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ABSTRACT To realize massive multiple-input multiple-output (MIMO) systems, the uniform planar array
(UPA) structure has been adopted to deploy a large number of antennas in a limited area of a radio
unit at a base station. Subsequently, the Kronecker product (KP) codebook, consisting of horizontal and
vertical-domain codebooks, was introduced to enable efficient quantization and feedback for the channel
state information (CSI) under the UPA structure. In this paper, we propose advanced limited feedback
schemes based on the KP codebook for massive MIMO systems. First, we propose one feedback bit
allocation scheme to maximize the beamforming gain. Eigenvalues of spatial correlation channels are
used to determine the numbers of feedback bits for horizontal and vertical-domain CSI, and the numbers
of feedback bits to maximize the beamforming gain are derived as a closed-form expression. Moreover,
we propose a novel feedback and pilot transmission scheme to reduce both the feedback and pilot overhead.
The proposed feedback and pilot transmission scheme utilizes the property that the small-scale fading
information can be compressed only to the horizontal-domain CSI when the spatial correlation of the
vertical-domain channel is high. Simulation results show that, with the use of the proposed feedback bit
allocation, the beamforming gain increases by up to 65% compared with the fixed feedback bit allocation
when the horizontal and vertical-domain spatial correlation coefficients are equal to 0.57, and the numbers
of horizontal and vertical-domain antennas are 8 and 12, respectively. In addition, it is also shown that the
proposed feedback and pilot transmission scheme improves the ergodic rate by up to 48% compared with
conventional feedback schemes.

INDEX TERMS KP codebook, limited feedback, massive MIMO, UPA.

I. INTRODUCTION
Multiple-input multiple-output (MIMO) is a key technology
to accommodate the explosive growth of mobile data traf-
fic by improving the capacity of wireless communication
systems. In particular, in the fifth-generation (5G) mobile
communications, massive MIMO systems have been com-
mercialized globally at a rapid speed [1]. A large number
of antennas in massive MIMO systems enables simultaneous
support of multiple users in the same time-frequency resource
by spatial-domain multiplexing, which results in achieving
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high spectral efficiency [2]. The capability to provide services
to multiple users makes massive MIMO systems attractive to
both academia and industry.

The performance of massive MIMO systems depends
heavily on the accuracy of the channel state information
(CSI) [3]. In this regard, the time division duplex (TDD)
mode is preferred for its merit of acquiring CSI accurately
thanks to channel reciprocity. With channel reciprocity, the
downlink CSI can be obtained with simple conjugate and
transpose operations of the uplink channel estimate. How-
ever, the TDD mode is only allowed to operate in the specific
frequency bands that are agreed upon by an international
standard group, such as the international telecommunication
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union or the 3rd generation partnership project (3GPP) [4].
Therefore, massive MIMO systems can operate in the fre-
quency division duplex (FDD) mode in some frequency
bands, where the accurate CSI is difficult to be obtained
compared with the TDD mode. To improve the accuracy
of CSI in the FDD mode, a downlink training method was
proposed in [5] where long-term channel statistics and previ-
ously received training signals from users are utilized. In [6],
Bayesian learning-based channel estimation that enables the
estimation of the downlink channel at the base station (BS)
was proposed for the FDD multiuser MIMO system. In addi-
tion, partial reciprocity-based CSI acquisition was recently
studied [7], [8]. The authors of [7] concluded that the down-
link channel can be reconstructed accurately with the aid
of an uplink pilot. Furthermore, the authors of [8] proposed
a channel prediction framework by tracking time-varying
partial CSI, such as angle, delay, and Doppler information.

Meanwhile, to obtain the downlink CSI at the BS, closed-
loop feedback can be utilized, where the downlink CSI is
measured and sent by the user. To report the downlink CSI
from the user to the BS, a codebook, which is the set of
codewords predefined between the BS and user, is typi-
cally utilized [9]. A well-designed codebook can improve
the performance of FDD massive MIMO systems [10], [11],
[12], [13]. A weighted codebook with a spatial correlation
matrix improves the performance by biasing the direction
of codewords towards the direction that considers the spa-
tial correlation [10]. Furthermore, codebook designs that are
tailored for multiuser MIMO can achieve performance gain
by considering multiuser interference mitigation in design-
ing codebook [11]. Recently, machine learning and rein-
forcement learning-aided CSI quantization have been widely
investigated owing to their high quantization performance
and robustness to channel variations [12], [13].

To realize a commercial product for massive MIMO sys-
tems, a uniform planar array (UPA) structure was proposed
to deploy a large number of antennas in a limited area [14].
In the UPA structure, the spatial correlation matrix can
be decomposed into horizontal and vertical-domain spatial
matrices [15]. The decomposable spatial correlation matrix
allows the Kronecker product (KP) codebook, which consists
of two separate codebooks for horizontal and vertical-domain
spatial correlation matrices [16], [17]. Many prior works
have studied KP codebook design and proposed feedback
algorithms based on the KP codebook [16], [17], [18], [19],
[20], [21], [22], [23], [24], [25]. The authors of [16] pro-
posed dividing the feedback of the precoder into horizontal
and vertical-domain precoders based on the discrete Fourier
transform (DFT) codebook. The authors of [17] showed that
the spatial correlation matrix with the UPA structure at the
BS can be decomposed into horizontal and vertical-domain
spatial correlation matrices. The low feedback overhead for
the KP codebook was addressed by [18] and [19]. In [18],
the authors proposed a dynamic adaptation of CSI periodicity
considering a slow-varying elevation channel. In [19], a feed-
back scheme was proposed to reduce codebook resolution

for slow-varying horizontal channels. The authors of [20]
proposed the selection of multiple DFT codewords for each
vertical and horizontal channel. Furthermore, advanced quan-
tization methods were proposed for the KP codebook in [21]
and [22]. The authors of [21] proposed a CSI quantization
method by quantizing and combining dominant beams for
narrowband and wideband. The authors of [22] proposed
a codebook design with model-free data-driven approach.
In addition, the KP codebook designs compliant to 3GPP
standard were investigated in [23], [24], and [25]. In [23],
the authors proposed a codebook design based on the linear
combination (LC) and the feedback scheme for the LC-based
KP codebook. In [24], precoder search algorithms were pro-
posed for Type-I and Type-II codebooks which were defined
in 3GPP new radio specification. Further, low-complexity
precoder search scheme for Type-II codebook was proposed
in [25].

Although prior works in [16], [17], [18], [19], [20], [21],
[22], [23], [24], and [25] addressed the KP codebook-based
feedback scheme, the quantitative analysis and optimization
on the amount of feedback bits have not been studied. More-
over, to the best of our knowledge, a scheme that jointly
considers feedback bits and pilot transmission has not been
developed.

In this study, we propose a limited feedback design for
FDD massive MIMO systems using the UPA structure. The
contributions of this study are as follows:

• First, we propose one feedback bit allocation scheme to
maximize the average beamforming gain. We analyze
the average beamforming gain in terms of the num-
ber of feedback bits and eigenvalues of the horizontal
and vertical-domain spatial correlation matrices. Based
on the analyzed average beamforming gain, we show
that the number of feedback bits for the horizontal and
vertical-domain precoders are decided based on the rela-
tionship between the number of dominant eigenvalues
of the horizontal and vertical-domain spatial correlation
matrices.

• Next, we propose a feedback and pilot transmission
scheme. The proposed feedback scheme can com-
press the small-scale fading channel information to the
horizontal-domain codeword when the spatial corre-
lation of the vertical-domain channel is high. Conse-
quently, the vertical-domain codeword only includes
a vertical-domain spatial correlation channel, which
does not vary rapidly compared with the small-scale
fading channel. Therefore, only the horizontal-domain
codeword needs to be reported frequently compared
with the vertical-domain CSI. This contributes to
reducing both the number of feedback bits and pilot
overhead.

The remainder of this paper is organized as follows.
In Section II, we describe the system model using KP code-
book. In Section III, the feedback bit allocation scheme is
proposed. In Section IV, the feedback and pilot transmission
schemes for highly correlated vertical-domain channels are
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proposed. In Section V, the simulation results of the proposed
schemes are presented. Finally, Section VI concludes the
paper.
Notation:We use boldface uppercase and lowercase letters

for the matrices and vectors, respectively. Operators (·)∗,
(·)T , and (·)H denote the conjugate, transpose, and conju-
gate transpose, respectively. Operators ∥·∥, |·|, and ⊗ denote
the Euclidean norm, absolute value, and KP, respectively.
IK denotes a K × K identity matrix. 0m×n denotes m× n
matrix with all elements equal to zero.X[1:n] denotes a matrix
that takes the first n column vectors of matrixX. E[·] denotes
the expectation. CN ∼ (µ, σ 2) denotes a complex Gaussian
random distribution with mean µ and variance σ 2.

II. SYSTEM MODEL
We consider a downlink system in which the BS and user
are equipped with a UPA with N = Nh × Nv antennas and
a single antenna, respectively. Nh and Nv are the numbers
of antennas in the horizontal and vertical-domains, respec-
tively. Here, data transmission and reception can be modeled
as

y =
√
phH fx + n, (1)

where y denotes the received symbol at the user, p denotes the
transmission power, h ∈ CN×1 is the channel vector between
the BS and user, f ∈ CN×1 is the precoding vector, x is the
transmitted data symbol with E[x2] = 1, and n is additive
white Gaussian noise with zero mean and variance N0.
In (1), the channel vector is modeled as h = R1/2g, where

R = E
[
hhH

]
∈ CN×N denotes a spatial correlation matrix.

g ∈ CN×1 is a vector whose elements are independent
and identically distributed Rayleigh fading components with
E
[
ggH

]
= IN . According to [17], [26], [27], and [28],

when the antennas at the BS are placed in a UPA antenna
structure, the spatial correlation matrix can be decomposed as
follows:

R ≈ Rh ⊗ Rv, (2)

whereRh andRv represent the horizontal and vertical-domain
spatial correlation matrices, respectively. We denote
the eigen-decompositions of Rh and Rv by Rh =

Uh3hUH
h and Rv = Uv3vUH

v , respectively. Using the
Karhunen–Loeve transform [28], [29], h can be expressed as
follows:

h =

[(
Uh3

1/2
h

)
⊗

(
Uv3

1/2
v

)]
g. (3)

With somemanipulation, (3) can be rewritten as the following
lemma.
Lemma 1: h in (3) can be expressed as

h =

rv∑
k=1

(
hh,k ⊗ σv,kuv,k

)
, (4)

where rv denotes the rank of Rv, σv,k is the kth dominant
singular value of Rv, uv,k is the kth column of matrix Uv,

and hh,k = Uh3
1/2
h gh,k . In addition,

gh,k =
[
gk gNv+k g2Nv+k · · · g(Nh−1)Nv+k

]T
,

where g(i−1)Nv+k is the ith element of vector gh,k .
Proof: See Appendix A.

In (1), the KP codebook-based precoding was consid-
ered [17], [27], [30]. The KP codebook consists of the hor-
izontal codebook Ch = {f̃1h, f̃

2
h, · · · , f̃2

Bh
h } which represents

the horizontal-domain spatial correlation matrix, and the ver-
tical codebook Cv = {f̃1v, f̃

2
v, · · · , f̃2

Bv
v } which represents the

vertical-domain spatial correlation matrix. Here, Bh and Bv
are the bit-widths of Ch and Cv, respectively. Subsequently,
the precoder f in (1) is generated by

f = fh ⊗ fv, (5)

where fh and fv are the horizontal and vertical-domain code-
words selected in Ch and Cv, respectively. The horizontal
and vertical-domain codewords are selected to maximize the
received signal-to-noise ratio (SNR), which can be expressed
as in [31] by

(fh, fv) = argmax
f̃h∈Ch,f̃v∈Cv

∣∣∣hH (f̃h ⊗ f̃v
)∣∣∣2. (6)

III. FEEDBACK BIT ALLOCATION FOR KP CODEBOOK
In this section, we propose one feedback bit allocation
scheme for the KP codebook to maximize the beamform-
ing gain. In the proposed feedback bit allocation scheme,
we adopted the channel-dimension reduction technique
in [32] to further reduce the feedback overhead.

A. ANALYSIS OF AVERAGE BEAMFORMING GAIN
The channel dimension can be reduced by considering only
the dominant eigenvectors of the spatial correlation matri-
ces [32]. Then, the channel with reduced dimension hL ∈

CL×1 can be expressed as

hL =
(
Uh[1:Lh] ⊗ Uv[1:Lv]

)
h

=
[
3h[1:Lh] ⊗ 3v[1:Lv] 0N×(N−LhLv)

]
g, (7)

where L = Lh × Lv denotes the reduced channel dimension.
Lh and Lv denote the numbers of ordered eigenvectors of the
horizontal and vertical-domain spatial correlation matrices,
respectively. Then, the user can determine the horizontal and
vertical-domain codewords fLh and fLv that satisfy(

fLh , fLv
)

= argmax
f̃Lh∈CLh ,f̃Lv∈CLv

∣∣∣hHL (f̃Lh ⊗ f̃Lv
)∣∣∣2, (8)

where CLh and CLv are the horizontal and vertical-domain
codebooks with Lh and Lv dimensions, respectively. In (8),∣∣∣hHL (f̃h ⊗ f̃v

)∣∣∣2 can be rewritten as

∣∣∣hHL (f̃h ⊗ f̃v
)∣∣∣2 =

∣∣∣∣∣
Lv∑
k=1

(
hHLh,k ⊗ σv,kuk

) (
f̃h ⊗ f̃v

)∣∣∣∣∣
2
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(a)
=

∣∣∣∣∣
Lv∑
k=1

(
hHLh,k f̃h

)
σv,k

(
uk f̃v

)∣∣∣∣∣
2

=

∣∣∣∣∣
Lv∑
k=1

f̃Th h
∗
Lh,kσv,k

(
uk f̃v

)∣∣∣∣∣
2

=

∣∣∣∣∣f̃Th
( Lv∑
k=1

σv,kh∗
Lh,kuk

)
f̃v

∣∣∣∣∣
2

, (9)

where (A⊗B)(C⊗D) = AC⊗BD is applied in (a) [33]. In (9),

we denote H̃ =

Lv∑
k=1

σv,kh∗
Lh,k

uk . Then, (8) can be rewritten

as (
fLh , fLv

)
= argmax

f̃h∈CLh ,f̃v∈CLv

∣∣∣f̃Th H̃f̃v
∣∣∣2. (10)

According to (10), fLh and fLv can be selected that are the
closest to the first left and right singular vectors of H̃, respec-
tively. Then, denoting the left-dominant singular vector of H̃
as ũ corresponding to the largest singular value and defining
αh as the correlation between ũ and fLh where 0 ≤ αh ≤ 1,
fLh can be expressed as

fLh = αhũ +

√
1 − α2

h ũ
⊥, (11)

where ũ⊥ denotes a vector orthogonal to ũ. Similarly, denot-
ing the right-dominant singular vector of H̃ as ṽ and defining
αv as the correlation between ṽ and fLv where 0 ≤ αv ≤ 1,
fLv can be expressed as

fLv = αvṽ +

√
1 − α2

v ṽ
⊥, (12)

where ṽ⊥ denotes a vector orthogonal to ṽ. The beamforming
gain is defined as

γL =

∣∣∣hHL (fLh ⊗ fLv
)∣∣∣2. (13)

By substituting (11) and (12) into (13), (13) can be expressed
as

γL =

∣∣∣σ̃1ũH fLh ṽH fLv ∣∣∣2
= α2

hα
2
v σ̃

2
1 , (14)

where σ̃1 denotes the largest singular value of H̃. Assuming
that the horizontal and vertical-domain codebooks are mutu-
ally independent and also independent of channel realiza-
tions, the average beamforming gain can be expressed as

E {γL} = E
{
α2
h

}
E
{
α2
v

}
σ̃ 2
1 . (15)

For tractable analysis of the quantization errors, we assume
random vector quantization for the horizontal and vertical-
domain codebooks [31]. Then, E

{
α2
h

}
and E

{
α2
v
}
can be

expressed as

E
{
α2
h

}
= 1 − 2Bhβ

(
2Bh ,

Lh
Lh − 1

)
(16)

and

E
{
α2
v

}
= 1 − 2Bvβ

(
2Bv ,

Lv
Lv − 1

)
, (17)

respectively. β (a, b) represents a beta function with input
parameters a and b. Furthermore, to analyze σ̃ 2

1 , we introduce
the following inequality:∣∣∣hHL (fLh ⊗ fLv

)∣∣∣2 <

∥∥∥hHL ∥∥∥2
=

∣∣∣∣∣
Lh∑
m=1

Lv∑
k=1

σh,mσv,kg(m−1)Nv+k

∣∣∣∣∣
2

. (18)

Based on (18), σ̃ 2
1 can be upper bounded such that

σ̃ 2
1 <

Lh∑
m=1

σ 2
h,m

Lv∑
k=1

σ 2
v,k . (19)

The equations (15)–(19) show that the average beam-
forming gain with the KP codebook is upper bounded
by the multiplication of correlations for the selected hor-
izontal and vertical-domain codewords and eigenvalues
of the horizontal and vertical-domain spatial correlation
matrices.

B. PROPOSED FEEDBACK BIT ALLOCATION
Based on (15), we formulate an optimization problem to
obtain the numbers of feedback bits maximizing the average
beamforming gain given by

maximize
Lh,Lv,Bh,Bv

E
{
α2
h

}
E
{
α2
v

}
σ̃ 2
1 (20a)

subject to Lh ∈ {1, · · · ,Nh},Lv ∈ {1, · · · ,Nv}

Bh ∈ {0, Z},Bv ∈ {0, Z},Bh + Bv = B. (20b)

The optimal solution of (20a) can be obtained by the exhaus-
tive search method that uses the combinatorial optimization
technique [34]. While finding the optimal solution of (20a),
the exhaustive search method requires high computational
complexity as B,Nh, andNv increase. To reduce the complex-
ity, we reformulate the problem in (20a) using the analyzed
results. By substituting the upper bound in (19) into (20a),
(20a) can be decomposed into

maximize
Lh,Bh

E
{
α2
h

} Lh∑
m=1

σ 2
h,m (21)

and

maximize
Lv,Bv

E
{
α2
v

} Lv∑
k=1

σ 2
v,k . (22)

The optimal solutions of (21) and (22) can also be obtained by
the exhaustive search method. To further reduce the computa-
tional complexity, we propose to sequentially find solutions.
The proposed method first finds Lh and Lv followed by Bh
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and Bv. By substituting Bh = Bv = B/2 and the approxi-

mated results E{αh} ≈ 1−2
−B/2
Lh−1 and E{αv} ≈ 1−2

−B/2
Lv−1 [31]

into (21) and (22), we obtain

maximize
Lh

(
σ 2
h,1,

(
1 − 2

−B/2
Lh−1

) Lh∑
m=1

σ 2
h,m

)
(23)

and

maximize
Lv

(
σ 2
v,1,

(
1 − 2

−B/2
Lv−1

) Lv∑
k=1

σ 2
v,k

)
. (24)

In (23) and (24), 1 − 2
−B/2
Lh−1 and 1 − 2

−B/2
Lv−1 are valid only when

Lh > 1 and Lv > 1, thereby σ 2
h,1 and σ 2

v,1 are used for
Lh = 1 and Lv = 1, respectively. As in [32], we use the
exhaustive search method to find the solutions of (23) and
(24) which are denoted as L̂h and L̂v, respectively.

Based on L̂h and L̂v, we find the numbers of feedback bits
for the horizontal and vertical-domain codewords fLh and fLv .
We define the solutions for the feedback bit allocation as B̂h
and B̂v which are the numbers of feedback bits for fLh and fLv ,
respectively. If both L̂h and L̂v are 1, precoding at the BS is
not required. Therefore, both fLh and fLv are not needed to be
fed back, which results B̂h = B̂v = 0. Also, if L̂h = 1 and
L̂v > 1, B̂h = 0 and B̂v = B, which means all feedback bits
can be allocated to feeding back fLv . Likewise, if L̂v = 1 and
L̂h > 1, B̂v = 0 and B̂h = B. Otherwise, if both L̂h > 1 and
L̂v > 1, we can formulate an optimization problem to find Bh
and Bv where

maximize
Bh,Bv∈[1,R+}

(
1 − 2

−Bh
L̂h−1

)(
1 − 2

−Bv
L̂v−1

) L̂h∑
m=1

σ 2
h,m

L̂v∑
k=1

σ 2
v,k

(25a)

subject to Bh + Bv = B. (25b)

In (25a), to obtain the closed-form solutions, the integer
constraint on Bh and Bv is relaxed to the real number more

than 1. Also, in (25a), the terms
L̂h∑
m=1

σ 2
h,m and

L̂v∑
k=1

σ 2
v,k have

constant values. Therefore, the optimization problem in (25a)
can be rewritten as

maximize
Bh,Bv∈[1,R+}

(
1 − 2

−Bh
L̂h−1

)(
1 − 2

−Bv
L̂v−1

)
(26a)

subject to Bh + Bv = B. (26b)

To obtain closed-form solutions, we reformulate the opti-
mization problem in (26a) based on the following lemma:
Lemma 2: The optimal solution to maximize (1 − a −

b+ ab) can be found by solving

minimize
(
1
a

+
1
b

)
.

Proof: See Appendix B.

Based on Lemma 2, we can reformulate the optimization
problem in (26a) as

minimize
Bh,Bv∈[1,R+}

2
Bh

L̂h−1 + 2
Bv

L̂v−1 (27a)

subject to Bh + Bv = B. (27b)

The optimization problem in (27a) is convex with respect to
Bh and Bv [35]. To solve the optimization problem in (27a),
the Lagrangian function can be constructed as

L(Bh,Bv, λ) = 2
Bh

L̂h−1 + 2
Bv

L̂v−1 + λ(B− Bh − Bv), (28)

where λ is the Lagrange multiplier. Using (28), the
Karush-Kuhn-Tucker conditions for the optimization prob-
lem in (27a) are obtained as

∂L(Bh,Bv, λ)
∂Bh

=
ln 2

L̂h − 1
2

Bh
L̂h−1 + λ = 0, (29a)

∂L(Bh,Bv, λ)
∂Bv

=
ln 2

L̂v − 1
2

Bv
L̂v−1 + λ = 0, (29b)

∂L(Bh,Bv, λ)
∂λ

= B− Bh − Bv = 0. (29c)

By solving (29a), (29b), and (29c), the solutions are obtained
as

B̂h =
L̂h − 1

L̂h + L̂v − 2
B+

(L̂h − 1)(L̂v − 1)

L̂h + L̂v − 2
log2

L̂h − 1

L̂v − 1
(30)

and

B̂v =
L̂v − 1

L̂h + L̂v − 2
B+

(L̂h − 1)(L̂v − 1)

L̂h + L̂v − 2
log2

L̂v − 1

L̂h − 1
. (31)

Based on above optimization results, we can obtain the fol-
lowing remarks:
Remark 1: L̂h and L̂v are dependent of the eigenvalues of

the vertical and horizontal-domain spatial correlation matri-
ces, respectively.
Remark 2: For a given L̂h + L̂v, B̂h is larger than B̂v when

L̂h > L̂v and vice versa.

IV. PROPOSED FEEDBACK SCHEME FOR HIGHLY
CORRELATED VERTICAL-DOMAIN CHANNEL
In the optimization problem (20a), the solution of Lv can
be either L̂v = 1 or L̂v > 1. When the vertical-domain
spatial channel is highly correlated, e.g., σ 2

v,1 = 1 and
σ 2
v,2 = · · · = σ 2

v,Lv = 0, the optimal solution of Lv can
be obtained directly as L̂v = 1 [32]. This case corresponds
to the channel where the vertical-domain spatial channel
experiences less scattering than the horizontal-domain spatial
channel [36], [37]. For example, when the height of the BS is
much larger than that of the user, there are less scatterers in
the vertical-domain, and then number of paths which signal
passes through can be negligible. In this case, the rank of the
vertical-domain spatial channel is close to 1, which implies
that the vertical-domain channel is highly correlated. Such a
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highly correlated vertical-domain channel environment moti-
vates to develop more efficient feedback scheme for the KP
codebook with reduced feedback and pilot overhead.

It is assumed that the rank of the vertical-domain spa-
tial correlation matrix is 1, that is, Rv is the rank-1 matrix
(rv = 1), as in [29]. Accordingly, (3) can be expressed as

h = hh ⊗ σ̃v,1uv,1, (32)

where hh = Uh3
1/2
h GT , and G is defined in Appendix A.

Substituting (32) into
∣∣hH (fh ⊗ fv)

∣∣2, ∣∣hH (fh ⊗ fv)
∣∣2 can be

written as follows:∣∣∣hH (fh ⊗ fv)
∣∣∣2 =

∣∣∣(hHh fh) σ̃v,1

(
uHv,1fv

)∣∣∣2
=

∣∣∣hHh fh∣∣∣2∣∣∣σ̃v,1uHv,1fv∣∣∣2. (33)

Substituting (33) into (6), (6) can be decomposed into

fh = argmax
f̃h∈Ch

∣∣∣hHh f̃h∣∣∣2 (34)

and

fv = argmax
f̃v∈Cv

∣∣∣uHv,1 f̃v∣∣∣2. (35)

The equations (34) and (35) indicate that the horizontal-
domain codeword is selected based on hh which includes
Rh and g, whereas the vertical-domain codeword is selected
based only on Rv. Compared with hh, Rv varies at a much
slower rate [28]. Therefore, the feedback periodicity of the
vertical-domain codeword can become longer when rv =

1 compared with when rv > 1. Then, the feedback overhead
can be reduced by longer feedback periodicity.

With the proposed feedback scheme based on (34)
and (35), the pilot overhead for downlink channel estimation
at the user can also be reduced. For the user to estimate the
channel h with a dimension of N , the BS must transmit N
orthogonal pilots using N symbols [38]. However, using the
proposed feedback scheme based on (34) and (35), the user
only estimates the channel hh which has a dimension of Nh
smaller than N . Then, the BS transmits Nh orthogonal pilots,
therefore, the required number of pilot symbols is reduced
to Nh.

Next, we prove that N -dimensional channel can be
obtained by transmitting onlyNh orthogonal pilots. To reduce
the dimension of the pilots from N to Nh, a precoded pilot
is transmitted to the user. The vertical-domain precoder
obtained from (35) is expressed as follows:

fv =
[
ûv,1 ûv,2 · · · ûv,Nv

]T
= auv + bu⊥

v , (36)

where a = ejϕ cosϕ, b = 1 − cosϕ, ϕ is the angle between
fv and uv as in [39], and u⊥

v is a vector orthogonal to uv. The
precoder for the pilot is then generated using (36), which is
expressed as

Wp = INh ⊗ fv. (37)

Subsequently, the pilot is precoded using Wp. The received
pilot signal for the user can be expressed as

y = pphHWp9 + n, (38)

where pp is the pilot transmission power, 9 is Nh × Nh pilot
symbol matrix that satisfies 99H

= INh , and n is an additive
white Gaussian noise vector with zero mean and variance N0.

By substituting (32) and (37) into hHWp in (38), hHWp
can be written as

hHWp =

(
hHh ⊗ σ̃v,1uHv,1

) (
INh ⊗ wv

)
(b)
=

(
hHh INh

)
⊗

(
σ̃v,1uHv,1wv

)
, (39)

where (b) results from (A ⊗ B)(C ⊗ D) = AC ⊗ BD as
in [33]. By substituting (36) into (39), (39) can be expressed
as follows:

hHWp = ejϕ cosϕσ̃v,1hHh .

Furthermore, assuming perfect channel estimation at the user,
hh can be estimated as follows:

hh = ejϕ cosϕσ̃v,1hh. (40)

Then, the user can select the horizontal-domain codeword as

fh = argmax
f̃h∈Ch

∣∣∣hHh f̃h∣∣∣2
= argmax

f̃h∈Ch

(
(e−jϕ cosϕ)

2
σ̃ 2
v,1

∣∣∣hHh f̃h∣∣∣2)
= argmax

f̃h∈Ch

∣∣∣hHh f̃h∣∣∣2. (41)

The equation (41) is equivalent to (34). Because the selected
horizontal-domain codeword can be fed back by estimating
hh using the precoded pilot Wp9, the pilot overhead can be
reduced.

V. SIMULATION RESULTS
In this section, we provide the simulation results to verify
the proposed schemes. First, we compare the performance of
the proposed feedback bit allocation scheme with that of the
fixed feedback bit allocation scheme. Next, we investigate the
performance of the proposed feedback scheme for a highly
correlated vertical-domain channel and compare it with the
conventional feedback schemes.

To evaluate the feedback schemes with various correlation
values, we consider the spatial correlation matrix represented
by the exponential model, as in [40] and [41]. According
to [40] and [41], the entries of the horizontal-domain spatial
correlation matrix are expressed as

Rh(i, j) = ρ
|i−j|
h ,

whereRh(i, j) is the entry in the ith row and jth column of the
horizontal-domain spatial correlation matrix Rh and ρh is the
correlation coefficient of Rh with 0 ≤ ρh ≤ 1. Similarly, the
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FIGURE 1. Average beamforming gain as a function of the vertical-domain
spatial correlation coefficient with Nh = Nv = 4, ρh = 0.57, and B = 8.

entries of the vertical-domain spatial correlation matrix are
expressed as

Rv(i, j) = ρ
|i−j|
v ,

whereRv(i, j) is the entry in the ith row and jth column of the
vertical-domain spatial correlation matrix Rv and ρv is the
correlation coefficient of Rv with 0 ≤ ρv ≤ 1.

A. EVALUATION OF THE PROPOSED FEEDBACK BIT
ALLOCATION
In this subsection, we evaluate the proposed feedback bit
allocation scheme in (30) and (31) and compare it with the
fixed feedback bit allocation. The fixed feedback bit alloca-
tion always uses Bh = Bv = B/2, whereas the proposed
scheme uses Bh and Bv which are described in Section III-B.
In the simulation, we apply the Grassmannian codebook
which is widely known as an effective quantization method
for correlated channels [10]. We also consider the KP code-
book based on the rotated Grassmannian codebook where
the entries of the codebook are transformed by the square
root of the horizontal and vertical-domain channel correlation
matrices [17].

The average normalized beamforming gain is considered
as a performance metric, which is defined as [27]

E

[∣∣hH (fh ⊗ fv)
∣∣2

∥h∥
2

]
.

Fig. 1 shows the average normalized beamforming gains
as a function of the vertical-domain spatial correlation
coefficient ρv with Nh = Nv = 4 and B = 8. The
horizontal-domain spatial correlation coefficient ρh is fixed
to 0.57 assuming that the transmission antennas in the hor-
izontal domain are equally separated by the distance of the
two wavelengths [32]. As a benchmark, we consider the
exhaustive search method that can provide the optimal solu-
tion to (20a). As shown in Fig. 1, the proposed feedback
bit allocation scheme achieves about 38% ∼ 49% gain

compared with the fixed bit allocation with the Grassmannian
codebook. It is also observed that the proposed feedback
bit allocation scheme outperforms the rotated Grassmannian
codebook method when ρv ≤ 0.85. However, the rotated
Grassmannian codebook is better than the proposed feedback
bit allocationwhen ρv > 0.85, because the beamforming gain
of the rotated Grassmannian codebook increases for higher
spatial correlation.

Fig. 2 shows the average normalized beamforming gains
as a function of the vertical-domain spatial correlation coef-
ficient ρv with Nh = Nv = 8 and B = 18. As another bench-
mark representing the advanced KP codebook, we consider
the LC-based KP codebook (LC codebook) proposed in [23].
Instead, we omit the exhaustive search method considering
the infeasible codeword search complexity when B = 18.
Similar to Fig. 1, the proposed feedback bit allocation scheme
is better than the fixed bit allocation with the Grassmannian
codebook. Also, it is observed that the proposed feedback
bit allocation scheme outperforms the rotated Grassmannian
codebook method when ρv ≤ 0.85. The LC codebook is infe-
rior to both the proposed feedback bit allocation scheme and
fixed bit allocation with the rotated Grassmannian codebook,
because 18-bit LC codebook is less accurate to represent the
channel than the proposed feedback bit allocation and rotated
Grassmannian codebook.

Fig. 3 shows the average normalized beamforming gains as
a function of the number of antennas in the vertical-domain
with Nh = 8 and B = 8. ρv and ρh are fixed to 0.57
assuming that the transmission antennas in the horizontal
and vertical-domains are equally separated by the distance
between the two wavelengths [32]. The proposed feedback
scheme shows approximately 23% ∼ 65% performance
gain compared with the fixed bit allocation with the rotated
Grassmannian codebook. This result implies that the pro-
posed feedback bit allocation scheme with the KP codebook
can improve the normalized beamforming gain by jointly
optimizing the channel dimension and number of feedback
bits based on the horizontal and vertical-domain spatial cor-
relation matrices.

Fig. 4 shows the average normalized beamforming gains as
a function of the number of antennas in the vertical-domain
with Nh = 8 and B = 18. Similar to Fig. 3, the proposed
feedback bit allocation scheme outperforms the fixed feed-
back bit allocation for all Nv. Further, the proposed feedback
bit allocation shows better beamforming gain than the LC
codebook for all Nv. This is because the channel quantization
accuracy of the 18-bit LC codebook is lower than that of the
Grassmannian codebook. Moreover, the LC codebook does
not utilize the gain from the adaptive feedback bit allocation.
Therefore, it can be inferred that the LC codebook cannot
outperform the proposed feedback bit allocation scheme and
Grassmannian codebook under 18-bit feedback.

From Figs. 1–4, we can conclude that the beamforing gain
of the proposed feedback bit allocation scheme depends on
the vertical-domain spatial correlation. In specific, we can
observe from Fig. 1 that when the vertical-domain spatial
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FIGURE 2. Average beamforming gain as a function of the vertical-domain
spatial correlation coefficient with Nh = Nv = 8, ρh = 0.57, and B = 18.

FIGURE 3. Average beamforming gain as a function of the number of
antennas in the vertical-domain with Nh = 8 and B = 8.

FIGURE 4. Average beamforming gain as a function of the number of
antennas in the vertical-domain with Nh = 8 and B = 18.

correlation coefficient is larger than 0.85, the proposed feed-
back bit allocation scheme has lower beamforming gain
than the rotated Grassmannian codebook with the fixed bit

allocation. This is because the rotated Grassmannian code-
book makes the codebook more aligned to the channel as
spatial correlation coefficient becomes larger, whereas the
proposed feedback bit allocation scheme does not improve
the beamforming gain by modifying the codebook. Neverthe-
less, when the vertical-domain spatial correlation coefficient
is low, the proposed feedback bit allocation scheme can bring
performance gain by effectively allocating the feedback bits
to the horizontal and vertical-domain codebooks. Moreover,
because the horizontal and vertical-domain spatial correla-
tion matrices are symmetrical, we can easily infer that the
beamforming gain of the proposed bit allocation scheme
also depends on the horizontal-domain spatial correlation
coefficient.

B. EVALUATION OF THE PROPOSED FEEDBACK SCHEME
In this subsection, we compare the proposed feedback scheme
with the conventional feedback schemes proposed in [27]
and [30] in which both the horizontal and vertical-domain
codewords are fed back. As in Section V-A, the LC codebook
in [23] are also compared when B = 18. Also, as a baseline,
we plot the ergodic rate of the perfect CSI at the transmitter
(CSIT) which has no channel quantization error and pilot
overhead.

Here, the ergodic rate is considered as a performance met-
ric, which is defined as

R = E
[(

1 −
τ

T

)
log2

(
1 +

p
N0

∣∣∣hH (fv ⊗ fv)
∣∣∣2)] ,

where T = BcTc is the length of the coherence block with
Bc coherence bandwidth and Tc coherence time, and τ is the
length of the pilot for the downlink channel estimation. In the
simulation, we consider p

N0
= 0 dB and T = 180 where the

coherence bandwidth is 180kHz and the coherence time is
1ms. Furthermore, τ = N for the conventional schemes and
τ = Nh for the proposed scheme.
Fig. 5 demonstrates the ergodic rates as a function of

ρv when Nh = Nv = 4 and B = 8. The ergodic rates
based on the CSI feedback are always lower than the per-
fect CSIT due to the quantized CSI and pilot overhead.
In addition, the ergodic rates of all feedback schemes increase
as ρv increases, because the diversity gain increases as ρv
increases. In Fig. 5a, when ρv < 0.35 with ρh = 0.1,
the conventional feedback schemes outperform the pro-
posed feedback scheme because the small-scale fading chan-
nel is not accurately compressed to fh. However, when
ρv ≥ 0.35, the proposed feedback scheme outperforms
the conventional feedback schemes. As ρv increases, the
vertical-domain spatial correlation matrix can be more sep-
arated from the horizontal-domain spatial correlation matrix
and small-scale fading channel, as analyzed in Section IV.
The proposed scheme compresses the vertical-domain spa-
tial correlation matrix into the vertical-domain codeword
only, and the horizontal-domain codeword does not include
the vertical-domain spatial correlation matrix. In contrast,
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FIGURE 5. Ergodic rate as a function of ρv for Nh = Nv = 4 and B = 8.

FIGURE 6. Ergodic rate as a function of ρv for Nh = Nv = 4 and B = 18.

FIGURE 7. Ergodic rate as a function of ρv for Nh = Nv = 8 and B = 8.

the conventional schemes compress the vertical-domain spa-
tial correlation matrix to both the horizontal and vertical-
domain codewords, which leads to inaccurate feedback for
the vertical-domain spatial correlation matrix. Therefore, the
proposed scheme is better than the conventional schemes
with larger ρv because of more accurate compression of
the vertical-domain spatial correlation matrix. We also com-
pare the results when ρh = 0.1, 0, 5, and 0.9. As ρh
increases, the conventional feedback schemes achieve a
larger gain of the ergodic rate than the proposed scheme,
because the accuracy of compressing horizontal-domain
spatial correlation matrix is not guaranteed in the proposed
scheme.

Fig. 6 illustrates the ergodic rates as a function of ρv when
Nh = Nv = 4 and B = 18. Similar to Fig. 5, when
B = 18, the proposed feedback scheme also outperforms
the conventional schemes for the large ρv regime. However,
the LC codebook is inferior to the conventional feedback
schemes for all ρh and ρv. Further, because the LC codebook
requires transmitting pilot for all antennas, the gain from the
reduced pilot overhead cannot be obtained. Therefore, it can
be inferred from Fig. 6 that the proposed scheme can obtain
the performance gain compared with the LC codebook in
terms of the ergodic rate.

Fig. 7 shows the ergodic rates as a function of ρv when
Nh = Nv = 8 and B = 8. As shown in Fig. 7, the ergodic
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FIGURE 8. Ergodic rate as a function of ρv for Nh = Nv = 8 and B = 18.

rates of all feedback schemes increase as ρv increases due
to the increasing diversity gain for larger ρv. In addition,
the proposed feedback scheme outperforms the conventional
feedback schemes for all regions except when ρv < 0.5 with
ρh = 0.9. When ρv < 0.5 with ρh = 0.9, the proposed
feedback scheme is inferior to the conventional schemes due
to inaccurate compression of the small-scale fading channel
to fh. However, expect when ρv < 0.5 with ρh = 0.9,
the reduced pilot overhead can provide the rate gain to the
proposed feedback scheme. While conventional feedback
schemes require τ = N = 64 pilots to estimate the downlink
channel at the user, the proposed scheme transmits only τ =

Nh = 8 pilots to estimate the downlink channel.1 As a result,
the proposed feedback scheme can achieve a 48% rate gain
by the reduced pilot overhead.

Fig. 8 describes the ergodic rates as a function of ρv when
Nh = Nv = 8 and B = 18. The proposed feedback scheme
outperforms the conventional feedback schemes except when
ρv < 0.2 with ρh = 0.9. Compared with Fig. 7, the
region where the proposed feedback scheme is inferior to
the conventional feedback schemes is reduced. Since the
channel quantization loss becomes larger with increased Nh
and Nv, the gain from the reduced pilot overhead becomes
more dominant in Nh = Nv = 8 than Nh = Nv = 4. Further,
contrary to Fig. 6, the LC codebook shows lower ergodic rate
than the proposed and conventional feedback schemes for all
ρh and ρv. This is because the channel quantization error of
the LC codebook is much severe for largerNh andNv than the
other feedback schemes, thereby becoming the impact of the
large pilot overhead more dominant. Therefore, the proposed
feedback scheme can obtain more rate gain for larger Nh and
Nv compared with the LC codebook, which cannot utilize its
advanced channel quantization structure.

From Figs. 5–8, we can conclude that the performance
of the proposed feedback scheme depends on the vertical-
domain spatial correlation coefficient. As the vertical-
domain spatial correlation coefficient becomes larger,
the proposed feedback scheme finds the vertical-domain
precoder more aligned to the first eigenvector of the

1In the simulation, we omit the pilot overhead for fv because the overhead
for fv can be ignored considering that Rv changes much slower than hh.

vertical-domain spatial correlation matrix. In addition,
the selected horizontal-domain precoder can compress
small-scale fading channel more accurately, as the vertical-
domain spatial correlation coefficient becomes larger. How-
ever, as the vertical-domain spatial correlation coefficient
becomes smaller, the selected horizontal and vertical-domain
precoders become less close the channel h. The vertical-
domain precoder can only represent the first eigen-
vector of the vertical-domain spatial correlation matrix.
Then, remaining channel component except hh ⊗ σv,1uv,1,∑rv

k=2

(
hh ⊗ σv,kuv,k

)
, is not included to both horizontal and

vertical-domain precoders, which means that the remaining
channel component becomes larger as the vertical-domain
spatial correlation coefficient becomes smaller. There-
fore, the selected horizontal and vertical-domain precoders
become inaccurate.

VI. CONCLUSION
In this study, we have proposed limited feedback designs
for the KP codebook in massive MIMO systems using UPA
structure. First, we have proposed a feedback bit allocation
scheme that considers the horizontal and vertical-domain spa-
tial correlation matrices. We have formulated and solved an
optimization problem to maximize the average beamforming
gain in terms of the number of feedback bits. Second, we have
proposed a feedback scheme for highly correlated vertical-
domain channel. The proposed feedback scheme reduces the
feedback and pilot overhead by compressing the small-scale
fading channel into a horizontal-domain codeword. Simu-
lation results have shown that the proposed feedback bit
allocation scheme improves the normalized beamforming
gain compared with the conventional schemes with the fixed
feedback bit allocation. The simulation results have also
shown that the proposed feedback scheme outperforms the
conventional feedback schemes in terms of the ergodic rate.

APPENDIX A
PROOF OF LEMMA 1
Let A = [a1, a2, · · · an] be an m × n matrix where aj is the
jth column vector for j = 1, · · · , n. Then, the mn× 1 column
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vector col(A) is defined as

col(A) = [aT1 , aT2 , · · · , aTn ]
T . (42)

Based on (42), g = col(G) where

G =

 g1 gNv+1 · · · g(Nh−1)Nv+1
...

...
. . .

...

gNv g2Nv · · · gNhNv

 . (43)

Then, (4) can be written as

h =

[(
Uh3

1/2
h

)
⊗

(
Uv3

1/2
v

)]
col(G)

(c)
= col

(
Uv3

1/2
v G

(
Uh3

1/2
h

)T)
(d)
= col

(
Uv3

1/2
v

(
Uh3

1/2
h GT

)T)

= col

Uv3
1/2
v

 hTh,1
...

hTh,Nv


 , (44)

where (CT
⊗A)col(B) = col(ABC) and (BA)T = ATBT are

applied in (c) and (d), respectively.
Let us define hk,j as the jth element of the vector hh,k . Then,

we can define h̄j = [h1,j, h2,j, · · · , hNv,j]
T for j = 1, · · · ,Nh,

and (44) can be written as

h = col
(
Uv3

1/2
v
[
h̄1 · · · h̄Nh

])
=

[
(Uv3

1/2
v h̄1)

T
· · · (Uv3

1/2
v h̄Nh )

T
]T

. (45)

In (45), Uv3
1/2
v h̄j can be written as

Uv3
1/2
v h̄j =

Nv∑
k=1

hk,jσv,kuv,k . (46)

Substituting (46) into (45), (45) can be written as

h =

( Nv∑
k=1

hk,1σv,kuv,k

)T
, · · · ,

( Nv∑
k=1

hk,Nhσv,kuv,k

)T
=

Nv∑
k=1

[
hk,1σv,kuv,k · · · hk,Nhσv,kuv,k

]T
=

Nv∑
k=1

hh,k ⊗ σv,kuTv,k . (47)

(47) can be obtained from hh,k = [hk,1, · · · , hk,Nh ].

APPENDIX B
PROOF OF LEMMA 2
Themaximum (1−a−b+ab) can be achieved byminimizing
a and b and maximizing ab. Then we can decompose the
optimization problem to maximize (1 − a− b+ ab) into

minimize (a+ b) (48)

and

maximize (ab). (49)

To find a solution that satisfies (48) and (49) simultaneously,
we can formulate an optimization problem given by

minimize
(
a+ b
ab

)
. (50)

The objective function in (50) can be written as (1/a+ 1/b).
This completes the proof.
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