2

 (7)

where hmax is the maximum stroke of the piston; r is crank
radius; l is the center distance of the connecting rods; d is the
offset distance of the crankshaft; e is the offset distance of
the piston pin; ϕ is the angle of the crank (in addition, ϕ = θ .
But, in order to remove any confusion, they are written in a
different format); and ω is angular velocity.
The pumping force, Fgas, caused by the variation of the

cylinder pressure can be calculated as:

Fgas =
πD2

4
(pgas − p0) (8)

where pgas is the pressure in the cylinder, p0 is the pressure
in the crankcase, and D is the cylinder bore.

The inertial force can be divided into two parts: rotational
inertial force, Fr and reciprocating inertial force Fj.
Rotational inertial force, Fr , can be expressed as:

Fr=(mq + mb)ω2r (9)

where mq is the equivalent mass of the bell crank and mb is
the equivalent mass of the connecting rod.

Reciprocating inertial force, Fj, can be expressed as:

Fj= −(mp + ma)j (10)

where mp is the equivalent mass of the piston and ma is the
other equivalent mass of the connecting rod.
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The indicated torque of one cylinder can be calculated by
the pumping force and reciprocating inertial force:

Ti =
(Fgas + Fj) · r · sin(φ + β)

cosβ
(11)

where, Ti is the indicated torque of one cylinder, β is the
swing angle of the connecting rod. And the relationship
between β and φ is as follows:

l sinβ − e = r sin θ − d (12)

An inline four-cylinder engine consists of four crankmech-
anisms, hence the indicated engine torque should be:

Teng =

4∑
i=1

(Ti) (13)

The calculation process needs to know the value of the
transient speed of the engine. However, the speed fluctuation
value is relatively smaller compared to the average speed
value. Hence, ω can be replaced by average speed. This is
important for establishing the transient speed observer.

C. TRANSIENT SPEED OBSERVER
Equation (4) can be rewritten into equation (14):

ẋ1 = x2 = θ̇

ẋ2 =
−Tf +(Teng+TISG)

J
y = x1
Tf = Tf 1 + Tf 2 + c1(θ̇1 − θ̇2) + c2(θ̇1 − θ̇2)

(14)

where, Tf is the total damping force and it is related to the
rotational speed. J is the total inertia. y is the output. In this
paper, the output is the crank angle.

Equation (14) is highly non-linear because of the existence
of Tf and Teng. However, simplification has been made by
treating them as a part of the input and equation (14) can be
rewritten into: 

ẋ1 = x2
ẋ2 = k · u
y = x1

(15)

where, {
u = −Tf + (Teng + TISG)
k =

1
J

(16)

Then the problem is simple to solve. The torque of the
engine can be calculated (with the model established in the
previous section) before calculating transient speed. And
average speed can replace transient speed in calculating the
torque of the engine. Hence, this method is practical online
with the ECU providing average speed information.

However, if equation (15) is directly used for estimating
transient speed, then the error between estimated value and
real value would be large because of simplification. The
estimated state space equation should be as follows:

˙̂x1 = A11x̂1 + A12x̂2 + B1u
˙̂x2 = A21x̂1 + A22x̂2 + B2u
ŷ = x̂1

(17)

where, x̂1 is the estimated value of rotational angle. x̂2 is
the estimated value of rotational speed. y is the output. And
A11 = 0,A12 = 1,A21 = 0,A22 = 0,B1 = 0,B2 = k .

Hence, feedback is needed to decrease or even elimi-
nate the error. Luckily, the accurate crank angle (i.e. x1)
can be acquired by the crank position real-time calculation
method. Thereby, a Luenberger reduced-order observer can
be established.

Let ν = A21y + B2u, z = A12x̂2 = ẏ − A11y − B1u, then
equation (17) will be rewritten into equation (18):{

˙̂x2 = A22x̂2 + ν

z = A12x̂2
(18)

Now the system expressed by equation (17) is transformed
into a new linear constant system expressed by equation (18).
Considering output feedback control LF z.{

˙̂x2 = (A22 − Lf A12)x̂2 + ν + Lf z
z = A12x̂2

(19)

Auxiliary variable z = A12x̂2 = ẏ − A11y − B1u has to
be used to estimate rotational speed, which means that the
derivative of y has to be measured. To avoid the derivative of
y, another auxiliary variable, w, is used:

w = x̂2 − Lf y (20)
ẇ = ˙̂x2 − Lf ẏ = (A22 − Lf A21)w+ B0u+ Ey
B0 = B2 − Lf B1
E = (A22 − Lf A21)Lf + (A21 − Lf A11)

(21)

Using equations (19)∼(21), the transient speed can be esti-
mated. And the control scheme of the transient speed observer
is as shown in Fig.5. y is the output of the original system
(i.e. rotational crank angle) and the value of y can be acquired
by the crank angle real-time calculation method. Teng can
be calculated by average speed and cylinder pressure. TISG
can be replaced by the command torque of the ISG motor.
Thereby, transient speed can be estimated from the speed
observer, as shown in Fig.6.

FIGURE 6. Control scheme of transient speed observer.

The error of the transient speed observer established above
is shown in Fig.7. The measured speed is shown by the black
line and the estimated speed is shown by the red dotted line.
The estimated speed is almost the same as the measured
speed. And the error is shown in the dotted and dashed
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FIGURE 7. Error of transient speed observer at stable state.

line. For the working condition shown in Fig.7, the error is
within 1%. Hence, the transient speed observer is capable of
calculating the speed fluctuation range accurately.

FIGURE 8. Influence of initial speed on transient speed estimation.

When using the transient speed observer to estimate the
speed value, initial speed is generally unknown. However, the
transient speed observer established above is not dependent
on the initial speed value, as shown in Fig.8. Regardless of
the initial speed value, the speed curve always converges
to the right speed curve within 0.2s. Hence, the transient
speed observer is suitable for online application as it is highly
accurate, is independent of initial speed, and gives a quick
response.

III. DIFFERENT COMPENSATION DESIGN AND ANALYSIS
In the first section, seven kinds of compensation torque wave-
forms have been designed and they are divided into four
groups. The first group of waveforms is waveform 1 and it
is designed to represent the traditional vibration control. The
first group is used as a control group to compare with the oth-
ers. The second group of waveforms consists of waveform 2
and waveform 3 and they are designed to represent for the
ideal waveform. The design approach of waveform 2 is the
most commonly-used method in previous research. The third
group of waveforms is designed as digital signals. In this
paper, and it contains three kinds of waveforms (waveforms

4, 5, and 6). Waveform 4 is a square wave while waveform
5 and 6 are PWM waveforms. The last group of waveforms
(waveform 7) combines the features of waveform 2 andwave-
form 6 and it is designed as a compromise between the ideal
waveform and the square wave.

The second section of this part is the discussion of main
causes of vibration and the influence of the deformation of
compensation torque converting from an analog signal to a
digital signal. Fast Fourier transform (FFT) has been used for
analysis. The changes of the ideal waveform and the square
waveform are compared in this section as well.

In the last section, experiments are set up to research the
relationship between waveforms and the effect of vibration
control. The experiment results will be discussed in the next
part.

A. DESIGNING THE COMPENSATION TORQUE
The details of the experiment results are discussed in the next
few sections. And, in this section, this paper will introduce
how to design different waveforms.

In order to answer the question that which kind of com-
pensation design is more suitable for real situation, new
kinds of waveforms should be researched and compared. The
principle of waveform design is that the waveform should be
suitable for online application in an embedded system and it
is commonly used. The waveform that satisfies the condition
are square waves, triangular waves, trapezoidal waves, sine
waves, PWMwaves etc. However pre-experiments show that
waveform 2∼7 designed have better performance in reducing
vibration than other waveforms. To save space, only wave-
form 2∼7 are discussed in this paper. And waveform 1 is
designed representing for the traditional vibration control
method and it is used as a control group.

1) WAVEFORM 1
waveform 1 is designed to represent the traditional vibration
control with a flywheel. The structure of the range extender
used in this paper is somewhat unique, with the rotor of the
ISG motor replacing the original flywheel. Hence, waveform
1 is designed to compensate for the difference of inertia.
The engine used in this paper has a flywheel whose inertia
is 120gm2 at first. Now replace the flywheel with the ISG
motor’s rotor. The new inertia is reduced to 84 gm2. Thus,
the ISG motor needs to output extra compensation torque to
simulate the difference of inertia. Waveform 1 designed for
experiments is shown in Fig.9 (a)

2) WAVEFORM 2
waveform 2 is designed in the shape of the real ripple torque
of the engine but with opposite phase. And waveform 2 is
the result calculated from equations (5) ∼(13). The cylinder
pressure used for calculation is provided by pressure sensors
in cylinders. Waveform 2 designed for experiments is shown
in Fig.9 (b).
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FIGURE 9. Designing of different waveforms.

3) WAVEFORM 3
waveform 3 is also designed in the shape of the real rip-
ple torque of the engine but with opposite phase. However,
waveform 3 is the adding-up of the first three order har-
monics of the engine torque Fourier transform results instead
of the results calculated from equations (5)∼(13). Wave-
form 3 designed for experiments is shown in Fig.9 (b).

4) WAVEFORM 4
waveform 4 is the square waveform proposed in this paper.
Waveform 4 designed for experiments is shown in Fig.9 (c).

The black line is waveform 4 and the red line is the trajectory
of waveform 2. Waveform 4 and waveform 2 have equal
positive semi-axial areas and equal negative semi-axial areas

FIGURE 10. Designing process of waveform 4.

5) WAVEFORMS 5&6
waveform 5 and waveform 6 are square waveforms as well
and they are designed according to pulse width modulation
(PWM).

FIGURE 11. Pulse width modulation.

Fig.11 shows the process of pulse widthmodulation (wave-
form 5). L1∼L4 are the reference triangle wave. And the
curve of the engine ripple torque is shown by a red line. If the
torque of the engine is bigger than L2, then the compensation
torque of the motor will be set to the maximum value of L2.
And if the torque of the engine is bigger than L1, then the
compensation torque of the motor will be set to the maximum
value of L1. If the torque of the engine is smaller than L3,
then the compensation torque of the motor will be set to the
minimum value of L3. And if the torque of the engine is
smaller than L4, then the compensation torque of the motor
will be set to the minimum value of L4. The design process is
the same as for waveform 6 except that six triangle waves are
used in the design. If the design process is compared with the
sine pulse width modulation process of the electric motor, the
design of waveform 5 is the process of ‘2-level SPWM’ and
the design of waveform 6 is the process of ‘3-level SPWM’.

6) WAVEFORM 7
waveform 7 is the combination of waveform 2 and wave-
form 4 and it is used as a compromise between the most
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commonly-used method and the novel way. The red line in
Fig.12 is waveform 2 and the blue line in Fig.12 is wave-
form 4. Square waves are used near the extremums.

FIGURE 12. Designing process of waveform 7.

B. DEFORMATION OF WAVEFORM
This section is focusing on explaining for the reasons why the
ideal waveform is not the optimal waveform considering real
situation. The reasons are: (1) the deformation of the ideal
waveform considering control cycle and time delay makes
it not suitable for active damping control; (2) The suspen-
sion system of a range extender may change the vibration
characteristics. Simulations are conducted to illustrate these
situation.

1) REASON (1)
the deformation of the ideal waveform is shown in Fig.13.
The ideal waveform is similar to the torque of engine but
with opposite phase. If the control cycle of MUC is taken into
consideration, the ideal waveformwill turn into the command
torque as shown in Fig.13 (red line). If the time delay is taken
into consideration, the actual output torque of ISG motor is
shown by the black line in Fig.13. The actual output torque
has been seriously deformed compared with the ideal torque.
Hence, it may not be the optimal waveform anymore.

FIGURE 13. Deformation of the ideal waveform.

The comparison of the Ideal waveform (Waveform 2) and
the square waveform (Waveform 4) is shown in Fig.14. Con-
sidering real situation, the square waveform may perform
better than the ideal waveform. The reason is: in the case
of similar shapes, the square waveform has bigger ampli-
tude compared with the ideal waveform, which means that

the torque fluctuation of the total torque (engine torque
adding-up with the ISG motor torque) is smaller when the
compensation torque is designed as the waveform 4. Hence,
the excitation of vibration may be smaller when using wave-
form 4 as the compensation torque.

FIGURE 14. Comparison between the ideal waveform and the square
waveform.

2) REASON (2)
The suspension system of a range extender may change the
vibration characteristics. Hence,the main causes of vibration
should be figured out. Hence, Fourier transform is used
to analyze the frequency spectrum of vibration in different
directions. Results are shown in Fig.15.

The engine is controlled with 1400r/min speed in Fig.15.
Thus, the basic frequency is about 46.7Hz. And 93.3Hz is
the frequency of the 2nd-order harmonic. Generally, the first
three order harmonics are the main causes of vibration. But
there are some differences in each direction. According to
the results, the main reason for axial vibration and motor
vibration is the first two order harmonics. The main cause
of top vibration is the first three order harmonics of engine
torque. As for the block vibration, not only are the first two
order harmonics the main cause, some high-order harmonics
alsomake a contribution. Thereby, not just the first three order
harmonics should be considered when using active damp-
ing control, some higher-order harmonics (270Hz∼360Hz)
should also be reduced in the meantime. However, the fre-
quency spectrum of the ideal waveform (waveform 2) has
smaller amplitude in the high frequency band than the square
waveform as shown in Fig 16. Hence the ideal waveformmay
perform worse than the square waveform in reducing block
vibration.

To sum up, the ideal waveform may not be the optimal
waveform considering the real situations.

C. EXERIMENT SETUP
To verify assumptions made in section B, a test bench is
set up for testing the vibration performance and effect of
active damping control. The overall test bench is shown in
Fig.13. There are three parts of the whole test bench: (1) range
extender; (2) controlling system; (3) sensors and mounting.

The range extender is shown in Fig.17. It has an inline
four-cylinder gasoline engine and an ISGmotor replacing the
original flywheel of the engine. The ISGmotor is powered by
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FIGURE 15. Main causes of vibration.

a battery simulator. When working in a steady state, the ISG
motor is used as the load of the engine and it will charge the
battery. When working in the start-up process, the ISG motor

FIGURE 16. FFT of waveform 2 and waveform 4.

is used as a starter to drag the whole system up and the battery
will discharge. Parameters of the range extender are listed in
Table 1.

FIGURE 17. Range extender and its crankshaft.

The whole controlling system consists of the MCU, ECU,
and upper computer. The upper computer has the same func-
tion as the vehicle control unit (VCU) in a real hybrid vehicle.
It will give the speed target and torque target to the MCU and
ECU through controller area network (CAN) communication.

The range extender is mounted to the ground with three
legs (Fig.18). Leg 1 is fixed to the cylinder block of the
engine. Leg 2 and Leg 3 are fixed to the end surface of
the shell of the ISG motor. In addition, at the junction with
the legs there are rubber gaskets. Leg 1, Leg 2, Leg 3 and the
rubber gaskets form the whole suspension system.

The placement of the sensors is shown in Fig.19. There are
two different kinds of indexes to research the performance of
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FIGURE 18. Overall test bench.

FIGURE 19. Placement of acceleration sensors and microphones.

TABLE 1. Parameters of the range extender.

active damping control under different compensation torque
waveforms. They are: (1) vibration acceleration in different
directions; and (2) speed fluctuation. Vibration acceleration is

acquired by acceleration sensors (P1∼P4). P1 is mounted on
the housing of the output shaft, which is called axial vibration
in the next few sections. P2 is mounted on the housing of
the block near the intake manifold, which is called block
vibration in the next few sections. P3 is mounted on the
surface of the motor’s shell, which is called motor vibration
in the next few sections. And P4 is mounted on the top of
the cylinder head, which is called top vibration in the next
few sections. Speed fluctuation is acquired from the data of
the motor’s resolver. It is important to mention that sound
pressure is also tested by microphones (M1∼M3). However,
there is no obvious change in sound pressure whether using
active damping control or not. Thus, there is no discussion
about sound performance in this paper.

The speed of the range extender is controlled to be
1400r/min and the load is set to 20%. The speed is controlled
to 1400r/min because it is the point where speed fluctuation
reaches the biggest. As for the reason why the load is set
up to 20%, it is considering the maximum torque of the ISG
motor. If the load is set up too high, the average torque will be
close to the limitation and the amplitude of the compensation
torque will too small to verify the influence of different kinds
of waveforms. Hence, 20% is set up to be the load in the
experiments.

IV. EXPERIMENT RESULTS AND DISCUSSION
A. EFFECTIVENESS OF ACTIVE DAMPING CONTROL
In this section, experiments are conducted to prove the effec-
tiveness of active damping control. The transient acceleration
in the time domain consists of harmonics with all frequencies.
It is difficult to show the effectiveness of active damping con-
trol clearly using transient acceleration in the time domain.
Hence, the root mean square (RMS) value of acceleration
is chosen to evaluate the vibration and short-time Fourier
transform (STFT) is used in the analysis process. STFT can
not only show information about the frequency spectrum but
can also show information in the time domain. The results
of active damping control with compensation torque in the
shape of waveform 4 are as shown in Fig.20.

As shown in Fig.20, active damping control is disabled
during the first second and it is enabled after 1s. The brighter
the line is, the bigger the amplitude of the harmonic is.
Generally, the color is dimmerwhen active damping control is
enabled, which means that active damping control can reduce
vibration in different directions effectively.

When active damping control is disabled, axial vibration is
mainly excited by harmonics with frequency of 93Hz, 140Hz,
and 188Hz (2nd order, 3rd order, and 4th order). After using
active damping control, the amplitude of 2nd- and 4th-order
harmonics is reduced. And block vibration is mainly excited
by 2nd-order harmonic and some high-order harmonics. After
using active damping control, the color of the 2nd order and
some higher order (the frequency is about 300Hz or 350Hz)
is dimmer. However, the amplitude is larger for the 4th-order
and some high-order (above 350Hz) harmonics, which means
using square waves creates additional vibrations in the higher
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FIGURE 20. STFT of vibration acceleration in different directions.

frequency bands. As for top vibration, the brightest lines
are the first three order harmonics. Although the color is
dimmer after using active damping control, there are still
some bright lines, which means top vibration is still worth

FIGURE 21. Reduction of vibration using different kinds of waveforms on
acceleration in different directions.

paying attention to. The main causes of motor vibration are
the 2nd-order and 3rd-order harmonics. After using active
damping control, they are both reduced.

B. COMPARSION OF DIFFERENT WAVEFORMS
The effectiveness has been proven in the last section. In this
section, the effects of different waveforms on vibration
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FIGURE 22. Comparison of waveform 2 and waveform 4.

FIGURE 23. FFT of waveform 2 and waveform 3.

reduction are compared and assumptions made in section B
of the previous part are proven in this part.

Statements can be drawn from Fig 21.

1) STATEMENT 1
reduction of vibration when using traditional vibration con-
trol is generally within 15%. However, when using active
damping control, the reduction of vibration is usually bigger
than 24% except for block vibration. Hence, active damping
control is recommended for controlling vibration in the range
extender.

2) STATEMENT 2
waveform 7 is designed as a compromise between the most
commonly-usedmethod and the novel way. It has a better per-
formance in reducing axial vibration, top vibration, andmotor

FIGURE 24. Comparison of waveform 2 and waveform 3.

FIGURE 25. FFT of waveform 4, waveform 5 and waveform 6.

vibration. On some occasions, it may perform better than
waveform 2 and waveform 4. However, the performance of
waveform 7 in reducing cylinder vibration is not satisfactory.

3) STATEMENT 3
active damping control with compensation torque in the shape
of waveform 4 has potential in reducing vibration in all
directions. The reason have been discussed in the previous
part (section B).The reduction of block vibration can reach
36.3% whilst the others are less than 25%.The reason why
waveform 4 can reduce block vibration is that the square
wave usually has bigger amplitude of higher-order frequency
harmonics while the main excitation of block vibration is
the 2nd-order and some high-order harmonics. Hence, wave-
form 4 is more suitable in active vibration control.
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FIGURE 26. Correlation between designing factors and vibration indicators.

Fig.22 shows the results of Fourier transform of the block
vibration. The black line is the RMS of block vibration when
active damping control is disabled. The blue line is the RMS
of block vibration when active damping control is enabled
while the compensation torque is in the shape of waveform 2.
The red line is the RMS of block vibration when active
damping control is enabled while the compensation torque is
in the shape of waveform 4. In the frequency range of 270Hz
to 360Hz, the amplitude of the red line is smaller than that
of the blue line, which means that waveform 4 can reduce
vibration in high frequency bands.

4) STATEMENT 4
waveform 2 and waveform 3 both represent the ideal wave-
form except that waveform 2 is the calculation result of
equation (5)∼equation (13) while waveform 4 only has the
first three order harmonics of the calculation result. The result
(Fig.23) shows that waveform 3 has bigger amplitude of 2nd-
and 3rd-order harmonics than waveform 2. Hence, it may
perform better in reducing axial vibration, top vibration, and
motor vibration (especially motor vibration that is mainly
excited by 2nd- and 3rd-order harmonics).

Results shown in Fig.21 prove this statement. The reduc-
tion of axial vibration, top vibration, and motor vibration are
32.2%, 29.2%, and 52.5% respectively when the compensa-
tion torque is in the shape of waveform 2. And the reduc-
tion of axial vibration, top vibration, and motor vibration is
36.3%, 35.1%, and 59.3% respectively when the compensa-
tion torque is in the shape of waveform 2.

Fig.24 shows the results of Fourier transform of the motor
vibration. The black line is the RMS of motor vibration when
active damping control is disabled. The blue line is the RMS
of motor vibration when active damping control is enabled
while the compensation torque is in the shape of waveform 2.
The red line is the RMS of motor vibration when active
damping control is enabled while the compensation torque
is in the shape of waveform 3. The amplitude of 2nd-order
and 3rd-order harmonics with compensation in the shape
of waveform 3 is smaller than the amplitude of 2nd-order
and 3rd-order harmonics with compensation in the shape of

waveform 2. And this result is also proved with the analysis
above.

5) STATEMENT 5
waveform 4, waveform 5, and waveform 6 all represent the
square wave except that waveform 5 and waveform 6 are
designed using PWM. The reduction of vibration with com-
pensation torque in the shape of waveforms 4, 5, and 6 is
summarized in Table 2.

TABLE 2. Comparison of waveform 4, 5, and 6.

The results can also be explained by FFT as shown it
Fig 25. Waveform 4, waveform 5 and waveform 6 are all
represent for the square wave except that waveform 5 wave-
form 6 are designed using PWM. The result is that the
amplitude of waveforms modulated with PWM are generally
smaller than that of simply square wave (waveform 4). It is
easy to expect that the performance of waveform 5 wave-
form 6 will not be as effective as waveform 4.

V. CORRELATION BETWEEN DESIGN FACTORS AND
VIBRATION REDUCTION
Amplitude of harmonics of different orders is an important
design factor for compensation torque. However, it is not
the only design factor. There are still some other design
factors (like the average amplitude, the maximum value of
amplitude, etc.) that will have an influence on vibration
improvement. In this section, the relationship between design
factors and vibration reduction is revealed through correlation
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analysis. And the result can be used to guide the compensa-
tion torque design process.

The mathematical way adopted by this paper is
correlation. Correlation between two sequences can
explain their relationship.

R =
Cov(X ,Y )

√
Var(X ) · Var(Y )

(22)

Cov(X ,Y ) =

∑ (
X − X̄

)
(Y − Ȳ ) (23)

Var(X ) =

∑ (
X − X̄

)2 (24)

Var(Y ) =

∑ (
Y − Ȳ

)2 (25)

where X is one sequence, Y is the other sequence. X̄ is the
average value of X, and Ȳ is the average value of Y. in this
paper, X can be any design factor and Y can be any vibration
indicator. Correlation R is limited to range [−1,1]. When the
absolute value of R is closer to 1, then X and Y are more
related.

Design factors used in this paper are:
(1) Amplitude: peak-peak amplitude App, root-mean-

square value of amplitude Arms, maximum value of amplitude
Amax , and minimum value of amplitude Amin.

(2)Area:the area of positive part SP and the area of negative
part SN .

(3) FFT results: the amplitude of the first 4th-order har-
monics (Af 1,Af 2,Af 3 and Af 4) of discrete-time Fourier trans-
form (DFT) of compensate torque value.

Vibration indicators used in this paper are:
(1) Minimum value of acceleration in different directions

including minimum axial vibration, minimum block vibra-
tion, minimum top vibration, and minimum motor vibration.

(2) Reduction of the acceleration value by using active
damping control including axial vibration reduction, block
vibration reduction, top vibration reduction, and motor vibra-
tion reduction.

(3) Reduction of speed fluctuation.
The correlation between geometric parameters and vibra-

tion indicators is shown in Fig.26; green means the correla-
tion is positive and bluemeans the correlation is negative. The
darker the color, the stronger the correlation. This figure can
be used as a guiding tool for adjusting compensation torque
design without detecting the vibration acceleration. The steps
are as follow:

Step 1: requirements of reducing vibration need to be
required.

Step 2: The correlation coefficient is get from the guiding
tool according to the main requirement.

Step 3: Themain design factors can be chosen by the corre-
lation coefficient. If the correlation coefficient is big enough,
the design factors corresponding to the correlation coefficient
is chosen as the main design factor. It is recommended to
select design factors with a correlation coefficient greater
than 0.9. For example, the main requirement is to reduce the
vibration of cylinder block, then the main design factor is
chosen to be the amplitude of the t 4th-order harmonics, Af 4.

FIGURE 27. The relationship between normalized main design factors
and vibration reduction.

Step 4: Normalize the main design factors. Main design
factors except for SP and SN should be divided by the
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maximum torque of the motor (Tmax). And SP, SN should be
divided by πTmax .

Step 5: If the correlation coefficient is positive, the
main factors need to be designed with bigger value. If the
correlation coefficient is negative, the main factors need to
be designed with smaller value.

Taking our compensation torque design as an exam-
ple, the main design factors to reduce axial vibration are:
App,Arms,Amin and Af 2. The main design factor to reduce
block vibration is Af 4. The main design factors to reduce top
vibration are:Amin and Af 3. The main design factors to reduce
motor vibration are: App,Arms,Amax ,AminSP and Af 1(are not
selected to avoid duplication). The relationship between
main design factors and vibration reduction is shown in
Fig.27.

As shown in Fig.27, if the correlation coefficient is posi-
tive, the bigger the value of normalized design factors is, the
more the reduction. If the correlation coefficient is negative,
the bigger the value of normalized design factors is, the less
the reduction. Depending on the main design factors and
vibration damping requirements, the corresponding wave-
form can be adjusted. For example, if the vibration damping
requirement is to reduce the block vibration and the wave-
form designed in the shape of waveform 5 (a PWM wave
shown in Fig.9), then the amplitude of the 4th order harmonic
should be enlarged by designing to satisfy your vibration
damping requirement.

VI. CONCLUSION
The conclusion are summarized as follows:

1) An active damping control method based on transient
speed observer has been established at first. Experi-
ment results show that active damping control can sup-
press vibration effectively. The vibration acceleration
can be reduced by 39.7% to 59.0% (with appropriate
compensation torque) while the reduction of traditional
vibration control is generally within 15%.

2) A transient speed observer has been established in
this paper. The error of the speed observer is within
1% and the time delay is within 0.2s. Hence, it is
suitable for online application as it is highly accu-
rate, is independent of initial speed, and gives a quick
response.

3) The question what kind of compensation torque design
is more suitable for online application has been answer
through experiments and FFT analysis. The ideal wave-
form is more suitable for reducing top vibration and
motor vibration while the square waveform is more
suitable for reducing block vibration. And the wave-
form combining the feather of these two waveforms
is more suitable for reducing axial vibration. And
the square waveform is recommended for the optimal
waveform based on our experiment results because
of its potential to reduce vibration effectively in all
directions.

4) A guiding tool for adjusting compensation torque
design without detecting the vibration acceleration is
summarized using correlation analysis. And it can be
used for guiding compensation torque design by calcu-
lating design factors.

Suggestions for future work are as follows:
1) Some advanced control methods can be applied to the

active damping control [32].
2) Although the square wave is recommended for active

damping control, some problems still exist. Using the
square wavemay cause some extra vibration in the high
frequency band. And further research concerning the
optimal waveform is still needed.

3) The relationship between design parameters and vibra-
tion indicators is qualitative. Perhaps quantitative rela-
tionship can be established through mathematical
methods.
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