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ABSTRACT Process monitoring is typically performed with quality control charts. The normality assump-
tion is often taken into consideration for the development of control charts. However, this assumption
may not hold in many real-life situations. One such circumstance is utilizing the Vgqr chart to track the
process variability of Rayleigh distributed processes. The structure of the Vsqr chart follows the basic
design of the Shewhart-type chart, which is not sensitive mainly for smaller to moderate shifts in monitoring
parameter. In this paper, an enhanced approach, namely Rayleigh exponential weighted moving average
(REWMA) is introduced. The suggested REWMA scheme aims to significantly improve the detection
capabilities of the traditional Vsqr chart. Designated limits, along with charting parameters, are evaluated
for different sample sizes. The effectiveness of the suggested REWMA control chart is assessed in terms
of run length distributional parameters. Moreover, the Monte Carlo simulations are made to compare the
run length properties of the proposed REWMA chart with the existing competitor design. The comparative
assessment demonstrates that the suggested offers a considerable enhancement relative to the competing
design. An application of the REWMA chart on simulated data also reveals that the proposed chart is highly
sensitive to smaller and persistent shifts in the scaling parameter of Rayleigh distribution. Finally, an example
from real-life has been presented to illustrate the importance of the suggested chart.

INDEX TERMS Rayleigh distribution, estimation, control chart, non-normal process, EWMA chart,
simulation.

I. INTRODUCTION the SPC is the primary inspection technique for minimizing

In industrial production processes, statistical process control
(SPC) offers a variety of control charts for tracking abrupt
changes in parameters of quality characteristics [1]. This
method is commonly employed, notably in the service, chem-
ical industries, and manufacturing sectors to keep quality
tabs on production or manufacturing operations [2]. Man-
agerial framework in advanced industrial sectors is making
use of SPC’s helpful features to boost the quality of their
products [3]. Fundamentally, SPC is a collection of tools for
improving process stability, efficiency, and product quality
by identifying and tracking irregular fluctuations in a man-
ufacturing process [4]. In contrast, the control chart within
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production-line fluctuations. The primary goal of employing
a control chart is to determine abnormal changes in a process
as early as possible, hence preventing the production of faulty
products [5]. Monitoring a process is seen as a continuous
process that demands careful evaluation in order to achieve
improved output quality. Monitoring and spotting the usual
occurrences helps improve product quality and improve pro-
cess productivity [6], [7], [8]. Control charts make it easier to
distinguish between unnatural and natural fluctuations, which
lower the amount of scrap produced [9]. Timely identification
of changes that occur in a steady process is required, and dis-
persion and location are crucial elements in this regard [10].
Control charts were initially presented by Shewhart in 1926,
and since then, they have been employed in several produc-
tion processes [11].
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Even though Shewhart control charts are easy to utilize
and very effective at finding major changes in study param-
eters, they are not capable of detecting small or moder-
ate shifts [12]. However, memory-type charts, particularly
EWMA chart, MA chart, and CUSUM chart have incredible
performance in terms of faster respond on process shifts
since their plotting statistics rely on both past and current
information. Most studies on traditional designing control
charts are premised on the assumption that the underlying
processes are normal. This assumption, however, may not be
tenable for some real-life quality processes. If the underlying
quality characteristics are not normally distributed, the typi-
cal methods of chart designing may not be adequate and their
applications lead to invalid decisions [13], [14], [15], [16].
In this regard, non-normality-based monitoring schemes have
recently drawn a lot of research interest. For instance, using
the premise that the observed variable followed the log-
normal, Weibull, and gamma models, a monitoring scheme
has been designed in [17]. An exponential distribution-
based t-chart has been proposed by Santiago and Smith [18].
The percentiles-based charting design relied on the Gumbel
distribution studied by Rosaiah et al. [19]. Hossain, Omar,
and Riaz developed the V chart for Rayleigh quality char-
acteristics [18]. A charting design in the case of type II
censoring data under Weibull model has been suggested by
Hossain et al. [20].The Weibull model-based design for
type-II censoring and complete data was proposed by
Guo et al. [21]. Wang et al. [22] and Khan et al. have made
additional developments using the Rayleigh distribution as an
acceptable model for industrial variables [23], [24].The other
most updated references on nonnormal processes in respect
to Shewhart type designs can be seen in [25].There are also
many non-parametric graphical charts have been developed
to handle the distribution free data [26].

The EWMA monitoring scheme for non-normal heavy-
tailed distributions, including skewed distributions, has been
described by Borror et al. [27]. The authors conducted the
simulation experiment to determine the average run length
(ARL) distribution for the EWMA control chart’s perfor-
mance and concluded that it is robust for violations of
the normality assumption. For the asymmetric processes,
Alkahtani [28] investigated the behavior of double EWMA
and EWMA control charts. The transformation approach for
calculating the time between data points, as proposed by
Montgomery [29] may be utilized. The transformed expo-
nential distribution and Weibull distribution are examined by
Liu et al. [30] in the robust framework for cumulative quality
control and EWMA chart. Although non-normality-based
control charts have been widely investigated in the literature,
their design for specific quality characteristics needs more
exploration.

This research is an effort to provide an improved mon-
itoring scheme for Rayleigh distributed processes. Rapid
response to any changes in the process parameters and subse-
quently reducing variability in quality characteristics are two
key objectives of the SPC. The Vggr chart is one of the visual
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tools for achieving these objectives. The motivation of this
article is to suggest an enhanced monitoring scheme for the
Vsqr chart for monitoring the scale factor of the Rayleigh
model under EWMA framework.

The following sections will be covered in the rest of the
paper. Section II covers the preliminaries, Section III presents
the suggested control chart and other important aspects of
the proposed model, Section IV outlines the performance
characteristics of the suggested design, Section V explains
how to generate simulated data and implement the proposed
chart, Section VI compares the proposed chart to existing
design, Section VII provides an illustrative example of the
proposed design. The results and conclusions of the proposed
chart are discussed in Section VIII.

Il. BASIC RESULTS

This section provides an overview of the Rayleigh distribu-
tion and introduces it in a cohesive context. The following
concepts link the familiarization of the underlying Rayleigh
data-generated process and its applications in the process
monitoring charts.

The probability density function (PDF) and distribution
function (DF) of the Rayleigh model with a single scale,
parameter are respectively described as:

L -1y
f(z,(p)ZFe ¢ 572>0,¢ >0 (1)

1 2
F(z,¢)=1—e_7($);zzo,<p>0 )

where z are realizations of the Rayleigh followed random
variable Z, and ¢ is the scale parameter. In the framework of
probability theory, PDF and DF are defined as the integral of
the variable density over a specified range. The PDF function
whose general integral from any two points z; to z; equals the
likelihood that the variate will fall within that range. Whereas,
the likelihood that the variate assumes a value less than or
equal to point z is expressed as H (z, ¢). The parameter ¢
denotes simply the scale factor whose different values result
in various density curves of the Rayleigh distribution. The
graphs of PDF and DF for a continuous Rayleigh random
variable with different values of the scale parameter are
respectively given in Figure 1.

Figure 1(a) illustrates that the densities are asymmetric
and skewed toward the right, particularly for smaller val-
ues of ¢. Although the graph varies with different values
of ¢, the Rayleigh skewness parameter remains constant.
In addition, Figure 1(b) depicts the overall behavior of DF,
which is right continuous, steadily increases, and varies in the
interval [0, 1].

Most studies employ the traditional maximum likelihood
(ML) approach to estimate the Rayleigh distribution’s param-
eter. Consider a set of m observations z;,za, . ...z, are taken
as a random sample from the Rayleigh model. The point
estimator based on the ML approach is given by:

p Zi2

2m

¢ = 3
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FIGURE 1. Graphs of the Rayleigh distribution at various values of the scale parameter (a) PDF (b) DF.
Now the derivation of Vr-control chart is established on the Statistical average and variance of the random variable R can
distribution of the following defined random variable. be expressed as:
1
>n,z E(R) = %
VrR==—" “4) m 2 9)
2m r(m+1)
. e Var (R) = 2(m — (—5
where the random variable Z; follows the Rayleigh distri-
bution and definition corresponds to the underlying fixed =~ Estimate the average and scale parameters of the random
realization variable Vsqr.
m 9 Then the average and variance of the desired statis-
@ = in1 % (5) tic Vsqr, utilizing the pivotal quantity can be established
2m as [19]:
The prime distributi(z)n of VR is a gamma distribution with E (VSQR) = ¢A(m) (10)
parameters m and %, so the Vr-control design having the Var (VSQR) = goz[l—A(m)z]

following parameters: ) )
The T-sigma limits of Vggr-chart based on the corresponding

LCL = E (Vg) — T % SD(VR) 6 sampling distribution of square root statistic are established
UCL = E(Vg) + T % SD(Vg) ©) 4 given below:
where the T is a quantile of the gamma distribution for a LCL = pAm)—To,/1 — A(Zm)
consztant value of type-I error, and VR is an unbiased estimator UCL = g A +Tg \/ﬁ (11)
of p°. (m)
The control chart design is based on a positive skewed :
. e . . F(m+§) . . .
square root design of Vgqr-statistic is given by: where Agm) = JmTm 1S sample size dependent function, and

T is the quantile of the chi distribution, chosen according to

72 the set the value of false alarm rate «.
Vsor = % @) Both designs are commonly used for monitoring the scale
parameter of Rayleigh distributed processes. However, the

efficiency performance in terms of average run length (ARL)

m 52 . .
where /> 2, Z follows the chi model with a degree of ;g power curves indicates that Vggr-chart is better perfor-

freedom 2m [23]. mance in identifying the moderate to larger changes in the
Thus the PDF ofrandom variable R can be expressed as: scaling factor ¢. To further enhance the out-control perfor-
N mance of Vggr-chart in conditions of smaller to moderate
o 2l-mp2m—le—7 g shifts in the studied parameter. The REWMA charting proce-
(e = J/m ®) dure is outlined in the following section.
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lil. PROPOSED CHART

The procedure of the proposed REWMA chart has been
described in this section. Let the under-study quality
characteristic assumes the Rayleigh distribution as given
in Eq. (1). Suppose the realizations z1, z;, . . .z, constitute a
random sample of size n from the Rayleigh model with scale
parameter ¢. The geometric moving average (GMA) scheme
based on the statistic of interest can be defined as follows:

Yi=(1—m)Yi—1+7Vsqri (12)

where Y] is a realization of the GMA at time i(i=0,1....)
and smoothing quantity s belongs to an interval limit zero
and one, i.e., m € ]0, 1]. The sequentially recorded obser-
vations Vsqri are the estimated values calculated for each
subgroup of size n over the designed sampling scheme. The
smoothing weights 7 decease exponentially as in the geo-
metric expansion. The initial value Y is often set as to be
the monitoring quantity. Due to the resembling Eq. (12) to
geometric progression, many other properties of GMA can
be established.

The realizations Y; in Eq. (12) can be alternatively
expressed in terms of the moving average of past and current
observations as follows:

Yo =¢o, . (13)
Yi=0-7m) Yo+ Z};(l) 7 (1 =) Vsqi-j)
where the initial value set to the target value and the weight-
ing quantity 7 (1 — ) fall off in an exponential pattern as
observations turn into less recent status.

Because of the smoothing process, the influence of a
value on the test statistic decreases exponentially with time
or with the number of additional observations, with the
weighting factor controlling the decay rate. The proposed
REWMA chart is more flexible design because setting the
smoothing constant 7 equal to 1 yields the conventional
Vsqr-chart. In this way, the suggested REWMA process
monitoring scheme represents a generalized structure of the
Shewhart-type Vsqr-chart. Thus the parameters of the pro-
posed REWMA are the statistic Yj, lower control limit (LCL)
and upper control limit (UCL) as given below:

UCL = pAm) + TS(VSQR)\/(%))[I — (1 — )]
LCL = gpAqm) — TS(VSQR)\/(ﬁ))[l — (1 — m)4]

(14)

where E(VsQr) = @Am) and S¢vgor) = ¢4/1 — A(zm) respec-
tively mean and standard deviation of the Vsgr estimator,
and T is the adjustment factor used for the symmetrical
construction of the proposed chart. The value of 1 is usually
adjustable by thefalse alarm rate.

Alternatively Eq. (14) can be rewritten as:

(15)

LCL = ¢G,
UCL = ¢G;
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where Q| = A — TS(VSQR)\/(ﬁ))[l — (1 — 7)%] and

Q2 = A + TS(vsquy/ (ZZI1 — (1 — 2]

Whenever Yj lies behind the control limits LCL and UCL,
the process is assumed to be in the state of instability, and
action should be taken with the intention of swiftly identify-
ing uncontrollable situations.

Limits given in Eq. (15) are time varying i.e., changes with
time period i.

As 1 becomes large, the quantity [l — (1 — 71)21]
approaches to unity. Thus the steady form of control limits
in case of a larger value of i can be written as:

UCL = @A) + TSwsgr)y/ 75
LCL = @A) — TS(VSQR)\/ %

However, the exact limits given in Eq. (15) are strongly rec-
ommended for the construction of the proposed chart. Exact
limits improve the control chart’s ability to indentify an off-
target state quickly after the REWMA scheme is initiated.
Usage of proposed described above based on the assumption
that in-control state parameter is know. However process
parameters are typically not available in certain situations and
are approximated using an in-control retrospective.

In the case of an estimated value of ¢, Eq. (15) can be
written as:

(16)

LCL = <p;G1 ] a7
UCL = ¢G,
x ZJKZI Vsorj . ..
where ¢ = ==—— and K are available preliminary

samples. The adjustment factor 7 can be obtained using
the Monte Carlo simulation. To perform the Monte Carlo
simulation scale factor ¢ is set to be 1.5 and data is generated
from the sampling distribution of Vggg statistic. Simulation
runs are performed until we get the pre-specified value of in-
control ARL. In our case and in-control ARL of 100 is used
and value of T are computed across the different sample sizes.
Thus the values of T that determine the width of the proposed
chart and subsequently utilize in obtaining the factors G| and
G» are provided in Table 1.

Table 1 shows the values of factor T computed from the
Monte Carlo experiment of 10° runs such that pre-specified
value of in-control ARL is approximately obtained. Addition-
ally, the values of factors G| and G; are computed and given
in Tables 2-4 for different values of smoothing constant and
sample sizes.

Tables 2-4 show values for the coefficients G; and Ga
that can ease the computation work of the proposed chart,
and control limits can be constructed without involving the
adjustment factor L.

IV. PERFORMANCE MEASURES

In this section, the RL distribution properties are pre-
sented to assess the statistical performance of the proposed
chart. An extensive simulation is performed to evaluate
the performance of the REWMA chart. Let us assume by
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TABLE 1. Computed values of the factor T for REWMA chart.

Sample In control average run length value equal to 100
n=0.04 m=0.08 m=0.20 n=0.40 n=0.60
2 2.988 2.336 2.396 2.494 2.548
3 2.618 2.270 2.388 2.494 2.536
4 2.465 2.233 2.378 2.499 2.546
5 2.352 2.216 2.383 2.502 2.547
6 2.281 2.200 2.384 2.498 2.543
8 2.198 2.157 2.384 2.505 2.549
10 2.140 2.173 2.382 2.506 2.555
12 2.096 2.149 2.366 2.499 2.549
TABLE 2. Coefficients = G; and G, for the proposed scheme at = = 0.04.
Time index Sample size
3 5 10
Gy Gy G Gy G Gy
1 0.9298 0.9889 0.9546 0.9961 0.9741 1.0010
2 0.9184 1.0003 0.9466 1.0041 0.9689 1.0062
3 0.9102 1.0086 0.9408 1.0099 0.9652 1.0100
4 0.9037 1.0151 0.9362 1.0145 0.9622 1.0129
5 0.8983 1.0205 0.9324 1.0183 0.9598 1.0154
6 0.8937 1.0250 0.9292 1.0215 0.9577 1.0175
8 0.8863 1.0324 0.9240 1.0267 0.9543 1.0208
10 0.8805 1.0382 0.9200 1.0307 0.9517 1.0235
12 0.8760 1.0428 0.9168 1.0339 0.9496 1.0255
14 0.8723 1.0465 0.9142 1.0365 0.9479 1.0272
16 0.8693 1.0495 0.9120 1.0387 0.9466 1.0286
18 0.8668 1.0520 0.9103 1.0404 0.9454 1.0297
TABLE 3. Coefficients G; and G, for the proposed scheme at = = 0.20.
Time index Sample size
3 5 10
Gy Gy Gy Gy Gy
1 0.8246 1.0941 0.8702 1.0805 0.9127 1.0624
2 0.7868 1.1319 0.8407 1.1100 0.8917 1.0834
3 0.7664 1.1523 0.8248 1.1259 0.8804 1.0947
4 0.7545 1.1643 0.8154 1.1353 0.8738 1.1014
5 0.7472 1.1716 0.8097 1.1410 0.8697 1.1054
6 0.7426 1.1761 0.8062 1.1445 0.8672 1.1080
8 0.7380 1.1808 0.8026 1.1481 0.8646 1.1106
10 0.7361 1.1827 0.8011 1.1496 0.8636 1.1116
12 0.7353 1.1834 0.8005 1.1502 0.8631 1.1120
14 0.7350 1.1837 0.8002 1.1505 0.8630 1.1122
16 0.7349 1.1839 0.8001 1.1506 0.8629 1.1123
18 0.7348 1.1839 0.8001 1.1506 0.8629 1.1123

discussing the scenario where the production process is in
the state of IC. The REWMA chart could give false signals
of process distributional shifts because the control limits are
used as decision-making thresholds, and observed data are
random. In terms of testing a hypothesis, this is called the
type-I error. Thus in the context of hypothesis, we have
to observe if the process changes its in-control state or
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not. We formulate our problem by adopting the following
hypothesis:

Hop: ¢ =¢o; i.e., process is in-control at the target state ¢

Hi: ¢ =A@y = ¢1; i.e., process is shifted to another
state .

The RL is a collection of samples from the initial time of
consideration until the process triggers an OC signal. The
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TABLE 4. Coefficients G; and G, for the proposed scheme at = = 0.60.

Time index Sample size
5 10
Gy Gy Gy Gy Gy Gy
1 0.5300 1.3887 0.6381 1.3126 0.7468 1.2284
2 0.4970 1.4218 0.6122 1.3385 0.7282 1.2470
3 0.4919 1.4268 0.6082 1.3425 0.7254 1.2498
4 0.4911 1.4276 0.6075 1.3432 0.7249 1.2503
5 0.4910 1.4278 0.6074 1.3433 0.7248 1.2503
6 0.4909 1.4278 0.6074 1.3433 0.7248 1.2504
8 0.4909 1.4278 0.6074 1.3433 0.7248 1.2504
10 0.4909 1.4278 0.6074 1.3433 0.7248 1.2504
12 0.4909 1.4278 0.6074 1.3433 0.7248 1.2504
14 0.4909 1.4278 0.6074 1.3433 0.7248 1.2504
16 0.4909 1.4278 0.6074 1.3433 0.7248 1.2504
18 0.4909 1.4278 0.6074 1.3433 0.7248 1.2504
TABLE 5. Performance of the REWMA chart at the set value ARLy = 100.
Shifting m = 0.04
parameter n=2 n= n=
ARL [MRL [SDRL |ARL [MRL [SDRL [ARL |MRL [SDRL
1.00 99.64 68.72 99.14 99.89 68.89 99.39 99.97 68.95 99.47
1.04 29.23 19.91 28.73 23.04 15.62 22.53 19.13 12.91 18.62
1.06 14.22 9.51 13.71 12.23 8.13 11.72 9.96 6.55 9.45
1.08 7.75 5.02 7.23 7.38 4.76 6.86 6.06 3.84 5.54
1.12 3.76 2.24 322 3.79 2.26 3.25 3.18 1.84 2.63
1.15 2.76 1.54 2.2 2.7 1.5 2.14 2.24 1.17 1.67
1.18 2.04 1.03 1.46 2.09 1.06 1.51 1.8 0.85 1.2
1.20 1.86 0.9 1.26 1.85 0.89 1.25 1.62 0.72 1
1.50 1.08 0.27 0.29 1.06 0.24 0.25 1.04 0.21 0.2
1.80 1.02 0.18 0.14 1.01 0.15 0.1 1 0 0
2.00 1.01 0.15 0.10 1 0 0 1 0 0

RL is obviously a random variable because it is determined
by the observed random samples, which are assumed to be
independent and collected over equally space-time point. The
average of the RL is usually denoted by ARL which can be
estimated both for IC state (ARLg) and OC state (ARL;) of
the underlying process. The ideal circumstance for a particu-
lar control chart is, of course, its ARL value to be small and
its ARL¢ value to be large, but this is difficult to attain. In the
control charts theory, we often fix the ARL value at a certain
level and work to make the ARL{ number as less as feasible
to find a compromised value. The computation of ARL value
is estimated via Monte Carlo simulation using the following
formula:

M
ARL — Zi=1 Rl
M

(18)

where RL; is run length at ith run and M is the number of total
simulated runs. The usage of ARL as a performance metric
may not be adequate due to the large standard deviation
(i.e., high skewness) of RL distribution in the case of Rayleigh
distribution.Due to the possibility of inaccurate interpre-
tations based on the ARL measure, we have additionally
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considered the standard deviation and median of the RL
distribution as performance metrics. The skewness of run
RL distribution has a lesser impact on the median run
length (MRL) and it is still the 50th percentile of the RL
distribution. In simulation procedure, we have computed
the values of performance metrics under different IC and
OC scenarios of the Rayleigh process by assuming the IC
scale parameter value equal to 1.5. Computed values of
ARL at a fixed value of smoothing constant are shown
in Tables 5-6.

Table 5 provides the overall behavior of the REWMA chart
in terms of performance metrics under a substantial range of
increases in the scale parameter values. It can observe that the
ARL forthe IC state process is relatively closer to the set value
of ARL across the different sample sizes. Whereas ARL for
OC state continuously decreases as with an increase in ¢. For
instance, ARL values to detect a shift of 8% increase in scal-
ing parameter are approximately reduced to (35, 23 and 18)
for sample sizes (2, 5, and 8) respectively. Whereas the
MRL values for the same increase are approximately reduced
(24, 16 and 12) for sample sizes (2, 5, and 8), respectively. The
same discussion holds for results presented in Table 6, and
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TABLE 6. Performance of the REWMA chart at the set value ARLy = 100.

Shifting Smoothing constant m = 0.20
parameter n=2 n=5 n=
ARL [MRL [SDRL |ARL [MRL [SDRL [ARL |MRL [SDRL

1.00 100.23 69.13 99.73 100.14  69.06 99.64 99.64 68.72  99.14
1.04 61.29 42.14 60.79 50.32 34.53 49.82 42.62 29.19  42.12
1.06 46.83 32.11 46.33 33.48 22.86 32.98 26.79 1822 26.29
1.08 35.83 24.49 35.33 23.78 16.13 23.27 18.2 12.27 17.69
1.12 22.37 15.16 21.86 13.36 8.91 12.85 9.6 6.3 9.09
1.15 16.48 11.07 15.97 9.44 6.19 8.93 6.74 4.32 6.22
1.18 12.78 8.51 12.27 7.17 4.61 6.65 5.09 3.17 4.56
1.20 11 7.27 10.49 6.1 3.87 5.58 434 2.65 3.81
1.50 2.96 1.68 2.41 1.81 0.86 1.21 1.42 0.57 0.77
1.80 1.82 0.87 1.22 1.25 0.43 0.56 1.09 0.28 0.31
2.00 1.51 0.64 0.88 1.12 0.31 0.37 1.03 0.2 0.18

A et % ] /\A I

3 8o | A N

H e il
g - a b

T T T T T T

10 15

Samole nimber

20 25

FIGURE 2. The REWMA chart and Vgqp chart for IC process.

measuring indicators exhibit similar types of behavior under
different incremental shifts in the scale parameter values.

V. SIMULATION ANALYSES
In this section, the theory of the REWMA chart and its
effectiveness for detecting the smaller incremental changes
in target parameter are easily demonstrated using simulated
data. The simulated data is considered to validate the perfor-
mance of the REWMA chart for detecting the smaller shifts.
To do so, a random sample of 25 observations are randomly
generated from the Rayleigh distribution with scale parameter
¢ = 1.5 using the ShotGroups package in R software. These
25 observations are plotted in Figure 2 on the conventional
Shewhart type Vsgr chart with set-up values ARLy = 100
and n = 5 and the proposed chart with ARLy = 100, n = 6
and A = 0.20.

Note that all plotted points in Figure 2 are within the
designated limits, indicating that the underlying process is in
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a state of statistical control. Now to validate the sensitivity
of proposed control chart for detecting shift, another random
sample of 10 values is selected from the Rayleigh distribution
with scale parameter values ¢ = (0.90, 0.94) which are 18%
and 28% increased, respectively in the target value.These
10 observations may be considered a sample from an OC
state phase of the process after the process has exhibited a
shift in the observed parameter ¢ of amounts 20% and 30%,
respectively. Consequently, the process can assume to be in
an OC state, and the last 10 values are also plotted in Figure 3
and Figure 4

Figure 3(a) shows that there is a convincing indication that
the process is OC state because after 15™ points, all points
have upward drift and are above the central line, whereas
the traditional Vgg chart in Figure 3(b) is still indicating the
IC status of the process and is unable to detect a shift of
smaller amount in the study parameter. Likewise, in Figure 4,
the REWMA effectively detects the abrupt change in the
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FIGURE 3. The REWMA chart and Vsqg chart with 18% increment in the monitoring target.
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FIGURE 4. The REWMA chart and Vgqp chart with 28% increment in the monitoring target.

target parameter. On the contrary; Vsog chart does not provide
stronger evidence of the OC state of the process, which is in
fact OC after the 15™ sample. Of course, the relatively minor
size of the change in the target parameter is to account for this
failure.

VI. COMPARISON STUDY

We compare our suggested chart in this section to its coun-
terpart for the Rayleigh quality characteristic in terms of
power curves. In the control chart framework, it indicates
the likelihood of rejecting a lot of substandard quality or
allowing a process to continue in operation if it is performing
satisfactorily in relation to some quality feature. Therefore,
the likelihood of correctly rejecting the null hypothesis that
the process is in an IC state is represented by the term
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“power.” Statistically, the term power means one minus the
probability of type-II error. Generally, the value of type-II
error is based on sample size, and a smaller value of this
error is expected at a larger sample size. Now in our case,
we use power curves as efficiency metric to compare and
contrast the REWMA and Vggr charts. Using the designed
limits given in (14) and (16) power curves of the REWMA
chart and Vgqr chart have been computed at different values
of n and ARLy = 100. Power curves of the proposed chart
have been evaluated at smoothing constant 7 = 0.40, and
results obtained in comparison with Vsqr chart are shown
in Figure 5.

Power curves plotted in Figure 5 indicate that both charts
perform similarly when the constant shift value equal to one,
i.e., the underlying process is in an IC state. At IC state,
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FIGURE 5. Computed power comparisons of the suggested chart and Vsqp chart.

both charts provide power closer to presume the value of «,
i.e., 0.01, and it yields ARLy = 100. As the process departs
from the prescribed target, both control charts result in raising
in power. However, the proposed REMWA chart performs
efficiently to detect any abrupt increase in the scale parameter
value of the Rayleigh process as compared to the Vggr chart.
For instance, the associated power of the proposed chart for
detecting the shift of amount (10%, 20% and 30%) increases
in ¢ at n = 5 are approximately (0.019, 0.063, and 0.132),
which are higher than the corresponding powers of the Vsqr
chart, i.e., (0.003, 0.004 and 0.006).

The same holds for other sample sizes and overall, the
power of both charts increases with an increase in sample
size. The Vsqr chart performs equivalently to the proposed
chart for detecting a considerably larger shift size. In general,
Figure 5 suggests that the proposed chart is quicker and more
effective for detecting smaller increases in the scale factor of
the Rayleigh quality characteristic.

VIi. DATA APPLICATION

We demonstrate the usefulness of the REWMA control chart
using a real-life dataset, which contains the breakdown times
of 25 ball bearings during the survival test as reported by
Caroni [31]. This dataset is commonly used in survival analy-
sis to show the applications of statistical models for predicting
lifetime [32], [33]. Our goal is not to compare various mod-
els for this particular dataset, but rather to explain how the
REWMA method can be applied to real-life data. To evaluate
the accuracy of the Rayleigh distribution, we use subjective
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TABLE 7. Data on bearing failure times.

Sample Observations

Number  First Second Third VSQR
1 17.88 28.92 33.00 19.34
2 93.12 98.64 105.12 70.06
3 48.48 51.84 51.96 3591
4 41.52 42.12 45.60 30.49
5 67.80 67.80 68.64 48.14
6 105.84 127.92 128.0 85.59
7 54.12 555.56 67.80 42.05
8 86.64 68.88 84.12 83.32

probability plots. These plots are a useful tool for identifying
the probability distribution that is most suitable for modeling
the data.

Figure 6 presents the fitting plots of the Rayleigh model
applied to the dataset. Subjective evaluation of the plots
suggests that the dataset follows the Rayleigh distribu-
tion more reasonably. Formal statistical tests, such as the
Kolmogorov—Smirnov (KS) test, can also be used to confirm
the appropriateness of the model. The results of the KS test for
the fatigue failure time dataset show a distance of 0.209 and a
p-value of 0.620, indicating that the Rayleigh distribution is a
suitable model for the data. Therefore, we can use the dataset
to build our proposed control chart. We divide the data into
subgroups of size 3, resulting in a total of 8 subgroups, which
we then use to construct the chart. The bearing failure times
in millions of revolutions are as follows:

The estimated value of VSQR for each subgroup has been
calculated using equation (5) and is provided in the last
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FIGURE 7. Proposed control chart for failure times of ball bearing data.

column of Table 7. Based on the proposed design of the
REWMA chart for the ball bearing data, the maximum like-
lihood estimate of ¢ is 48.544. To construct time-varying
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control limits, we use the G; and G, coefficients for n = 3
as listed in Table 3. Figure 7 shows a graphical display of the
REWMA chart based on these values. Figure 7 reveals that all
of the data points are within the control limits, which indicates
that the Rayleigh scale parameter is within the expected
range and there are no abnormal patterns present. The data
points are observed to be concentrated around the center line,
indicating that the data generating process is operating within
expected limits.

VIil. CONCLUSION

In this work, a new monitoring scheme, namely the REWMA
chart for observing the scaling parameter of the Rayleigh
distributed process, has been devised. The proposed chart has
been designated on the sampling distribution of the ML esti-
mator of the Rayleigh quality characteristic under the frame-
work of the EWMA chart. Some formulae and designated
limits are derived to aid the practical implementation of the
suggested chart. The proposed design is the best alternative
of the Vsqr chart in terms of detecting smaller shifts in the
target parameter. The proposed REWMA chart design param-
eters have been computed for various sample sizes under the
assumption of Rayleigh output data. The essential statistical
features such as ARL, MRL, and SDRL of the suggested
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chart are evaluated through the Monte Carlo experiment.
Numerical findings based on performance evaluation reveal
that the suggested chart outperforms at reasonably larger
sample sizes. Simulation analysis also indicates the consid-
erable improvement of the REWMA chart over the existing
procedure in detecting shifts of smaller sizes in the study
parameter. The proposed scheme has been compared with its
counterpart in terms of the power function. The comparative
evaluation leads to suggest that the REWMA chart is quicker
and highly efficient for the smaller to moderate increments in
the scale factor of the Rayleigh characteristic.

In addition, a real data example has been considered to
describe the computation procedure of the REWMA chart.
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