
IEEE MAGNETICS SOCIETY SECTION

Received 16 January 2023, accepted 15 February 2023, date of publication 23 February 2023, date of current version 1 March 2023.

Digital Object Identifier 10.1109/ACCESS.2023.3248290

Simulation of a Transverse Flux Linear Induction
Motor to Determine an Equivalent Circuit
Using 3D Finite Element
JUAN ANTONIO DOMÍNGUEZ HERNÁNDEZ 1, NATIVIDAD DURO CARRALERO 1,
AND ELENA GAUDIOSO VÁZQUEZ 2
1Departamento de Informática y Automática, ETSI Informática, Universidad Nacional de Educación a Distancia (UNED), 28040 Madrid, Spain
2Departamento de Inteligencia Artificial, ETSI Informática, Universidad Nacional de Educación a Distancia (UNED), 28040 Madrid, Spain

Corresponding author: Juan Antonio Domínguez Hernández (juanantoniodguez83@gmail.com)

This work was supported in part by the Spanish Ministry of Science and Innovation under Project PID2019-108377RB-C32, and in part by
the Universidad Nacional de Educación a Distancia under Grant GID2016-6.

ABSTRACT This paper presents a Transverse Flux Linear Induction Motor prototype simulated with a
3D Finite Element tool. The main objective of the paper is to obtain an accurate method to construct an
equivalent circuit that simulates the motor, using some specific parameters. The method has three steps.
In the first step, we simulate two indirect tests to represent rotating induction machines, standstill and locked
rotor tests. Using the test results, we define an equations system that incorporates the longitudinal end-effect.
The system allows us to select specific parameters needed to build the equivalent circuit using six different
configurations. In the second step, we classify the parameters in two groups: parameters from the primary and
secondary parts. We test the primary part parameters defining the magnetizing inductance as a combination
of the longitudinal and the transversal magnetizing inductance. To this end, the method analyses the first
harmonic of the magnetic field wave along the air gap, which is located above the central teeth. Thus, it is
possible to establish a difference between transversal and longitudinal components of the magnetic field
density. The parameters of the secondary part will be compared using 2D Field Theory with a linear induction
motor that operates with a transverse flux configuration. In the third step, the method analyses the selected
parameters using a goodness factor, a dimensionless key performance indicator, specifically used to evaluate
the behavior of linear induction motors and the specific parameters estimated for the equivalent circuit.

INDEX TERMS Air gap magnetic flux density, equivalent circuit, goodness factor, indirect tests, magnetiz-
ing inductance, transverse flux linear induction motor.

I. INTRODUCTION
A linear Induction Motor (LIM) is a special motor that allows
a linear motion. It is different from traditional rotating induc-
tionmotors (RIM),most usually used [1]. A LIM is composed
of two different parts. The primary part is oriented to the
coils allocation that conforms the machine winding and the
secondary part is made of several layers of materials with
different magnetic and electrical properties, like aluminium
or steel. Fig. 1 shows a LIM. We can see the primary part,
whose coils generate the travelling magnetic field and the
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main electromagnetic forces inside the LIM [2] and the sep-
aration between both parts. In this region, electromagnetic
conversion is created. A LIM has two operation modes: Lin-
ear Electric Actuator (LEA), when linear motor produces
electric forces and Linear Electric Generator (LEG), when
motor converts mechanical power into alternate current (AC)
electric power [3].

The impact of LIMs in the industry is huge, because there
are many military and civil applications. For example, LEAs
are used for positioning on computer peripherals or in high-
thrust-density conditions, such as aircraft engines or modern
transportation systems for urban and interurban purposes.
The absence of mechanical transmission between fixed and
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FIGURE 1. View of a linear induction motor adapted from [2].

moving parts allows the design of vehicles powered by linear
motors, reducing dead weight and energy consumption with
respect to the RIM. LIMs can also operate as linear pumps
in hydrodynamic applications, where the movement of liquid
metal is necessary. In the case of LEGs, through a configura-
tion of a tubular alternator, they can be combined with motors
to also generate electricity [3], [4].

LIMs can be classified according to two criteria. The first
considers some geometric aspects and the number of avail-
able primary parts and determines two types of machines.
A Single Sided Linear Induction Motor (SSLIM) when only
operates a winding motor in the machine and a Double-Sided
Linear Induction Motor (DSLIM) when two are operating.
The second criterion classifies LIMs attending to the config-
uration of the magnetic flux. If the magnetic fluxmoves along
the direction of the motion, it is called Longitudinal Flux
Linear InductionMotor (LFLIM) and when the magnetic flux
moves along a plane normal to the direction of the motion,
it is called Transverse Induction Motor (TFLIM). The main
advantage of TFLIM is the less restrictive requirements on the
magnetizing current consumed compared to the longitudinal
flux. TFLIM has also less core weight than a LIM, so it has
large pole pitches [5]. For these reasons, in this paper, we have
decided to implement a TFLIM.

TFLIM control methods, equivalent circuit estimations
and field analysis and design are now three active research
areas. Therefore, novel computation techniques are applied
in these areas to achieve accurate results. Finite Element
Method (FEM) is an appropriate way to determine funda-
mental aspects involved in electrical machine engineering [6],
because it allows calculating the distribution of magnetic and
electric fields considering some geometrical aspects and the
nonlinear characteristics of thematerials used. Ferromagnetic
materials, permanent magnets and conductor electrical speci-
fications are the most common nonlinear behaviours that can
be simulated with FEM tools [7], [8].

There are different papers in the literature focused on
the estimation of equivalent circuit estimations [9], [10],
[11]. In these papers, indirect tests are analysed but FEM
is not used to estimate the equivalent circuit. Authors use
real experimental tests to determine the electrical parameters
associated with their linear electrical devices. The indirect
used tests, no load and standstill, are discussed in the case of a
longitudinal magnetic flux configuration. Therefore, indirect

tests are a suitable way to consider the high air gap that a LIM
has, where the secondary part is composed of a slotted con-
struction. Consequently, leakage fluxes cannot be neglected
because it would imply a decrease in efficiency. In this paper,
we use indirect tests to estimate the parameters, but as a
novelty, we use FEM-3D tools to determine the equivalent
circuit.

In [12], [13], [14], and [15] analytical methods are used to
measure some special effects that occur in LIMs but not in
RIMs, which are very important to determine the equivalent
circuit parameters. In [12] transverse edge effect is analysed
considering several geometries linked to the aluminium layer,
and in [13] the behaviour of a LIM with a ladder secondary
structure is detailed. Although this special steel layer con-
struction is not applied in our TFLIM, we reference this paper
because the authors use FEM-3D and compare the results
with an analytical model. In [14] some relevant coefficients
are estimated, such as the saturation coefficient due to the
steel layer and the skin effect inside the aluminium plate to
evaluate the electric conductivity linked to the secondary part.
In [15] authors also use FEM-3D to compare the transverse
edge effect between various secondary cage configurations.
Particularly, in [16] and [17] authors indicate the progressive
relevance of TFLIM in the high-speed magnetic levitation
transport system, where a mathematical model is used to
describe the induced eddy currents. Finally, in [18] Trans-
verse Flux Linear Motor with permanent-magnet excitation
is also studied with FEM-2D techniques.

The LIM simulated in this paper is a single-sided topol-
ogy with a transverse flux configuration. Our objective is to
estimate themain parameters of an equivalent circuit (EC) per
phase of the TFLIM using FEM-3D.We assume that any type
of LIM, both transverse and longitudinal, can be analysed by
taking as starting point the T-type equivalent circuit proposed
for RIMs. This model of equivalent circuit is widely used
with LIMs [19], [20], [21]. In [19] a classical T-type topology
is adapted to new approaches to magnetizing inductance,
including the slip effect of variations in the magnetic field
density along the air gap. In [20] T-type circuit is modified
from RIM to LIM to include some special effects. Finally,
in [21] an equivalent model of π derived from RIMs, which
includes the specific phenomena of a LIM.

This paper is focused on offline parameters identification,
where indirect tests using FEM-3D will be simulated to
obtain themain parameters of an equivalent circuit. In the first
step of LIM design, we simulate the experimental tests using
FEM-3D with a coupled electrical circuit, so that the fre-
quencies can be modified. In addition, we estimate the main
parameters of the LIM using electromagnetic field theory to
verify the results obtained with the simulations.

The rest of the paper is organised as follows. Section II
shows the main geometric and physical characteristics of
the selected TFLIM and the details of the winding factor
structure. Section III describes the steps followed to simu-
late indirect tests with FEM-3D. The general equations are
also detailed, using statistical methods for the calculation
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FIGURE 2. 3D-view of TFLIM primary part and dimension in mm of a
ferromagnetic sheet [23], [24].

of the parameters of the indirect tests, when the TFLIM
works under a different range of frequencies. In section IV,
we specify the equations system that allows us to estimate
the parameters necessary for the equivalent circuit per phase
corresponding to a T-type circuit model. To verify the results
obtained, we propose in sectionV amethod that calculates the
magnetizing inductance taking as reference the value of the
magnetic field density along the air gap. Furthermore, we use
an alternative method based on 2D field theory, to obtain
data from secondary part and compare them with values from
the indirect tests. In addition, particular phenomena are also
calculated in TFLIM such as the fringing effect, Carter’s coef-
ficient or skin effect, among others. In section VI, the quality
of the TFLIM is evaluated using a goodness factor [22].
Finally, the main conclusions of the paper are presented.

II. DESCRIPTION OF THE TFLIM MODEL
In this section, the developed TFLIM topology is described.
Firstly, the main geometric parameters involved are
exposed [23]. Secondly, the materials used in the construction
of this type of electric machine and the hypothesis assumed
to simulate everything with FEM-3D are described. Finally,
the main characteristics of the motor winding are detailed.

The proposed TFLIM was built in the 90s by the Span-
ish Polytechnic University of Madrid. This prototype was
tested under standstill and low voltage level conditions, and
the authors established some future works at simulating the
TFLIM with FEM-3D tools to improve knowledge of the
phenomena that occur in this type of LIM. The main use
of the TFLIM discussed is for the construction of single-
gilder transport railway systems, where TFLIM can be used
to achieve thrust and levitation forces while decreasing the
consumed power [23].

In [24], this model was simulated with FEM-3D tools
to analyse the main forces developed in transient regime
and several geometric configurations were also tested. Thus,
the primary part of the motor is composed by 31 ferro-
magnetic sheets with an E-shape configuration, as it is
shown in Fig. 2. Fig. 3 shows the secondary part com-
posed by two layers, aluminium and steel, using FEM-3D
tools. The mechanical air gap between primary and sec-
ondary part is set to 5 mm. The other dimensions and the
material properties used in the simulations are presented
in Table 1.

FIGURE 3. 3D-view of TFLIM built in FEM-3D tool [24].

TABLE 1. Dimensions and properties in the TFLIM.

FIGURE 4. 3D view of TFLIM winding and location of coils by each
phase [24].

A. TFLIM WINDING FACTOR STRUCTURE
This section presents the main properties of the winding used
to measure the winding factor. Fig. 4 shows the coils that
have been designed using FEM-3D. A three-phase winding
is located inside armature of the primary part. Phase A coils
are represented in red, phase B coils in blue and phase C coils
in green.

The TFLIMhas a double layer winding, so coils are located
at the top and bottom. However, due to graphical restrictions,
they are represented by four layers.
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FIGURE 5. Representation of slots spans by a generic coil in a
double-layer winding [25].

TABLE 2. TFLIM winding parameters.

To determine the winding factor, it must be established the
difference between Q, which denotes the number of slots in
the primary part, and yQ, which represents the number of slots
per pole and phase [25]. Equation (1) calculates yQ where
Q = 24, m = 3, is the number of phases and p = 1 is the
number of pole pairs.

yQ = Q/
(2 · m · p) (1)

Next, the winding factor Kw1 must be estimated, which is
calculated by the product between the distribution factor, Kd1
and the pitch factor Kp1, according to the Eq. (2), (3) and (4).
For more details, see reference [25].

Kw1 = Kd1 · Kp1 (2)

Kd1 = sin
(
π
2·m

)/(
q · sin ·

(
π
/
2 · m · q

))
(3)

Kp1 = sin
(
W/
τP

· π
/
2
)

(4)

These equations consider only the first harmonic in the
magnetic field density created by the primary winding.
In these equations the parameter W = 6 is involved, which
represents the width of a single coil whose dimension is less
than the pole pitch τP. Both, W and τP are expressed by
the number of slots as it is shown in Fig. 5. Table 2 shows
the values of TFLIM winding factors used in this paper.
The winding factor is around 0.67 and Kd1 and Kp1 around
0.96 and 0.7 respectively.

III. FEM-3D SIMULATIONS
In this section, we are going to explain themain features of the
simulations using FEM-3D. Subsection III-A describes the
necessary conditions to simulate the TFLIM with FEM-3D

using a coupled circuit to supply the motor. Subsection III-B
explains the indirect tests used: blocked secondary test and
no load test. The first one estimates total impedance of the
TFLIM and the second is oriented to decouple the effect
linked to the secondary part from the equivalent circuit to
calculate the primary part parameters.

A. SIMULATION CONDITIONS, HYPOTHESIS AND
SIMPLIFICATIONS
A Y-connected three phase equilibrated voltage system oper-
ates according to equations (5) to (7). In [24] the process to
determine VLINE is described, which is the peak value of the
voltage sources. VLINE = 660V is the voltage level necessary
to correctly magnetize a TFLIM. The maximum value of the
magnetic field density along the air gap reaches a peak value
around 0.8 T. VPhase_a [V], VPhase_b[V] and VPhase_c[V] are
the instantaneous values of the source voltage linked to each
phase,ω [rad/s] is the angular frequency, f [Hz] is the nominal
supply frequency and t [s] is the instantaneous value of the
simulation time [24].

VPhase_a(t) = VLINE ·

√
2
/

√
3 · cos (ω · t)

= VLINE ·

√
2
/

√
3 · cos (2 · π · f · t)) (5)

VPhase_b(t) = VLINE ·

√
2
/

√
3 · cos

(
ω · t − 2 · π

/
3
)

= VLINE ·

√
2
/

√
3 · cos

(
2 · π · f · t − 2 · π

/
3
)

(6)

VPhase_c(t) = VLINE ·

√
2
/

√
3 · cos

(
ω · t + 2 · π

/
3
)

= VLINE ·

√
2
/

√
3 · cos

(
2 · π · f · t + 2 · π

/
3
)

(7)

To simulate the TFLIM in FEM 3-D the next hypothesis
and simplifications are considered:

1. Linear B-H curve from ferromagnetic materials is
described by a straight line with a relative permeability
equal to 2500 (see Table 1). Therefore, the steel in primary
part and the iron layer in secondary part operate under
no saturation conditions, and therefore, iron losses can be
neglected.

2. The effect of lamination effect to reduce eddy currents
within ferromagnetic materials is not considered. Staking
factor is equal to 1, which implies a great saving in the
calculation effort. Therefore, it is not necessary to design
insulating regions to reduce the non-desired effect linked
to Foucault’s currents [26].

3. According to Table 2 our work does not include the vari-
ation of electric resistivity-conductivity when the temper-
ature increases. The heat conditions are uniform, so the
electric conductivity during the simulations cannot fluc-
tuate. Also, the electric conductivity inside the iron layer
is equal to zero, so eddy currents will only be induced
inside the aluminium layer. Therefore, the linear electrical
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TABLE 3. Electric parameters from the EC of a LIM.

resistivity in aluminium layer and copper used in coils
belong to the primary winding.

4. Longitudinal end effect (LEE) is not included within the
equivalent circuit, as it produces non-uniform velocity,
unbalanced phase current and parasitical braking forces.
Generally, this phenomenon is included within the parallel
magnetizing branch of the equivalent circuit through an
impedance that decreases the efficiency of the LIM [4].

B. INDIRECT TESTS IN A TFLIM USING FEM-3D
Two indirect tests are developed to obtain the main
electrical parameters of the EC. Classic laboratory
experiments are replicated to obtain the EC of our
TFLIM [10], [19], [27], [28]. Using FEM-3D, the designer
can save unnecessary prototypes constructions to determine
the circuit. Two indirect tests have been simulated: the
blocked secondary test and the no load test. From the blocked
secondary test, the total impedance per phase of the TFLIM
has been obtained and from the no load test, we can obtain the
total inductance belonging to the primary part. The results of
the both tests have been entered into a system of equations to
identify the EC parameters shown in Table 3.

1) BLOCKED SECONDARY TEST
Blocked secondary test operates under standstill conditions
where the secondary part has a linear velocity equal to 0 m/s.
It is equivalent to a slip equal to 1, according to Eq. (8).
It represents the difference between the synchronous velocity
related to the magnetic field density of the primary part,
vs[m/s] and vmoving_part[m/s], that is the velocity of the sec-
ondary part. Synchronous velocity, vs, is given by Eq. (9),
where τp[mm] is the pole pitch of the TFLIM set at 200 mm.
and fsupply[Hz] is the frequency of the sinusoidal voltage
source whose variation depends on the simulation conditions.
The results of the blocked secondary tests are used to estimate
the parameters Leq [H] (equivalent inductance) and Req [�]
(equivalent resistance) of our TFLIM.

s = vs − vmoving_part
/
vs (8)

vs = 2 · τp · fsupply (9)

TABLE 4. Set-up of characteristic times for blocked secondary part tests
in FEM-3D.

For this, it is necessary that a large electric current operates
through the TFLIM. So, the EC circuit for this test is equal to a
series circuit with equivalent inductance (Leq) and equivalent
resistance (Req) [27] representing the total inductance and
resistance of the TFLIM. With these parameters, the value
of the magnetizing inductance Lm and the secondary leakage
inductance, Llr are estimated.
The blocked tests have been designed using a frequency

range of 55Hz to 100Hz, given by fsupply [Hz]. Table 4 shows
the characteristic times set-up needed to reach the stationary
state during the simulations. The first column shows the
selected frequencies, second column the Tcycle [ms] (cycle
time), that is, the period of the AC voltage source coupled
to our TFLIM, third column corresponds to the Tsimulation
[ms] (simulation time) which is equal to the number of cycles
to achieve a permanent regime in the simulations. And the
last column shows Tsample [ms] (sample time) which is the
portion of Tcycle needed to achieve a convergence solution.
Eqs. (10), (11) and (12) are used to obtain these values.

Tcycle = 1/
fsupply (10)

Tsample = Tcycle
/
10 (11)

Tsimulation = 3 · Tcycle (12)

Once the TFLIM has been simulated in a transitory state
according to the parameters of Table 4, an analytical method
have been developed to calculate Req and Leq. For this, it is
important to remember that a TFLM is supplied through
three-phase voltage sources, and that the frequency variation
depends on the velocity of the TFLIM and on the voltage
sources period. The analytical method has been developed in
three steps:
1. Measurement of the active powers and electric currents

for each phase in FEM-3D using an unbalanced system of
electrical currents and active powers according to Eq. (13).
Term 1 represents the absorbed active power of each
voltage source (Psh_a[W ], Psh_b[W], Psh_c[W ]) and the
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total active power consumed by the TFLIM (Psh[W ]).
The ‘sh’ subscript indicates ‘short-circuit’ because the
blocked test on a TFLIM corresponds to a short-circuit
test. Term 2 shows the absorbed electrical currents of
each phase (ish_a[A], ish_b[A], ish_c[A]) and the equivalent
resistance per phase in the equivalent circuit (Req[�]).

3∑
i=1

Psh = Psh_a + Psh_b + Psh_c︸ ︷︷ ︸
Teram1

=

(
i2sh_a + i2sh_b + i2sh_c

)
· Req︸ ︷︷ ︸

Term2

(13)

2. Estimation of the power factors per phase cosγsh_a,
cosγsh_b, and cosγsh_c. Equation (14) shows the relation-
ship between the power factor with each active power per
phase respectively, where VLINE = 660V .

cosγsha = Psha
/
VLINE · isha

,

cosγshb = Pshb
/
VLINE · ishb

,

cosγsh_c = Psh_c
/
VLINE · ish_c (14)

3. Determination of the equivalent inductance, Leq [H ].
Equation (15) is used to estimate the total reac-
tive power, Qsh [VAr] .Qsh_a [VAr] ,Qsh_b [VAr] and
Qsh_c[VAr] are the reactive powers per phase and Xeq[�]
is the equivalent reactance. The relationship between Xeq
and Leq is given by Eq. (16), where ωe[rad

/
s] is the source

electrical angular frequency. Finally, Leq is calculated by
Eq. (17), combining Eqs. (15) and (16).

3∑
i=1

Qsh = Qsh_a + Qsh_b + Qsh_c︸ ︷︷ ︸
Term1

=

(
i2sh_a + i2sh_b + i2sh_c

)
· Xeq︸ ︷︷ ︸

Term2

(15)

Xeq = ωe · Leq = 2 · π · fsupply (16)

Leq =

(
VLINE ·

(
isha · sin γsha+ishb ·sin γshb+ishc ·sin γshc

)
/(

i2sha + i2shb+i
2
shc

))
·
1
ωe

(17)

2) NO LOAD TEST
The no load condition test, also called open-secondary circuit
test, is used to estimate the primary part inductance, Ls.
To simulate this test, the secondary part must be reduced [27].
This test has a slip equal to zero because the velocity of the
moving part and the synchronous velocity are the same. So,
to prepare the simulation with FEM-3D, two rules must be
followed:
1. Connect the secondary part of the motor to a synchronous

speed or to a slip equal to zero, that isolates the effect
of the secondary circuit [27]. Without relative movements

TABLE 5. Set-up of characteristic times for no load test.

between the synchronous velocity linked to the magnetic
field created by the primary part and the secondary part
velocity, the variation of the magnetic flux is extremely
low. Consequently, the induced eddy current inside the
aluminium plate and the generated thrust force decrease.
Furthermore, adding this effect with the assumption that
the field harmonics can be negligible, there are no induced
currents within the secondary part of the TFLIM.

2. Reduce the end effect of the TFLIM. For this, the TFLIM
should operate under low frequencies [27]. For frequen-
cies below 18 Hz, the effect due to the finite length of
the TFLIM could be reduced considerably. Thus, Table 5
shows the selected frequencies to simulate the test with
FEM-3D.
Once the simulation has been prepared, to obtain Ls [H ],

the developed method that simulates the no load test divided
in three steps:
1. Calculation of the reactive power associated with each

phase. Equations (18) and (19) estimate the value of Ls.
In Term 1 Qo_a [VAr] ,Qo_b[VAr] and Qo_c [VAr] repre-
sent the reactive power in each phase andQo[VAr] the total
reactive power linked to the TFLIM. Term 2 shows the
electrical currents, where io_a[A], io_b[A] and io_c[A] are
the absorbed values of each phase and Xs[�] the equiva-
lent reactance. Then, the relationship between Xs and Ls is
given by Eq. (19), whereωe[rad

/
s] is the electrical angular

frequency of the source.

3∑
i=1

Qo = Qo−a + Qo−b + Qo−c︸ ︷︷ ︸
Term1

=

(
i2O−a + i2o−b + i2O0c

)
· XS︸ ︷︷ ︸

Term2

(18)

Xs = ωe · Ls = 2 · π · fsupply (19)

2. Calculation of the electrical angle of each phase (γoa [
◦],

γo_b[◦] and γo_c[◦]) between voltage sources and electric
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currents of each phase using Eq. (20).

sin γo_a = Qo_a
/
VLINE · io_a,

sin γo_b = Qo_b
/
VLINE · io_b,

sin γo_c = Qo_c
/
VLINE · io_c (20)

3. Combine the previous equations to obtain Eq. (21), which
calculates Ls[H ]:

Ls =

(
VLINE ·

(
io_a · sin γo_a+io_b ·sin γo_b+io_c ·sin γo_c

)
/(

i2o_a + i2o_b + i2o_c
))

·
1
ωe

(21)

3) ESTIMATION OF THE DIRECT CURRENT (DC) PRIMARY
RESISTANCE
To achieve all the necessary EC parameters, the primary resis-
tance must be estimated, Rs. This estimation is made analyti-
cally using Eq. (22) that uses the characteristics of the primary
windings [23]. Lcoil[mm] is the average length of a single coil
that can be approximated to 526.5 mm, ρCu[� · mm2/m] is
the conductivity of the copper wire with a value of 2.37·10−2,
nphase equals 8 (the number of coils per phase), Sc

[
mm2

]
is the cross-sectional area of the conductor equal to 1.7 and
Nphase is the number of turns per phase, whose value is fixed
at 22 turns. So, in our TFLIM the estimation of DC resistance
per phase is 2.58�.

Rs = nphase ·
(
ρCu · Lcoil · Nphase

)/
Sc (22)

IV. SYSTEM OF EQUATIONS
Once Ls,Req,Leq and Rs are obtained through the indirect
tests, a system of equations is implemented to determine
the parameters of the equivalent circuit shown in Table 3.
The system of equations is made up of following five
equations ((23) to (27)).

Req = Rs +
ω2
e · L2m · Rr

R2r + ω2
e · L2r

(23)

Leq = LS − Lm + Lm ·
[
R2r + ω2

e · Lr · (Lr − Lm)
]/

R2r + ω2
e · L2r

(24)

β =
Lm
Lr

(25)

Fy = Fy1 − Fy2 = 3 · I22 · Rr ·
π

ω2 · τp

−
3 · I2m (Lm + Llr )

L
(26)

Is = Im + I2 (27)

To generate the system necessary to calculate Req and Xeq,
it is used an equivalent circuit under stationary state, where
the values of Req and Xeq are given by the Eqs. (23) and (24).
Fig. 6 shows the equivalent circuit used. Both parameters are
combined in Eq. (28), to calculate Zeq[�], which is the total

FIGURE 6. Equivalent circuit under standstill conditions.

impedance of the motor.

Zeq = Req + · Xeq =

[
Rs +

ω2
e · L2m · Rr

R2r + ω2
e · L2r

]
︸ ︷︷ ︸

Req

+

·

[
LS − Lm +

Lm ·
[
R2r + ω2

e · Lr · (Lr − Lm)
]

R2r + ω2
e · L2r

]
︸ ︷︷ ︸

Xeq

(28)

Equation (25) defines the dimensionless parameter β,
which establishes the relationship between the magnetiz-
ing inductance and the secondary inductance. Equation (26)
describes the mechanical thrust force Fy[N ] developed by
the TFLIM. To obtain this value, a simulation is carried
out with FEM-3D under nominal conditions. This condition
considers a frequency equal to 50 Hz and a linear velocity
of the secondary part equal to 0 m/s or a slip equal to one.
The average value of the thrust force with the restrictions is
around 80 N [25]. Equation (26) has been defined by two
terms, which indicate the two thrust forces that generate the
TFLIM. The first one Fy1[N ] is the thrust force produced by
the slip current and it is a positive thrust. However, the second
one Fy2[N ] is the thrust force produced by the demagnetizing
loss and it is always negative.Fy is calculated as a sum of both
forces. Analysing Fy1 it can be observed that it depends on
four variables: (1) the secondary electrical current per phase
I2[A], (2) the secondary resistance Rr [�], (3) the pole pitch
τp[mm] and (4)ω2[rad/s] which is the slip angular frequency.
Furthermore, for a slip equal to one, Fy2[N ] depends on
the magnetizing current Im[A] and on the sum between the
leakage secondary inductance Llr [H] and the magnetizing
inductance, Lm [H ] .L = 503.5 mm. is the length of the
TFLIM.

Equation (27) describes the secondKirchhoff’s law applied
to our equivalent circuit where the electric current from de
voltage source Is[A] is divided into the magnetizing current
and secondary current. Is is obtained under nominal condi-
tions as an average value of the electric current of each phase
(Eq. (29)).

Is =

(
iphase_a + iphase_b + iphase_c

)/
3 (29)

where iphase_a[A], iphase_b[A] and iphase_c[A] are the absorbed
electric current in each phase. To define all parameters
described in Table 1, it is necessary to define two relation-
ships between the values of the inductances according to the
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FIGURE 7. Diagram process to solve the equation system.

Eqs. (30) and (31):

Ls = Lm + Lls (30)

Lr = Lm + Llr (31)

Fig. 7 shows the diagram process used to correctly solve
the system of equations. It is important to remark that the
proposed system of equations is provided with solutions of
different forms. So, we can summarize the process in the
following three steps according to the three blocks illustrated
in the Fig. 7:
1. Data from indirect tests: The standstill test is necessary

to estimate the total resistance and reactance from our
TFLIM and the no load test give us an accurate way to
estimate the primary inductance.

2. Data from simulations under nominal conditions: This
simulation is needed to obtain the value of the thrust force
developed by the TFLIM and the measurement of the
electric current absorbed by each phase, when TFLIM
operates under nominal conditions.

3. Data to compute the primary resistance: We have consid-
ered the particularities of the primary winding, where the
special coils locations influence considerably in the total
DC resistance value. In this case, it is not necessary to run
a simulation to calculate theDC resistance value because it
can be obtained numerically. In further sections, this value
will be modified to add the skin effect inside conductors
of a multilayer winding.
Table 6 summarizes all variables involved in the system

of equations. The variables are classified in three categories:
variables obtained by FEM-3D, corresponding with the type
of indirect tests used, variables defined by the designer, which
are unknown, and variables that must be estimated. The right
hand side of Table 6 shows the selected frequencies used in
the different tests. There are six experiences that use indirect
tests.

V. RESULTS
This section describes the simulation results using FEM-3D.
The section is divided into two subsections. Subsection V-A

TABLE 6. Variables involved for solving EC applied to TFLIM.

FIGURE 8. Electric currents and active power absorbed under standstill
conditions.

shows the results once both electrical tests have been
simulated. This subsection is also divided into two. First
subsection V-A1) describes the standstill test results and the
general equations to numerically predict value of the total
resistance and impedance numerically, when the motor oper-
ates under other frequency ranges. Subsection V-A2) anal-
yses the no load test and proposes a general equation to
estimate the primary inductance per phase linked to our
TFLIM, when the motor operates in other frequency ranges.
In subsection V-B the EC parameters are obtained using the
system of equations proposed above. We have divided this
subsection in two. Subsection V-B1) focuses on the analysis
of the results from primary part parameters where we have
studied some specific phenomena and subsection V-B2),
where we study the secondary parameters obtained and com-
pare them with the results obtained by applying the 2-D Field
Theory to our TFLIM.

A. RESULTS FROM INDIRECT TESTS IN FEM-3D
1) RESULTS FROM STANDSTILL CONDITIONS
The experiments have been simulated using indirect tests
under standstill conditions, so the secondary part is blocked.
Fig. 8 shows the behaviour of electric currents for each
phase, ish_b [A], ish_b [A] and ish_b [A], the average values
of active power, P_sh_av[W ] and the average electric current,
i_sh_av [A].
Electric currents follow a uniform distribution due to the

following phenomena:
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FIGURE 9. Total impedance, reactance, resistance, and inductance under
standstill conditions.

1. The TFLIM is an unbalanced three-phase system of elec-
tric currents due to the dynamic end-effect. The electric
current from phase B, i_sh_b, absorbs the most current and
the electric current from phase A, i_sh_a, consumes less
current than the other two phases. This behaviour is same
in all tests. The difference between the electric current
from phase A and phase B cannot be neglected. This
effect is very important to identify parasite thrust forces
generated during the tests.

2. The difference between the average value of electric cur-
rent and the electric currents per phase determine the
maximum andminimum deviation from the average value,
i_sh_av (see Eq. (32)). Table 7 collects this deviation
using parameters 1imax[%] and 1imin[%] according to
Eq. (33):

ish_av =
ish_a + ish_b + ish_c

3
(32)

1imax (%) =

∣∣∣∣ ishb − ishav
ishav

∣∣∣∣ · 100 1imin(%)

=

∣∣∣∣ ish_a − ish_av
ish_av

∣∣∣∣ · 100 (33)

1imax determines the variation of ish_b with respect to
ish_av, which is around 10 % in all tests except test 1
where it is only 5% and test 6 where it reaches 12 %. The
deviation from 1imin is smaller and its value is between
4.78% for test 1 and 5.85% for test 6.

3. In Fig. 8 we observe that when the frequencies increase
the electric currents per phase decrease. So, an increment
of frequencies implies an increment of the impedance of
the primary part in the equivalent circuit (see Eq. (34)).

Ish_av = VLINE
/
Req + 2 · π · f · Leq (34)

Fig. 9 shows the parameters obtained from the simulations
under standstill conditions. The first parameter Leq [mH] is
between 11.71 mH and 9.07 mH and slowly decreases as the
frequency increases. The second parameter, Req [�], changes
from 1.86� to 1.95� as the frequency increases. With these
parameters, we can calculate the equivalent reactance Xeq
[�] and the equivalent impedance Zeq [�]. The impedance
varies between 4.46 � and 6.02 � and represents the total

TABLE 7. Deviations of electric currents under standstill conditions.

resistance of the equivalent circuit without movement in the
secondary part. To validate the simulation results, we have
checked the agreement between the positive increase in Zeq
and the decrease in Ish_av absorbed by the TFLIM.

Leq, Xeq and Zeq for higher frequencies can be approxi-
mated by a linear curve, using a least square linear regres-
sion method. With a selected set of elements (x1, y1),
(x2, y2), . . . , (xi, yi), the regression method finds a linear
function defined by two parameters a and b (see Eq. (35)).
Both, a and b are calculated by Eqs. (36) and (37), where x̄ and
ȳ corresponds to the average values of the selected elements
(see Eqs. (38) and (39)). For more details see references [29],
[30], [31].

y = a · x + b (35)

a =

n∑
i=1

(xi − x̄) · (yi − ȳ)
/
(xi − x̄)2 (36)

b = ȳ− a · x̄ (37)

x̄ =

n∑
i=1

xi/n (38)

ȳ =

n∑
i=1

yi/n (39)

In this paper, x is the frequency linked to the volt-
age source and y is the value of Leq, Xeq and Zeq.
Equations (40), (41) and (42) define the variables Leq_0
[mH], Req_0 [�] and Xeq_0[�]. They are the values of these
parameters at the starting point.mL ,mR andmX are the slopes
of these linear curves.

Leq = Leq_0 + mL · f (40)

Req = Req_0 + mR · f (41)

Xeq = Xeq_0 + mX · f (42)

Table 8 shows the final equations that predict these vari-
ables for higher frequencies. This prediction has been made
without simulation.

Fig. 10 represents the evolution of the main forces of a
TFLIM. The secondary part has three degrees of freedom,
so its displacement uses three axes. This item is very impor-
tant to identify this effect in the laboratory where thrust,
normal and vertical forces can be measured using load cells.
Fxsh [N ], Fy_sh[N ] and Fz_sh[N ] are the lateral, thrust and
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TABLE 8. Equations obtained from least square linear regression.

FIGURE 10. Electromagnetic forces obtained under standstill conditions.

FIGURE 11. Electric currents and active power absorbed under no load
conditions.

normal forces respectively. In FEM-3D these forces are sim-
ulated as an average value obtained after the transitory state.

The transversal forces are not relevant compared to others.
Transversal or lateral forces are consequence of the dynamic
and static end effect. The lateral force varies from -9.1 N to
-0.8 N. This behaviour cannot be predicted but needs to be
considered to control the system. The evolution of thrust and
normal force is relevant, since when the frequency increases
the forces decrease. Thrust force decreases around 42.822N
from the initial frequency to the final frequency. Vertical force
decreases 128.78 N under the same conditions.

2) RESULTS FROM NO LOAD CONDITIONS
The absorbed electric currents have shown in Fig. 11.
Although the simulation operates at low frequencies, the
system is also unbalanced.

Table 9 shows the absorbed electric current by each
phase, io_a[A], io_b[A] and io_c[A]. Phase A presents the
lower absorbed electric current. Phase B current is the most

TABLE 9. Deviations of electric currents under no load conditions.

FIGURE 12. Electric parameters under no load conditions.

restrictive. The average value of the absorbed electric current,
io_av[A] (see Eq. (43)), when the frequencies go from 8 Hz
to 18Hz, decreases from 130.250A to 118.423A. In addition,
the average value of active power, Po_av[W ] also decreases.
Thus, for frequencies between 18 Hz and 8 Hz the active
power varies from 29.2 KW to 24.7 KW.

Table 9 also includes the maximum and minimum devi-
ation of the electric current respect to its average value,
1imax_o (%) and 1imin_o (%). Both parameters will be esti-
mated by Eq. (44) and give similar results, not exceed 2% of
the average value. Therefore, it can be concluded that under
no load conditions the unbalance system of electric current is
less relevant than when the tests are simulated under standstill
conditions.

io_av =
io_a + io_b + io_c

3
(43)

1imax_o (%) =

∣∣∣∣ io_b − io_av
io_av

∣∣∣∣ · 100 1imin_o(%)

=

∣∣∣∣ ioa − ioav
ioav

∣∣∣∣ · 100 (44)

Now, we are going to calculate the electric parameters from
the equivalent electric circuit. Fig. 12 shows the primary
inductance (from Eq. (21)) and the primary inductance Ls[H ]
as well as the primary impedance Zs[�], primary reactance
Xs[�] and primary resistance Rs[�] from the equivalent
circuit. Ls_FEM [mH ] is the primary inductance obtained by
FEM-3D and LsEstimated [mH ] the same value predicted with
the regression method, using Eqs. (45), (46) and (47) (see
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TABLE 10. Values of coefficients, a and b, obtained by linear regression.

FIGURE 13. Electromagnetic forces obtained under no load conditions.

references [29], [30], [31] for more details).

Ls = b · ea·f (45)

a = n ·

n∑
i=1

ln (yi) · xi −

(
n∑
i=1

xi

)
·

(
n∑
i=1

ln (yi)

)
/

n ·

(
n∑
i=1

x2i

)
−

(
n∑
i=1

xi

)2

(46)

b = exp

(
1/
n ·

n∑
i=1

ln (yi)−
a
n

·

(
n∑
i=1

xi

))
(47)

Table 10 shows the parameters a and b by different fre-
quencies using the linear regression method.

The values of the variables Ls, Ls_FEM and LsEstimated
are similar. When the frequency decreases, the inductance
increases from 23 mH to 47 mH and Xs is usually constant.
The reason is the double effect developed by the variations of
the frequencies and inductances that counteract each other as
shown in Eq. (19).

Fig. 13 shows the generated forces. Now the electromag-
netic forces are different with respect to the forces obtained
under standstill condition. Although the tests operate under
no load conditions, the thrust force is not equal to zero,
due to the dynamic end-effect. The value of the thrust force
increases considerably for these frequencies. Its variation is
around 29.8 N, a double increase with respect to the initial
thrust force. The transversal force cannot be neglected either
because varies between -14.6 N and -61.8 N. Now, vertical
forces are attractive whereas under standstill conditions, ver-
tical forces were repulsive. Vertical forces have two orders of
magnitude larger than the other forces, so they have been rep-
resented separately by a line chart. The simulation shows the
rise of these forces when the frequency reaches a maximum
value around -2177 N for the lowest frequency.

FIGURE 14. Inductances of the primary part of the TFLIM.

B. EC PARAMETERS RESULTS USING EQUATIONS SYSTEM
This section presents the parameters needed to implement
the equivalent circuit using the system of equations from
(23) to (27). The parameters can be divided into two groups,
parameters of the primary part, Lm,Lls,Ls and Rs and the
secondary part Lr ,Llr and Rr .

1) ANALYSIS OF THE PRIMARY PART EC PARAMETER
There are two very important variables in electric machines,
main flux φm and leakage flux φσ . The main flux must cross
the electromagnetic air gap of a TFLIM, so primary and sec-
ondary parts are connected electromagnetically. φm creates an
air gap flux linkage ψm that joins the two parts. Furthermore,
the leakage fluxes of the primary and secondary part do not
cross the air gap and generate a total flux link of the winding
through a leakage flux link ψσ . Then, total flux leakage is
divided into the flux leakage ψ sσ of the primary part and
the flux leakage of the secondary part ψ rσ . Therefore, it can
be concluded that air gap flux linkage corresponds to the
magnetizing inductance Lm, and the leakage flux linkage to
a leakage inductance Lσ [25]. The first is a very important
variable in TFLIM.

Fig. 14 represents the behaviour of Lm. Lm varies between
10.5 mH and 14.5 mH. Leakage inductance Lls between
13.3 mH and 32.1 mH, greater than Lm. Lls/Lm, determines
the relevance of the leakage inductance, where the value of
non-useful flux can reach up to twice the magnetizing flux
as checked in test 5 and test 6. The leakage magnetic flux
Ψsσ [Wb] depends from the contribution of various leakage
fluxes. In this paper, these fluxes are not calculated but it is
necessary to identify them to better understand the physical
phenomenon involved in the process.

Table 11 shows the parameters of the primary part of
the equivalent circuit. The magnetizing current per phase,
Im decreases from 13.3 A. to 6.2 A. However, the primary
current (Is) maintains the same value set at 90 A. in all sim-
ulations under nominal conditions. Table 11 also shows the
leakage flux. This flux is predominant in our model because
the transversal flux is greater than the longitudinal flux. All
simulated tests show this effect when leakage flux (Ψsσ )
is greater than the magnetizing flux (Ψm). The difference
between both fluxes increases considerably, so that in Test 6
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TABLE 11. Primary part parameters from equivalent circuit.

the magnetizing flux only reaches a value close to 92.3 Wb.
while the leakage flux increases approximately 2890 Wb.

The leakage inductance Lls is calculated by the Eq. (48):

Lls = Lsq + Lδ + Lu + Ld + Lw (48)

where:
• Lsq[mH]: Skew leakage inductance. In a LIM, the slots
are often assembled skewed from each other to reduce
the influence of the harmonic created by them. In our
research, this does not apply because this inductance is
neglected.

• Lδ[mH]: Air gap leakage inductance. Due to slotting
along the primary part, the harmonics linked to the mag-
netic field density along the air gap induce non-desired
voltages. We only consider the fundamental harmonics
which contribute to the magnetizing inductance.

• Lδ [mH]: Slot leakage inductance. This inductance is
very important because it has been created by a real leak-
age flux. This effect is relevant in double-layer windings
because there are slots with coils in two different phases.
The traverse magnetic circuit presents an open slot that
intensifies this effect because the slots that generate the
longitudinal magnetic circuit are not closed by a ferro-
magnetic yoke. Both reasons imply high notch leakage
inductances.

• Ld [mH]: Tooth tip leakage inductance. This induc-
tance is determined by the leakage flux which flows in
the air gap outside the slot opening. We consider that
slots are open completely, so this leakage flux is not
relevant.

• Lw [mH]:Endwinding leakage inductance. This leak-
age flux results from currents of the end windings.
In TFLIM this effect is smaller than in LFLIM, due to
the flux generated by the end winding, will cross the air
gap through the lateral teeth.

To complete the analysis of the primary part, we need to
analyse three specific phenomena, which are relevant in the
equivalent circuit: skin effect, fringing effect and the influ-
ence of the primary slot opening on the equivalent magnetic
air gap.

a: SKIN EFFECT IN A TFLIM
This phenomenon appears because there is an alternating cur-
rent in a conductor which produces an alternating flux within
the conductor of the armature. This effect increments the DC
resistance linked to the conductor material. To estimate it,
it is necessary to define the following parameters used in
equations (49) to (53):

1. Computation of α: It is the propagation coefficient
defined by Eq. (49), where µ0 = 4 · π · 10−7H/

m is the
magnetic permeability of free space µ0, σcopper = 4.21 ·

107S ·m−1 is the copper conductivity andωe
[
rad/

s
]
is the

source electrical angular frequency. f[Hz] is set at 50 Hz
and finally ρpenetration [m] is the penetration depth [3].

α =
√
µ0 · σcopper · ωe/2 = 1/ρpenetration (49)

2. Estimation of ξ : This coefficient can be defined using a
dimensionless number defined by Eq. (50), where hslot [m]
is the height of the slot.

ξ = α · hslot (50)

3. Computation ofKRac: A dimensionless parameter neces-
sary to quantify the skin effect. Rs_dc has been explained
before and it is the DC value of the resistance per phase,
as in (51), shown at the bottom of the next page.

4. Computation of KRmac: Using Eq. (52), with the dimen-
sionless parameters KRmac, we can correct the skin effect.
The AC resistance value is adapted to windings with a
number of layers other than one. Variable m considers the
number of layers of a double layer windings configuration,
where m is equal to 2.

KRmac = KRac +

((
m2

− 1
)/
3
)

·9 ′ (ξ)

= KRac +

((
m2

− 1
)/
3
)

· (sinh(ξ ) + sin(ξ )/((cosh(ξ ) + cos(ξ )) · ξ ))

(52)

5. Estimation of equivalent resistance for alternating cur-
rent: Eq. (53) determines the estimation of the primary
resistance of a primary winding operating under alternat-
ing current and adapted to the number of layers.

Rs_ac = Rs_dc · KRmac (53)

Table 12 shows relevant information about skin effect phe-
nomenon. Its design involves open slots and therefore the
primary resistance is incremented considerably with respect
to the DC value. In our work, there is a double layer winding,
therefore the coefficientKRmac reaches a value around 4.2 and
the resistance per phase increases up to 11 �.
For example, in the RIM case for a rectangular squirrel

cage bar, the resistance factor can reach even values close
to 5 �.
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TABLE 12. Skin effect parameters in a double layer TFLIM.

b: EFFECTIVE AIR GAP AND CARTER’S COEFFICIENT
ESTIMATION
Once Lm is known the effective air gap gef and Carter’s
coefficient Kc are defined by Eqs. (54) to (57). For this,
we must know the difference between three air gaps char-
acteristics, gmec[mm], gelm[mm] and gef [mm] [31]. gmec is
the physical separation between primary and secondary part,
gelm the distance between the mechanical air gap and the
thickness of the aluminium sheet and gef considers that the
air gap flux density varies with the primary slot openings,
so it produces an equivalent effect equivalent to a larger
constant air gap. The flux density always decreases at the slot
opening according to Carter’s principle, although the physical
air gap appears to be larger than the physical measurement of
this dimension [25], [32]. In the classic longitudinal linear
induction motor, the value of Carter’s coefficient Kc ranges
from 1.1 to 1.7 and is defined by Eq. (54).

Kc =

[
6 · µ0 · (W1 · Kw1)2 · τp · LTFLIM

]/[
gmec · (1 + kss) · π2

· Lm
] (54)

where µ0 = 4 · π · 10−7H/
m is the magnetic permeability

on free space; W1 = 44 is the number of turns per phase,
Kw1 = 0.6773 is the winding factor, τp = 200 mm is the pole
pitch, LTFLIM = 503.5 mm is the length of the primary part
steel sheet along a transverse section,Kss = 1 is the saturation
factor and gmec = 5 mm is the mechanical air gap.

The electromagnetic air gap, gm is given by Eq. (55), where
K is equal to 1 in a single sided TFLIM and equal to 2 in a
double sided TFLIM. In our work, K is equal to 1 and hAl =

10 mm, that is the thickness of the aluminium layer.

gelm = k · gmec + hAl = 15 mm. (55)

The value of the effective air gag is calculated by Eq. (57),
which includes the fringing effect. This phenomenon is
shown in Fig. 15. It shows how the magnetic flux lines do

FIGURE 15. Fringing effect in a double-sided LIM [32].

TABLE 13. Carter’s coefficient and characteristic air gaps.

not follow a straight line, so the path is longer than the
electromagnetic air gap. To evaluate this effect, it is used
a dimensionless parameter called fringing coefficient, KFr
defined by Eq. (56).

KFr ≈ sinh
(
gmec
2·τ p

)/(
gmec
2·τ p

)
= 1 (56)

gef = gmec · Kc · KFr (57)

Table 13 collects these relationships where all the air gap
categories are estimated for each test.

In Table 13, the average values of Kc and gef are also calcu-
lated using Kc_average and gef_average respectively. The value of
Kc_average is within the recommended limits for longitudinal
flux, so the effect of this shape of ferromagnetic sheet in
the primary part with this type of slot does not drastically
influence in a longer effective air gap, whose average value
reaches 16.89 mm. The gef_average value increases around
12 % with respect to the electromagnetic air gap. Conse-
quently, this increment in the effective air gap implies a higher
magnetizing current for the generation of the magnetomotive
force necessary to establish the value of the magnetic field
along the air gap.

c: MAGNETIZING INDUCTANCE ESTIMATION FROM
MAGNETIC FIELD DENSITY
To validate the main EC parameters, the Lm obtained from
indirect test must be checked. Firstly, we use an analytical
method and secondly we present the results obtained and its

RS_ac = RS_dc · KRac

=
nphase ·

(
ρCu · L̄coil · Nphase

)
Sc︸ ︷︷ ︸
RSdc

· ξ (·sinh(2 · ξ ) + sin(2 · ξ )/cosh(2 · ξ ) − cos(2 · ξ ))︸ ︷︷ ︸
KRac≥1

(51)
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comparison with the simulation data. A classical analysis of
TFLIM uses an equivalent circuit whose magnetizing branch
separates longitudinal and transversal inductances. In this
paper, both inductances are considered using a method with
the measurements of the magnetic field along the air gap.

The amplitude of the magnetomotive force along the air
gap can be approximated to the module of the first harmonic.
This approximation is denoted by Amax[A ·m] using Eq. (58),
where Np[n◦ turns] is the value of turns per phase and pole,
I∅[A] is the magnetizing current without secondary part cou-
pled and Kw1 is the winding factor.

Amax = 4 ·
√
2
/
π ·
(
Np · I∅

)
·m · Kw1 (58)

The magnetic field density along the air gap Bδ_max[T ] is
defined by Eq. (59). It is proportional to the quotient between
Amax and the air gap δ [mm], where µ0 = 4 · π · 10−7H/

m.

Bδ_max = µO · Amax
/
δ

= µO ·

(
4 ·

√
2
/
π ·
(
Np · I∅

)
·m · Kw1

)/
2·δ (59)

Magnetic flux is calculated by Eq. (60), where LTFLIM [mm]
is the length of the TFLIM, p is the number of pair of poles
and w [mm] is the width of the TFLIM. Induced voltage
Eind [V ] is computed by Eq. (61). Using the previous relation-
ships, the magnetizing reactance is determined by Eq. (62)
and the magnetizing inductance per phase by Eq. (63).

∅max = Bδ_max · LTFLIM
/
2·p · w (60)

Eind =
√
2 · π ·NP · f · ξt ·∅max

=
√
2 · Bδ_max · π ·NP · f · Kw1·LTFLIM

/
2·p · w (61)

χm = Eind
/
I∅

= 4 · π ·
m·f ·

(
Np · Kw1

)2
· LTFLIM · w

δ
(62)

Lm =

(
Eind

/
I∅

)
·
1
ωe

=

(
Eind

/
I∅

)
·

1
2 · π · f

(63)

These four equations are used to calculate the magnetizing
inductance per phase applied to our motor. Our TFLIM has a
main fluxwhich operates across a transversal plane. However,
the particular location of the coils in the primary winding
along four layers implies that not only the transversal flux is
going to cross the air gap, so that longitudinal magnetic flux
could appear. For this reason, to estimate Lm, it is necessary
to consider all magnetic fluxes, transversal and longitudinal.
For this, it must be considered the geometric differences
between the transversal and longitudinal magnetic circuits.
And it is assumed that in both cases the effective air gap is
the mechanical air gap. At last, net magnetizing reactance per
phase can be computed by Eq. (64).

χm = χm_long + 2 · χm_trv (64)

Using FEM-3D, TFLIM has been simulated considering
two conditions:

1. Eddy current induced in the secondary aluminium layer
is not considered, so the TFLIM is simulated with secondary
part open.

2. The moving part is blocked, so TFLIM operates under
standstill conditions. Then, the electric conductivity of the
aluminium layer is zero and consequently no eddy currents
can be induced. With this restriction, the magnetic field den-
sity along the air gap is measured. With FEM-3D it can be
simulated using a longitudinal path along the length of the
TFLIM located on a medium plane that divides the mechan-
ical air gap. Then, it is possible to know the density of the
magnetic field along transversal direction Bzδ_max[T ] and the
magnetic field along the longitudinal direction Byδ_max [T ].
Additionally, with these variables it can be obtained the
magnetizing current without secondary part coupled and the
induced voltage for each magnetic field density.

Next, we are going to adapt the process described above
by analysing the transversal magnetic flux and longitudinal
magnetic flux measured across the air gap.

Case a) Analysis of Transversal Flux: Equation (65)
defines the transverse magnetizing reactance Xtrv[�].
Eq. (62) is adapted to this type of magnetic flux. Then,
Eq. (65) defines this reactance as a quotient between
the induced voltage due to the transverse magnetic flux,
Eind_trv[V ], and the magnetizing current, I∅_trv[A], necessary
to create the transverse magnetic flux.

Xtrv = Eind_trv
/
I∅_trv


Eind_trv =

√
2·π · NP · f ·Kw1 · Bzδ_max
·

(
Ltrv
/
2·p
)

· wtrv

I∅_trv = ·Bzδ_max · π · δmec
/
6 ·

√
2

·µO · Kw1 · NP
(65)

where Ltrv = 400 mm. is the length of the TFLIM for two
pole pitches. If we take into account the symmetry linked to
the central tooth, wtrv can be estimated by Eq. (66) where
wcentral_tooth = 48 mm. is the width of the central teeth and
wright/left_tooth = 27 mm. is the width linked to right and left
teeth. So, the width of the TFLIM for the transversal flux,wtrv
is equal to 51 mm.

wtrv = wcentral_tooth
/
2 + wright/left_tooth (66)

Case b) Analysis of Longitudinal Flux: Equation (67)
defines the longitudinal reactance Xlong [�] as a relation
between the induced voltage that is originated by the lon-
gitudinal magnetic flux, Elong[V ] and the electric current
consumed to create the longitudinal magnetic flux I∅_long[A].

Xlong = Eindlong
/
I∅long


Eindlong =

√
2·π · NP ·f ·Kw1 ·B

y
δ_max

·

(
Llong

/
2·p
)
·wlong

I∅long = ·Byδ_max ·π ·δmec
/
6 ·

√
2

·µO · Kw1 · NP
(67)
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FIGURE 16. Process for estimation magnetizing inductance per phase.

FIGURE 17. Field magnetic density along the air gap of the TFLIM.

Llong = 400 mm. and wlong = 48 mm. (the width of the
central teeth). Lm is calculated by Eq. (68):

Lm =

(Eind_long/I∅_long)︸ ︷︷ ︸
Lm_long

+ 2 ·
(
Eind_trv/I∅_trv

)︸ ︷︷ ︸
Lm_trv

 · 1/ (ωe)

(68)

Fig. 16 shows the process followed to estimate the mag-
netizing inductance per phase where both magnetic fluxes,
transverse and longitudinal, are considered. It is a useful
method using FEM-3D to check the values obtained by indi-
rect tests.

The TFLIM can be modelled as an array of harmonics with
various pole pitches. Only the fundamental space harmonic
(ν = 1) corresponds to the magnetizing reactance. Thus, the
sum of reactances for higher spaces harmonics ν > 1 con-
tributes to the leakage reactance [3]. In our work, we analyse
the frequency spectrum associated to magnetic field density
waves to select the fundamental harmonic needed to estimate
the magnetizing inductance. Then, the following approxima-
tions are made (Eqs. (69) and (70)):

Bzδ = Bzδv (ν = 1)+

n∑
ν=2

Bzδv ≈ Bzδv (ν = 1) (69)

Byδ = Byδv (ν = 1)+

n∑
ν=2

Byδv ≈ Byδv (ν = 1) (70)

Fig. 17 shows the spatial distribution of transversal and
longitudinal magnetic field density along the mechanical air
gap. Longitudinal magnetic field is greater than transversal
magnetic field. Comparing the peak value of both waves
a ratio between them Bzδ_max/B

y
δ_max ≈ 2.57 is obtained.

TABLE 14. Comparison between transversal and longitudinal parameters.

TABLE 15. Comparison between transversal and longitudinal parameters
using indirect test.

Transversal magnetic flux generates a higher voltage, so
transversal inductance contributes to the total magnetizing
inductance considerably.

Table 14 shows the values obtained by each magnetic flux
separately and Table 15 compares the values of magnetizing
inductances per phase obtained by indirect test and the values
analysing the magnetic field density. Amax , I∅ and Eind are
considerably largerr when transversal magnetic flux operates.
These results show the goodness of the magnetic circuit
linked to each magnetic flux, so the longitudinal magnetic
circuit can be optimized to increase the value of Lm. Longi-
tudinal magnetic circuit is characterized by the absence of a
longitudinal magnetic yoke to concatenate the longitudinal
magnetic flux among the central teeth, so the leakage mag-
netic flux is very important in our TFLIM.

To determine the final magnetizing inductance, the values
obtained from indirect test and the values obtained analysing
the field magnetic density along the central air gap must be
compared. The corresponding data are showed in Table 15.
The average values between both methods will be considered
by Eq. (71).

LmFinal =



(

6∑
i=1

LmiIT

)
6

+ LmM2


/

2

=

(
LmM1 + LmM2

)/
2 (71)

where Lm_i_IT [mH] is the magnetizing inductance obtained
from each indirect test. When these values are known, it is
computed its average value Lm_M1[mH]. Lm_M2[mH] is the
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TABLE 16. Values of secondary parameters from equivalent circuit
obtained by indirect tests.

FIGURE 18. Secondary Inductances from indirect tests.

magnetizing inductance obtained from field magnetic induc-
tion and Lm_Final[mH] is the average value between both
methods. The values of Lm_M1 and Lm_M2 are closed with
a difference of 0.506 mH. Final magnetizing inductance is
around 12.5 mH which corresponds to a magnetizing reac-
tance around 3.92 � for a nominal frequency of 50 Hz
according to Eq. (72).

χm_Final = ωe · LmFinal (72)

2) ANALYSIS OF SECONDARY PART PARAMETERS
This section presents results obtained to the parameters of the
secondary part. Table 16 collects the inductances Lr and Llr,
the reactancesXr andXlr, the secondary resistanceRr and the
total impedance of the secondary part Zr.

Fig. 18 shows the behaviour of the main inductances. Both
secondary leakage inductances and total secondary induc-
tance increase with the number of simulated tests. The eval-
uation of leakage inductance, Llr, is very important in our
TFLIM although only the central teeth contributes to the
generation of a positive thrust force. Thus, in the aluminium
layer only a part of the eddy currents induced generates a
useful magnetic flux. Therefore, leakage flux in secondary
part cannot be neglected and fluctuates between 24.7 mH and
37.1 mH.

Fig. 19 shows the reactance Xlr. The leakage reactance
varies between 7,7 � and 11.6 �. Then, using the mag-
netizing inductance, can be estimated the total inductance
and reactance of the secondary part, Lr and Xr respectively.
According to Figs. 18 and 19, this inductance varies between

FIGURE 19. Secondary impedances and resistance from indirect tests.

35.2 mH and 52 mH and its equivalent reactance fluctuates
between 11 � and 16.3 �.

Secondary resistance Rr is also computed. This parameter
decreases in opposition to reactance. Fig. 19 shows the varia-
tion of it in the different simulation tests. Starting with a value
around 132 m� for test 1 and reaching a final value around
86.3 m� in test 6. According to our system of equations all
Rr develop a positive thrust force along the direction of the
movement. The total impedance of the secondary is domi-
nated by the imaginary component given by Xr. Analysing
Zr, the ratio between imaginary and real part Xr/Rr is cal-
culated. Additionally, it can be proved that Xr>Rr as shown
in Table 16. The value of Zr is very close to the reactance
values and fluctuates between 13.5� and 20.8� as shown in
Fig. 19.

a: SECONDARY PART ESTIMATION FROM 2-D FIELD
THEORY
To check the results of the indirect tests, a classical method
based on 2-D field theory is applied. Using equations from
this method, we are going to show the high capabilities from
FEM-3D simulations. These tools allow consider all phenom-
ena involved in a TFLIM. With classical methods, it is not
possible. Classical methods can only consider LIM operating
under longitudinal magnetic flux along a 2-D plane, which
can be a first approximation to our solutions derived from
simulations in FEM-3D tools.

Therefore, the secondary impedance can be estimated fol-
lowing these five steps:

1. Computation of Russell and Norsworthy coefficient to
calculate the edge effect, KRNν . This phenomenon is pro-
duced by non-effective path originated by the induced
eddy currents in the secondary part, and it only occurs
in flat LIM [4]. Edge effect produces non-aided conse-
quences due to the presence of components of eddy cur-
rent which does not contribute to the generation of thrust
force along the direction of the travelling magnetic field.
Mainly, non-uniform distribution of magnetic density in
the air gap and lateral forces generation are the main
inconvenient associated to edge effect. To estimate it,
the edge effect is included into dimensionless parameters
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FIGURE 20. Schematic representation of dimensions from secondary part
of a LIM [4].

KRNυ . This decreases the conductivity to the secondary
layers. In our work it is assumed that the electric con-
ductivity of the steel layer is zero, so edge effect appears
exclusively within the aluminium layer.
Eqs. (73) and (74), as shown at the bottom of the next
page, calculate the dimensionless parameterKRNν and the
correction in the aluminium electrical conductivity, σ

′
Al [S ·

m−1] respectively. ω[rad/s] is the angular frequency;
βv[rad/m] is a parameter derived from Helmholtz‘s equa-
tion that include the propagation of electromagnetic waves
in conductive layers (see Eq. (76), as shown at the bottom
of the next page, where ν is the harmonic number and p is
the number of pair of poles). kt , is defined by Eq. (75),
as shown at the bottom of the next page, and it is a
dimensionless parameter that includes the effect of the
different thickness of the two layers in the secondary part.
In this equation the parameters d[mm] and tov[mm] are the
dimensions shown in Fig. 20. In our TFLIM the value of d
is equal to tov;wov [mm] is the difference of width between
the aluminium and steel layer shown in Fig. 20.

2. Computation of K trv and K trv:
• K trv: It is defined by Eq. (78), as shown at the bottom
of the next page, and it is the turns ratio reducing the
secondary impedance to the primary system.m1 is the
number of phases,N1 is the number of turns per phase,
Kw1 is the winding factor. According to [3] it is pos-
sible to estimate this parameter using N2 = 0.5 and
the winding factor for the secondary part Kw2 = 1.
Additionally, the number of phases of the secondary
part can be calculated by Eq. (77), as shown at the
bottom of the next page.

• K zv: it represents the edge effect phenomenon within
the steel layer (see Eq. (79)). We assume that it will
increase the secondary impedance in solid ferromag-
netic layer. In general, the solid ferromagnetic core
conducts magnetic flux and eddy current induced,
so although in our TFLIM the electric conductivity
in this layer is zero, we need to consider its influence
due to the magnetic permeability.

Kzv = 1 − g/
ν · Li +

(
2 · τp

/
ν · π · ω

)
·

(
1 − e

−

(
ν · π · ω/ 2 · Li

))
(79)

TABLE 17. TFLIM secondary parameters from 2D-field theory.

3. Computation of kAl and kFe: they are the attenuation fac-
tor of the fundamental space harmonic in the aluminium
and the steel layer, respectively. Equations (80) and (81)
calculate both coefficients.

kAl =

√
j · s · µ0 · σ ′

Al +

(
π
/
τP

)2
(80)

kFe =

√
j · s · µFe · σFe +

(
π
/
τP

)2
(81)

4. Computation of Z
′
νAl (sυ) and Z

′
νFe (sυ): they are the

impedance of each layer from secondary part, that is, the
impedance of aluminium and the steel layer respectively.
They present a direct dependence of the harmonic number
sυ . See Eqs. (82) and (83).

Z ′
νAl (sυ) =

(
(j · sν · ω · µ0 · Ktrv · ν · Li)/(
kυAl · tanh (kυAl · d) · τp

)) (82)

Z ′
νFe (sυ) =

(
(j · sν · ω · µFe · Ktrv · Kzv · ν · Li)/(
kυFe · tanh (kυAFe · hsec) · τp

)) (83)

5. The value of the secondary impedance Z
′
2υ of the sec-

ondary part composed by a double layer reaction rail is
calculated by Eq. (84).

Z ′

2υ =

((
Z ′
νAl (sυ)·Z

′
νFe (sυ)

)/(
Z ′
νAl (sυ)+Z

′
νFe (sυ)

)) 1/
sυ

=R′

2υ (sυ)
/
sυ + j·

(
X ′

2υ (sυ)
/
sυ

)
(84)

Table 17 shows the results applying 2D Field Theory. Our
analysis considers ν = 1 and standstill condition. It can be
checked that transversal effect is not relevant with Russell
and Norsworthy coefficient are close to one, so the electri-
cal conductivity is not very influenced. With this method
we can estimate the impedance of each layer considering
the same properties used with FEM-3D simulations. Then,
the impedance of iron layer is higher than aluminium layer.
In fact, imaginary part in ferromagnetic layer is considerably
higher than the non-ferromagnetic layer like aluminium.
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Additionally, it is important to compare the results obtained
by indirect test with FEM-3D and using 2D Field Theory.
So, if we analyse the real part of the secondary impedance,
we can establishe that with FEM-3D the values of Rr oscillate
between 131.9 m� and 86.3 m� and with 2D Field The-
ory the value is close to 240 m�. Nevertheless, imaginary
part Xr presents a huge divergence between both methods.
Using indirect tests, it reaches a value between 11.058 �
and 16.336 � approximately and with 2D Field Theory its
value is smaller, around 1.2 �. This difference implies that
2D Field Theory is not suitable when we analyse TFLIM,
whose internal configuration by three internal motors where
the central and lateral teeth contribute to the generation of the
net thrust force, is not considered in 2D Field Theory. The
eddy currents induced above each tooth are different in each
case, so the lateral and central teeth will produce a particular
leakage flux in each casewith a singular transversal effect. All
these limitations suppose that 3D simulations are the correct
method to estimate the EC parameters in a TFLIM.

VI. GOODNESS FACTOR APPLIED TO TFLIM
In this section the TFLIM design is evaluated using a dimen-
sionless KPI (Key Performance Indicator) G. It is estimated
by Eq. (85) and allows us to evaluate the electromagnetic
conversion as the ratio between magnetizing reactance and
secondary resistance. According to [22] it is recommend-
able that G > 1 to assure that a LIM operates cor-
rectly, although this parameter will not consider the leakage
reactance.

G = Xm
/
Rr (85)

Table 18 shows interesting results because it includes the
values of goodness factor taking the values of the indirect
tests. In tests 1 to 5 the values of G are very similar, so an
average value of G around 27.7 can be used. However, in test
6 the goodness factor is increased considerably to 54.3.When
values of magnetizing reactance and secondary resistance
obtained by theoretical methods have been used, the good-
ness factor decreases with respect to the average value from
3D-FEM, so its value is around 16.8. Finally, Fig. 21 repre-
sents the behaviour of TFLIM goodness factor obtained with
the values of the indirect tests.

FIGURE 21. TFLIM goodness factor from indirect tests.

TABLE 18. Comparison of TFLIM goodness factor.

VII. CONCLUSION
This paper simulates with FEM-3D the indirect tests that
are commonly used in electrical laboratories to identify all
the parameters belonging to an EC model. Six no load and
standstill tests are carried out with simulations in transitory
state. This paper proposes as a novelty a system of equations
to determine the main parameters from the EC induction
motor adapted to the particularities of a LIM. The proposed
system of equations includes the coefficient β that implies
a relationship between the magnetizing inductance and the
secondary inductance. β is set to 0.3 to obtain a convergence
solution.

An important novelty of this paper is to include in the
model an anti-thrust force that appears due to the longitudi-
nal end-effect. This effect cannot be neglected in a TFLIM,
so the estimation of the EC parameters must consider it.

KRNυ = 1 −

(
tanh

(
βv · ω

/
2
)/((

βv · ω
/
2
)
·
(
1 + Kt · tanh

(
βv · ω

/
2
)
· tanh (βv · wo)

)))
≤ 1 (73)

σ ′
Al = KRNυ · σAl (74)

kt = 1 + 1.3 · (to − d)/
d ≥ 1 (75)

βv = ν ·

(
π
/
2 · p

)
(76)

m2 = 2 · ν · p (77)

Ktrv = m1 · (N1 · kw1)2 /m2 · (N2 · kw2)2 = 2 · m1 · (N1 · Kw1)2 /v · p︸ ︷︷ ︸
N2=0.5,Kw2=1 and m2=2·v·p

(78)
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For example, in case of test 1 the relationship between net
thrust force and anti-thrust force is about 3.1. For some range
of frequencies, some EC parameters have been calculated
mathematically. In these cases, linear regression curves have
been applied to estimate them, simulations with FEM-3D not
being necessary.

Magnetizing inductance in the indirect tests varies between
10.5 mH and 14.9 mH. These values are similar to the magne-
tizing inductance obtained when the experience begins with
the analysis of the magnetic field density along the air gap.
An imaginary path that crosses the central teeth calculates
this density. Therefore, the magnetizing inductance must
be estimated by calculating the transversal and longitudinal
magnetizing inductances. The longitudinal is around 0.72mH
while the transversal reaches 0.28 mH. Both inductances give
a final value of 12.78 mH, which is between the maximum
and minimum obtained from the indirect tests. Both methods
give the same results, so we can conclude that the use of
FEM-3D simulations, the proposed system of equations and
the estimation of the magnetizing inductance are correct.

This paper also analyses the primary part of the motor con-
sidering three specific effects that occurs in LIMs, skin effect,
fringing effect, and effective air gap. The skin effect due to
a double layer winding located in an E-shaped armature has
a great influence, because the primary resistance per phase
is multiplied by 4.2 times respect to the DC resistance value.
We have also calculated the effect of a particular primary part
structure that includes open slots, resulting in an increase in
the effective air gap. The fringing effect is not relevant in our
TFLIM, so it can be omitted in the EC.

Two different methods has been established to analyse
the secondary part. The limitations of 2-D field theory on
our TFLIM are shown, and how our proposed method is
better. With indirect tests we have determined a secondary
part reactance between 11.1� and 16.3 �, however with 2D
Field Theory it is around 1.2 �. On the contrary, there is a
greater convergence between secondary part reactance than
imaginary part. For example, in test 6 the reactance reaches
131.3 m� and using 2D Field Theory 234 m�. Therefore,
we can conclude that the classical 2D field theory for esti-
mation of the EC parameters is not adequate, but it can help
us to give a first approximation. Finally, a goodness factor is
also calculated to particularize a TFLIM. To this end, some
changes in the geometrical dimensions are included. In our
TFLIM this KPI can be very useful to assess the effects on
the EC parameters.

Simulations of indirect tests carried out with FEM-3D in
transitory conditions are a great advantage to avoid unneces-
sary experiments in real electrical laboratories. The main lim-
itation of using FEM-3D is the assumption that the electrical
conductivity of the secondary steel layer is equal to 0 S/m.
To simulate this effect, the introduction of a non-linear BH
curve is required, which implies a great computation effort.
Each proposed test will need sufficient time for the equations
solver to converge to the correct solutions. The proposed
system of equations and the linear regressions represent an

easymethod to a first estimation of the EC parameters. Future
works include incorporating this model into a control sys-
tem to analyse its performance when power electronics are
applied in the implementation of a vector control technique
in a TFLIM.
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