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ABSTRACT Efficient intersection planning is one of the most challenging tasks for an autonomous vehicle
at present. The degree of response to other traffic participants and whether the path tracking effect is good are
the key aspects that determine the performance of planning algorithm for an autonomous vehicle. In order
to deal with these problems, in this paper, the frame structure of POMDP (Partially Observable Markov
Decision Processes) and the time distance coordinate system are combined to carry out the speed planning for
the self-propelled vehicle. The speed planning designs a novel POMDP model to ensure effective prediction
of behavioral intentions and decision-making at intersections with no traffic signs. Specifically, the method
is considered both the driving position and the time range of arrival of the vehicle at the intersection in real-
world situations. At the same time, the algorithm is projected the state information into the time distance
coordinate system in the form of probability, and used the value iteration method to solve the optimal solution,
so as to improve the adaptability of the algorithm to real-world scenarios. Furthermore, MPC control is added
on this basis. Rational use of dynamic MPC and kinematic MPC can effectively reduce the tracking error,

improve the stability of tracking, and carry out finer control when the speed frequently fluctuates.

INDEX TERMS POMDP, MPC, distance time coordinate system.

I. INTRODUCTION

In the past few years, with the development of the automobile
industry, more and more cars were equipped with the function
of autonomous driving, a large number of algorithms were
used to solve the problem of automobile path planning and
tracking decision. However, most of the vehicles provided
with autonomous driving function were running in some fixed
scenes or some structured scenes. For complex scenes, the
voice prompted the procedure to exit and require manual
takeover. In the whole process from the driver entering the
vehicle at the starting point to drive and leaving the vehicle
at the destination, it was rare that the vehicle can fully drive
autonomously. One of the key difficulties lied in the terrible
traffic conditions, such as intersections without traffic signs.
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The scene of intersection is one of the most commonplace
scenes for vehicles on the road, and its complexity and dan-
gerous degree also vary widely, requiring avoidance of pedes-
trians, vehicles and other static obstacles [1]. The avoidance
of these objects is directly related to local path planning.
Generally speaking, the decision and planning of local path
are usually decouple into a position state and a velocity state.
The position state is applied for the static obstacle, and the
velocity state is for the dynamic obstacle. In the intersection
scenario, it is also necessary to consider a tracking control
state of the autonomous vehicle path, so that the vehicle can
pass through this scenario safely and efficiently. Moreover,
in the actual scene, due to noise, distance limitation and
sensor occlusion, the perception of autonomous vehicles is
uncertain. And considering the intentions of other traffic
participants, their behavior cannot be accurately predicted.

Many researchers studied the intersection scenarios, such
as the adaptive signal controlled scheme to reasonably
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allocate the green time and prevent vehicle congestion [2].
In order to help drivers pass the intersection safely, the
pre-collision acceleration model of non-turning drivers in
straight-line crossover path collision, the pre-collision accel-
eration model

of left-turning drivers in the left turn crossover path reverse
direction collision and lateral collision were established [3].
Methods related to intersections are broadly divided into three
categories.

1) The first category is non-learning based method. These
schemes don’t involve learning. For example, in the
DARPA Urban Challenge, hierarchical state machines
were applied to define the expected behavior of vehi-
cles in the different scenarios, such as driving straight
on urban roads, changing lanes, and turning left at
intersections [4], [5]. However these methods ignore
the uncertainty of the decision process. For the forma-
tion of the tracking path, a reaction-based trajectory
generation method was proposed to avoid a collision
on the road [6]. For the constraint of comfort, a new
longitudinal driving strategy was proposed to carry out
in a discrete planning, so that the driving vehicle can
better recognize and respond obstacles [7]. But these
planners tend to be too conservative. For the question
of whether it can be stable during lane change, sta-
ble trajectory planning was achieved by establishing
dynamic constraints on vehicles during lane change,
with limiting time-dependent lane changing yaw veloc-
ity and lateral acceleration [8]. Nevertheless, surround-
ing vehicles were not considered.

2) The second category is supervised learning method.
Such as, logistic regression model was used to deduce
the probability of different intentions of other drivers,
and a unified planning framework under uncertain
probability was proposed to realize the decision of
vehicles overtaking and yielding at intersections [9].
In addition to manually design driven decision, high
performance driving strategies can also be obtained by
collecting driving data and offline learning [10]. How-
ever, these methods are independent of the future move-
ment of autonomous vehicles and lack of interactivity.

3) The third category is Reinforcement learning method.
This can be divided into offline and online modes.
Offline policies are powerful and can solve very com-
plex situations: Mixed Observable Markov Decision
Process (MOMDP) was used to describe the vehicle
problem in the intersection scene as an intentions-
aware planning decision problem, and the driving
intentions of additional vehicles were considered in
the discrete state space [11]. Considering that there
may have obstruction in an uncertain environment,
continuous POMDP was used to solve this problem,
and a general method for decision-making in uncertain
driving environment was proposed [12]. The disadvan-
tage of these offline methods is that the diversity of
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scenarios and vehicle configurations can lead to poli-
cies that are unpredictable. Online approach requires
trade-offs between solution quality and the complexity
of problem formulation, depending on the size of the
state space and planning horizon. For example, in order
to adapt sensor noise in urban traffic, POMDP method
was utilized to realize real-time decision when vehicle
lane changes [13]. Because of the simplification of
state space, this method can not be easily transferred to
intersection planning. For the uncontrolled intersection
scenario, the Hidden Markov Model (HMM) was used
to model the behavior of other traffic participants, after-
wards the POMDP decision-making process was estab-
lished. The human-like strategy generation mechanism
was used to generate candidate decisions to make them
pass the intersection [14]. The intention estimation was
assumed to be deterministic in the planning process.
Therefore, no information-gathering operation was car-
ried out. Aiming at the scene with complex pedestri-
ans, an intention-aware online planning approach for
autonomous driving amid many pedestrians was pro-
posed, which can drive safely, efficiently and smoothly
as near the pedestrians [15].

This paper studies the special movement scene of intersec-
tion scenarios without traffic signs. For such a low or middle
speed scenario, the autonomous vehicle needs to predict the
vehicle’s behavior intention in order to prevent collisions,
or to yield to other vehicles and pedestrians. In this scenario,
in the absence of static obstacles, the moving destination
target of both the ego-vehicle and the target vehicle is limited,
and the corresponding path is restricted. No special planning
is required for the position statement of the ego-vehicle.
We focus on the planning of the speed and the tracking state
of the ego-vehicle in the arc trajectory of intersection.

The contributions in this paper are two-folds:

1) POMDP and time distance coordinate system are used
as the two methods for complementation. The advan-
tage of POMDP method is a random process in accor-
dance with the actual environment [16], [17], which
can be an appropriate modeling calculation for com-
plex scene, but it needs a lot of computing power.
The method of time distance coordinates system is one
of the methods based on the reaction formula, which
has the advantages of simplicity, high efficiency and
strong adaptability, but has the disadvantage of hystere-
sis. Furthermore, combining the characteristics of the
two methods, we can achieve another speed planning
method. This proposed method improves the interac-
tivity and decision-making ability to the surrounding
dynamic traffic participants while reducing the compu-
tational power. Under appropriate circumstances, it can
also degenerate to a linear prediction.

2) For the position tracking control, the ego-vehicle itself
is not stabilized when passing the arc trajectory. After
adding the velocity planning to the ego-vehicle, it is
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FIGURE 1. Simulink simulation architecture.

easier to cause the tracking error to become larger
because of the frequent fluctuation of the velocity.
Vehicle MPC control [18], [19] is the most commonly
used method, which can be divided into the dynam-
ics and kinematics according to the characteristics of
modeling with different advantages. The combination
of the two modeled MPC control methods can be used
alternately to avoid their respective shortcomings. This
control method is suitable for intersections with no
traffic signs.

Il. RELATED WORK
In this paper, we use MATLAB/Simulink simulation software
to complete the whole closed-loop simulation experiment.

Fig.1 is the architecture diagram of the entire closed-
loop simulation module. The vehicle adopts a bicycle model,
and the simulation scene is set up by the Driving Scenario
Designer APP of MATLAB. The data of the camera and
radar in the data fusion module are used separately, and the
camera is used to collect the lane line. Radar is devoted to
detect the target vehicle. The prediction module carries out
a separate setting for the scene, and will give the path of
every conceivable target point of the target vehicle, as well
as the probability of its driving intention. And it also simu-
lates the output given by the actual prediction algorithm. For
the path planning module of static obstacle avoidance, A*
algorithm [20], [21] and ego-vehicle coordinate system are
utilized to search the path. The obstacle avoidance of dynamic
obstacles is based on the combination of POMDP and time-
distance coordinate system. The overall process is shown in
Fig.2. Before that, the static obstacle avoidance method of
vehicle in road coordinate system is introduced. As shown in
Fig.3.

The coordinate system in Fig.3 adopts the Frenet coordi-
nate system. The S axis is the center line of the road, which
can be obtained from the lane line. The L axis is the direction
perpendicular to the S axis. The red part in the Fig.3 is
the projection of the static obstacle in the Frenet coordinate
system. At this time, there are two ways for the vehicle to per-
form static obstacle avoidance: the first is to directly change
the lane, using polynomial curves, Bezier curves, B-spline
curves, sine-cosine curves or Dubins curves to connect to
the center line of adjacent lanes; the second is to keep the
lane unchanged and expand the driving range, which needs to
evenly scatter points in Frenet coordinate system. The single
point of each layer adds smoothing cost, distance obstacle
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FIGURE 2. The overall implementation steps of method in a flowchart.

FIGURE 3. Static obstacle avoidance in Frenet coordinate system.

cost and distance reference line cost as its final cost, and
then the convex space is opened up by dynamic programming
method to find a rough solution, such as the green curve part
of the graph. Finally, the path of static obstacle avoidance is
planned by smoothing the green curve.

The static obstacle avoidance at the intersection is a little
special. The entrance and exit of the intersection are struc-
tured roads, and only the middle connection is a large open
area where all lane line information is not visible. In fact,
all driving routes of vehicles passing through this area are
shown in Fig.5. This means that open space at intersections
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FIGURE 4. Paths searched using A * at roundabouts.

are actually unstructured areas affected by structured roads.
When the unstructured area affected by the structured road
is a regular shape, the driving path of the vehicle can be
connected by an arc. When there are static obstacles, it is still
possible to take the arc as the S-axis of the Frenet coordi-
nate system and use the above second way to avoid static
obstacles. But when the unstructured area affected by the
structured road is irregularly shaped, similar to a roundabout,
the directly connected curve is difficult to find, so a path needs
to be searched out. A* search is used and the formula is as
follows

f=g+h (1)

where adopts the Euclidean distance. The effect of the search
is shown in Fig.4. Blue is the starting point and red are
the target points. When the vehicle turns left through this
intersection, the path is one of the green curves, of course,
the path needs further smoothing.

When the intersection shape is irregular and there are com-
plex static obstacles, the vehicle must get rid of the influence
of the structured road on the unstructured area if it wants
to pass through the area safely, and the path of the static
obstacle avoidance must be an irregular curve. As shown
in Fig.5, if there are too many static obstacles in the scene,
when the blue vehicle passes through the intersection, its
path can pass through the area in front of the red vehicle
or the green vehicle. Under normal circumstances, the path
planned by the blue vehicle cannot pass through these areas
under the influence of the structured road. At this time, it can
consider Yi et al.’s improved P_RRT* algorithm [22], Xiang
etal.’s improved A* algorithm [23] or Wang et al.’s PGI-RRT*
algorithm [24]. These algorithms are effective algorithms in
the face of complex static obstacles. In addition, when the
vehicle passes through the scene of complex static obstacles,
the speed is generally low, and there will be sufficient time to
plan. In practice, it is very rare for intersections to have irreg-
ular shapes and complex static obstacles. By changing lanes,
or keeping the lane unchanged and expand the driving range
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FIGURE 5. Reference path network of vehicles at the intersection.

or simple A * search, most of the static obstacle avoidance
path planning of the vehicle can be satisfied.

The premise of the research is that the vehicle can perform
static obstacle avoidance. And the speed planning module
of POMDP and the control module of MPC are the main
contents of this paper. The main validation is the feasibility
of the POMDP model framework combined with time dis-
tance coordinate system, the hybrid control effect of dynamic
MPC and kinematic MPC. Therefore, static obstacles are not
installed in the intersection scenarios without traffic signs.

Iil. PROPOSED METHOD

A. POMDP MODEL COMBINED WITH DISTANCE TIME
COORDINATE SYSTEM

POMDP decision process is a sequential decision model in
a dynamic environment, which is partially known about the
environment state. Based on MDP, POMDP considers the
partial observability of the environment. That means the agent
cannot obtain the environment state accurately. In unmanned
driving, the vehicle itself can not fully obtain the driving path
and intention of other vehicles.

A POMDP can be described by a seven-tuple array
[S,A,TO,ZR,y]. S is the set of states in the decision-making
process. A is the set of actions in the decision-making process.
T is the transition probability between states. O represents
the observation state of the environment by the agent. Z is
the observation function or the observation probability. R
is the payoff after taking an action to reach the next state.
y is the discount factor for subsequent rewards.

The probability of a state transition depends on the action

Py =pi'ls, @) =p(Siy =51 =s5,Ar=a) (2

The observation probability of the agent is also related to the
action

Vo =POls',a) = p(Op1 = 0lS;, =5, Ar=a) (3)

Compared with MDP, POMDP also has an initial probability
distribution b(s), which represents the probability distribution
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of the current state. The updated formula is

plols’,a) - > p(s'ls, a)b(s) 4
“4)
p(ola, b)

pola,b) = plols'.a) D" p(s'ls, a)b(s) &)

The Bellman optimal equation of the reward function is

b/(st-‘rl) = p(sl|07 a, b) =

Ri(b) = max[p(b, a) +y ZP(GIb, R BD] - (6)

0€0

where p(b, a) = D" b(s)V (s, a), V(s,a) represents the imme-
diate reward for performing action A in state S.

Depending on the basic definition model of POMDP, the
car passing through the intersection scenarios without traf-
fic signs is modeled. It is assumed that the state of the
autonomous vehicle is known, that is, the autonomous vehi-
cle is completely observable in the process of moving. The
coordinate system is the coordinate system of the car body.
The trajectory and velocity of the ego-vehicle are decoupled
and decomposed into a trajectory planning and a velocity
planning. The intersection scenario without traffic signs is
shown in Fig.5. The number of one-way lanes is 3, and the
number of lanes has no essential impact on scene modeling.
In the figure, cyan curves are the driving route connected by
each lane, and the orange triangle is the driving target position
of the ego vehicle. The red, green, black and yellow rectangles
are the location of the target vehicle. There is no signal in this
scene, that is, no traffic light sign, no lane restriction sign, and
no headlight sign.

The forward direction of the autonomous vehicle at the
intersection is determined according to the driving intention
of the driver. After the vehicle’s driving intention is deter-
mined, the target lane is also determined, which is the middle
lane by default. The actual driving will also be affected by
other vehicles to change the target lane, which is not con-
sidered in this paper. At this time, the trajectory that the self-
propelled vehicle needs to track laterally has been completely
determined, and the longitudinal speed planning needs to be
completed with the POMDP model.

According to the prediction module, there are four kinds
of driving intentions, namely [turn left, turn right, straight
on, turn round], and each intention has different probability.
Driving intention is the set of state S in POMDP and the
set of observed state O of the vehicle, and the correspond-
ing probability of driving intention is the initial probability
distribution b(s). The set of action A is [accelerate, con-
stant, decelerate], with the difference between Az, and
AEgo—car- The intention state of the target vehicle will not
change due to the change in the behavior of the ego vehicle,
which means that the state transition matrix 7 is fixed. The
observation probability depends on the camera and radar of
the ego-vehicle. And the observation probability matrix Z
is fixed. According to equations (2), (3), (4) and (5), the
probability value of the target vehicle’s driving intention at
the next time can be obtained. The probability value of each
intention can be divided according to the number of lanes of
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FIGURE 6. Speed planning process of POMDP combined with distance
time coordinate system.

the target car. In a single lane, the probability of the target
vehicle’s driving intention is also the probability of driving
in the lane. In the case of dual lanes, the weight of the inner
lane is larger than that of the outer lane, and the probability
of the target vehicle’s driving intention is assigned according
to the weight. In the case of three lanes, the middle lane has
more weight and the two lanes have less weight. In order
to simplify the model, the weights are evenly distributed.
The probability of the target vehicle’s driving intention was
assigned to the driving path of each lane, and the driving path
of the autonomous vehicle was used for collision detection
to extract the target vehicle’s driving path with intersecting
trajectories. The speed planning operation was performed
with time distance coordinate system, as shown in Fig.6.

Combined with the flow chart, each target vehicle path
that intersects with the ego-vehicle path has its correspond-
ing probability value, which is represented by Pjyersect-
When operating with the time distance coordinate system,
it is necessary to extract other states of the target car
except the driving intention. Once the intersection is deter-
mined, the distance from the ego-vehicle to the intersection
and the distance from the target vehicle to the intersec-
tion can be calculated, which are represented by dgg, and
dfarger TEspectively. These two distances are corresponding
to each other: use dyges for target calculation, use the corre-
sponding dE,, for projection on the distance time coordinate
system.

The state transition matrix of the target vehicle in the path

div1) (1 At di A
() =) )+ (R o
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FIGURE 7. Curve of solving the equation.

where a; € Agyge,. Because the intersection point is solved,
the di in the target transition matrix is limited by the maxi-
mum value, and the g, of the target vehicle is also limited by
the maximum value, namely a; €(-amax, Amax)- If the vehicle
observes the position state dj and speed state v; of the target
vehicle, the state quantities vy, and vy, of the two limit
conditions reaching the intersection point can be calculated,
and the corresponding limit time #,,;, and f,,4, can also be cal-
culated. v, is generally limited by the road speed. The limit
state quantity of the target vehicle is discretized respectively,
and the possibility of each combination is solved. In fact,
it is to solve all curves satisfying the constraint conditions
of formula (8) in Fig.7.

The horizontal axis is time, and the vertical axis is speed.
The curve satisfies the formula

V(0) = vk

V(tm) = vm

V(#)max = Vmax

V(#)min = Vmin 3
V(t);nax = dmax

Vt(t);qin = —dmax

Om V) = dTarget

where t,; € (tmin, tmax)> Vi € Wimins Vinax)-

All curves satisfying the constraints of time and speed
can be calculated, and the probability of the target vehicle
reaching the state of the crossing point can be calculated
according to the probability formula. Assuming m,,,,=n, the
probability matrix is shown in Formula (9).

intersection fmin — fmax
Vmin P11 - Pln

!

Vmax Pnl *° Pnn

= ©

As the distance and speed of the target vehicle are changed,
its probability matrix will also change. dryrge; is discretized,
assuming it is discretized into k parts. Then the probability
matrix is transformed into

target 0 — vpax
0 g1 qun
. . (10)
J :
dTarget qk1 * - YGkn
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According to probability matrix (9) and probability matrix
(10), the probability P obtained by interpolation is multi-
plied by Pinsersect, Which is the additional weight on the
time distance coordinate system. The probability of a in the
above solution process is an equal random process, and its
action probability can be selected according to the driving
style of the actual driver. Due to the existence of observation
probability, the observation state needs to be discretized and
then interpolated. After all the additional weights of a single
target vehicle are added to the time distance coordinate sys-
tem (Fig.8), it is a contour plane with different probabilities.
The corresponding different colors are an additional weight
loss when the ego-vehicle reaches this point during speed
planning.

When multiple target vehicles are detected, the additional
weight of each vehicle will be projected onto a time distance
coordinate system. If loss weight of different target vehicles is
taken to the maximum value for each point in the coordinate
system, it represents the possibility that each point is occupied
by only one vehicle. When the vehicle with the largest weight
occupies this point, other vehicles cannot occupy this position
at the same time. In this case, no collision will occur by
default. When the weight of each point in the coordinate
system is accumulated, it represents the dangerous degree
of each point at the corresponding time, which means the
degree of collision of the car at this point at the corresponding
time. Results will be calculated on the time distance coor-
dinate system according to the loss weight after the final
superposition. Since the state of the ego-vehicle is completely
known, the classical value iteration algorithm of MDP can
be used to solve the problem. However, the difference is that
the complete action curve on the time distance coordinate
system is not required, and only the discrete action Aggo—car
of the ego-vehicle at the next moment can be iteratively
stable. Depending on the corresponding cost, the optimal is
selected, which represents the action to be executed at the next
moment.

B. KINEMATIC MODEL MPC

The kinematics of the vehicle is modeled. According to
Fig.9, it is assumed that the state quantity deviation and
control quantity deviation of the vehicle are as shown in
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FIGURE 9. Kinematic model of vehicle.
Equation (11)
- v—v
¢ - ¢r '
The kinematics equation of the vehicle is
X =vy =vcos¢o
y=vy=vsing (12)

; __ vtand
o="7T"

According to Fig.9 and Equations (11) and (12), the discrete
state space equation of the vehicle kinematic model is as
follows
10 —Tv, sin ¢,
01 Tv.cos¢, |x(k)
00 1
T cos ¢, 0
+ | Tsing, 0
Ttabq), T —Vr

[} lcos? 8,

Xk+1) =

iik) = ax (k) + biu(k)

Define the output equation

100
010 |x(k) =cx(k) (13)
001

Build a new state vector
_ x(k)
Then the new state space expression is

| xk&k+D
E(k+1)—[ (k) }

_ [afc(k) + bk — 1) + bii(k) — bk — 1)}

y(k) =

itk — 1) + k) — ik — 1)

= A&(k) + BAu(k) (15)
where A = ab B = b . Combined with
0 Iy, In,
equation (13), the new output equation is

no = [y, 0]- [;,(i(f)l)] =Cik)  (16)

Assuming that the prediction time domain is Np and the con-
trol time domain is Nc. Equation (15) is derived in multiple
steps as, shown in the equation at the bottom of the next page.
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In the formula, the sum of the exponent of A and the control
step of u is Np+k-1. Similarly, formula (15) can be deduced
in multiple steps as, shown in the equation at the bottom of
the next page.

When
[ ntk+1) CA
nk +2) CA?
V=1 k+ne 'Y= | cave |
| n(k + Np) CANp
i Ad(k)
Ak + 1)
B Ak + 2)
AU= 1 Ak +3)
| Au(k +Nc—1)
T CB 0 0o ... 0
CAB CB 0o ... 0
O = | cANe-1g cANe=2B cAN=3B ... CA'B
CAN?*‘B CAN?*ZB CAN}’*3B CAN?'*NCB

Then, the output equation is
Y =WE(k) + OAU (17)
The reference value of the output of the system is defined as

Y, = [nr(k+ 1), n-(k+2),...,n.(k + Nc),
ok +Np)T =10,0,...,01" (18)

Since the state quantity is in the form of error, the reference
value of the output quantity is 0. Suppose E = W&(k), Qp =
Iny ® O, Rg = Iyp ® R, the defined optimization objective
function is

J =YTQuY + AUTRRAU
= AUT(@OTQp® + Rr)AU +2ET Qp®AU
+ETQE — Y,Q0®AU + YT QoY — 2YT QoE
(19)

LetH = ©7QpO®+Rg, g = ET 0¢®, and cancel the constant
term of equation (17). The equation can be written as

1
minJ = 2 (—AUTHAU + gTAU)
AU 2
1
& minJ = ~AUTHAU +gTAU  (20)
AU 2
For the control quantity and control increment, it becomes the

following recursive formula, as shown in the equation at the
bottom of the next page.
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When

[k — 1) L 0 0...0
utk — 1) L L 0...0
U=|ak-1|A=|0202hL..0
k=1 . L L L LD
Aid(k)
Adi(k + 1)

AU, = Ak + 2)

_Az}(k +Nc—1) |
formula is rewritten as

(k)
itk +1)

U= itk +2) =U, + A AU 1)

itk +Nc—1) |

According to Equations (13) and (14), the constraints of the
control quantity are

iimin ﬁ(k) ﬁmax
ﬁmin ﬁ(k + 1) l:tmax
Unin = ﬁmin = i‘(k + 2) =< ’:tmax = Umax
Himin itk +Nc—1) Himax
(22)
Combined with formula (18), it can be written as
Umin =< Ut +AtAU = Umax
A/AU < Upax — U (23)
_AtAU =< _Umin + Ut

In summary, the vehicle control model is transformed into a
standard quadratic programming.

C. DYNAMIC MODEL MPC
The dynamics of the vehicle is modeled. According to
Fig.10, the Y-axis of the vehicle can be obtained by applying

FIGURE 10. Dynamic model of vehicle.

Newton’s second law
may = )f + Fyr (24)

where a, is the lateral acceleration at the center of mass of the
vehicle, and Fyr and Fy, are the lateral forces exerted by the
ground on the front and rear tires. The lateral acceleration is
composed of two parts: the acceleration caused by the lateral
movement of the vehicle along the Y-axis of the vehicle sound
and the centripetal acceleration caused by the yaw movement
of the body. Then formula (21) can be written as

m(y + vid) = Fyr + Fyr (25)

The torque balance equation of the vehicle around the Z-axis
is

L¢ = Fysly — Fyl, (26)

For the two lateral forces on the tire, considering the assump-
tion of small side deviation angle, the lateral force exerted
by the ground on the tire has a linear relationship with the
tire side deviation angle. And the front wheel side deviation
angle is

=8 — b 27)

where 6, is the angle between the speed of the front tire and
the longitudinal axis of the body, and § is the steering angle
of the front wheel. The side angle of the rear wheel is

ar = —0Oy (28)

E(k + Nc) = ANE(k) + ANTIBAK) + AN2BAUGKk + 1)+ ... + A°BAik + Nc — 1)

£(k + Np) = ANPE(k) + ANPTIBAG(K) + ANP2BAGKk + 1) + ... + A’BAG(k + Np — 1)

n(k + Nc) = CANe(k) + CAN'BAn(k) + CAN?BAuk + 1) + ... + CA’BAGk + Nc — 1)

n(k + Np) = CAMPE(k) + CAMNP~'BAG(k) + CAN~2BAGk + 1) + ... + CA’BAG(k + Np — 1)

k) = ak — 1) + Adk)

ik + Ne — 1) = itk + Ne — 2) + Adtk + Ne — 1) = itk — 1) + Adk) + Adk + 1)+ ... + Adik + Nc — 1)
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The lateral tire forces of the front and rear wheels are

Fyr = 2C4(8 — 0yf) (29)
Fyr = _2Car9vr (30)

The center of mass of the vehicle to the tire is regarded as a
rigid body, according to the rigid body kinematics

ply 4+ Ply
a6, = vy + ¢l :QW,:M 31)
A vx. . V)c.
—$l ¢l
tanev,=Vyv¢’=>6v,=V’v¢’ 32)
X X

The expected yaw velocity and lateral acceleration of the
vehicle are respectively

V.
¢des = Tx (33)
V2 .
Ay des = TX = Vx®Pdes (34

The change rate of yaw angle deviation and yaw angle devi-
ation is

¢ = ¢~ dues (35)
b = b — s (36)

Lateral acceleration deviation
Qy = ay — ay des = Y + vxq3 (37)

When equation (35) is integrated, the transverse velocity
deviation is

by=9=9+wd (38)

According to equations (21) - (32), the tracking error state
equation of vehicle lateral dynamic model can be obtained as
follows

Y
d|y
dr | ¢
¢
0 1 0 0
0 _2Cq+2Cur 26 +2C  2rCar=2Cy
_ m-vy m m-vy
— 10 0 0 1
0 2rCar=2rCop 2y Cog =2y Car 207 Cq =21 Car
I vy I, I vy
y 0 0
3-\) 2Cyf 21y Cor —=2lr Cyp v
m-y. X
(5 + Om 5+ 0 ! Pdes
qkb 2 -Cof 207 Cop 4217 Cay
I; - Ivy

The state space of equation is discretized
Fk+1)=As-x(k) + Bs - 8(k) + Gs - paes(k)  (39)

where, as shown in the equation at the bottom of the next
page.
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Define the output equation
y=C-x (40)

where

1000
0100
0010
0001

C =

When the predicted step size is Np and the output step size
is Nc, where the maximum value of Nc is Np-1, the output
equation is transformed into, as in (41), shown at the bottom
of the next page.

The theoretical yaw velocity cannot be obtained directly,
therefore it is discretized as a coefficient and calculated in
the matrix. According to the defined quadratic optimization
objective function, it is reduced to

J = u’ Hu + fu (42)

where Qp = Iny ® O, Rg = Iny Q R, Rg = INy @ R, H =
BQoBT +Rg,f = 2ETQpB,E = A-3+G-EHR—y_ref ,R =

o]

g 0 0 0 ref2~xA
oo |00 0| et
“ 10 0gcO YT = ’
| 0 0 0 ¢gd refNe . &
[ 0501
.52
- 0.
EHR =
_'V%-O.SN“*I

where qa, gb, qc and gd are the expected reference coef-
ficients of the corresponding terms respectively. ref is the
weight of the theoretical deviation coordinate point, which is
0 in general, representing no deviation. In the actual control
system, the constraint conditions of the system state quantity
and the control quantity need to be satisfied. The formula for
the constraint of the control quantity is

Umin(t + k) < ut + k) < umax(t + k), k=0.1...Nc— 1
43)

The first term after the quadratic programming solution is
used as the actual control input for steering. When the vehicle
runs on a curved road, especially the curve with large curva-
ture, the dynamic MPC feedback control can not completely
eliminate the tracking error, so the feedforward controller
related to road curvature is introduced to help eliminate the
tracking error

o bt [ bem  lpem } v
U 20 (U +1) 2Ca U +1)] 7
(44)
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Since then, the MPC modeling of the vehicle kinematics
and dynamics model is completed. Then the vehicle control,
according to the vehicle heading angle and speed, alternate
uses different control methods.

IV. SIMULATION AND RESULTS

After the model is established, the simulation will be carried
out. The intersection scenario without traffic signs is gener-
ally a low or middle speed scene, thereby the optimal speed
set during the simulation is 8 m/s. When there is no collision
risk, the self-propelled vehicle performs P-controller accel-
eration. The algorithm starts to work when the target vehicle
is 20 m away from the intersection, and the update time step
is 0.1 s.

Different trajectory curves in Fig.11 and Fig.12 represent
different restriction conditions, which have different degrees
of influence on the autonomous vehicle. In Trajectory 1, the
acceleration action is a €(-2,0,2). When the lateral devi-
ation and heading angle deviation of the vehicle are too
large, the kinematic MPC will be used to control the motion.
Trajectory 2 adds P-controller on the basis of Trajectory 1 to
carry out more detailed operations. Trajectory 3 is based on
Trajectory 1, adding the operation of kinematic MPC control
when the vehicle speed is less than 3 m/s. Trajectory 4 is
to add P-controller on the basis of Trajectory 3. Trajectory
5 is adopted kinematic MPC when the speed threshold is less
than 4 m/s based on Trajectory 4. Trajectory 6 is completely

Y-axis (m)

Trajectory of vehicle-6-Dynamic Model MPC|
I I wrw;

-100 =50 0 50 100
X-axis (m)

FIGURE 11. Global map driving trajectories.

controlled by dynamic MPC based on Trajectory 2. Actually,
it is found that the Trajectory 2 and Trajectory 4 coincide.
That is, the speed of the car does not fall below 3 m/s under
the restriction of Trajectory 4, which means that the speed
does not play a role in the restriction of the kinematic MPC
at this time.

Fig.11 is the global map coordinate diagram, which is
the whole driving track of the vehicle in the simulation.

y 1 T 0 0
3 2C4r+2Car 2C4+2Cqr 2y -Cor =2y -Cop
S IO 01-=5"T T T
x a ¢ ’ s B 0 O 1 T 9
A ZIV'C“r_Zlf-Caf zlfcaf_ZIrCar 2lf2Caf+21r2Car
] | 0 - T . T - Sy
[0 0
2Cy-T 2l,<Ca:n.—vzlf.caf T_ vy - T
Bs = 0 " N GS = 0 x
2-Cq T 22-Cop+212-Coy
- Iz _Iz—VxT
y=AX+Bs+G
[ C-As
- C - As?
A= ,
| C-As™P
[ C-Bs 0 0 0
_ C-As-Bs C -Bs 0
B = ’
| C-AsP=1.Bs C-AsP=2 . Bs ... C - AsNP~Ne . Bg
B C-Gs 0 0 0
_ C-As-Gs C-Gs 0
G = an
| C A1 . Gs C-AsNP2 . Gs ... C - AsNPNe . Gy
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FIGURE 12. Enlarged view of the trajectories at the intersection.
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FIGURE 14. Velocity curves.

Fig.12 is an enlarged view of the trajectory of the car at
the intersection. In the figure, Trajectory 1 and Trajectory 5
are the smoothest curves, indicating that the actual process
of the car is also the most stable. Compared with Trajec-
tory 1, Trajectory 5 is restricted by P-controller and kinematic
MPC, which improves the control of speed and trajectory
tracking and make the vehicle experience more comfortable
during driving. The corresponding front wheel angle, speed
and acceleration curves are all reflected in Fig.13, Fig.14
and Fig.15. Trajectory 6 is the least smooth curve, which is
manifested as the irregular curve of the front wheel angle,
with serious fluctuation up and down, and the corresponding
track tracking effect is not satisfactory, which is also reflected
in Fig.16 and Fig.17. Other trajectory curves are more and
more stable with the restriction of conditions, and the cor-
responding front wheel angle, lateral deviation and heading
angle deviation are also appeared.

As shown in the speed curve of Fig.14 and acceleration
curve of Fig.15, the whole process is divided into four stages:
0-10 s stabilization stage, 10-15 s deceleration stage,15-19 s
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FIGURE 15. Acceleration curves.
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FIGURE 17. Lateral deviation.

acceleration stage, 19-21 s deceleration stage, and 21-30 s
final stage.

0-10 s, the car runs smoothly at the best speed, other
parameters are 0.

10-15 s, at this time the car finds the right front inter-
section when the green vehicle is passing. According to the
algorithm, there will be a heavy collision cost when the
ego-vehicle continues to pass, while the cost is less as it
slows down. Therefore, a deceleration operation is carried
out at this time, which is also reflected in 10-15 s in Fig.15.
In Fig.14, the curve appears to be separated after 13 s, which
means that the car observed that the green vehicle finished
passing and then found that the red vehicle in front of the
left needed to pass. Depending on the algorithm, the cost
of acceleration is higher than that of deceleration, hence the
ego-vehicle decelerates for the second time. At this stage, the
acceleration curves in Fig.15 are all shown as point braking.
Since P-controller is added to Trajectory 2, Trajectory 4,
Trajectory 5 and Trajectory 6, the point brake acceleration of
the ego-vehicle is smaller than Trajectory 1 and Trajectory 3,
and the control is more refined. Fig.14 shows that the velocity
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FIGURE 18. Different target velocities.

curves of Trajectory 1 and Trajectory 3 are steeper than other
curves, and the velocity decreases even lower.

15-19 s, at this time, the car finds that the black vehi-
cle also would like to pass the intersection. According to
the algorithm, the cost of acceleration is much smaller
than that of deceleration, and the car starts to speed up.
Trajectories 1 and 3 show a small fluctuation in Fig.15, which
means that at this time, the vehicle has completely eliminated
the risk of collision and starts to implement the accelera-
tion of ego-vehicle’s P-controller. However, other trajectories
already have more refined operations when executing the
algorithm, consequently there is no need to perform other
operations when exiting the algorithm.

19-21 s, at this stage, the autonomous vehicle heading
towards the target lane redetects the lane lines of the target
lane and then abandons the reference line given by the prior
condition. According to Fig.16 and Fig.17, the lateral devia-
tion of the ego-vehicle from the lane center line of the target
lane is about 2.5 m, and the deviation of the heading angle is
about 0.7 radian. However, the vehicle is generally very close
to the target road when it detects the lane line, hereby it needs
to decelerate and correct in a very short time. The influence
of this part can be well reduced by using kinematic MPC
control. As shown in Fig.16 and Fig.17, the lateral deviation
and heading angle deviation of the car are corrected within
1.5 seconds, and the lateral deviation is controlled within
0.5 meters and the heading angle deviation is controlled
within 0.1 radian. After that, they quickly converge to O.

After 21 s, the car completely leaves the intersection, and
the road ahead is smooth. Start to execute the P accelerator,
accelerate to the best speed, and drive out of the intersection.

The optimal target speed of the car is set to different
values when making it through the same conditions of the
scene. Fig.18 shows the velocity curve of the same scene,
which has experienced at least one deceleration cycle, and
the difference between the upper and lower limits is 10m/s
when the fluctuation range is maximum. Fig.19 shows the
corresponding acceleration curve.

Fig.20 shows the curve of the front wheel angle at different
speeds through the intersection. The fluctuation of the front
wheel angle is all within 0.35 rad, and the most severe curve
fluctuation is at the optimal target speed of 12 m/s, its maxi-
mum speed is 12 m/s and minimum speed is 2 m/s. The drastic
fluctuation of speed correspondingly causes the change of
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FIGURE 22. Lateral deviation of different target velocities.

the front wheel angle, which is also reflected in the heading
angle deviation in Fig.21. However, in lateral deviation in
Fig.22, the maximum amplitude of the corresponding lateral
deviation is the smallest, which means that the distance from
the reference line is the smallest.

The driving target of the vehicle is changed to make
the autonomous vehicle go straight through the intersection.
Fig.23 is its speed curve, and Fig.24 is its acceleration curve.
The curves of the dynamic MPC and kinematic MPC in the
two figures are coincident, which means that when the vehicle
is controlled in two ways, the response of the vehicle is
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FIGURE 25. Front wheel angle in straight motion.

consistent. However, when the two control methods are used
alternately, the curves appear slightly different, meaning that
the control also is under a slight effect on the speed change.

‘When the car has been accelerated and decelerated, the per-
formance will be distinct with different control algorithms.
Fig.25 is the comparison of front wheel angles of vehicles
using different control algorithms as going through the inter-
section. Dynamic MPC control will have an obvious jitter
when the speed changes greatly, and this change starts from
the low speed of the car. When the speed climbs, the front
wheel angle quickly tends to be stable. The control algorithm
of kinematic MPC fluctuates back and forth in the form of
harmonics throughout the whole process, whereas it is main-
tained in a small range. When the vehicle speed decreases,
the range of fluctuation becomes smaller. After alternating
the two control algorithms, it is obviously that the front wheel
rotation angle has no jitter of dynamic MPC at low speed and
no harmonic fluctuation of kinematic MPC at high speed,
which combines the advantages of the two algorithms. The
deviation of heading angle is also reflected in Fig.26.

The heading angle of kinematic MPC decreases signif-
icantly at 12 s, and the deviation tends to O obviously in
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the whole low-speed driving interval. However, after 18 s,
when the vehicle speed increases, the heading angle deviation
becomes markedly and violently dithered, and then tends to
be harmonically stable. On the contrary, the dynamic MPC
approaches 0 when the heading angle deviation is at high
speed. But after 12 s, when the vehicle speed decreases, the
heading angle deviation becomes significantly and rapidly
larger, and finally becomes stable when the vehicle speed
increases. When the two methods are used alternately, the
heading angle deviation of the vehicle at high speed is sig-
nificantly more stable than the kinematic MPC. The heading
angle deviation increases slowly at low speed, and the trend
is markedly lower than that of MPC alone. When the vehicle
speed increases again, the change of heading angle deviation
is also more stable than when it is used alone. Fig.27 shows
the comparison of their lateral deviations.

Although the lateral deviations become larger when they
are mixed, they are still within the acceptable range of 0.4 m.

V. CONCLUSION

This paper studies the scenario of cars passing through inter-
section scenarios without traffic signs. POMDP and time dis-
tance coordinate system are used to carry out speed planning
to avoid the problem of high computational force consump-
tion when solving POMDP model. The optimal acceleration
action of the vehicle can be solved within the specified time,
so that the vehicle can effectively avoid other vehicles and
pass at a higher speed, in order to improve the efficiency
of traffic. Compared with using dynamic MPC or kinematic
MPC alone, using dynamic MPC and kinematic MPC alter-
nately in control can effectively reduce the tracking error,
improve the stationarity of tracking, and carry out finer con-
trol under the condition of frequent velocity fluctuation.
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According to the graph of all simulation results, it can be
observed that the time period of autonomous vehicles passing
through the entire intersection is concentrated within 8-24 s,
and the whole process lasts about 16 s. In this process, three
vehicles that might be in collision are prevented, which has
high timeliness. At the same time, in the control process
of turning, the fluctuation range of the front wheel angle is
always controlled within 0.35 rad, without drastic fluctuation.
This method may also have implications in the treatment of
other traffic problems.
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