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ABSTRACT Due to continuous growth in electric demand and increasing connection of renewable energy,
the power systems are being operated with smaller stability margins. Therefore, a sufficient loading margin
is essential to maintain the system secure and ensure voltage stability. To this end, this paper studies the joint
optimization of transmission capacity and wind power investment problem, the unique feature of which is
incorporating voltage stability margin (VSM) in the planning model. A bi-level model has been formulated
whose upper level minimizes the total investment and operation cost minus the weighted VSM. The lower
level evaluates the VSM given the optimal expansion plan from the upper level. In addition, the stochastic
nature of wind power and load can impact voltage stability. Thus, uncertainties related to intermittent wind
generation and demand must be modeled. We use an approximated linear representation to model the AC
power system at both levels of the problem. The duality theory (primal-dual formulation) is utilized to
transform bi-level programming into single-level mathematical programming. The validity of the constructed
methodology is demonstrated on the IEEE 24-bus RTS, which indicates the efficacy and feasibility of the
presented model.

INDEX TERMS Bi-level programming, primal-dual formulation, transmission and wind investment, voltage
stability.

NOMENCLATURE
A. INDICES AND SETS
�N Set of buses indexed by i, j.
�S Set of scenarios indexed by s.

B. PARAMETERS
gij, bij Conductance and susceptance of a

transmission line.
Ak ,Bk ,C Constant parameters used to approxi-

mate a circle by a regular polygon.
aTi , bTi , cTi Production cost coefficients of a ther-

mal unit.

The associate editor coordinating the review of this manuscript and

approving it for publication was Ehab Elsayed Elattar .

IWi , ILij Annualized investment cost of a wind
farm and a transmission line.

M1,M2,M3,M4 Big-M parameters.
PD0is Active power demand.

QD0is Reactive power demand.

S
L
ij Capacity of a line.

P
T
i Maximum active power generation of a

thermal power plant.

QT
i
,Q

T
i Minimum and maximum reactive

power generation of a thermal power
plant.

KG
i A variable to model the distributed

slack bus.
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Ns Number of hours in scenario s.
1vi, 1vi Minimum and maximum voltage

deviation.
δi, δi Minimum and maximum voltage

angle.
πis Capacity factor of a wind farm

(0 ≤ πis ≤ 1).
3 Weighting coefficient.

C. VARIABLES
PLijsP̃

L
ijsP

L0
ijs Lines’ active power flow in the main

problem, VSM assessment problem
and OPF problem.

QLijsQ̃
L
ijsQ

L0
ijs Lines’ reactive power flow in the

main problem, VSM assessment
problem and OPF problem.

LF s Loading factor.
P̃Dis Active power demand in the VSM

assessment problem.
Q̃Dis Reactive power demand in the VSM

assessment problem.
PTis, P̃

T
is,P

T0
is Active power generation of thermal

units in the main problem, VSM
assessment problem and OPF
problem.

QTis, Q̃
T
is,Q

T0
is Reactive power generation of ther-

mal units in the main problem, VSM
assessment problem and OPF
problem.

PWis , P̃Wis ,PW0
is Active power generation of wind

farms in the main problem, VSM
assessment problem and OPF
problem.

QWis , Q̃Wis Q
W0
is Reactive power generation of wind

farms in the main problem, VSM
assessment problem and OPF
problem.

P
W
i Capacity of a wind farm.
uLij Binary variable indicating the instal-

lation status of a transmission line.
1vis, 1ṽis, 1v0is Voltage deviation in the main prob-

lem, VSM assessment problem and
OPF problem.

δis, δ̃isδ
0
is Voltage angle in the main problem,

VSM assessment problem and OPF
problem.

δref ,s Voltage angle at the reference bus.

I. INTRODUCTION
A. BACKGROUND, MOTIVATION, AND CONTRIBUTION
Current power grids are being utilized with smaller stability
margins due to continuous growth in electric demand and the
integration of renewable energy sources (RES). As a result,
the power systems are more likely to become unstable due

FIGURE 1. A representation scheme of the presented investment model.

to voltage instability. Voltage stability studies have attained
great attention since voltage collapsemakes the power system
insecure and may lead to significant economic losses. It is
responsible for a number of blackouts throughout the world
and harms social welfare and industrial activities. Thus, volt-
age stability evaluation is vital for power system planning and
operation.

In this study, we investigate the joint optimization problem
of transmission capacity and wind power investment consid-
ering voltage stability. Hence, it is necessary to include the
voltage stability margin (VSM) in the investment planning
process. The VSM is a widely used index to measure voltage
stability in literature, showing the maximum load growth a
power system can tolerate in the existing operating condi-
tion [1], [2]. In this context, a bi-level structure is established
for the investment problem under uncertainty. The first level
addresses the planning problem seeking to minimize the total
investment and operation cost while maximizing VSM sub-
ject to the technical limitations of the power system. With
the optimal expansion plan acquired from the first level, the
second level calculates the VSM of the system. An approxi-
mated linear network model for AC power flow equations is
employed at both levels. The primal-dual formulation is used
to solve this bi-level programming. In doing so, the second
level is replaced by the primal and dual feasibility constraints
and the strong duality equality.

In addition, the penetration level of RESs in the power grid
has been escalated to decrease greenhouse gas emissions and
dependence on diminishing fossil fuels. On the other hand,
increasing energy prices have pushed governments to design
new policies to decarbonize energy production. Hence, RESs
play a vital role in the modern power grid, such that 62%
of the total installed capacity between 2009 and 2018 [3] is
green energy. However, the RESs are expected to be expanded
four times faster than before from now to 2030 to alleviate
the impact of climate change [3]. The most popular RES is
wind energy, the fastest-growing technology in generating
electric power. The inherent stochastic nature of generated
wind power can greatly influence voltage stability. Thus,
intermittent wind power generation and uncertainties related
to the load demand must be modeled to gain an insightful
understanding of VSM with high wind energy penetration.

The existing literature on the planning studies does not
model the voltage stability effect on the transmission net-
work and wind power investment problem. Instead, economic
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approaches with prevailing power system constraints have
been established while ignoring voltage stability. These
approaches do not bring an insightful view of the effect of
planning results on voltage stability. However, the develop-
ment of existing models is required to compute the proximity
of an operating state to a voltage instability when deciding to
expand and reinforce an existing transmission network with
a high share of wind power generation. In this respect, the
contribution of this paper is established by presenting a novel
strategy for the investment problem of transmission and wind
power while modeling the VSM. The purpose of the proposed
method is to minimize the total investment and operation cost
while maximizing the maximum loadability of an electric
power grid. The entire proposed expansion planning process
is illustrated in Fig. 1.

B. LITERATURE REVIEW
A novel transmission expansion planning (TEP) frame-
work to guarantee that the power system is robust under
conditions with high demand and low production of RES
is presented in [4], where a comprehensive comparison
between the widely-used decision-making models is pro-
vided. A non-deterministic TEP model, including distributed
series reactors, is proposed by [5], where the Monte Carlo
simulation method is used to model the uncertainty of wind
power and electric demands. Reference [6] constructs an off-
shore transmission network expansion model for large-scale
wind connection to the grid allowing the planners to assess
the techno-economic feasibility of several potential options
under various uncertainties. An innovative co-optimization
model for investment in wind power, energy storage sys-
tems (ESSs), and transmission lines is formulated in [7],
which considers transmission switching and unit commit-
ment constraints. A multi-period multi-objective generation
and transmission expansion planning with demand response
(DR) is jointly modeled in [8] to obtain an optimal expansion
plan, where several levels of DR penetration in the planning
system are considered. Reference [9] proposes a stochastic
transmission investment model considering the dynamic ther-
mal rating of overhead lines, in which the objective function
includes operational costs and the investment costs of line and
dynamic thermal rating installation. Amulti-stage TEPmodel
is proposed in [10] considering the high voltage AC and DC
alternatives (HVAC and HVDC), where the possibility of
converting existing HVAC lines to HVDC lines is modeled in
the presence of high shares of RES and ESS. Reference [11]
presents a linearized AC model for coordinated TEP and
reactive power planning considering wind power investment,
where a special ordered set of type 2 is employed to make the
model linear. A multi-objective model which determines the
optimal expansion planning for generation and transmission
is set out in [12]. The objective function is to minimize the
investment costs of the new wind farms, new lines, fuel costs,
and emissions, as well as to maximize incentives for new gen-
erating units. The effect of wind speed’s spatial distribution
on the joint generation and transmission expansion planning,

including wind farms, is studied in [13], and it is verified
that ignoring wind speed’s spatial distribution impacts the
expected exploitable wind power. Reference [14] suggests a
security-constrained co-planning of transmission expansion
and ESS in a wind-integrated power system. The problem is
formulated as mixed-integer linear programming (MILP) and
is solved by Benders decomposition. Reference [15] devel-
ops an efficient, two-stage method for security-constrained
TEP using AC power flow, where a modified artificial bee
colony algorithm is employed to solve the optimization
problem. To overcome the disadvantages of conventional
robust approaches in the transmission investment problem,
Reference [16] establishes a novel strategy by modeling
the probability of renewable power generation uncertainty.
In this sense, a hybrid probability uncertainty set is con-
structed using 1-norm and ∞-norm metrics [16]. A robust
optimization model for ESS and transmission line investment
co-planning, considering binary variables related to ESS sta-
tuses in the recourse problem, is established in [17], where an
enhanced nested column and constraint generation technique
is used to solve the problem. A scenario-based AC transmis-
sion investment model is put forth in [18], where combina-
tions of load, wind, and N-1 contingency uncertainties are
assessed with Monte Carlo simulation and the loading limits
for the existing and candidate lines. A stochastic transmission
and generation expansion planning model is formulated in
[19] to increase the hosting capacity of networks and satisfy
future load demands, in which two algorithms, namely, the
weighted mean of vectors optimization and sine cosine algo-
rithms, are used to solve the problem. Reference [20] presents
a distributionally robust optimization-based planning scheme
considering load and wind uncertainties from the data-driven
ambiguity set. Besides generating units and transmission
lines, DR and solar power plants are also modeled as invest-
ment options. Reference [21] proposes a scenario-driven
probabilistic framework to assess the impact of intermittent
wind power on the TEP problem. Authors in [22] develop
a solution algorithm to cope with the robust transmission
line investment planning where the lower level is replaced
by its dual. The authors claim that neither binary variables
nor bilinear terms are introduced in this approach. Some
spatial and temporal simplifications is proposed to the expan-
sion planning problem of the generation and transmission
in [23], where three formulations, i.e., a big-M formulation,
a hull formulation, and an alternative big-M formulation, are
compared. Authors in [24] constructs an investment planning
model that finds an optimal mix of transmission-level non-
generation flexible assets: ESS, thyristor-controlled series
compensators (TCSC), and transmission lines. A new model
with several expansion plans that operate efficiently in all
the previously defined generation scenarios is developed
in [25], allowing the planner to find adequate expansion
plans. An efficient MILP method is formulated in [26] to
solve the dynamic contingency-constrained TEP problem,
where an iterative algorithm based on line outage distribu-
tion factors screens the worst-case contingency. A two-stage
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Internet data center (IDC)-considered scheme in generation
and transmission network expansion planning is presented
in [27] to make full use of IDCs’ spatial and chronological
load regulation potentials for DR. A robust method for coor-
dinated transmission and energy storage expansion planning
in wind -integrated power grids is introduced in [28] consid-
ering wind and demand uncertainty. Reference [29] addresses
the question of how large the uncertainty set should be in the
transmission expansion planning problem and optimizes the
value of the uncertainty budget.

The rest of this study is outlined as follows. Section II
formulates the joint transmission and wind investment model,
while VSM is included in the planning problem. The solu-
tion technique is explained in Section III. A case study is
demonstrated in Section IV to validate the effectiveness of
the proposed method. Section V provides several concluding
remarks.

II. PROBLEM STATEMENT
This section contains two subsections. The mathematical
model to evaluate VSM is provided in subsection II-A. Then,
the scenario-driven expansion planning model for investing
in transmission and wind is devised in subsection II-B.

A. VOLTAGE STABILITY MARGIN EVALUATION
The VSM gives an intuitive indicator of the loadability mar-
gin of a power grid. It shows the extra power consumption that
will lead to a voltage collapse. Reference [30] uses a novel
optimization model for the power system’s voltage stability
and harmonic analysis. A voltage stability indicator incorpo-
rating voltage-dependent load is formulated in [31]. The volt-
age stability margin is computed in power grids using amodal
analysis in [32] by calculating a specified number of the
smallest eigenvalues. An integrated framework is presented
in [33] to determine the VSM using correlation detection
and random bits forest. In [34], unstable areas in integrated
transmission-distribution grids are identified regarding volt-
age stability and maximum loadability. A voltage stability
index is presented in [35] based on the P-V curve, where the
voltage stability index is computed in terms of the distance
between the operating point and saddle point on the P-V
curve. A control model for static voltage stability considering
the interval uncertainty of wind power output is suggested
by [36], where the objective functions are to increase the
central value and decrease the fluctuation range. Based on the
models presented in the literature, the VSM in scenario s for
a given investment plan can be computed as follows:

Maximize︸ ︷︷ ︸
P̃Tis,Q̃

T
is,P̃

W
is ,Q̃Wis ,P̃Dis ,Q̃

D
is ,P̃

L
ijs,Q̃

L
ijs,1ṽis,δ̃is,L Fs

LFs (1)

subject to: PT0is
(
1 + LFs + KG

i

)
︸ ︷︷ ︸

PTis

+ PW0
is

(
1 + LFs + KG

i

)
︸ ︷︷ ︸

P⃗Wis

−

∑
j

P̃Lijs

= PD0is (1 + LFs)︸ ︷︷ ︸
PDis

< χBP
is > (2)

Q̃Tis + Q̃Wis −

∑
j

Q̃Lijs =< χ
BQ
is >

(3)

P̃Lijs = uLij
(
gij

(
1ṽis − 1ṽjs

)
−bij

(
δ̃is − δ̃js

))
< χLP

ijs > (4)

Q̃Lijs = uLij
(
−bij

(
1ṽis − 1ṽjs

)
−gij

(
δ̃is − δ̃js

))
< χ

LQ
ijs > (5)

0 ≤ PT0is
(
1 + LF s + KG

i

)
≤ P

T
i < χTP

is
, χTP

is > (6)

QT
i

≤ Q̃Tis ≤ Q
T
i < χTQ

is
, χ

TQ
is >

(7)

0 ≤ PW0
is

(
1 + LF s + KG

i

)
≤ πisP

W
i < χWP

is
, χWP

is > (8)

πisQWi ≤ QWis

≤ πisQ
W
i < χWQ

is
, χ

WQ
is > (9)

Ak P̃Lijs + Bk Q̃Lijs ≤ CS
L
ij < χL

ijks >

(10)

1vi ≤ 1ṽis ≤ 1vi < χv
is
, χv

is >

(11)

δi ≤ δ̃is ≤ δi < χ δ

is
, χ δ

is > (12)

δref ,s = 0 < χ δ
ref ,s > (13)

Eq. (1) is the second level’s objective function. Eqs. (2) and
(3) enforce the active and reactive power balance whereKG

i is
used to model a distributed slack bus. Eqs. (4) and (5) are the
active and reactive power that flow through each transmission
line. Active and reactive power produced by thermal andwind
generators are restricted by Eqs. (6)-(9). The capacity of each
line is limited by Eq. (10). Eqs. (11)-(12) bound the voltage
magnitude deviation and voltage angle. Eq. (13) fixes the
voltage angle at the slack bus to zero. The variables in front of
each equation are corresponding dual variables of the VSM
problem defined as the following set:

{
χBP
is , χ

BQ
is , χLP

ijs , χ
LQ
ijs , χTP

is
, χTP

is , χ
TQ
is , χ

TQ
is , χWP

is
, χWP

is ,

χWQ
is

, χ
WQ
is , χL

ijks, χ
v
is
, χv

is, χ
δ
is
, χ δ

is, χ
δ
ref ,s

}

It should be highlighted that Eq. (4) is a linear version of
the following nonlinear exact form:

P̃Lijs = uLij
(
gij (ṽis)

2
− ṽisṽjs

(
gij × cos

(
δ̃is − δ̃js

)
+bij × sin

(
δ̃is − δ̃js

)))
(14)
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By assuming ṽis = 1+1ṽis and ṽjs = 1+1ṽjs, substituting
in Eq. 14 and ignoring higher order terms, we obtain [37]:

P̃Lijs = uLij
(
gij

(
1ṽis − 1ṽjs

)
− bij

(
δ̃is − δ̃js

))
(15)

The same approach can be carried out to acquire Eq. (5).

B. BI-LEVEL MODEL FOR TRANSMISSION AND WIND
POWER EXPANSION PLANNING CONSIDERING VSM
In the first level of the proposed bi-level structure, the total
investment and operation cost is minimized while maximiz-
ing the VSM. With the optimal investment plan acquired
from the first level, the second level is activated to calcu-
late the VSM. The whole bi-level structure is formulated as
below:

Minimize︸ ︷︷ ︸
Pis,QTis,P

T
is,Q

W
iS ,PL

ijs′
QL
ijs′

1vis,δisP̄Wi ,uLij

∑
(ij)

ILij u
L
ij +

∑
i

IWi P
W
i

+

∑
s

Ns
∑
i

(
aTi

(
PTis

)2
+ bTi P

T
is + cTi

)
− 3

∑
s

NsLF s (16)

subject to: PTis + PWis −

∑
j

PLijs = PD0is (17)

QTis + QWis −

∑
j

QLijs = QD0is (18)

−

(
1 − uLij

)
M1 ≤ PLijs

−
(
gij

(
1vis − 1vjs

)
−bij

(
δis − δjs

))
≤

(
1 − uLij

)
M1

(19)

−

(
1 − uLij

)
M2 ≤ QLijs

−
(
−bij

(
1vis − 1vjs

)
−gij

(
δis − δjs

))
≤

(
1 − uLij

)
M2

(20)

0 ≤ PTis ≤ P
T
i (21)

QT
i

≤ QTis ≤ Q
T
i (22)

0 ≤ PWis ≤ πisP
W
i (23)

πisQWi ≤ QWis ≤ πisQ
W
i (24)

AkPLijs + BkQLijs ≤ CS
L
ij (25)

− uLij ×M3 ≤ PLijs≤u
L
ij ×M3 (26)

− uLij ×M4 ≤ QLijs≤u
L
ij ×M4 (27)

1vi ≤ 1vis ≤ 1vi (28)

δi ≤ δis ≤ δi (29)

δref ,s = 0 (30)

where

LF s ∈ arg{ Maximize︸ ︷︷ ︸
P̃Tis,Q

T
is,F̂

W
is ,QWis ,F̃Dis ,Q

D
is ,P̃

L
ijs,Q

L
ijs,1ṽis ,̃δis,L Fs

LF s

(31)

subject to: Constraints (2) − (13)

(32)
Eq. (16) is the first level’s objective function. Eqs. (17)-(18)

are the active and reactive power balances. Eqs. (19)-(20)
compute each transmission line’s active and reactive power
flow. The upper and lower bounds for the power generated
by thermal and wind units are shown by Eqs. (21)-(24). The
capacity of each line is limited by (25). Eqs. (26)-(27) enforce
the power flow through a candidate line to be zero if it is
not built (uLij = 0). The voltage angle is limited by Eq. (29).
At the reference bus, the voltage angle is forced to be zero by
Eq. (30). Eqs. (31)-(32) indicate the second level.

Given the optimal investment plan from the above-
formulated problem, the optimal power flow (OPF) is run to
obtain the optimal generation scheduling in the base case.
Notice that the upper level includes the expected loading
factor. Thus, the generation scheduling does not conform to
the economic dispatch problem. Hence, it is needed to com-
pute the generation scheduling given the optimal expansion
obtained from the upper level. This can be conducted using
the optimal power flow as follows:

Minimize︸ ︷︷ ︸
PT0is ,QT0is ,PW0

is ,QW0
is

T
, P

L0
ijs′

,QL0
ijs′

,1v0is,δ
0
is

∑
i

aTi
(
PT0is

)2
+ bTi P

T0
is + cTi (33)

subject to: PT0is + PW0
is

−

∑
j

PL0ijs = PD0is < χBP0
is > (34)

QT0is + QW0
is −

∑
j

QL0ijs

= QD0is < χ
BQ0
is > (35)

PL0ijs = uLij
(
gij

(
1v0is − 1v0js

)
−bij

(
δ0is − δ0js

))
< χLP0

ijs > (36)

QL0ijs = uLij
(
−bij

(
1v0is − 1v0js

)
− gij

(
δ0is − δ0js

))
< χ

LQ0
ijs > (37)

0 ≤ PT0is ≤ P
T
i < χTP0

is
, χTP0

is > (38)

QT
i

≤ QT0is ≤ Q
T
i < χTQ0

is
, χ

TQ0
is >

(39)

0 ≤ PW0
is ≤ πisP

W
i < χWP0

is
, χWP0

is >

(40)

πisQWi ≤ QW0
is ≤ πisQ

W
i < χWQ0

is
,

χ
WQ0
is > (41)
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AkPL0ijs + BkQL0ijs ≤ CS
L
ij < χL0

ijks >

(42)

1vi ≤ 1v0is ≤ 1vi < χv0
is

, χv0
is >

(43)

δi ≤ δ0is ≤ δi < χ δ0
is

, χ δ0
is > (44)

δ0ref ,s = 0 < χ δ0
ref ,s > (45)

These formulations have already been explained. The vari-
ables in front of each equation are corresponding dual vari-
ables of the OPF problem defined as the following set: χBP0

is , χ
BQ0
is , χLP0

ijs , χ
LQ0
ijs , χTP0

is
, χTP0

is , χTQ0
is

, χ
TQ0
is ,

χWP0
is

, χWP0
is χWQ0

is
, χ

WQ0
is , χL0

ijks, χ
v0
is

, χv0
is , χ δ0

is
, χ δ0

is , χ δ0
ref ,s


The primal-dual formulation of this optimization problem

is as below:

Eqs.(35) − (45) (46)

2aTi P
T0
is + bTi + χBP0

is + χTP0
is − χTP0

is
= 0 (47)

χ
BQ0
is + χ

TQ0
is − χTQ0

is
= 0 (48)

χBP0
is + χWP0

is − χWP0
is

= 0 (49)

χ
BQ0
is + χ

WQ0
is − χWQ0

is
= 0 (50)

χ δ0
is − χ δ0

is
+

∑
j∈�N

uLijbij
(
χLP0
ijs − χLP0

jis

)
+uLijgij

(
χ
LQ0
ijs − χ

LQ0
jis

)
= 0 (51)

χ δ0
ref ,s +

∑
j

{
uLijbij

(
χLP0
ijs − χLP0

jis

)
+uLijgij

(
χ
LQ0
ijs − χ

LQ0
jis

)}
= 0 (52)

χv0
is − χv0

is
+

∑
j∈�N

uLijbij
(
χ
LQ0
ijs − χ

LQ0
jis

)
−xLij gij

(
χLP0
ijs − χLP0

jis

)
= 0 (53)

−χBP0
is + χLP0

ijs +

∑
k

AkχL0
ijks = 0 (54)

−χ
BQ0
is + χ

LQ0
ijs +

∑
k

BkχL0
ijks = 0 (55)

χTP0
is

, χTP0
is , χTQ0

is
, χ

TQ0
is , χWP0

is
, χWP0

is , χWQ0
is

, χ
WQ0
is , χL0

ijks,

χv0
is

, χv0
is , χ δ0

is
, χ δ0

is , χ δ0
ref ,s ≥ 0 (56)∑

i

cTi P
T
is =

∑
i

(
−PD0is χBP0

is − QD0is χ
BQ0
is − P

T
i χTP0

is

−Q
T
i χ

TQ0
is + QT

i
χTQ0
is

− πisP
W
i χWP0

is

−πisQ
W
i χ

WQ0
is + πisQWi χWQ0

is
− 1viχv0

is + 1viχ
v0
is

−δiχ
δ0
is + δiχ

δ0
is

)
−

∑
ij
CS

L
ijχ

L0
ijks (57)

The primal constraints are shown by Eq. (46). The dual
constraints are shown by Eqs. (47)-(56). Eq. 57 shows the
strong duality equality. These equations must be added to the
upper-level problem to obtain the optimal scheduling in the
base case given the solution of the upper level. The solution
method is described in the following section.

III. SOLUTION STRATEGY
The primal-dual formulation is employed to solve the pre-
sented bi-level structure. In this regard, the second level It is
a well-known technique to use the primal-dual formulation
to solve bi-level programming. This technique replaces the
second level with its primal (Eq. (61)), dual (Eqs. (62)-(70)),
and duality equality constraints (Eq. 71). Hence, the entire
problem can be formulated as follows:

Minimize︸ ︷︷ ︸ ∑
(ij)

ILij u
L
ij +

∑
i

IWi P
W
i

+

∑
s

Ns
∑
i

(
aTi

(
PTis

)2
+ bTi P

T
is + cTi

)
−3

∑
s

NsLF s (58)

subject to: Constraints (17) − (30) (59)

Constraints (46) − (57) (60)

Constraints (2) − (13) (61)∑
i

(
PT0is χBP

is + PW0
i χBP

is − PD0is χBP
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−QD0is χ
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)
= 1 (62)

χ
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= 0 (63)

χ
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is + χ
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= 0 (64)

χ δ
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+χ
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is πisQ
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δ
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(71)

The above-formulated problem is mixed-integer nonlin-
ear programming (MINLP) due to the presence of bilinear
terms. Hence, an MINLP solver must be utilized to solve the
program. What follows in section IV shows the implemen-
tation of the proposed technique. It is of note that MINLP
models suffer from the heavy computational burden for large
power grids. In these cases, decomposition techniques can be
applied to acquire the optimal solution.

IV. SIMULATION STUDIES
The model’s successful implementation on the IEEE 24-bus
RTS is illustrated in this section. All the procedures were
coded in KNITRO [38] under GAMS [39]. The experiment
is conducted on a computer running at 2.5 gigahertz with
16 gigabytes of RAM. The IEEE 24-bus RTS comprises
10 power plants (32 units) and 38 lines. Candidate wind
power plants are located at buses 15, 16, 18, 19, 20, 21, 22,
23, and 24 in which at most 500 MW can be installed at
each bus. Existing wind farms are located at buses 14 and
17. Electric load and generator capacity are multiplied by
1.7. Annualized wind investment cost is supposed to be
IWi = 120 000 $/MW. Input data are accessible at [40] for
reproducibility purposes. Twenty scenarios are considered to
model wind-demand uncertainty. The optimal expansion plan
and the related costs are shown in Table 1 for cases (a), and
(b), where case (a) indicates the results when the VSM is
included in the planning process, and case (b) indicates when
VSM is not included. Weighting factor is set to 50000.

It is inferred from the results in Table 1 that optimal
expansion scheme for cases (a) and (b) are different. The total
cost in case (a) is 5.5% higher than in case (b). However,
the loading factor (LF) in case (a) is 15.7% larger than that
in case (b). This result points to the effectiveness of the
formulated methodology on enhancing the voltage stability.
The VSM for each scenario (LF s) of both cases (a) and (b) is
depicted in Fig. 2. As illustrated in Fig. 2, loading factor in
case (a) is generally larger than the LF in case (b) showing
the superiority of the proposed model to increase the LF.
In addition, it is observed from Fig. 2 that scenario 11 has the
largest value of VSM in both cases because in this scenario
electric demand is at minimum value and the potential of
wind power generation is at its maximum value. In contrast,
scenario 18 has the lowest value of VSM in both cases
because load is at its maximum and the potential of wind
power generation is at its minimum. It is also construed from
Fig. 2 that in some scenarios (9 and 12) the amount of LF in
case (b) is slightly larger than that in case (a).

To observe the effect of different power factors on the LF
and planning results, the reactive power at load buses is multi-
plied by 2.5. Optimal solutions are reported in Table 2, where
the results reveal that LF is lower than the corresponding

TABLE 1. Optimal planning results for cases (a) and (b).

TABLE 2. Optimal planning results for cases (a1) and (b1).

values shown in Table 1. It is concluded that reactive power
sources must be incorporated into the planning procedure
to avoid extra investment costs for lines and wind farms’
construction.

The value of LF for different leading and lagging power
factors is denoted in Fig. 3. As can be seen in Fig. 3, when
the power factor decreases for the inductive load (lagging
power factor), the loading factor reduces as well. On the
contrary, the LF increases when the power factor decreases
for the capacitive load (leading power factor). Notice that the
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FIGURE 2. Loading factors (VSM) for each scenario (LFs).

FIGURE 3. Expected loading factor (VSM) for different leading and lagging
power factor.

FIGURE 4. Loading factor (VSM) with capacitor banks (case (a2)) and
without capacitor banks (case (a)).

maximum LF will be about 0.35, and reducing the power
factor will not lead to a further increase in the LF. This
happens because the thermal capacity of transmission lines
has been reached before the voltage collapse occurs.

To improve the LF, five capacitor banks are installed at
buses 4, 5, 8, 19, and 20 (case (a2)). These are the buses
where voltage collapse occurs when the active and reactive
power demand increases. The size of each capacitor bank is
considered to be 30MVar. Comparing the results with case (a)
reveals that the total cost is decreased by 9% while the LF is

FIGURE 5. Expected loading factor (VSM) versus different lines
admittance.

increased by 31%. The LF for each scenario with capacitor
banks (case (a2)) and without capacitor banks (case (a)) are
shown in Fig. 4. As expected, the curve of case (a2) is above
the curve of case (a) meaning that effectively-installed reac-
tive power sources can enhance the voltage stability.

To further explore the presented model, the effect of
changes in line admittance on the results is investigated.
In this regard, Fig. 5 illustrates the LF for different amounts
of changes in line admittance. It is observed that as the
line admittance increases, the expected LF increases as well.
Conversely, when the admittance of the transmission line
decreases, the expected LF is significantly reduced. This
means using a series compensator can help the system planner
enhance the power grid’s security.

V. CONCLUSION
Voltage stability continues to be a vital concern for power
grids. In this respect, this paper proposes a novel scheme
for transmission expansion planning considering the voltage
stability assessment of a power grid embedded with wind
power plants under uncertainty. This problem forms a bi-level
structure, where the first level identifies the optimal invest-
ment model for transmission network and wind farms, and
the second level computes the VSM. We use the primal-dual
formulation to obtain the optimal solution to this problem.
The following concluding remarks are construed from the
simulation study:

1- The presented model can effectively improve the VSM.
However, the system planner incurs additional costs to
enhance the system’s voltage stability.

2- The power factor can significantly affect the amount of
LF. For lagging (leading) power factor, the LF decreases
(increases) by a decrease in power factor.

3- Installing capacitor banks at efficient locations can lead
to a reduction in investment costs while improving the
system loadability at the same time.

4- The admittance of the transmission lines plays a crucial
role in the amount of LF. As the admittance of lines
increases, the expected LF grows as well. This means
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using a series compensator can help the system planner
enhance the power grid’s security.
Including several control devices such as capacitors, tap

changers, FACTS, and contingency analysis will be a research
direction of future work that can be optimized to enhance
the VSM.
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