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ABSTRACT Due to low levels of observability and automation in active distribution networks (ADNs),
the deployment of accurate measurement devices would be inevitable to increase the network observability.
This work develops an optimal framework for phasor measurement unit (PMU) placement considering the
accuracy of the distribution system state estimation (DSSE) process. In this regard, first, considering the
significance of active power in supplying network loads, an active power sensitivity analysis is conducted
in which the accuracy of active power injection at each bus is multiplied by its value of lost load. In this
way, the accuracy of active power estimation could be transformed into a monetary value. Then, based on
the determined sensitivity criterion, the optimal placement of PMUs has been performed with the aim of
appropriate accuracy for the DSSE. On the other hand, the accuracy of the results obtained in the state
estimation procedure can affect the estimation of line-loadings and lead to load shedding due to the low
accuracy of estimated line-loadings. It is noteworthy that due to the high integration of distributed energy
resources in distribution systems, ADNs would be prone to congestion issues. Therefore, in the next stage,
this perspective is also used for determining the optimal number and location of PMUs in ADNs to improve
their observability based on the operational conditions of the network. Finally, the developed algorithm is
applied on the 77-bus-UK-test distribution network to investigate its effectiveness in improving the DSSE
accuracy and mitigating interrupted loads. The numerical results indicate that implementing the proposed
framework not only increases the DSSE accuracy but also decreases the cost of compensating the accuracy
of active power by 7% compared to the typical network without PMUs. Further, the results show that
the proposed model significantly mitigates the total curtailed loads due to the low accuracy of estimated
line-loadings.

INDEX TERMS Active distribution network, state estimation, phasor measurement units, active power
sensitivity, line-loadings.

ABBREVIATIONS
DER Distributed energy resource.
ADN Active distribution network
APS Active power sensitivity.
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PMU Phasor measurement unit.
DSSE Distribution system state estimation.
SEP State estimation process.
ADMS Active distribution management system.
EMS Energy management system.
GA Genetic algorithm.
MOGA Multi-objective genetic algorithm.
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VoLL Value of lost load.
CCAAP Cost of compensating the accuracy of active

power.
LLE Line-loadings error.

I. INTRODUCTION
A. BACKGROUND AND MOTIVATION
The increasing penetration of distributed energy resources
(DERs) in local energy systems has led to increased oper-
ational challenges in active distribution networks (ADNs).
In ADNs, operators can manage and coordinate the flow of
electrical energy using an active distribution management
system (ADMS). It is noteworthy that the main features
of the ADMS include: congestion management, automatic
voltage control, capacitor switching, conservation voltage
reduction, distribution transformer usage optimization, con-
trol of switches and reclosers, price signal determination,
fast reconfiguration and service restoration, optimization
and loss management, demand side management, and fault
detection [1], [2], [3], [4].

In ADNs structure, distribution system state estimation
(DSSE) and energy management system (EMS) are essen-
tial elements for optimizing the utilization of DERs, energy
storage systems as well as responsive loads [5]. In the present
situation, ADMS controls and monitors the distribution net-
work with low levels of observability and automation which
will not meet the challenges of ADNs. Nonetheless, network
monitoring, control, and protection must be developed based
on the operational condition of the network [6]. Therefore,
DSSE as one of the essential elements of ADMS can be used
to achieve accurate and reliable network conditions. Figure 1
demonstrates the role and importance of DSSE.

B. RELATED WORKS
DSSE has been widely studied considering the accu-
racy of the state estimation process (SEP), measure-
ment placement, network observability, and investment cost
issues [6], [7], [8], [9], [10], [11], [12], [13], [14], [15], [16].
In these works, traditional measurements such as sub-
station measurement, line flow measurements, pseudo-
measurements based on historical network data, and modern
measurements such as phasor measurement units (PMUs) as
well as smart metering measurements have been used for
an effective state estimation. Note that the state estimation
utilizing PMU measurements has been widely investigated
for transmission systems. PMUplacement is often recognized
as a very promising tool in these networks by improving
the accuracy of state estimation and increasing the network
observability [9], [12], [13], [14], [17].

Nevertheless, in ADNs due to a number issues
(e.g. low x/r value, renewable energy integration, observ-
ability problem, network configuration problem, communi-
cation infrastructure constraints, and cyber-security), it is
not suitable to simply employ the transmission state estima-
tion and PMU placement methods [2]. In these networks,
AC state estimation is often used to estimate network vari-
ables, and heuristic algorithms are employed for optimal
placement of measurement devices. It is noteworthy that
the basic PMU placement problem has been developed
in recent years due to sophisticated operation conditions
and limitations including communication infrastructure and
PMU channel constraints, reliability of network components
and data acquired by measurements, and contingencies due
to the PMU failures and/or line outages [8], [13], [16],
[18], [19], [20].

FIGURE 1. Architecture for the role and importance of DSSE.
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On the other hand, in the current ADNs, due to the lim-
itations of real-time measurements and the use of pseudo-
measurements, it is not possible to achieve the results of state
estimation with the desired accuracy. Therefore, meter place-
ment would be necessary to improve the accuracy and effi-
ciency of the SEP and the observability of distribution grids.
In this regard, the distribution of PMUs, smart meters, and
other measurement equipment is studied in [6]. Accordingly,
the optimal deployment of PMUs and smartmeters alongwith
substation measurements and pseudo-measurements have
been considered using the genetic algorithm (GA) while
satisfying the constraints related to state estimation errors
in ADN. Authors in [7] presents a probabilistic method based
on Monte Carlo simulation for locating voltage and power
flow measurements to reduce the relative magnitude and
voltage phase error of all buses below the threshold defined
in 95% of the simulated cases. In [20], due to the fact that any
failure in measurement devices can affect the DSSE results,
a PMU placement approach has been investigated based on
reliability and accuracy of the DSSE results. A method for
optimizing the location and the number of PMUs in distri-
bution systems with the presence of distributed generation
sources, variable loads, and voltage regulators with the aim
of least error in the SEP is proposed in [21]. As stated in [22],
the data transmission rate by smart meters is unsuitable for
real-time monitoring of future distribution systems. There-
fore, considering the limited number of voltage magnitude
meters and PMUs, a sub-modular saturation algorithm could
provide a robust method for meters placement to conduct the
DSSE. In [23], the placement of a limited number of meters
including the optimal number and type of measurements is
suggested to minimize the voltage profile estimation error in
the worst-case scenario of all possible scenarios. In [24], the
authors present a multi-objective optimization model based
on the state estimation function in distribution networks.
In the proposed model, the total cost of PMUs, smart meter
devices, and the average relative percentage of state estima-
tion errors are considered as the objective function. Eventu-
ally, the optimal answer is calculated using a multi-objective
hybrid PSO-Krill Herd algorithm.

Furthermore, the appropriate functioning of the DSSE
under different operational conditions would be an essential
issue. In this regard, the DSSE should be enabled to pro-
vide suitable outputs under various contingencies, including
PMU failure, line outages, network reconfiguration, commu-
nication system failures, load variations, measurement error
degradation, and lines congestion. According to the afore-
mentioned facts, in [27], an optimal PMU placement method
is developed to minimize the cost of PMUs and line relays
considering the network observability and the minimum load
loss with different configurations. Also, as taken into consid-
eration in [28], an integer linear programming method is used
to optimize measurement costs and network observability.
The effects of state estimation accuracy in different contin-
gencies have been analyzed in this regard. Furthermore, opti-
mal PMU placement subject to availability of PMU channels,

single PMU loss, and single branch outage is investigated
in [13] and [19]. The optimal allocation of PMUs aiming to
minimize the PMU-cost and line relays is also introduced
in [25]. In this regard, the network observability and the
minimization of load loss with different configurations have
been considered. The optimization of measurement costs and
network observability is investigated in [26] by an integer
linear programming framework. Furthermore, the accuracy
of DSE results in different network conditions, such as recon-
figuration, alteration in load consumption, and measurement
error degradation is addressed to assess the impact of the
proposed placement.

As can be seen from the related literature, in most of the
studies performed in this field, there are generally two dif-
ferent strategies for optimal meter placement in distribution
networks:

1) Specifying the least number of required measurement
devices (due to economic issues) and their optimal placement
(pursuant to the precision of obtained results).

2) Optimal placement of a prespecified number of mea-
surements based on the desired precision of the results.

Finally, Table 1 reports a simplified comparison of pre-
viously developed schemes with the proposed framework
in this paper from viewpoints of DSSE accuracy, optimal
PMUplacement, contingency analysis, and relating theDSSE
accuracy to the cost value.

TABLE 1. Taxonomy of research works on the DSSE.

C. MAIN CONTRIBUTIONS
The desired goal of ADMS is to supply all consumers
without power interruptions and with appropriate quality
in their voltage profile. In this regard, active power and
voltage at load points play major roles in operational man-
agement of the system. Therefore, the supply of network
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loads would be important from the ADMS point of view.
In this regard, the primary step to reaching this goal is
accurately estimating voltage profile and active power in
the ADN. On the other hand, the increasing penetration of
renewable energy resources in distribution grid can affect the
operating conditions and reliability of the system, especially
line-loadings [28], [29].

Motivated by the aforementioned facts, the major contri-
butions of this paper can be briefly rendered as the following
points:

• An active power sensitivity (APS) analysis is performed
to enhance the estimated active power injection of all
network buses considering the allowable range of the
bus voltage magnitudes. Furthermore, this framework
investigates a method that relates the state estimation
accuracy to the cost of compensating accuracy of active
power injection at each bus. Then, based on the deter-
mined sensitivity criterion, the placement of PMUs has
been performed with the aim of proper accuracy for the
DSSE process and minimizing the number of PMUs.
Furthermore, in the developed procedure, the effects of
incorrect input data in PMUs (intentional or uninten-
tional) are evaluated on the system cost.

• Monitoring of network line-loadings is studied as a
result of state estimation output. In other words, since
the state estimation output affects load flow calcula-
tions, in case that the DSSE results are not accurate,
the calculated line-loadings based on the DSSE will
not be precise either. Therefore, PMUs are optimally
located with the least number to perform the DSSE
with the appropriate accuracy. Respectively, the amount
of energy not served to the consumers is minimized
due to incorrect estimation of line-loadings. In other
words, a contingency analysis is performed for network
line-loadings.

• The idea employed in this paper to study the state esti-
mation considering operational condition of the sys-
tem would enable the utility to determine the best
configuration of PMUs based on the condition of the
grid.

Additionally, several scenarios are considered as random
measurement errors to take into account the measurement
uncertainty and different operating conditions. These scenar-
ios are generated using the K-means clustering process.

D. PAPER ORGANIZATION
The rest of the paper is organized as follows. Section II
describes the DSSE concept and its process. Mathemat-
ical modeling and performance indices are discussed in
Section III-A. The optimization methodology and mea-
surement placement are also described in Sections III-B
and III-C, respectively. Section IV illustrates the case study,
simulation assumptions, and the performance assessment of
the developed framework. Finally, the conclusion is drawn
in Section V.

II. DISTRIBUTION SYSTEM STATE ESTIMATION
A. STATE ESTIMATION CONCEPT
State estimation is a computational process that provides
the best evaluation of system states using limited measure-
ments that are subjected to noise and measurement errors.
In this paper, similar to the previous studies performed
in [2], [6], [30], and [31], the weighted least square (WLS)
method is used for the SEP. If there are n numbers of state
variables and m measurements, then the mathematical rela-
tionship between the set of measurements (z) could be mod-
elled as follow:

z =


z1
z2
...

zm

 =


f1(x1, x2, . . . , xn)
f2(x1, x2, . . . , xn)

...

fm(x1, x2, . . . , xn)

 +


e1
e2
...

em

 = f (x) + e

(1)

where, f (x) is the vector of the non-linear relationship
between the measured variables and the state vector x. More-
over, xT = [x1, x2, . . . , xn] is the system state vector which
consists of bus voltage magnitudes and phase angles. Addi-
tionally, eT = [e1, e2, . . . , em] is the vector of measurements
uncertainty (i.e., measurements errors).

Generally, the optimization problem in the SEP is modeled
with the following objective function:

MinXJ (x) =

Nm∑
i=1

[zmeasi − fi(x)]2

σ 2
i

(2)

where, J (x) is the measurement residual, zmeasi is the
ith measured quantity, σi is the standard deviation for the
ith measurement, and Nm is the number of independent
measurements.

Equation (2) can be written in a compact form as follows:

MinXJ (x) = [zmeas − f (x)]T [W ]−1[zmeas − f (x)] (3)

where, W = diag{σ 2
1 , σ 2

1 , . . . , σ 2
m} is the covariance matrix

of measurement errors.

B. MEASUREMENTS
As mentioned, the presence of PMUs in the network is essen-
tial to improve the DSSE accuracy and distribution network
observability. On the other hand, due to the limited number of
PMUs installed in the network, phasor measurements should
be used together with other measurements for the DSSE.
In this work, the measurement vector (Zmeas) is considered
as follows:

Zmeas = [Vmag,Vang, Imag, Iang,Pflow,Qflow,Pinj,Qinj]T

where, Vmag and Vang are sub-vectors that include the voltage
magnitude and phase angle measurements in the substation
bus (slack bus) and buses with PMUs, respectively.Moreover,
the flow current magnitude and phase angle measurements
for the lines connected to the buses with PMUs are consid-
ered in Imag and Iang sub-vectors, respectively. Additionally,
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Pflow and Qflow consist the active and reactive power flow
measurements; while the active and reactive power injection
measurements (pseudo-measurements) are considered as Pinj
and Qinj.
Therefore, based on the aforementioned measurement vec-

tor, the objective function (3) could be formulated as below:

J = [E]T [W ]−1[E] (4)

where:

E =


Vmeas
mag − fVmag (x)
Vmeas
ang − fVang(x)

...

Qmeasinj − fQinj (x)

 ;

W = diag(WVmag ,WVang , . . . ,WQinj) (5)

Finally, by applying the iterative WLS process, the state
variable x can be calculated according to:

xj+1 − xj = [G(xj)]−1[H (xj)]T [W ]−1[zmeas − f (xj)] (6)

where, xj is the estimated state vector from the jth iteration
of x, G(x) = [H ]T [W ]−1[H ] is the gain matrix, and H (x)
represents the Jacobian matrix obtained by taking partial
derivatives from f (x) with respect to x.

III. METHODOLOGY AND OPTIMIZATION OF
MEASUREMENT PLACEMENT
A. MATHEMATICAL MODELING OF PERFORMANCE
INDEXES
Increasing the level of distribution network observability and
monitoring to improve the DSSE accuracy will increase the
designing cost of the state estimation system. Therefore,
focusing on the DSSE accuracy function in ADMS and the
network sensitivity to not-scheduled power outages, measure-
ment placement cost is optimized in proportion to the desired
accuracy and sensitivity. In this regard, an APS analysis is
performed to enhance the estimated active power injection of
all network buses considering the allowable range of the bus
voltage magnitudes. Note that the minimum and maximum
acceptable range of the bus voltage magnitudes are consid-
ered between 0.95 to 1.05 per-unit (p.u.), respectively. Fur-
thermore, the increasing penetration of renewable resources
in distribution grid can affect the operating conditions and
reliability of the system, especially line-loadings. In this
respective, monitoring of grid line-loadings is also studied as
a result of state estimation output.

1) ACTIVE POWER SENSITIVITY ANALYSIS
As stated before, the optimal condition in power systems is to
supply all network loads without power interruptions while
appropriate quality in the network voltage profile is met. For
example, some buses have sensitive loads (such as large malls
or factories), and it would be crucial from the ADMS point
of view to supply the load of these buses. Active power and
voltage at load points play a pivotal role in this regard. The
primary step to reaching this goal is accurately estimating

voltage profile and active power in the ADN. Therefore,
an APS analysis has been performed so that the accuracy of
estimated active power injection for each bus (the difference
between the actual and the estimated active power injection)
is represented by a monetary value. This is done by multi-
plying the accuracy at each bus times its value of lost load
(VoLL). Then, based on the determined sensitivity criterion,
the placement of PMUs has been performed with the aim of
proper accuracy for the DSSE process and minimizing the
number of allocated PMUs. It should be noted that, in the
proposed approach without loss of generality, VoLL has been
used as a parameter to compare the value of increasing the
accuracy of bus estimation. Therefore, in this way, the cost
of compensating the accuracy of active power in the network
would be calculated. Furthermore, the optimization problem
is developed in a way that the voltage magnitudes of network
buses would be within their allowable range.

Psensitivity=
1

Nscn

scenarios∑
sc=1

N∑
i=1

VoLLsc,i∗
∣∣∣(Pbaseinj )sc,i−(Pestinj )sc,i

∣∣∣
(7)

where, Psensitivity is the APS function, Pbaseinj is the actual
active power injection (based on the power flow results),
and Pestinj is the estimated active power injection of each bus.
Moreover, N , and Nscn are the total number of network buses
and scenarios, respectively. VoLLi is also the value of lost
load of the ith bus. In (7), first, the APS function is computed
in each generated scenario for all network buses taking into
account the localized PMUs. Then, by averaging all the sce-
narios, the APS value is calculated for the mentioned PMU
configuration.

2) NETWORK LINE-LOADINGS
One of the critical issues that the accuracy of the state estima-
tor output can affect is the estimated loading of network lines.
As mentioned earlier, since the state estimation output affects
load flow calculations, in case that the DSSE results are not
accurate, the calculated line-loadings based on the DSSE will
not be precise either. In this situation, the distribution network
operator is forced to shed the downstream loads until the load-
ing of the lines returns to their normal values. Consequently,
the distribution network consumers will face a lot of dam-
age and interruption costs. Therefore, with different criteria
that will be expressed, the minimized number of PMUs are
optimally located to perform the DSSE with the appropriate
accuracy. Respectively, the amount of energy not served to
the consumers is minimized due to incorrect estimation of
line-loadings. In this regard, line-loading is calculated by the
following equation:

line_loading =

√
P2l + Q2

l

|V |
2 (8)

where, Pl and Ql are the active and reactive power flows and
|V | is the voltage magnitude at the beginning of the line.
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The operating conditions in the distribution network are
normal at most of the time intervals, but sometimes abnormal
conditions (i.e., over-loading on network lines) may occur.
It is noteworthy that the high integration of DERs could result
in the over-loading in distribution networks. Therefore, the
scenarios of this part of the study have been produced accord-
ing to the operational condition of the system. In this regard,
there will be two aspects associated with the scenarios:

1- In normal scenarios, if the SEP has not worked properly,
the state estimator may show the loading percentage of each
line above 100%. This means the over-loading condition in
the respected lines. Therefore, based on the state estimator
results, the network operator is forced to shed the downstream
loads of these lines to ensure normal loading.

2- In abnormal scenarios, where the actual loading of some
lines is above 100% (e.g., (100+λ)%), we could consider two
special conditions based on the operation of the over-current
relay. It should be noted that in reality, when the loading
percentage of a line is 100 + ε, the over-current relay with
a predefined tolerance cuts off all the downstream loads of
the mentioned line. Note that, λ illustrates the actual over-
loading, while η represents the over-loading that is estimated
by state estimator. Moreover, ε illustrates the threshold of the
over-current relay.
a) If the state estimator shows the loading of a line

above 100% (e.g., (100 + η)%) and η > λ > ε, then the
network operator sheds the downstream loads of the line as
much as η%. In this condition, the over-current relay doesn’t
work and η% of the downstream load would be curtailed.
b) If the state estimator shows the loading of a line above

100% (e.g., (100 + η)%) and η < ε < λ, then the network
operator sheds the downstream loads of the line as much
as η%. However, despite this action by the operator, since
loading of the line in this case is still higher than the threshold
of the over-current relay, the over-current relay would cut off
all the downstream loads of the line.

B. OPTIMIZATION OF MEASUREMENT PLACEMENT
AND GA
Based on the aforementioned performance criteria in the
previous sections, different objective functions are proposed
for DSSE accuracy and APS improvement. Respectively,
minimizing load shedding due to incorrect estimation of
line-loadings are investigated as follows:

1) PMU placement based on APS analysis

Min

{
obj1 = PMUcos t

obj2 = Psensitivity
(9a)

Subject to:
∣∣∣Vmin

i

∣∣∣ < |Vi| <
∣∣Vmax

i

∣∣ (9b)

where, Psensitivity is the APS function and PMUcos t is the total
cost of PMUs that are optimally located in the network which

is found using the following equation.

PMU cos t
=

N∑
i=1

xi (10)

where, x is a binary variable that is equal to one if there
is a PMU at a bus and zero if there is no PMU. Moreover,
N is the total number of network buses. Furthermore, in (9),∣∣Vmin

i

∣∣ and ∣∣Vmax
i

∣∣ are the minimum and maximum voltage
magnitude of the ith bus, respectively. According to (9), it is
considered that the voltage magnitudes of buses would be
in the allowable range. Otherwise, inappropriate responses,
which would not satisfy the constraint (9), will be penalized
by adding a large number to their cost functions in the multi-
objective optimization.

2) line-loadings and PMU placement
For this part of the study, different objective functions are

considered:
2.1. PMU placement based on minimizing line-loading

errors

Min

{
obj1 = PMUcos t

obj2 =
∑
Line Loading_Errors

(11a)

Subject to :

∣∣∣Vmin
i

∣∣∣ < |Vi| <
∣∣Vmax

i

∣∣ (11b)

where,
∑
Line Loading_Errors is the summation of line-

loading errors due to low accuracy and incorrect state esti-
mation in the studied lines.
2.2. PMU placement based on minimizing APS & line-

loading errors

Min


obj1 = PMUcos t

obj2 = Psensitivity

obj3 =
∑
Line Loading_Errors

(12a)

Subject to:
∣∣∣Vmin

i

∣∣∣ < |Vi| <
∣∣Vmax

i

∣∣ (12b)

2.3. PMU placement based on minimizing the amount of
load shedding

Min

{
obj1 = PMUcos t

obj2 = 1Ptotal
(13a)

Subject to:
∣∣∣Vmin

i

∣∣∣ < |Vi| <
∣∣Vmax

i

∣∣ (13b)

where, 1Ptotal indicates the summation of interrupted loads.
1Ptotal would be calculated by the following equation:

1Ptotal =
1

Nscn

scenarios∑
sc=1

m∑
k=1

1Pline k,sc (14)

where, 1Pline k is the amount of downstream interrupted
loads of line k based on explanations of section A.2, and m is
the number of monitored lines.
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C. MEASUREMENT PLACEMENT USING GENETIC
ALGORITHM
PMUplacement is a polynomial-time hard, non-deterministic
problem that requires many computational efforts and may
not have a single answer [32]. Respectively, effective algo-
rithms cannot be applied to solve these types of problems.
In this regard, metaheuristic optimization methods are con-
sidered to be suitable tools to solve these types of prob-
lems [33]. GA is one of the common optimization algorithms
in engineering that has been used in the face of complex
optimization problems [6]. Therefore, in this paper, due to the
multi-objective nature of each optimization section, a multi-
objective genetic algorithm (MOGA) is used for the optimal
PMU placement in the ADN. Implementing aMOGA usually
begins with generating a population of volunteer individu-
als (Npop), which are the vector of possible measurement
locations. Elements of these individuals are binary variables
relating to the presence/absence of a measurement device at
a given location. Input data for the optimization process are:

• MOGA settings like population size of individuals, exit
criteria, etc.,

• Distribution topology data,
• Distributed productions and load data,
• Measurements uncertainty,
• The objective functions relate to the DSSE accuracy and
PMU placement.

Then, DSSE outputs and performance indexes are calcu-
lated for each individual, assuming that the proposed buses
are equipped with PMUs. Subsequently, one of the multi-
objective cost functions presented in the section III-B is used
as the competency function for the MOGA, which is then
used to assess the competency values of all individuals in the
population. However, the competency values of individuals
that do not meet the accuracy constraints are increased by
a large number to penalize them as impractical responses.
Then, after assessing the competency of all individuals in
the population, the optimization process is stopped. In this
regard, if the exit criteria of MOGA are met, the best configu-
ration of PMUs in the network would be reported. Otherwise,
a new population is created by crossing over and mutating the
individuals with the best competency values (lowest values).
This process is repeated until the MOGA criteria are met.
Figure 2 demonstrates the optimization flowchart based on
the MOGA technique.

IV. CASE STUDY
A. SIMULATION CONDITIONS
A set of input data is generated for the DSSE process, which
includes both real-time and pseudo-measurements. These
measurements are obtained from the power flow results in
test cases as reference values. Furthermore, deviation in mea-
surements is determined byGaussian distribution asmeasure-
ments noise. It is assumed that the network default real-time
measurements consist of the main substation voltage phasor
measurement (i.e., slack bus) as well as active and reactive

FIGURE 2. Optimization flowchart based on GA.

power flow measurements. Moreover, pseudo-measurements
consist of active and reactive power injections of all buses
with loads and distributed generations, which are employed
to achieve full observability of the network.

The measurement distributions are assumed to have a
Gaussian shape and a standard deviation of one-third of their
error values [34]. Depending on the type of measurements,
the maximum error percentages are assumed to be:

• 1% for substation measurement,
• 3% for power flow measurements,
• 50% for pseudo-measurements,
• 0.7% and 0.7 centiradian for magnitude and phase angle
in PMU measurements, respectively [6], [35].

Finally, a K-means clustering process [36] is used for generat-
ing different scenarios to take into account the measurement’s
uncertainty and various operating conditions. In the first step,
10000 measurement data were generated for all measurement
devices using the normal distribution. In this regard, the
power flow and the error associated with the measurements
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were considered as the mean values and standard deviations,
respectively. Then, employing the K-means clustering algo-
rithm, 10000 data were divided into 500 clusters. Eventually,
clusters’ centroids are considered as 500 final measurement
scenarios.

B. CASE STUDY ON UK 77-BUS TEST SYSTEM
The 77-bus UK distribution network [37] has been chosen for
the performance evaluation of the proposed algorithm. The
modified network is a three-phase balanced system which
includes one grid supply in the substation bus, 2 transformers,
7 DGs (PV plants), and 75 load points, which are demon-
strated in Fig. 3.

FIGURE 3. UK 77-bus test system.

After running the GA for the optimization problem of APS,
different optimal PMU locations to improve the DSSE accu-
racy, and decrease the cost of compensating the accuracy of
active power (CCAAP) are summarized in Table 2.
It is noteworthy that, the VoLL is assumed to be

6000 $/MWh (for buses: 5, 8, 11, 14, 16, 23, 24, 25, 26, 27,
34, 35, 36, 37, 38, 44, 46, 47, 48, 49, 50, 51, 52, 58, 60, 62,
65, 68, 69, 70, 71, 72, 73, 74, 75, 76, 77), 9000 $/MWh (for
buses: 4, 7, 10, 15, 20, 22, 32, 33, 43, 56, 59, 61, 64, 67), and
12000 $/MWh (for buses: 1, 2, 3, 6, 9, 12, 13, 17, 18, 19, 21,
28, 29, 30, 31, 39, 40, 41, 42, 45, 53, 54, 55, 57, 66).

It should be noted that, in the proposed approach without
loss of generality, VoLL has been used as a parameter to
compare the value of increasing the estimation accuracy of
bus parameters. On the other hand, the input data of the
estimator (including active power) is taken from the network
load flow in one hour. Therefore, the active power in such
condition is also made of energy. So, by multiplying the
APS function (in p.u. form) times the base apparent power
(100 MVA), we can calculate the amount of CCAAP for
each PMU configuration. Moreover, the total cost of PMUs is

considered to be equal to their numbers, taking into account
that the price of one PMU is one per-unit.

As can be traced in Table 2, the DSSE accuracy is
improved by locating PMUs and increasing their number.
Consequently, the sensitivity of active power and CCAAP are
reduced.

TABLE 2. Optimal PMU configurations with minimum Costs, APS
function, and its related CCAAP for the UK 77-bus distribution network.

As the results show, CCAAP can be reduced to 67814 $
per hour by placing PMUs at optimal points of the network.
Therefore, implementing the proposed framework results in
not only an increase in the DSSE accuracy but also a decrease
in CCAAP by 7% compare to the typical network without
PMUs. However, by increasing the number of PMUs, the
investment costs would also increase. Therefore, based on
the cost-based analysis and minimum acceptable accuracy,
ADMS can choose one of the schemes in Table 2. Figure 4,
illustrates the results of Table 1 schematically.

In the following, two approaches are considered to show
the effects of incorrect input data in PMUs on the system
operational costs. In the first one, the impact of different error
percentages in the input of one of the installed PMUs is ana-
lyzed on the APS function, while the second one investigates
the effects of errors in the input of two installed PMUs on the
APS function.

The obtained results for the configurations in Table 2
are summarized in Table 3 and Table 4. As can be seen,
by increasing the measurement error for the PMUs (and
generally all measurement devices), the estimation errors of
SEP outputs, the values of the APS function, and the CCAAP
are increased in the network. Also, a comparison between the
results of Tables 3 and 4 demonstrates that applying errors in
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FIGURE 4. PMU placement considering APS analysis.

TABLE 3. Effect of different error percentages on the input of one PMU
on the APS function.

the input of more measurement devices has more destructive
effects on the output accuracy of the state estimation and
operational costs.

As mentioned in section III, DSSE results affect the esti-
mated line-loadings. To study this effect, three network lines
are studied, assuming different loadings and under various
operating conditions. These three lines are: the connecting
lines of buses 12 -13, buses 20 – 21, and buses 62 – 63 (shown
in Figure 3 with red lines), which have 85%, 95%, and 110%
loading, respectively. Note that, in this study, it is assumed
that only these three lines will face over-loading.

In this regard, the line-loading errors (LLEs) are first
analyzed based on the approach described in Section III-A.
The obtained results are summarized in Table 5. Note that
LLE1, LLE2 and, LLE3 are related to lines 12-13, 20-21 and,
62-63, respectively. According to the results, by increasing
the number of allocated PMUs in the network, the accuracy
of DSSE output increases while the number of errors in

TABLE 4. Effect of different error percentages on the input of two PMUs
on the APS function.

line-loadings decreases. Therefore, the distribution network
operator will have to cut fewer loads in such cases. Also,
as can be seen from

∑
LLE , allocating PMUs near the

monitored lines and increasing the measurement accuracy
significantly reduces the total number of loading errors
(about 26 %).

So far, APS analysis and line-loadings have been studied
separately. Yet, we can evaluate the effects of both parame-
ters on the network operation considering the cost function
of (11a). The results are illustrated in Table 6.

As can be concluded in Table 6, increasing the DSSE
accuracy as a result of PMU placement, improves the APS
function accuracy and reduces the number of LLE. The
amount of downstream interrupted loads will also decrease
by reducing the number of incorrect estimated line-loadings,
which could eventually improve the network reliability.

However, by defining an accuracy index (AI) for the APS
function as well as using a cost-benefit diagram, the optimal
point between the parameters ‘‘total PMU placement cost,’’
‘‘APS function accuracy’’ and, ‘‘number of LLE’’ can be
obtained. This process would determine the economically
optimal scheme.

AI (%) =
APSwithout PMU − APSwith PMU

APSwithout PMU
× 100 (15)

where, APSwithoutPMU is the value of the APS function with-
out any PMU in the network and, APSwithPMU is the value of
APS function if the PMU schemes in Table 6 are located in
the network.

Based on the obtained cost-benefit diagram illustrated in
Fig. 5, the PMU configuration schemes 2 or 3, can be chosen
as the optimal scheme. Although both schemes have almost
the same APS function, scheme 3 has fewer number of LLE
than scheme 2 and could be a better choice for ADMS.
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TABLE 5. Optimal PMU configurations based on minimizing line-loadings
error.

TABLE 6. Optimal PMU configurations based on minimizing APS and LLE.

FIGURE 5. Cost-benefit diagram for schemes in Table 6.

Asmentioned earlier, incorrect line-loading estimation due
to the low accuracy of the state estimator outputs will cause

TABLE 7. Optimal PMU configurations based on minimizing interrupted
downstream loads.

the downstream loads to be shed by the network operator or
over-current relay. Therefore, according to (11b), PMUplace-
ment has been done to minimize the interrupted downstream
loads, as illustrated in Table 7.

In Table 7, 1Ptotal represents the average total curtailed
load from the downstream loads of the three monitored lines,
for all scenarios. The results clearly show that the use of
PMUs reduces the interrupted loads from approximately 1 to
0.6 MW, due to improving the DSSE accuracy. On the other
hand, the improvement rate may appear to be a small value in
the interrupted loads. It is worth mentioning that the values
obtained in Table 7 are, firstly, the amounts of interrupted
loads for the downstream loads of only three monitored lines
of the entire network lines, and secondly, for the one-time run
of the DSSE process.

V. CONCLUSION
Based on the network operation condition, we presented a
new approach for optimal PMU placement in this study.
In this regard, since insufficient accuracy of DSSE results
can significantly affect the CCAAP and estimation of line-
loadings, an APS analysis and a line-loading approach were
investigated for specifying the optimal number and location
of PMUs to improve the DSSE accuracy based on predefined
indices. To evaluate the effectiveness of the developed algo-
rithm, the proposed optimization problem was applied to the
77-bus UK ADNs considering different cases and operating
scenarios. The results demonstrated that employing the APS
analysis and line-loading approach leads to PMU configura-
tions that improve DSSE accuracy andminimize CCAAP and
load interruptions due to the low accuracy of estimated line-
loadings. In this regard, the proposed framework not only
increased the DSSE accuracy but also decreased CCAAP
by 7% compared to the typical network without PMUs.
Furthermore, the proposed model significantly mitigated the
total curtailed loads. Also, as observed, incorrect input data
injection in PMUs significantly increases operating costs.
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Although using more PMUs in the network will improve the
accuracy of the state estimator results, network monitoring,
and reliability, it would also increase the network investment
costs. Therefore, ADMS could choose the optimal scheme
based on the proposed analysis procedure. Notably, the devel-
oped framework is based on the application of state estima-
tion in the operation of distribution networks. In this regard,
this concept could be updated according to the condition and
operation of any network.

Future works can focus on developing a PMU placement
framework to decrease the CCAAP and interrupted loads con-
sidering unbalanced distribution networks. Another future
research direction to extend the proposed model is about
considering the limitations of PMU components to enhance
the designing costs of the state estimator.
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