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ABSTRACT With the continuous emergence of various advanced packaging technologies such as copper
interconnection and 3-D packaging technology, it is essential to efficiently and accurately investigate the
thermal analysis of high-performance, high-power and complicated electronic devices to better design heat
dissipation structures. However, multiscale transient thermal analysis of complex electronic devices by
existing numerical methods is still a challenge. In this work, the 3-D domain decomposition method (DDM)
with the adaptive time step for the transient thermal analysis of integrated circuits (ICs) is proposed to tackle
this problem. By flexible multiscale mesh generation and automatically time step changes based on poste-
riori errors, the new method significantly improves computational efficiency. Some illustrative numerical
examples are presented to verify the accuracy and efficiency of the proposed method by considering 3-D
transient heat transfer with thermal conduction, natural convection and radiation boundaries.

INDEX TERMS Thermal analysis, integrated circuits (ICs), domain decomposition method (DDM),
adaptive time step.

I. INTRODUCTION
As system-level packaging technology gradually matures,
the number of transistors on a single chip has reached sev-
eral billion, and their feature sizes are continuously declin-
ing [1]. Meanwhile, through-silicon via (TSV)-the advanced
3-D integrated chip technology is utilized to further enhance
the vertical integration of the same processes or distinct pro-
cesses chips [2], [3], [4]. The resulting interconnect density
and compactness achievable by TSV technology exceed what
is currently possible by other packaging methods. Conse-
quently, the heating rate per unit area of the chips is increas-
ing, which severely challenges thermal reliability and service
life of electronic equipment [5], [6].
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In order to better implement thermal analysis on complex
integrated circuits (ICs), several numerical methods have
been proposed since the 1990s [7], such as the boundary
element method (BEM) [8], the finite difference method
(FDM) [9], [10], and the finite element method (FEM) [11],
[12]. Among them, FEM is widely employed in terms of its
versatility to conform to complex geometries and model het-
erogeneous materials. More accurate results can be obtained
by utilizing higher-order basis functions as well as finer
meshes [13], [14]. However, besides the complexity, the sizes
of 3-D IC components differ by several orders of magnitude,
conformal mesh in FEMwill lead to enormous elements and a
great increase in degrees of freedom (DoFs). Fortunately, the
domain decomposition method (DDM) is proposed to handle
the multiscale problems [15], [16], [17], [18]. It is applica-
ble to divide the whole IC structure into non-overlapping
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subdomains according to the scales of its different parts,
which would facilitate the decrease of the DoFs in the whole
numerical computation.

Recently, interests have focused on the field of ICs thermal
simulation by DDM. Different from the traditional FEM,
DDM can naturally decompose the original multiscale prob-
lems into several easily implemented small-scale subdo-
mains. The matrix equations are locally established with
their dimensions equalling the number of DoFs of each
non-overlapping subdomains [19]. Consequently, the inver-
sion or factorization of system matrices can greatly alle-
viate the computational burden. However, to make DDM
work for multiple subdomains, proper numerical fluxes are
usually required at interfaces between the adjacent subdo-
mains to conserve the continuity of the temperature field
and normal continuity of the heat flux [20]. There are
two main types of DDM according to different numerical
fluxes: Lagrange multiplier-based DDM (LM-DDM) and
interior penalty-based DDM (IP-DDM). LM-DDM which
is represented by the finite element tearing and inter-
connecting (FETI) has been proposed where the enforce-
ment of the continuity condition is realized by introducing
Lagrange multipliers [21], [22]. Compared to the LM-DDM,
no Lagrange multipliers is needed in IP-DDM. Instead, the
Robin-transmission condition (TC) is enforced by IP weak
formulation to guarantee continuities across the subdomain
interfaces. Different IP-DDM algorithms also have been pro-
posed and obtained great effectiveness for multiscale mod-
els [16], [23], [24], [25].

For temporal discretization, several numerical methods
have been used for the transient thermal analysis of 3-D
ICs [26], [27]. Among them, the typical explicit time
methods include: forward Euler method [19] and leapfrog
method [23]. The implicit time discretization methods are
backward Euler method [16], [18], [22], [25] and Laguerre
polynomials method [21]. DDM can be well combined
with these time-domain algorithms. For example, in [19],
an element-level DDM with the forward Euler method is
employed to analyze the heat transfers in 3-D integrated cir-
cuits and packages with multiscale geometries. [25] utilizes
non-conformal mesh with the backward Euler method to ana-
lyze the 3-D chip-package-PCB models, compared with the
explicit solution method, the implicit method consumes more
computation in each incremental step. Nevertheless, it gener-
ates an unconditionally stable system which is irrespective of
time interval. Besides the forward and backward Euler time
stepping schemes, adaptive time step is becoming a popular
method [28], [29], [30], by setting the Adams-Bashforth for-
mula as the prediction term and the trapezoidal formula as the
difference between correction terms, the adaptive method has
been successfully employed in computational fluid [31]. Out
of the need for efficiently and accurately numerical modeling,
the adaptive time scheme based on FEM has been applied to
microwave heating [32] and thermal analysis of 3-D ICs [33].

In this work, incorporating adaptive time step, the DDM
technique is employed to generate a good-quality finite

element mesh and reduce the unknowns for 3-D complex ICs.
By combining the advantages of DDMand adaptive time step,
the new method can not only flexibly obtain mesh generation
but also automatically control time step. Compared with the
existing works, the DDMwith adaptive time step is proposed
for the first time to analyze the transient heat transfer of
3-D ICs. The proposed method has fewer DoFs and faster
time iteration through domain decomposition and adaptively
regulating time steps. The numerical performances of some
typical 3-D IC structures are thoroughly investigated in this
work to verify the accuracy and efficiency of the proposed
new method. The rest of this paper is organized as follows:
Section II describes the theoretical and mathematical details
of the proposed DDM algorithm with adaptive step time dis-
cretization, as well as the establishment of matrix equations.
In Section III, numerical examples are provided to validate
the proposed method by comparing it with the commercial
software COMSOL Multiphysics. Finally, conclusions are
drawn in Section IV.

II. GOVERNING EQUATIONS
In this section, the 3-D heat conduction equations with dif-
ferent types of boundary conditions are firstly presented and
then followed by the finite element formulas of time-domain
DDM. The adaptive time step iteration method combined
with DDM and its implementation is shown at the end of this
section.

A. 3-D HEAT CONDUCTION EQUATIONS
The governing equation of 3-D transient heat conduction is
given as:

ρC
∂T (r, t)

∂t
= ∇ · (κ(r,T )∇T (r, t)) + f (r, t) (1)

where ρ, C and κ(r,T ) represent the mass density, spe-
cific heat capacity and thermal conductivity of the material,
respectively. f (r, t) denotes the heat excitation changing with
position and time, and T (r, t) is the time-varying temperature
distribution in the computational domain. Different kinds of
boundary conditions are considered in this work [34], [35]:

T |01 = T0 (2a)
∂T
∂n

|02 = 0 (2b)

κ
∂T
∂n

|03 = −hc (T − Tambient) (2c)

κ
∂T
∂n

|04 = −ε0σ
(
T 4

− T 4
ambient

)
(2d)

where 01 represents the Dirichlet boundary and T0 is the
constant of temperature in (2a). 02 is the insulation boundary
in (2b) and n is the unit outward normal vector perpendic-
ular to the boundary surface. 03 is the natural convection
boundary, hc and Tambient denote the convective heat transfer
coefficient and ambient temperature, respectively in (2c). 04
presents the radiation boundary, where ε0 and σ are the sur-
face emissivity and the Stefan-Boltzmann constant, respec-
tively in (2d). Moreover, the 3-D transient heat conduction
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equation with a given initial temperature distribution:

T (r, t = 0) = Tinitial (3)

B. DDM DISCRETIZED SYSTEM
Here, we discuss the spatial discretization of DDM for 3-D
multiscale structures. Assuming the computational domain is
divided into N non-overlapping subdomains, nonconforming
meshes are employed on the interfaces between different sub-
domains.Meanwhile, in order to communicate fields between
adjacent subdomains, the continuities of temperature and
heat flux are needed to guarantee [36], [37]. Taking the i-th
subdomain as the local subdomain and assuming it is adjacent
to the j-th subdomain, the interface values of heat flux and
temperature should, respectively, satisfy:

−κ (i) ∂T
(i)

∂n(i)
= κ (j) ∂T

(j)

∂n(j)
(4)

T (i)
= T (j) (5)

and the governing equations in the i − th domain can be
described as:

ρ(i)C (i) ∂T
(i)

∂t
= ∇ · (κ (i)

∇T (i)) + f (i), i = 1, 2, · · · ,N

(6)

then, the following residual expressions are:

R�(i) = ρ(i)C (i) ∂T
(i)

∂t
− ∇ · (κ (i)

∇T (i)) − f (i) (7a)

2R(i)0ij
|q = −κ (j) ∂T

(j)

∂n(j)
−κ (i) ∂T

(i)

∂n(i)
(7b)

R(i)0ij
|T = δ

(
T (j)

− T (i)
)

(7c)

where 0ij means the interface between the subdomain i and
j (i, j = 1, 2, · · · ,N ). R�(i) represents the residual of subdo-
main i. R(i)0ij

|q and R
(i)
0ij

|T denote the jump for the heat flux and
temperature. δ is called as the stability coefficient which is
related to the mesh feature size and thermal conductivity [19],
[35]. By applying the Galerkin method, the weak form of (6)
is obtained as follows:∫

�(i)
W (i)
k · ρ(i)C (i) ∂T

(i)

∂t
d�(i)

−

∫
�(i)

W (i)
k · ∇ · (κ (i)

∇T (i))d�(i)

−

∫
�(i)

W (i)
k · f (i)d�(i)

= 0 (8)

where W (i)
k is the k − th test function in the i-th subdomain.

Employing Green’s identity, equation (8) can be converted
into: ∫

�(i)
W (i)
k · ρ(i)C (i) ∂T

(i)

∂t
d�(i)

+

∫
�(i)

∇W (i)
k · κ (i)

∇T (i)d�(i)

−

∫
∂�(i)

W (i)
k · n · κ (i)

∇T (i)dS(i)

−

∫
�(i)

W (i)
k · f (i)d�(i)

= 0 (9)

Finally, by considering the different boundary conditions, the
weak formulation of the i-th region yields:∫

�(i)
W (i)
k · ρ(i)C (i) ∂T

(i)

∂t
d�(i)

+

∫
�(i)

∇W (i)
k · κ (i)

∇T (i)d�(i)

+

∫
03

W (i)
k · hc(T (i)

− Tambient)d03

+

∫
04

W (i)
k · ε0σ (T (i)4

− T 4
ambient)d04

+

∫
0ij

W (i)
k · δ(T (i)

− T (j))d0ij

−

∫
�(i)

W (i)
k · f (i)d�(i)

= 0 (10)

In this work, the first-order nodal basis functions of tetra-
hedron elements are selected for spatial discretization, and
the spatially discrete linear equations of the i-th subdomain
can be written as:

M (i) dT̃
(i)

dt
=

N∑
j=1

L(ij)T̃ (j)
+ F (i), i = 1, 2, . . .N (11)

where T̃ (i) denotes the coefficient vector of the discretized
temperature in �(i),M (i) is the damping matrix, L(ii) includes
the stiffness matrix and the surface integrations in the i-th
subdomain. L(ij) (i ̸= j) represents the coupled matrix that
extracts the interface integrations between the i-th subdomain
and the j-th adjacent subdomain. F (i) is the heat excitation
vector of the i-th subdomain. Formulations of the above
matrices and vectors are as follows:

[M (i)]kl =

∫
�(i)

W (i)
k · ρ(i)C (i)W (i)

l d� (12)

[L(ii)]kl =

∫
�(i)

∇W (i)
k · κ (i)

∇W (i)
l d�

+ hc

∫
03

W (i)
k ·W (i)

l d03 + δ

∫
0ij

W (i)
k ·W (i)

l d0ij,

(13)

[L(ij)]kl = δ

∫
0ij

W (i)
k ·W (j)

l d0ij, i ̸= j (14)

[F (i)]k =

∫
�(i)

W (i)
k · f (i)d� − hc

∫
03

W (i)
k · Tambientd03

+ ε0σ

∫
04

W (i)
k · (T̃ (i)4

− T 4
ambient)d04 (15)

C. TEMPORAL DISCRETIZATION AND ADAPTIVE TIME
STEP
In the difference approximation method, the time derivative
of temperature field T can be approximated in a finite differ-
ence form:

(1 − α)
dT̃ (i)

n

dt
+ α

dT̃ (i)
n+1

dt
=
T̃ (i)
n+1 − T̃ (i)

n

1tn
(16)
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for 0 ≤ α ≤ 1 and a sufficiently small-time step 1tn, where
n and (n+1) represent the last n-th step and present (n+1)-th
step, respectively, and 1tn is the time interval. Setting α = 0,
the forward difference (11) can be obtained:

M (i) dT̃
(i)
n

dt
=M (i) T̃

(i)
n+1 − T̃ (i)

n

1tn
=

N∑
j=1

L
(ij)
T̃ (j)
n + F (i)

n (17)

Writing the discrete equation in a matrix form with:

A(i)forward = M (i) (18a)

b(i)forward = M (i)T̃ (i)
n + 1tn

N∑
j=1

L(ij)T̃ (j)
n + 1tnF (i)

n (18b)

At the same time, letting α = 1, the backward difference
equation can be written as:

M (i) dT̃
(i)
n+1

dt
=M (i) T̃

(i)
n+1 − T̃ (i)

n

1t
=

N∑
j=1

L
(ij)
T̃ (j)
n+1 + F (i)

n+1 (19)

the corresponding matrix form is denoted as:

A(i)backward = M (i)
− 1tnL(ii) (20a)

b(i)backward = M (i)T̃ (i)
n + 1tn

N∑
j=1,j̸=i

L(ij)T̃ (j)
n+1 + 1tnF

(i)
n+1

(20b)

To ensure stability in solving the transient thermal field
equations, especially for the explicit iteration method, the
relationship between the time step 1tn and the mesh size
h must follow the rule [38]: ldiffusion ∼

√
D1tn, where

D = κ/ρC is the thermal diffusion coefficient, ldiffusion
represents the thermal diffusion length. In terms of discrete
mesh, h =

√
ldiffusion/6 are required in thermal diffusion

length [39], [40].
For the sake of improving the computation speed, the

adaptive time step is preferred in this work in terms of its
ability to automatically control the time interval 1tn by the
error of two adjacent iterations between the correction term
and the prediction term. The formula in [41] is given as:

d(T̃ (i)
n+1) =

max(T̃ (i)
n+1 − T̃ (i),p

n+1 )

2
+ O(1tn)3 (21a)

1tn+1 = 1tn

 ε∣∣∣d (
T̃ (i)
n+1

)∣∣∣


1
3

(21b)

where ε is the threshold of the control step which effects
numerical accuracy and CPU time. It is set as 10−3 in this
work. To simplify the temporal discretization, the forward
difference is used to obtain the prediction term T̃ (i),p

n+1 and the
implicit backward Euler difference is employed to get the
correction term T̃ (i)

n+1. Every mesh cell in the same subdomain
uses the same adaptive time step. At the same time, the same
time step is also employed for different subdomains. The term
max(T̃ (i)

n+1 − T̃ (i),p
n+1 ) in (21a) describes the maximum error

within all subdomains. Then the adaptive time step depends
is the smallest one of the subdomains.

To clearly demonstrate the adaptive time iteration, the
corresponding pseudo-code is given as follows:

while error > ε

for i = 1 : N

A(i)backward = M (i)
− 1tnL(ii)

b(i)backward = M (i)T̃ (i)
n + 1tnF

(i)
n+1

for j = 1 : i− 1

b(i)backward = b(i)backward + 1tnL(ij)T̃
(j)
n+1

end
for j = i+ 1 : N

b(i)backward = b(i)backward + 1tnL(ij)T̃
(j)
n+1

end

solve A(i)backwardT̃
(i)
n+1 = b(i)backward

end
execute (21)

error = max(∥ T̃ (i)
n+1 − T̃ (i),p

n+1 ∥ / ∥ T̃ (i)
n+1 ∥)

end

(22)



for endtime < total time
for i = 1 : N

A(i)forward = M (i)

b(i)forward = M (i)T̃ (i)
n + 1tnF

(i)
n

for j = 1 : N

b(i)forward = b(i)forward + 1tnL(ij)T̃
(j)
n

end

solve A(i)forward T̃
(i),p
n+1 = b(i)forward

end
execute (22) to update 1tn+1

endtime = endtime + 1tn+1

end

(23)

The processing of the time iteration is shown in (22), and
the (22) is a loop in (23). By combining (22) as a loop
in (23) we can update each time step according to the error
between the correction term and the prediction term. In the
time discretization, the thermal radiation boundary condition∫
04
W (i)
k · (T̃ (i)4

− T 4
ambient)d04 in (15) is a nonlinear term.

In order to avoid the complexity of solving the nonlinear
equation, the temperature field of the n-th step T (i)

n is used
by F (i)

n in (22).

III. NUMERICAL RESULTS AND DISCUSSION
To verify the feasibility, accuracy, as well as stability of the
proposed DDM with the adaptive time step algorithm, sev-
eral representative examples are investigated in this section.
Meanwhile, to characterize the error between the proposed
method and the reference solution, relative error in L2 norm
is defined as:

Error = ∥TDDM − Tref∥ / ∥Tref∥ (24)
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FIGURE 1. A rectangular silicon brick model is divided into three different
subdomains for DDM implementation.

where TDDM denotes the solution obtained from the proposed
method, Tref represents the analytical solution or the reference
solution by the FEM commercial software COMSOL Multi-
physics.

It is important to note that the proposed method and
COMSOL are using different meshes in this work. COM-
SOL employs the conformal tetrahedral meshes, while the
proposed method utilizes non-conformal meshes. For each
numerical case, the convergent meshes need to be verified
first. Based on this, the finer meshes are used in COMSOL to
obtain the reference solutions. To compare time consumption
between the proposed method and COMSOL, a similar num-
ber of COMSOL mesh is also employed. Meanwhile, based
on the multiscale models and their different medium of each
subdomain, different meshing densities are obtained to meet
the thermal diffusion conditions. Currently, the proposed
method is coded and implemented in a single computer with
Intel(R) Core(TM) i7-7700CPU (3.60GHz,12-GBmemory).

A. SILICON BRICK
Firstly, the transient thermal profile of a rectangular silicon
brick is studied, and the calculated numerical results are
compared with its exact solutions [25]. The silicon brick
with dimensions 1 m × 1 m × 3 m is divided into three
different subdomains at z = 1 m and z = 2 m by the
non-conformal and independent meshes as shown in Fig.1.
The Dirichlet boundary conditions are set with T (x, y, z =

0; t) = T (x, y, z = L; t) = 0, where L = 3 m is the length of
the model in the z direction, and the remaining four surfaces
are the default thermal insulation boundary conditions. When
the initial condition is set as T (x, y, z; t = 0) = sin(πz/L),
the corresponding analytical solution is obtained:

T (x, y, z; t) = sin(
πz
L
)exp(−

kπ2t
ρCL2

) (25)

The transient temperatures of three different points R1 =

(0.5, 0.5, 0.5) m, R2 = (0.35, 0.4, 1.5) m and R3 =

(0.38, 0.1, 2.7) m in the silicon brick are shown in Fig. 2 with
the stability coefficient δ = 104. To verify the accuracy of the
proposed method, the corresponding exact solutions by (25)
are presented as well. Good agreements between numerical
solutions and analytical solutions are obtained in Fig. 2.
The relative errors for the three different points are 1.28%,
1.19%, 1.64%, respectively. Meanwhile, in order to clearly

FIGURE 2. Comparison of the calculated temperature T at three different
locations R1, R2, R3 between the proposed method (markers) and the
exact solution (lines).

FIGURE 3. The nonuniform time steps obtained from the proposed
method.

show the time steps obtained by the adaptive time algorithms,
illustrative time steps selected by uniformly sampling (every
seven iterations) are presented in Fig. 3. It shows that the time
steps are automatically determined by the evolution of the
temperature fields in Fig. 2. That is, the time intervals are
smaller when the temperature fields change rapidly. While
when the temperature asymptotically approaches the steady
state as the time evolves, the time intervals become larger.
Table 1 compares the computational costs and time inter-
val values of the proposed method with COMSOL under a
similar amount of DoFs and conformal meshes. The com-
putational cost is mainly spent on the mesh pre-processing,
assembling and solving of discrete matrix. The CPU time
for post-processing plot of each point is much less than the
previous calculation time. Therefore, the computational costs
for point R1, R2 and R3 are almost the same, then only the
computational cost of R1 is shown in Table 1. From this table,
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TABLE 1. Time step values, cpu time and relative errors in proposed
method and COMSOL for silicon brick.

TABLE 2. Material parameters of the thermoelectric cooler case.

we note that compared with COMSOL using the fixed time
step, the proposed method shows significant improvement in
total CPU time (approximately 40 times). It clearly illustrates
that the new method can remarkably boost the computational
speed and economize the computational costs as same level
of accuracy is achieved.

B. THERMOELECTRIC COOLER
Thermoelectric coolers are widely used in a variety of appli-
cations ranging from consumer products to high-temperature
electronics equipment. They consist of multiple thermoelec-
tric arms sandwiched between two heat-conducting plates
with one side cool and the other side heat [42]. The 2-D cross-
sectional view of a thermoelectric cooler is shown in Fig. 4(a).
Due to the use of temperature-dependent material Bi2Te3
(N-type), its thermal conductivity changes nonlinearly with
temperature as presented in Fig. 4(b). The corresponding
material parameters of the model are shown in Table 2.
Based on the layered feature of the structure, the model

is naturally divided into five subdomains with independent
meshes from top to bottom, which are the upper Tungsten
layer, the upper copper layer, the Bi2Te3 layer, the lower
cooper layer, and the lower Tungsten layer. The number
of tetrahedron elements in each subdomain is 1,741, 8,423,
30,264, 5,915 and 3,408, respectively, and the corresponding
DoFs of each subdomain are 637, 3,209, 7,170, 2,337 and
1,194, respectively. Considering the device is driven by an
electrical signal of periodic sine waveform, the power con-
sumption on the top layer is set as P1 = 0.5 sin(0.035t) +

0.5 W with an isotherm boundary 293.15 K at the bottom
of the cooler [22]. The surroundings are thermal insulation
boundary conditions. Meanwhile, the initial temperature dis-
tribution is set to 293.15 K throughout the whole system.

The 3-D temperature distribution at t = 100 s obtained
by the proposed method is shown in Fig. 5(a), and the
corresponding 2-D cross-section temperature distribution at
x = 1 mm is plotted in Fig. 5(b). It can be seen that
the heat is effectively transferred from the upper side to
the lower layer and the temperature distribution is smooth
across different subdomains. The upper part of the cooler has

FIGURE 4. Cross-sectional view and material characteristics of the
thermoelectric cooler: (a) Cross-sectional view, (b) Nonlinear thermal
conductivity of Bi2Te3 (N-type). The geometrical parameters are given as
W1 = 8 mm, W2 = 1 mm, W3 = 0.5 mm, L1 = 2.2 mm, L2 = 1.7 mm,
L3 = 0.3 mm.

FIGURE 5. Temperature distribution of the thermoelectric cooler at time
t = 100 s: (a) 3-D temperature distribution, (b) Snapshot of the
temperature profile on YZ plane with x = 1 mm.

a higher temperature distribution, while the temperature of
the bottom layer is accordant with the boundary condition
with T = 293.15 K.
To further verify the accuracy of the simulation results,

the transient temperatures at two different observation points
R1 = (1.5, 0.98, 2.3) mm and R2 = (2.2, 1.5, 1) mm,
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FIGURE 6. Transient temperatures at points R1 and R2 by the proposed
method. References are obtained by COMSOL with 78,931 DoFs.

TABLE 3. Time step values, cpu time, and relative errors in proposed
method and COMSOL for the thermoelectric cooler.

which are located in the upper layer and the thermoelec-
tric arm, are given in Fig. 6, respectively. The references
obtained by COMSOLwith a larger amount of DoFs (78,931)
are also presented in this figure. Excellent agreements are
obtained between the proposed method and the references
with the relative errors being 0.17% for R1 and 0.07% for
R2, respectively. The time step values, the CPU time costs,
and relative errors by the proposed method and by COMSOL
with a similar amount of DoFs are also investigated in Table 3.
By utilizing the automatically adaptive step size algorithm
as shown in Fig. 6, the CPU time of the proposed method is
reduced by 39% compared to COMSOL, which proves that
the proposed algorithm is as well suitable for the 3-D complex
structure with temperature-dependent materials.

C. BANDPASS FILTER BASED ON LTCC
Low-temperature cofired ceramic (LTCC) composed of glass
and ceramics is widely employed in microelectronic packag-
ing, owing to its high conductivity and low cost. Meanwhile,
the multi-layer manufacturing process provides enough space
for LTCC to accommodate many resonators. In this subsec-
tion, a 3-D compact bandpass filter based on the LTCC mod-
ule is studied [43], [44]. The filter has four parts that include
the LTCC module, the top copper ground plane, the Roger
substrate, and the bottom copper ground plane as described
in Fig. 7(a). The resonators inside the LTCC module are
shown in Fig. 7(b), which consist of four metal layers: the
first layer includes the feeding lines, the second and fourth
are resonators and the third layer is the ground plane. These

FIGURE 7. (a) Lateral schematic of bandpass filter based on LTCC, (b) 3-D
distribution of resonators inside LTCC module.

TABLE 4. Material parameters of the LTCC case.

four layers interconnect each other. The height of the LTCC
module is h1 = 2.1 mm in Fig. 7 and the length d1 is
4.2 mm, the height of Roger substrate h2 equals to 0.83 mm
in which contains 34 Copper columns with a diameter of
d2 = 0.3 mm. According to the structures in Fig. 7(a),
the whole computational domain is divided into the corre-
sponding four subdomains. The number of elements for the
proposedDDMare 117,530, 9,408, 13,460 and 9,424, respec-
tively, and with the corresponding DoFs in each subdomain
being 162,122, 19,317, 21,704, and 19,282, respectively.
Moreover, due to the thin thickness of the ground planes
which are only 0.01 mm, high-quality meshing is crucial to
accurate numerical results. The thin layers here are divided
by aids of the powerful modeling flexibility of DDM, while
the mesh densities and DoFs of the rest parts are minimized
as much as possible to facilitate calculation. A multi-peak
square wave shown in Fig. 8 is set inside the whole LTCC
module to act as a heat source. Cooling through convection
and radiation takes place at all external boundaries with a
heat convective coefficient hc = 50 W/[m2

· K], a surface
emissivity ε0 = 0.93, and σ = 5.67 × 10−8 W/[m2

· K4].
Meanwhile, the initial temperature of the whole system is
298.15 K and their material parameters are given in Table 4.
The transient temperature at two observation points

R1 = (0.75, 0.54, 0) mm and R2 = (0.22, 0.15, 1) mm
which are located at Roger substrate and LTCC module are
shown in Fig. 9. The temperatures rise and fall twice in
the whole activation process which follows the square wave
patterns with the peak temperature happening at 75 s and
200 s, respectively. Figure 9 also depicts that the calculation
results well agree with the reference solutions from COM-
SOL. In Fig. 10, the 3-D temperature distributions at 185 s
and 190 s are provided by the proposed method where can
see the heat transfer inside LTCC. To more clearly observe
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FIGURE 8. The transient curve of the multi-peak square wave P2(t) of
LTCC module.

FIGURE 9. Transient temperature at points R1 and R2. References are
obtained by COMSOL with 952,106 DoFs.

TABLE 5. Time step values, cpu time and relative errors in proposed
method and COMSOL for LTCC case.

the transfer, the one side resonators transient temperature
fields as shown in Fig. 11 at the different time steps. Taking
COMSOL with 952, 106 DoFs as the reference solution, the
comparison for the proposed method and COMSOLwith less
DoFs of 201, 392 is shown in Table 5. The CPU time of
the proposed algorithm is reduced by 67% compared with
COMSOL under the fixed time step which clearly suggests
that the combination of DDM and adaptive time step has an
excellent performance.

FIGURE 10. The calculated temperature distributions of the LTCC module
by the proposed method at (a) t = 185 s, (b) t = 190 s.

FIGURE 11. 3-D transient temperature of the one side resonators in LTCC
module by the proposed method at (a) t = 185 s, (b) t = 190 s.

D. INTEGRATION PACKAGE AND INTERCONNECT
Finally, a 3-D IC package with vertically stacked-up chips
connected by TSVs is studied. The multilayer and multiscale
integration package shown in Fig. 12 has a similar structure
as in [19]. The module is comprised of the heat sink, thermal
spreader with 12 thermal vias, memory die with 24 TSVs, two
C4 layers and one CPU chip with 54 TSVs whose material
parameters are given in Table 6. The height h1 of the top heat
sink is 6.8 mm, the height of h2 and h3 are the same, which
are equal to 0.5 mm, and d3 = 2 mm. The 3-D structure is
divided according to the functional layer into six subdomains
which are the heat sink, the thermal spreader layer, the mem-
ory chip layer, the upper C4 layer, the CPU chip layer and
the bottom C4 layer, respectively. The number of elements
in each subdomain is 128,945, 110,927, 436,149, 12,907,
283,136 and 9,728, respectively. The corresponding DoFs
are 42,758, 24,776, 79,716, 4,394, 53,390 and 3,292. The
heat sources in the CPU and memory chips are in the same
forms and distribution in [19]: Qc1 = 0.1Qc, Qc2 = 0.15Qc,
Qc3 = 0.175Qc, Qc4 = 0.125Qc with Qc = | cos(2πy/3l1)|.
Qm1 = 0.3Qm, Qm2 = 0.35Qm, Qm3 = 0.325Qm, Qm4 =

0.315Qm with Qm = | cos(3πy/2l1)|. l1 = 12 mm is the side
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FIGURE 12. Schematic diagram of the investigated 3-D IC package.

TABLE 6. Material parameters of the 3-D IC package.

FIGURE 13. Transient temperature at point R. Reference is obtained by
COMSOL with 803,409 DoFs.

length of the IC package. The thermal spreader layer is also
regarded as a heat source and its power is P = 3 W. The
heat sink layer has the equivalent convection boundary with
hc = 50 W/[m2

· K] and the surface-to-ambient radiation
boundary with ε0 = 0.93 and σ = 5.67×10−8 W/[m2

· K4].
The transient temperature at the point R = (−6, −6, −0.1)

mm placed in the CPU layer is shown in Fig. 13. Compared
with the reference obtained by COMSOL of 803, 409 DoFs,
the relative error of our proposed method is 0.02%. The 2-D
temperature distribution at x = 0.01mm and t = 100 s is pre-
sented in Fig. 14 when the system is in the stable state, we can
see due to the convection and radiation heat transfer by the top
radiator, the temperature on the upper part is lower. Putting
the COMSOL 803,409 DoFs as the reference solution and
comparing the proposed method with the COMSOL results
under similar DoFs, the CPU time and time step values are
given in Table 7. It clearly demonstrates that the DDM with

FIGURE 14. Cross-sectional view of temperature distribution on YZ plane
at x = 0.01 mm and t = 100 s.

TABLE 7. Time step values, cpu time and relative errors in proposed
method and COMSOL for 3-D IC package.

adaptive time step can reduce 68.5% CPU time within the
allowable error range, further proving the excellent efficiency
and accuracy of the proposed new method.

IV. CONCLUSION
In this work, a DDM algorithm with an adaptive time step is
proposed to analyze the thermal behaviors in 3-D IC pack-
ages. The numerical cases with heat conduction, convection
and radiation boundaries are investigated. The thermal anal-
ysis of several 3-D multiscale IC structures is compared with
COMSOL results to verify the accuracy and efficiency of
the new algorithm. By combing the advantages of DDM and
adaptive time step, taking the LTCC case as an example,
the efficiency is enhanced by 67% when the relative error is
0.5% compared with the references. The new method can not
only flexibly generate meshes for different scales, but also
automatically control time steps which significantly speeds
up computational efficiency. The thermal analysis of several
3-D multiscale IC structures is compared with COMSOL
results to verify the accuracy and efficiency of the new algo-
rithm. Due to its inherently parallel performance, future work
will focus on parallelizing the codes at a subdomain level
and thermo-mechanical multi-physics analysis. With all of
these performances and improvements, we anticipate that the
proposed method can be utilized routinely to simulate the
dynamic thermal analysis of 3-D ICs.
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