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ABSTRACT This paper presents the development of an electromagnetic (EM) tracking system that consists
of a pyramid field generator (PFG) of five excitation coils and a sensing coil for location and orientation
estimation. The systemmeasures the induced electromotive forces (EMF) of the sensing coil with the change
of the magnetic field contributed by the PFG. The proposed modeling distributed magnetic flux (DMF)
method that divides the multi-turns sensing coil into multiple layers and concentric circles for the distributed
elements is utilized to determine EMF induced in the sensing coils for investigating the effects of translational
and angular displacement. The finite element analysis numerically verifies the DMF method and validates
the Artificial Neural Network (ANN)-based estimation models. The calibration and ANN-based estimation
process are applied to inversely estimate the location and orientation of the sensing coil based on the DMF
method and the experimental EM tracking system. The proposed design and a prototype of the EM tracking
system have experimentally verified the DMFmethod and showed the validity of the location and orientation
estimation.

INDEX TERMS Electromagnetic tracking, sensing system, location, orientation estimation.

I. INTRODUCTION
In computer-aided medicine, object tracking is a crucial tech-
nology that allows accurate positioning of the medical device
or where the anatomy is being performed [1]. Compared
to the traditional methods, conventional computer-assisted
interventions could help improve the accuracy of the surgery
and reduce the time of intrusion [2]. For example, image-
guided therapy could correct the operation location of a
patient by preoperative X-ray computed tomography or intra-
operative ultrasound [3]. However, image-guided therapy
only provides information regarding the relative location
between the equipment and the patient with want accu-
racy. Hence, the importance of computer-assisted interven-
tion research in three-dimensional space tracking technology
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would address the need for better instruments. Optical track-
ing is the most popular method in the industry, utilizing a
camera to locate the optical tag. This method boasts great
accuracy, but the difficulty in implementing it in places with
insufficient lighting or obscured line of sight suggests some
disadvantages to this technology. This problem concerns
minimally invasive surgeries, in which flexible endoscopes,
catheters, and needle tips enter the body during the operation
and can not be tracked or observed easily.

Electromagnetic tracking offers similar functions with-
out the need for visual clarity [1]. This advantage leads to
many possibilities in clinical applications, including intra-
body navigation of medical instruments during an operation
in tissues or internal organs such as the liver [2], lungs [4],
spline, kidney, adrenal glands, pancreas, lymph nodes, and
pelvis [5], [6], bronchoscopy [7], [8], neurosurgery [9] and
ear, nose and throat surgery [10]. Other applications include
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measuring the measurement and analysis of kinematics with
high degrees of freedom [11], the positioning of objects in
virtual reality [12], motion tracking and drill navigation [13],
and the location of continuum medical robots [14].

The basic EM tracking device consists of a field generator
and an EM sensor. When the field generator is activated,
the sensor could pick up the resulting change in the elec-
tromagnetic field, which could then be used to position the
device [15]. The general procedures are as follows: when
the device is placed on top of a sample, the field generator
is activated with a specific input waveform. The EM sensor
then perceives the magnetic field density (B) change that
manifests as the magnetic flux (MF) and electromotive force
(EMF). The distance between the sample and the device,
along with the relative pose of the sensor, is correlated to the
measured EMF. With this relationship, the B as perceived by
the EM sensor, could be used to calculate the exact position
and pose of the device inversely.

The common design for the field generator is the triaxial
generator design that provides sufficiently unique magnetic
fields in three orthogonal directions using three orthogonal
coils [16]. A single coaxial transmitter can also achieve six-
degree-of-freedom (DoF) tracking without the variability of
the orientation [17]. Similar to the field generator, there are
several choices in creating sensing agents to pair with the
generator. The anisotropic magnetoresistive (AMR) has a
compact size and high sensitivity to receive the B in the
air. The simple structure of the triaxial AMR was utilized to
compute six-DoF position tracking with 2.6±0.79mm pose
error and 1.4±0.61o orientation error [17]. The three-DoF
digital magnetic sensor with array placement is also used to
track the three-DoF displacement of three air-core coils with
a mean absolute error of 3 mm at 42 cm [18]. The triaxial
tunnel magnetoresistance (TMR) sensors are used as anchors
to estimate five-DoF information on the excitation coil [19].
However, the position error would emerge in the long-range
caused by the measurement constraint for the sensor design.
For long-distance and six-DoF measurements in practical
applications, the sensing coil could more flexibly adjust the
geometry of the coil to meet the actual system.

The common method is using the sensing coil to mea-
sure the change of the MF by the varying EMF [1]. The
large-area coils, which effectively capture the change in
MF in space, are utilized to assist in the calculation of
position and roll angle [20]. The quantitative evaluations
of some commercial electromagnetic tracking systems have
been analyzed [21]. The NDI aurora has a relative error of
0.96mm±0.68mm, and Ascension microBIRD has a relative
error of 1.14mm±0.78mm for a distance of 50 mm. The rel-
ative rotation errors are 0.51◦ and 0.04◦, respectively. Apart
from sensing coils, a fluxgate sensor which constitutes two
coils with opposite polarity and measures the second har-
monic Fourier component of the magnetic field is designed
for measuring the direct current component of the magnetic
field, while a sensing coil detects the alternating current
fields [12].

The modeling of the magnetic fields is needed to design
magnetic sensing devices. In some research, the magnetic
flux densities generated from the coils are formulated by
the magnetic moment vectors. The closed-form formulas of
location and orientation are deduced [12] or solved numeri-
cally by a nonlinear least-square optimization algorithm [22].
Apart from the magnetic moment vectors, the magnetic field
is modeled characterized by the distributed multipole models
for calculating the magnetic field around a permanent magnet
or an electromagnet for designing a permanent-magnet-based
actuator [23] and magnetic induction tomography [24].

Motivated by the need for a tracking system to estimate the
posture and position of the sensing coil bolstered by rigorous
theoretical analysis, this paper illustrates an EM tracking
system design that fits this description. The remainder of this
paper offers the following:
– An EM tracking system design that uses a five-EM-

pyramid field generator (PFG) and a sensing coil for the
six-DoF tracking is introduced. The induced EMF of the
sensing coil is expressed in the closed-form solution by
the proposed distributed magnetic flux (DMF) method
and through the numerical integration to simplify and
discrete the solutions.

– The effects on the sensing coil of the translational and
angular displacement by comparing the values of the
DMFmethodwith FEA simulations and constructing are
verified, and the inverse estimation model for the esti-
mation of location and orientation through the artificial
neural network (ANN) is validated.

– The calibration and estimation processes experimen-
tally illustrate the location and orientation estimation
feasibility.

II. ELECTROMAGNETIC TRACKING SYSTEM DESIGN
Fig. 1 illustrates the proposed design of an EM tracking
system for six-DoF parameters of location TS = [TSx, TSy,
TSz]T and orientationMS = [MSx, MSy, MSz]T estimation of
the sensing coil. The PFG consists of five identical excitation
coils (EMi, i = 1∼5).
Except for the vertical placement of the EM1 with [0,0,1]T

axial vectorsME1, the rest of the EMs are slightly tilted with
axial vectors (MEi, i = 2∼5) and point in different directions.
The orientation of the tilted EMs can also be specified by the
Euler angles α, β, and γ . The PFG is symmetric with respect
to the global coordinate axes. The origin of the Cartesian XYZ
global coordinates is at the centroid of the combination of the
four inclined EMs. Each excitation coil has a set of position
and orientation vectors of TEi and MEi(i =1, 2, 3, 4, 5),
respectively.

Another agent in Fig. 1(a) is the sensing coil with a trans-
lation vector TS and a pose vector MS. The relationship
between the excitation coils and the induced EMF in the
sensing coil is best understood with the transformation shown
in Fig. 1(b). Illustrated by using EM1 with its Cartesian
coordinate (X1, Y1, Z1) where the Z1-axis passes through the
axis of the EM1 and the origin is at its centroid. The sensing
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FIGURE 1. Schematics of the EM tracking system. (a) Pyramid field
generator and sensing coil. (b) Sensing coil in excitation coil 1 coordinate.
(c) Variables/parameters used in the modeling.

coil with six-DoF is described by the translation vector ts1
and axis vector ms1 related to the EM1 coordinate system.
A local Cartesian coordinate (Xs, Ys, Zs) is assigned to the
sensing coil, where the axis vector is denoted as ms1. When
EM1 is activated, a harmonic current density Je flows through
the excitation coil, creating a harmonic magnetic field.

The varying B in space induces EMF in the sensing coil
to be captured and analyzed. Detailed schematics for deter-
mining the EMF of the sensing coil from a single EM can be
found in Fig. 1(c). The coordinate system of the EM trans-
ferred from Cartesian to cylindrical coordinate (R1, θ1, Z1)
is applied for modeling magnetic fields in the air generated
from the cylindrical electromagnets. The (aei, aeo; ae) are the
inner radius, outer radius, and half-length of the excitation
coil. The proposed DMFmethod divides the sensing coil with
muti-turn into multiple layers of distributed elements. The
MF passing through the coil is calculated by summarizing
theBmultiplied by the surface area. Therefore, the number of
sensing coil winding turns along Xs and Zs-axes are Nsx and
Nsz individually. In Fig. 1(c), the coordinate of the sensing
coil turns in Xs direction from the inner (asi) to the outer
radius (aso) and in Zs direction from the top (as) to the bottom
(as) is described as (Xsj,k , Ysj,k , Zsj,k , j = 1,2,. . .Nsx , k = 1,
2, . . .Nsz). rs, zs are the positions in the radial and axial
direction of the sensing coil. r1, z1 are the positions in the
radial and axial direction of the first excitation coil. Rs, Zs,
R1, Z1 are normalized parameters. Characteristic geometrical
parameters normalized to aeo in x, y directions and ae in z-
direction in the dimensionless form are listed in Table 1.

The k value of the sensing coil’s coordinate means the layer
order of the sensing coil turns, and j represents the radius
order of the cross-section circle, which encloses the axial
vector of the coilms. TheMF is the inner product of the cross-
section plane vector and the magnetic field for Faraday’s law,
so the scalar multiplication is operated by the z-component B
and the elliptical area projecting the circular area to the
XY-plane. The distributed element of the sensing coil is
to divide a cross-section ellipse into tiny rectangles with
infinitely short side dXs, dYs, and the area vector Sj,k can
be determined to be [0,0,1]T. Besides, the vectors r’ and r
extend from the origin to one line segment in the EM and one
element of the sensing coil.

TABLE 1. Characteristic geometrical parameters.

A. MODELING OF ELECTROMOTIVE FORCE
The working principle of the EM tracking system is that the
harmonic currents passing through the excitation coil gener-
ate the harmonic B, and change the MF passing through the
cross-sections of the sensing coil. The change of theMF leads
to the EMF.

1) GOVERNING EQUATIONS
The excitation coil generates the BE in the space with the
r distance by the integral volume of the excitation coil is
determined by Bio-Savart’s law:

BE(r) =
µ0

4π

∫
�

J(r′) × (r − r′)

|r − r′|
3 dV (1)

where J(r’) is the current density passing through the r’
coordinate of the excitation coil with its volume �. The MF
of the sensing coil is calculated by integrating the B over a
cross-section area vector S:

8 =

∫∫
s

BE (r) · dS (2)

According to Faraday’s law, the EMF Vb in the wire of the
sensing coil is determined by the number of turns Nw times
the time derivative of the MF:

Vb = −Nw
d8

dt
(3)

For the cylindrical shape excitation coil, the BE in (1)
is expressed with the current density JE with the cylinder
coordinate:

BE = ηE(r)JE (4)
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where ηE(r) depends on the winding geometry:

ηE(r) =
µo

4π

2π∫
θ=0

ae∫
Z=−ae

aeo∫
R=aei

eθ × (r − r′)

|r − r′|
3 R dR dZ dθ (5)

The orientationM is determined by the rotation matrixR=

Rz(γ )Ry(β)Rx(α) established by Euler angles α, β, γ from
the Z -axis direction of the global coordinate [0,0,1]T. The
rotated axial vectorM is rewritten as

M =

 cosα sinβ cos γ + sinα sin γ

cosα sinβ sin γ − sinα cos γ

cosα cosβ

 (6)

As shown in Fig. 1(c), one cross-section ellipse of a sensing
coil’s layer is divided into tiny rectangles; the combined EMF
in the sensing coil can be determined by summarizing all
contributions from each circle and layer of the sensing coil
turns. For the same layer or the same k value of the sensing
coil turns coordinate (Xsj,k , Ysj,k , Zsj,k ), the coordinate point
encloses the axial vector of the coilms with the radius Rsj by
a circle equation X2

s +Y 2
s = R2sj. However, the translated and

rotated sensing coil may change the cross-section equation of
the coil to the ellipse equation, which the projection technique
can solve. A circle with radius Rsj and centered at (0, 0, Zsj,k ),
which the cylinder coordinate point Ps in the sensing coil
coordinate can be expressed as (Rsjcosθ , Rsjsinθ , Zsj,k ). The
position Ps of the circle rotated by α, and then γ with respect
to the X -axis and Z -axis can be expressed as the position in
the ellipse coordinate Pe via homogeneous transformation.
Equations (7a) and (7b), as shown at the bottom of the page.

Rse is the rotation matrix transferred from the sensing
coil coordinate to the ellipse coordinate. Rγ , Rα are the
rotation around z and x-axis. Because the coordinate of the
rotated Pe is relative to the coordinate system of the EM1,
the cross-sectional area of the sensing coil needs to project in
the X1-Y1 plane for measuring magnetic flux. The following
procedure obtains the ellipse form of the projected coordi-
nate. The first step is to determine the ellipse central (x0, y0)

by the rotation matrix Rse x0
y0
0

 = Rse

 0
0

Zsj,k

 =

 Zsj,k sinα sin γ

−Zsj,k sinα cos γ

0

 . (8a)

The second step is to eliminate Zsj,k terms in x and y compo-
nents of Pe, rewritten as

x − Zsj,k sinα sin γ

= Rsj cos θ cos γ − Rsj sin θ cosα sin γ

y−
(
−Zsj,k sinα cos γ

)
= Rsj cos θ sin γ + Rsj sin θ cosα cos γ

(8b)

(8b) is multiplied by cos(γ ) and sin(γ ) in x and y terms
individually then summing two equations as

x sin γ − y cos γ = −Rsj sin θ cosα + Zsj,k sinα (8c)

(8b) is multiplied by sin(γ ) and cos(γ ) in x and y terms
individually then subtracting two equations as

x cos γ + y sin γ = Rsj cos θ. (8d)

(8c) and (8d) are rewritten as the forms by adding ellipse
central (x0, y0) to eliminate Zsj,k{

(x − x0) sin γ − (y− y0) cos γ = −Rsj sin θ cosα

(x − x0) cos γ + (y− y0) sin γ = Rsj cos θ
(8e)

The square of the (8e) in left and right terms and sum-
ming is to obtain the ellipse equation with the center of the
ellipse (x0, y0) can be represented as

[(x − x0) cos γ − (y− y0) sin γ ]2

+
[(x − x0) sin γ − (y− y0) cos γ ]2

cos2 α
= R2sj, (8f)

where xo = Zsj,k sinα sin γ, yo = −Zsj,k sinα cos γ.

The MF for one ellipse can be calculated by taking the
surface integral of the B over the enclosed ellipse with the
sides dXs and dYs. The MF of the sensing coil 8E is derived

Pe = RsePs,

where Ps =
[
RsjcosθRsjsinθ Zsj,k

]T
Pe =

[
x y z

]T
=

 Rsj cos θ cos γ − Rsj sin θ cosα sin γ + Zsj,k sinα sin γ

Rsj cos θ sin γ + Rsj sin θ cosα cos γ − Zsj,k sinα cos γ

Rsj sin θ sinα + Zsj,k cosα

 (7a)

Rse = RγRα

where Rγ =

 cos γ − sin γ 0
sin γ cos γ 0
0 0 1

 ,Rα =

 1 0 0
0 cosα − sinα

0 sinα cosα

 .

(7b)
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by summing the MFs from layers of coils and integrating
elements consisting of multiple ellipses with different radii.

8E =

Nsz∑
k=1

8Ek (9)

8Ek is the MF of the k th layer. Nsz is the number of layers.

8Ek = JE
Nsx∑
j=1

∫∫
S

ηE(r)dYsdXs (10)

With a sinusoidal current, the MF 8E = |8E|e−jωt, and
using (3), the EMF is written as

VE = −jω8E . (11)

The harmonic response of EMF is shown to have a constant
90o phase shift from the input currents of the excitation coil.
The MF passing through the sensing coil is done by first
calculating a triple integral and then calculating a surface
integral with area vector S. (5) and (7b) are rewritten as

8Ek

=
µ0JE
4π

Nsx∑
j=1

∫ ∫ ∫ ∫ ∫
f (R, θ,Z ,Xs,Ys)dR dZ dθ dYsdXs

(12a)

where f

= R
eθ × (r − r′)

|r − r′|
3 S. (12b)

The MF through the cross-section of the sensing coil is
expressed in (2) and the integral form in (12a). The com-
putation of definite multidimensional integration is time-
consuming. Monte Carlo integration is a numerical method to
evaluate approximate integral value at arbitrary points in �.
As the number of sampling points increases, the value will
converge to an exact number.� ∈ R5 in (12a) is composed of
the five integral variables to form its volume Vj. The integral
volume equals the multiplication of the cylinder volume of
the excitation coil and the jth cross-sectional ellipse of the
sensing coil. The sample pointsXi are randomly selected with
equal probability in the domain � with the total number N .
The integrand f (R,θ ,Z,Xs,Ys) is turned into a discrete func-
tion f (Xi). The mean is adopted by summing discrete values
and dividing by N . 8Ek can be approximated by

8Ek =
µ0JE
4π

Nsx∑
j=1

Vj
N

N∑
i=1

f (Xi). (13)

The Monte Carlo integration method, sampling random
points within the integration region to take the mean value,
is used to speed up the computational time.

B. ELECTROMAGNETIC TRACKING SYSTEM DESIGN
The hardware of the proposed EM tracking system is illus-
trated in Fig. 2. The data acquisition (DAQ) system is utilized
as the interface that sends the signals to the current amplifier

FIGURE 2. Illustration of the EM tracking system.

by the analog output (AO) and the multiplexer connected to
the relay by the digital output (DO) to select electromagnets
(EMs) in turns from EM1 to EM5. The current (IE ) flowing
through the EMs can be measured by the cross peak-to-peak
voltage (VE ) value of the R ohm power resistor with Ohm’s
law. The EMs with current (IE ) generate the BE in space and
further the EMF (VS ) in the sensing coil. The peak-to-peak
current IE,pp and voltage VS,pp of the sinusoidal signals can
be read through the analog input (AI) to perform division to
normalize the current input (IE ) to one ampere.

In Fig. 3(a), the algorithm can be separated into two parts:
the precomputed reference map shown in the blue shaded
region and the actual procedures marked in black. The ulti-
mate goal of the system is to calculate the pose and posi-
tion vector of the sensing coil based on the induced EMFs.
Whether the data comes from the forward DMF model or
the experiments, there are two ways to relate the EMFs to
the corresponding location and orientation. The theoretical
values from the forward model with ideal assumptions can
be produced more efficiently than the experimental data. It is
also immune to outside noises that could distort the results.
Considering the requirements for a large amount of data to
train the neural network for the inverse calculation, the theo-
retical values are more advantageous, as the experiments lack
flexibility and are more time-consuming. However, a map-
ping relationship between these two sets of values must first
be found to use the ANN model trained with theoretical
values to perform estimations based on experimental data.

This relationship is first investigated by comparing the
values from the DMF model and the experiments from the
same sensing coil configurations. The sensing coil is set to
be in a set of locations Tg with a certain orientation Mg
in both the DMF model and experiments. The EMF values
from the former are denoted as Vg while the ones obtained
empirically would be called V̂g. With both Vg and V̂g and
knowing the identical setup Tg and Mg, a function can be
found by performing least square fitting that could transform
V̂g to Vg, and this step is referred to as calibration.
Aside from the calibration, which relates the experimental

EMF values to the theoretical ones, an estimation process
is needed to calculate the pose and position vectors based
on the EMF values. This is done by employing an ANN
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FIGURE 3. Algorithm of the location and orientation estimation(a)
Flowchart. (b) ANN structure for the estimation process. (c) Actual test
process.

structure trained only with the data from the DMF forward
model. Using the DMF model, relative random and massive
sets of location and orientation vectors, denoted asTr andMr,
are simulated, and the corresponding EMF Vr are obtained.
These values are then used as the training data for the ANN
model with the EMFs as the input and the spatial information
of the receiving coil as the output shown in Fig. 3(b). For the
convenience of variable description in Fig. 3, (14a)-(14d) is
to express the matrix data set V̂g, Tk, Mk, Vk (k ∈ g, r). ng
is the grid number from the DMF model and the experiments
from the same configuration. nr is the number of random data
sets constructed by the DMF model.

The calibration and estimation process are conducted in
series in actual testing. First, a sensing coil with an unknown
position Tt = [Ttx , Tty, Ttz]T and pose Mt = [Mtx , Mty,
Mtz]T would measure five EMF V̂t =

[
v̂t1 v̂t2 v̂t3 v̂t4 v̂t5

]T,
induced from the BE in the air from the excited PFG, in the
tracking system illustrated in Fig. 3(c). This value is then
mapped to the corresponding theoretical Vt = [Vt1, Vt2, Vt3,
Vt4, Vt5]T by multiplying the gains Ms in the calibration
process. Finally, transformed Vt then goes through two ANN
models to perform the inverse calculation, which yields the
estimation results T̂ =

[
t̂x t̂y t̂z

]T and M̂ =
[
m̂x m̂y m̂z

]T

V̂g ∈ R
(
5 × ng

)
=


v̂g1,1 v̂g1,i v̂g1,ng
v̂g2,1 v̂g2,i v̂g2,ng
v̂g3,1 · · · v̂g3,i · · · v̂g3,ng
v̂g4,1 v̂g4,i v̂g4,ng
v̂g5,1 v̂g5,i v̂g5,ng


(14a)

Tk ∈ R (3 × nk) =

 tkx,1 tkx,i tkx,nk
tky,1 · · · tkx,i · · · tky,nk
tkz,1 tkx,i tkz,nk


(14b)

Mk ∈ R (3 × nk) =

mkx,1 mkx,i mkx,nk
mky,1 · · · mkx,i · · · mky,nk
mkz,1 mkx,i mkz,nk


(14c)

Vk ∈ R (5 × nk) =


vk1,1 vk1,i vk1,nk
vk2,1 vk2,i vk2,nk
vk3,1 · · · vk3,i · · · vk3,nk
vk4,1 vk4,i vk4,nk
vk5,1 vk5,i vk5,nk


(14d)

III. NUMERICAL VERIFICATION AND VALIDATION
The design method for the EM tracking system is best
illustrated numerically by software. Numerical investigations
for both the DMF method and inverse DMF models are
performed:
1) Numerical verification for the DMF method outlining

inducedB, MF, and EMF in the sensing coil. Both the vertical
and tilted EM with various combinations for locations and
poses estimation of the sensing coil are involved in investi-
gating the effects of different spatial configurations.
2) Numerical validation of the ANN-based estimation for

the location and orientation of the sensing coil through the
DMF method simulated EMFs by the PFG.

A. NUMERICAL VERIFICATION OF B IN AIR, EMF OF A
SENSING COIL
With the help of the magnetic and electric field interface of
COMSOL Multiphysics 5.0, the DMF method is compared
with the FEA results. A vertical excitation coil and a tilted
coil of the PFG are utilized to numerically verify the effects
of translation and angular displacement.

1) A PAIR OF EXCITATION AND SENSING COIL
With the support of Commercial FEA software COMSOL,
as shown in Fig. 4, the validity of the DMF method is
compared with the FEA results for a pair of excitation and
sensing coils in the preliminary verification. Thus, further
development of the EM tracking system can be conducted.
The simulation configurations in three-dimensional space are
shown in Fig. 4(a), (b). The vertical excitation coil above is
fixed to the origin and is excited with 1A, 20kHz external
current input. The tilted sensing coil is free to move in the
xy-plane and rotate around any axis. The simulation param-
eters are listed in Table 2. Fig. 4(a), (c), (e), and (g) dis-
cuss the effects of rotation for a vertical sensing coil, and
Fig. 4(b), (d), (f), and (h) discuss the effects of translation for
a tilted sensing coil. The z-directional magnitudes of the B
(|B|) are induced on the upper surface of the sensing coil for
Fig. 4(a), (b) shown in Fig. 4(c), (d), respectively.
For a sensing coil with forty-nine directions of rotation

around x- and z axes (by α and γ degrees, respectively)
located at ts point on the xy-plane, the estimated EMFs are
shown in Fig. 4(e). The measured EMFs of a sensing coil
with a constant orientation ms and xy-plane displacement of
eighty-one places are shown in Fig. 4(f). Fig. 4(g), (h) show
the deviation between the DMF method and FEA simulation
for Fig. 4(e), (f). The Root Mean Square Error (RMSE) in
(8c) determines the discrepancy, where N is the number of
data. The RMSEs are 0.3556 for the 49 points on orientation
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FIGURE 4. Numerical investigation of a pair of excitation and sensing
coils. (a, b) Simulation configuration. (c, d) z-component B on the top
surface of the sensing coil. (e) Effects of rotation for induced EMFs in the
sensing coil. (f) Effects of translation for induced EMFs in the sensing coil.
(g) The EMF error map for rotating sensing coil. (h) The EMF error map for
translating sensing coil.

point estimations and 0.4351 for the 81 points on location
estimations, respectively.

RMSE =

√√√√ 1
N

N∑
i=1

(
VDMF,i − VFEA,i

)2 (15)

In the simulation, N is chosen as 107 in (8a) for the Monte
Carlo integration, and the number of turns for the sensing
coil is 220. In (7b)-(7b), the cross-sectional area of the coil
and the number of turns of the coil are positively correlated
with the strength of the induced EMF, which dictates the
operation range. However, the size of the sensing coil also
grows as the turns increase. Considering the future surgical
application, the sensing coil used in the DMF validation is
designed to have 220 turns. The number of turns of the
excitation coil is designed to be 2325, which is enough to have
a magnetic field of about 10µT still when the distance from
the center of the coil is 30mm in Fig. 4(c). Then, to place
compact multi-directional magnetic field transmitters, the

slender excitation coil conforms to the design for the inner
diameter, outer diameter, and height of the excitation coil.
The simulation is computed on a PC Intel Core i7-10700F,
GPU GTX 1650 with 4G RAM. The computational time is
7 seconds for calculating one EMF value.

TABLE 2. Parametric values of EM and sensing coil.

2) PYRAMID FIELD GENERATOR AND A SENSING COIL
Closer to practical use, Fig. 5 illustrates the simu-
lation for the excitation of one coil from the PFG.
Fig. 5(a), (c), and (e) illustrate the effects of rotation for a
vertical sensing coil, and Fig. 5(b), (d), and (f) discuss the
effects of translation for a tilted sensing coil. In the simula-
tion, EM2 is excited, as shown in Fig. 5(a), (b). The position
TE and orientationME, a unit vector that could be calculated
from 8E via (6), are listed in Table 3. All the coils, including
the excitation and the sensing coils, have the same geometry,
and the dimension can be found in Table 2. Similar to the
location and orientation simulation of a pair of excitation and
sensing coils, in which ts equals TS and ms equals MS, the
sensing coil is free to rotate in Fig. 5(a) and free to translate in
Fig. 5(b). The simulated |B|, with the z-component generated
on the upper surface of the sensing coil, and the induced
EMF in the sensing coil in the configuration are shown in
Fig. 5(c), (d), and Fig. 5(e), (f), respectively. The EMF error
maps, displayed in Fig. 5(g), (h), between the DMF method
and FEA simulation for rotating and translating sensing coil
are utilized to indicate the result deviation. The RMS errors
of the calculated EMFs are shown in Fig. 5(g) and (h) are
0.2649 and 0.1403 by the number of 49 and 81 data points.
The verification of the DMF method, which applies Monte
Carlo integration, shows the accordance result of the B and
EMF between the DMF method and FEA simulation in the
effects of translated and angular displacement.

B. NUMERICAL VALIDATION OF ANN FOR LOCATION AND
POSE ESTIMATION
The five excitation coils in a pyramid arrangement form a
field generator, as displayed in Fig. 6(a), and the geometries
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FIGURE 5. Numerical investigation of the PFG. (a, b) Simulation
configuration. (c, d) Z-component B on the top surface of the sensing coil.
(e) Effects of rotation for induced EMFs in the sensing coil. (f) Effects of
translation for induced EMFs in the sensing coil. (g) The EMF error map for
rotating sensing coil. (h) The EMF error map for translating sensing coil.

TABLE 3. Position and orientation of EMs of PFG.

of the excitation coil and sensing coil have the same values
as listed in Table 2, and 3. Fig. 6(b) shows the estimated four
position and orientation results by using the structure of the
ANN for estimation in Fig. 3(b). The five excitation coils in
the filed generator are fired one by one with sinusoidal input
at a 20KHz certain frequency to produce a change in the B
for inducing the EMF to be measured.

The architecture benefits from abundant input data. The
estimation of TS and MS are separated into two ANN for
more accurate results, as shown in Fig. 3(b). Both models

FIGURE 6. Simulation for inverse estimation. (a) Simulation setup.
(b) Estimation results. (c) Position errors of fifty samples. (d) Orientation
errors of fifty samples.

TABLE 4. Simulation results.

take input from the same set of the DMF method. The two
ANNs have three hidden layers with 50 neurons for each
layer. The input data is generated in two stages. The first
stage is to generate uniform data of EMF within a pre-
set range: TSx(0∼15mm), TSy(0∼15mm), TSz(−49∼39mm),
αS(0∼60◦), γS(0∼60◦). The intervals of TSx , TSy are 3 mm,
and 2mm for TSz. The intervals ofαS, γS are 15o. The shape of
the induction coil is cylindrical and axisymmetric. Thus, the
rotation angle β is not considered and is set to 0◦. The number
of uniform data is 5400. The second stage is to increase the
number of data sets up to 7500 random data within the preset
range. Out of a total of 112900 sets of data, 70% of which
is used for training, 15% for validation, and the remaining
15% for testing. Fig. 6(c) and (d) show the location and
orientation error for the fifty samples. The position errors are
less than 0.6 mm and the orientation errors fall below 0.05.
Table 4 indicates the four of the fifty samples’ position and
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orientation estimation results of the sensing coil shown in
Fig. 6(b). The error of the position is less than 0.1mm, and the
orientation is less than 0.05. The RMSEs of the errors for TS
andMS are [4× 10−2, 6× 10−2, 5× 10−2]T(mm) and [0.01,
0.01, 0.01]T, respectively. The small RMSEs demonstrate the
potential of the ANN-based estimation. The effectiveness of
this estimation method using simulated data paves the way
for similar techniques to be used in the practical world with
measured EMFs from the sensing coil to obtain the six-DOF
parameters.

IV. EXPERIMENTAL RESULTS AND DISCUSSION
The design of the proposed EM tracking system has been
experimentally investigated. Fig. 7 shows the experimen-
tal setup of the EM tracking system. In Fig. 7(a), the
PFG consisted of five excitation coils with the same geom-
etry parameters as the simulation configuration listed in
Table 2 and 3, and the 3D printed PLAwas used to form fixed
positions and orientations to combine five coils as shown in
Fig. 7(c). The optical table was used as the base for installing
the PFG on the elevated acrylic bracket. The sinusoidal signal
was generated analog output by the NI-9262 of the DAQ
system to the current amplifier. The analog inputs of the peak-
to-peak values of cross voltages through EMs and EMFs from
the sensing coil are simultaneously received by the NI-9223
to perform division to normalize the current input to one
ampere. Besides, the USB-6216 was used as digital voltage
output to control the multiplexer (CD4051) and relay circuit
for the current switching of the EMs. The relay was switched
by a multiplexer so that the amplified current excited the five
EMs of the PFG in turn.

In Fig. 7(b), the manual precision stage was capable of
translational and rotational movements in all three directions
(X , Y , Z ) and one Euler angle (γ ). In addition, the angle
(α) was rotated by the servo motor, controlled by Arduino
Nano, shown in Fig. 7(c). The motor would be turned off
after turning to the target angle to reduce the influence of
the magnetic field. Fig. 7(d) shows the electronic hardware
corresponding to the structure of the EM tracking system
shown in Fig. 2. The power resistor was connected after the
current amplifier to measure the EMF by Ohm’s Law through
the current flowing in the excitation coil. The relays and
multiplexers control the amplified current output to feed to a
certain excitation coil. The current waveform is sensed via a
power resistor in series with the coil. Arduino Nano is utilized
to control the rotation angle of the sensing coil α, as shown
in Fig. 7(c).

Due to the manufacturing error in the coil winding, the
actual value of the current density JE can not be calculated
from the geometry of the coil, so the calculation of the
induced EMF of the sensing coil had errors between the DMF
method and the EM tracking system. The cross-sectional area
of an ideal coil is assumed to be arranged orderly, and wire
diameter is used to calculate. However, the coils in real life
are often wound in a less orderly manner. Some gaps exist
between the wires in the cross-section of the coil. Therefore,

FIGURE 7. EM tracking system. (a) Experimental setup. (b) XYZ linear and
rotational stages. (c) Close-up of PFG, the sensing coil, and the servo
motor. (d) Related circuits.

the actual density of excitation coils is difficult to estimate,
so the discrepancy between an ideal and an actual coil tends to
accumulate as the number of coils increases. The calibration
process aims to reconcile the difference between the exper-
imental V̂t and the theoretical EMFs Vt by a gain values
Msj,(j =1,2,3,4,5) gain of the experimental EMFs (V̂t) to
transfer calibrated EMFs (Vt) into the estimation process. The
relation between the EM tracking system and ANN-based
estimation models was constructed by the corresponding
EMFs of the DMF method (Vg) and the EM tracking system
(V̂g) when a total of ng equaled 256 for different positionsTg,
from 0 to 6mm with 3mm increments in X and Y directions
and from −39 to −43 mm with −2mm increments in the
Z direction, and poses Mg which angles αS and γS were
(0o, 15o, 30o). The relationship between themagnitudes of the
model and experimental data was described in (8d). V̂tj, Vtj
denoted the magnitudes of the experimental and model data
for jth gains MSj (j = 1, 2, 3, 4, 5) for the five EMFs, which
were obtained by the least squares method with V̂g and Vg
in (17a), (17b).

Vtj = MSjV̂tj (16)

dEj
dMSj

= 0,where Ej =

ng∑
i=1

(
Vgji −MSjV̂gji

)2
(17a)

MSj =

ng∑
i=1

VgjiV̂gji

ng∑
i=1

V̂ 2
gji

(17b)

Therefore, the gains of the five EMFs measured for the
calibration process are 0.169, 0.168, 0.163, 0.205, 0.153.
In the preliminary experiment, four test points were used as
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verification, and the pose and position of the sensing coil were
adjusted by the translation and rotation platform as shown
in Table 4. The test points received the magnetic field of
the PFG in sequence to obtain five induced electromotive
forces V̂tj,and the corrected Vtj is obtained by the gains of
the calibration process. Fig. 8(a) indicates the comparison of
the calibrated EMFs Vt and the DMF method result as four
testing positions Tt and orientations Mt, shown in Fig. 8(b).
According to the pre-established ANN-based estimation con-
structed in Section II-B, calibrated EMFs Vt were fed into
the estimation process of the position and orientation models,
respectively. Table 5 shows the estimation results and errors
with the calibration and estimation process. The errors of T̂
are within 0.6 mm for each direction and M̂ are less than 0.02,
and use the inner product to calculate the angle error of the
orientation of the experiment and the simulation. The error is
maintained within 1.5 degrees. The RMSEs of errors for Ts
and Ms are [0.08, 0.10, 0.45] T(mm) and [0.04, 0.01, 0] T,
respectively.

FIGURE 8. The experimental results of position and orientation
estimation. (a) Calibrated EMFs. (b). Estimated results.

TABLE 5. Experimental results.

V. CONCLUSION
The prototype of the EM tracking system to target the location
and orientation of the sensing coil using the procedure includ-
ing the DMF method, system design, least square method,
and ANN model has been presented. The numerical software
COMSOL has verified the DMFmodeling of electromagnetic
force for the feasibility of the EM tracking system. The
theoretical basis of this EM tracking system—a closed-form
solution of the harmonic responses of the EMF induced in

the rotated sensing coils acquired using the DMF method
was verified by comparing it with the computed solutions
obtained using commercial FEA software. The RMSEs of
electromagnetic force are within 0.5 on estimations. The
computational time for computing the EMF of the sensing
coil is about 7 seconds. The forward data of the DMFmethod
enables to train ANN-based estimation model, presented to
predict the position and orientation by feeding the simulated
EMF using the random and massive sets of location and
orientation vectors.

Experiments were conducted on the sensing coil within the
range of [TSx, TSy, TSz]T =[0∼6,0∼6, –39∼ −43]T mm,
and the angles of αS and γS were from 0◦ to 30◦ with linear
increments. The calibration process was established through
the least squares method to connect the EMFs generated by
the EM tracking system and the DMF method. In the exper-
iment, the four test points have been preliminarily validated
by calibration. The RMSEs for location and orientation are
[0.08, 0.10, 0.45]T (mm) and [0.04, 0.01, 0]T, respectively.
The pose errors are within 1.5 degrees. The small RMSEs of
errors validate the effects of the proposed EM tracking system
on location and orientation estimation.

Our work presents the preliminary design and development
process of a prototype of the EM tracking system. The track-
ing system can be enhanced in future work to increase the
estimation limit speed, improve its accuracy, and augment
the operation range. In terms of the estimation speed, both
the hardware and the software of the system can be improved.
Currently, the time multiplex system requires three seconds
for a round of excitation, which could be accelerated by
adopting a frequency multiplex system. In this case, all the
EMs can be excited at once with different excitation frequen-
cies, and the induced EMF as a result of the excitation from
a specific coil can be isolated by the Fast Fourier Transform.
However, the increased cost of the system is taken to be con-
sidered because of the need for multiple current amplifiers.
The ANN models are tested as a precursor to more advanced
models that could be included in future studies.

There are also several ways to enhance the accuracy of the
system. More data can be generated with the DMF model for
the training of the ANN structure. The calibration process can
also be optimized. In this study, the gain factor is calculated
offline with least square fitting based on the measurements
of 256 sets of location and orientation vectors, which is
only done once before all the subsequent testing. However,
the gain could be different in the actual testing; therefore,
a calibration process prior to each individual testing could be
a boon to the accuracy. A calibrationmodule can facilitate this
procedure with carefully placed holes and cavities to position
the sensing coil precisely. The gain factor can be calculated
with the precomputed theoretical values.
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