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ABSTRACT Permanent magnet synchronous machines (PMSM), synchronous reluctance machines
(SynRM), and electrically excited synchronous machines (EESM) are widely used in the industry and
transportation sectors. Their rotors are often equipped with conducting parts like permanent magnets, thick
rotor laminations, damper windings, or a conducting sleeve, or they even have a solid rotor core. Such
conducting elements do not allow applying standard AC supply techniques for inductance measurements
because of the alternating flux induced by eddy currents. We propose a new technique for inductance
measurement at a standstill with a quasi-static voltage supply, which mitigates the eddy current phenomenon.
The inductance is measured at several rotor positions over a complete electrical cycle, which allows to
proceed with a harmonic spectrum analysis of the inductance variation. With this information, it is possible
to estimate motor performance characteristics, such as optimum torque, voltage control, power factor, and
torque ripple. The new technique is experimentally validated on a 12 kW axially laminated anisotropic
solid-rotor high-speed SynRM. In principle, the method also suits PMSMs, EESMs, and other synchronous
machines (not verified in this paper). Experimental validation with a solid-rotor SynRM shows a good
correspondence with the simulation. Furthermore, the torque computed using the measured inductance is
very similar to the experimental one confirming the effectiveness of the method.

INDEX TERMS ALASynRM, axially laminated anisotropic rotor, high efficiency, high speed, inductance
harmonics, inductance measurement, solid rotor, space harmonics, torque harmonics.

I. INTRODUCTION
Synchronous machines (SM) avoid slip-related rotor losses,
which are always present in inductionmachines (IM). In addi-
tion, SMs can use different means to improve the power factor
and efficiency of the electric motor drive. To obtain optimized
characteristics for SMs, extensive optimization algorithms
can be used [1], [2], [3], [4]. In order to verify the results
of the optimization sequence, a proper measurement proce-
dure is required. The results are affected by manufacturing
tolerances and deviations of material properties, which can be
considered with robust optimization techniques [5], [6], [7].
Typically, a standard electrical machine test setup comprises
a load machine, a torque transducer, and a power analyzer
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[8], [9]. With such a test setup, efficiency, thermal manage-
ment, power factor, and voltage and current waveforms can
be measured. It is, however, challenging or even impossible
to preciselymeasure the torque ripple of a rotating rotor at dif-
ferent current vectors (referred to the rotor reference frame)
as well as inductance variations of the machine at different
rotor positions (including inductances along the d- and q-
axes). For this reason, most of the literature on the analysis
of the torque ripple phenomenon does not address actual ver-
ification of torque ripple results obtained by measurements
[10], [11], [12]. The same applies to exact inductance values
of the machine, when the actual average inductance (over a
complete electrical period) can be measured either directly
only at one current vector angle (e.g., d-axis inductance by
magnetizing the machine along the d-axis at no-load) or
indirectly at some other current vector angles (e.g., q-axis
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inductance when at a certain load the Id = 0 control is
ensured), or the simulation results are not verified at all [13].
However, it was shown in [14] that the actual inductance
variation (which can significantly deviate from the average
inductance value) as a function of rotor position can affect
the torque ripple and can even impair the controllability of the
machine. Therefore, analysis of the actual inductance values
(including its variation as a function of rotor position) is a
vital aspect in a proper optimization process of the SM. Con-
sequently, an accurate inductance measurement procedure to
verify the simulation results should also be established.

Another traditional approach to measure the inductance of
SMs is to use a standstill approach, which allows to adjust and
fix any rotor position and measure the inductance variation as
a function of rotor position and current vector angle [15], [16].
However, this method is performed with alternating current,
which causes an alternating flux in the air gap and the rotor
core. Therefore, the method cannot be applied with highly
conducting elements on the rotor side, especially when the
rotor is made of galvanically non-insulated solid metal com-
ponents. Furthermore, most of these methods combine power
supply circuits with the measurement circuits, which either
reduce the precision of the measurements or require expen-
sive high-precision equipment [17].

This paper describes an inductance measurement process
for precise inductance measurement of a three-phase SM
at different rotor positions. The proposed method does not
require installation of extra windings (e.g., excitation wind-
ing or sensing winding), and all the measurements are car-
ried out employing the standard three-phase windings that
the machine armature already has. Furthermore, the method
allows to separate the power supply circuit from the mea-
surement circuit, which enables high precision with reason-
able effort. In addition, the paper provides an example of a
postprocessing routine for inductance measurement results to
compute torque ripple values that are similar to the actual
torque ripple of the assembled motor. The analysis method
described in the paper can, in principle, be also applied to
permanent magnet synchronous machines (PMSMs), electri-
cally excited synchronous machines (EESMs), synchronous
reluctance machines (SynRMs), and other types of SMs. For
complete investigation of the electromagnetic performance of
PMSMs and EESMs, along with inductance measurements,
also back EMF measurement is needed, which is a stan-
dard procedure and does not require any special approach.
In particular, an Axially Laminated Synchronous Reluctance
Machine (ALASynRM) is investigated by applying the pro-
posed approach, because its performance is most dependent
on correct inductance characteristics.

The method also allows to evaluate permeance-variation-
caused inductance changes, which are mostly due to the
stator/rotor slotting effect, and which indirectly represent
potential losses generated in the rotor as a result of flux
density fluctuations in the rotor core (inducing eddy current
losses). Further, these high-order inductance harmonics pro-
duce torque ripple, as shown in the paper. Torque ripple,

in turn, can cause increased vibration and noise. Therefore,
it is important to estimate and verify the actual inductance
harmonics caused by slotting effects or some other structural
solutions (e.g., winding distribution, rotor pole shape). The
paper is organized as follows. Themain structural aspects and
measurement challenges of ALASynRMs are introduced in
Section II. The inductance measurement procedure, theoreti-
cal background, and simulations are presented in Section III.
Section IV discusses the torque simulations at a standstill
with a comparison between the method of virtual work and
the inductance measurement procedure. In Section V, the
experimental setup and results are presented. Section VI con-
cludes the paper.

II. ALASYNRM STRUCTURE
The ALASynRM is an innovative solution for high-speed
applications; it is not yet widely used, but in the academy
there is interest in this motor solution [18], [19]. The tra-
ditional ALASynRM design involves magnetic and non-
magnetic rotor layers connected with bolts or resin, which
mechanically limit the rotor strength and thereby the maxi-
mum achievable speed. On the other hand, temperature treat-
mentmethods, such as vacuum brazing, hot isostatic pressing,
explosion welding, or 3D printing, ensure that, ideally, the
rotor behaves like a solid piece of steel from the mechanical
point of view, allowing it to reach higher speeds [18]. The
motor type has potential to compete with solid-rotor squirrel-
cage high-speed induction machines. However, a solid ALA
rotor is electrically well conducting (also through the rotor
layers that are not galvanically isolated from each other) and
can experience strong eddy currents caused by high-order
flux density harmonics in the air gap; these harmonics can
strongly increase the total losses of the machine [19]. This
drawback does not only affect the efficiency of the motor
but can pose challenges to the power electronic control of the
machine. Further, the very low q-axis inductance and possible
time-harmonic-induced eddy currents in the rotor can make
the motor control challenging (including effects on the torque
and magnetic flux) especially during transients. An example
of a solid rotor construction of an ALASynRM is shown in
FIGURE 1.

An ALASynRM prototype was built. The stator core and
windings of the ALASynRM were directly adopted from a
smooth solid-rotor IM [18]. The ALA rotor was manufac-
tured by joining the magnetic and nonmagnetic layers by
vacuum brazing. The layers of magnetic structural steel S355
and Inconel 600 were joined by copper brazing and then
machined to obtain a cylindrical rotor with a shaft [19]. In this
case, the shaft is alsomade from the samematerials (FIGURE
2), because to maximize the saliency ratio, the rotor active
part does not provide a hole for a shaft. The shaft imple-
mented in this way does not affect the motor performance.
An alternative would be to weld austenitic shafts at the active
part ends. The main parameters of the motor are given in
Table 1. The stator winding has a short pitching to reduce the
flux harmonics and thus the rotor losses and torque ripple.
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FIGURE 1. Schematic ALASynRM solid rotor made of magnetic and
nonmagnetic metal layers.

FIGURE 2. Prototype of the ALA rotor.

The manufacturing process is suitable to produce two-
pole rotors. Manufacturing of four-pole (or higher number
of poles) rotors can, however, be more challenging. It should
be noted that rotor ribs, typically used in traditional SynRMs
(for the mechanical integrity of the rotor core), are absent in
an ALASynRM, making the inductance difference as high as
possible. The absence of rotor ribs in anALASynRMstrongly
increases the saliency ratio but also air-gap flux harmonics
(depending on the number of rotor layers and their thickness).
The presence of radial ribs in traditional SynRMs reduces
the permeance variation over the rotor periphery, which is
not the case in ALASynRMs. High permeance flux density
harmonics may cause a high torque ripple of the machine,
and thus, require stator skewing, which is not implemented
in this case.

Finally, to effectively control the SynRM, the actual syn-
chronous inductances along the d- and q-axes should be
known. The AC-supply-based methods used for the classical
SynRM to identify synchronous inductance (especially q-axis
inductance) at a standstill are not applicable to a solid-rotor
ALASynRMbecause of the high conductivity of the rotor and
the strong presence of eddy currents during AC excitation.

III. QUASI-STATIC APPROACH TO INDUCTANCE
MEASUREMENT
One of the easiest approaches to measure the inductances is
to apply a pulsating current vector through the stator winding
along the d- and q-axes and measure the induced voltage.
When the resistive voltage drop is known, it is straightfor-
ward to estimate the reactive power caused by the machine

TABLE 1. Parameters of the 12 kW ALASynRM.

inductance. However, the presence of a solid rotor or some
other damper feature causes significant eddy currents in the
rotor during this procedure. These currents induce a flux that
opposes the stator-originating flux, and the equivalent mea-
sured inductance is much lower than the actual inductance
of the machine. A similar situation can occur in a PMSM
(caused by eddy currents in the magnets, in a metallic sleeve,
or in a solid rotor core) and in an EESM equipped with
damper windings.

Another possible approach to measure the synchronous
inductance of different SMs with electrically conducting ele-
ments in the rotor (including the ALASynRM with a solid
rotor) is to rotate the rotor at a synchronous speed at no-load,
to apply different voltage values, or use a symmetrical short-
circuit (in the case of rotor-excited PMSMs and EESMs)
and measure the resulting current [20]. In this case when
the stator resistive voltage drop is known, the reactive power
caused by the synchronous inductance can be evaluated.
However, in this case, only the average (over a complete
electrical period) d-axis inductance can be estimated, because
at no-load the rotor always tries to align itself along the d-axis.
Therefore, measurement of the q-axis inductance and espe-
cially the complete inductance variation (at different rotor
positions relative to the current vector) is hardly possible.
In traditional guidelines, the low-slip test of the EESM aims
to give results for the d- and q-axis inductances, but the
method is inaccurate and difficult to arrange [21]. Another
method is a two-machine approach with a phase shift of
90 degrees at the rated speed. Onemachine is strongly excited
to maintain its d-axis position allowing the d-axis inductance
measurement even in saturation, while the other one is used
for the q-axis inductance measurement [22].

This paper proposes a new technique for the direct induc-
tance measurement of SMs regardless of whether there is
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FIGURE 3. Current linkage vectors and the selected current phase angle
(resulting in a zero current in phase U) when the current with
inappropriate (a) and appropriate (b) polarity is applied to
phases V and W.

a solid electrically conducting element in the rotor or not.
These inductance data can be used for torque model compu-
tation, the results of which give similar motor performance
characteristics (including mean torque and torque ripple) as
would be directly measured by a torque transducer with a
coupled load if stable operation with e.g., 1 Hz or lower can
be reached. To verify the accuracy of the proposed method,
a direct torque measurement of an ALASynRM is also imple-
mented in this work (including torque ripple measurements)
and compared with the torque results obtained from the mea-
sured inductance.

The well-known technique for the measurement of induc-
tances in a synchronous reluctance machine that mainly oper-
ates at a standstill [23], [24], [25], [26], [27] or with PWM
modulation [28] cannot be applied to solid-rotor machines.
The main reason is the effect of eddy currents in the rotor
that produce a flux opposing the stator alternating flux. The
first method of measuring the inductance of a SynRM at
a standstill is to inject an alternating current to the stator
winding and employ the SynRMmodel to estimate the fluxes
and thus, the inductances. When a stator current is injected
at a certain frequency, a pulsating or rotating flux (depending
on the connection circuit) is produced. Because the rotor is
at a standstill, the pulsating or rotating stator flux is not syn-
chronouswith the rotor. This effect is present in bothmachine
types: in a typical transversely laminated rotor SynRM and
a solid-rotor ALASynRM. In the latter case, however, the
flux variation induces strong eddy currents in the rotor. In a
solid rotor, this current can be very high because of the low
resistance of the rotor steel. This leads to a reduction in the
flux penetrating the rotor with a consequential reduction in
the measured inductance (whose value does not correspond
to the actual synchronous inductance value). These effects

are less evident with a decreasing frequency, and therefore,
for the inductance measurements, it is, in principle, possible
to apply currents that produce a rotating or pulsating fluxwith
a very low frequency. However, in techniques that include the
adoption of PWM modulation, the current is not sinusoidal,
and its harmonics can produce eddy currents in the rotor with
a consequential increase in losses and deviations in the mea-
surements. Further, even if the PWM modulation is properly
filtered, a low supply frequency will lead to a low reactive
power, which may be challenging to detect accurately, espe-
cially when the same circuit is used both for current supply
and detection of reactive power [29]. This can be explained
by the different order of the total supply power value and
(separated from it) the reactive power value. To minimize
the impact of harmonics (as in the case of a nonfiltered
PWMsupply) and improve the precision of themeasurements
(when a low-frequency sinusoidal current supply is used),
a modified method for the synchronous inductance quasi-
static measurement of SMs with a solid conducting element
in the rotor is required.

A. THEORETICAL APPROACH
The idea for the inductancemeasurement of this machine type
is based on the vector approach. As shown in FIGURE 3, by
considering a three-phase current supply to phases U, V, and
W it is possible to select such a current phase angle at which
the current in one phase (e.g., U) reaches zero and the total
current linkage is generated by only two phases (e.g., V and
W). Selection and fixing this current phase angle (when there
is no current in one of the phases) allow to manipulate with
the currents in only two phases to identify the synchronous
inductance.

The traditional three-phase configuration (star connection)
cannot, however, be employed in the implementation of the
current supply suitable for inductance measurement because,
as shown in FIGURE 3a, when supplying two phases (V
positive and W negative), the resultant flux is in the quadra-
ture direction with respect to the third phase (U). In this
condition, the flux cannot be detected by the third phase.
Therefore, in order to have the produced flux linkage in the
same direction as the third phase, the polarity of one of the
phases must be changed (this requires some manipulation in
the winding configuration or in the supply mode), as shown
in FIGURE 3b. To achieve this, the motor must have all the
winding ends at the terminal box or an access to the star point.

In this case, the resultant current vector and, consequently,
the flux vector are different from the original case (owing
to the different angles between the phase currents), but this
can be taken into account in further manipulations of the
measured results to obtain the actual synchronous inductance,
as described further.

By analyzing the equations that describe the SynRMmodel
(including flux linkages) it is possible to demonstrate that the
main flux produced by the resultant current vector, as shown
in FIGURE 3b, is equivalent to the flux produced by the
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same current of phase U alone. Starting from the equation
of inductances and phase flux linkages [30], considering the
presence of currents only in V and W phases (with Iv =

Iw = I ), the equation of the phase U flux linkage can be
written as:

ψu (0, Iv, Iw) = LuvIv + LuwIw (1)

ψu (0, I , I ) = [−Lms − L1s cos (2θr)] I (2)

where ψu (0, Iv, Iw) is the flux linkage produced in phase U
by the currents in phases V and W (which makes this flux
based on the mutual coupling inductance), Luv is the mutual
inductance between phases U and V, Luw is the inductance
between phases U and W, Lms is the average air-gap com-
ponent of the inductance, and L1s is the variable inductance
component as a function of rotor position (θr).

If current is applied only in phase U, the expression of the
flux linkage can be formulated as:

ψu (Iu, 0, 0) = [Lσ s + Lms + L1s cos (2θr)] Iu (3)

where ψu (Iu, 0, 0) is the phase-U flux linkage, produced by
the current running in the same phase. This flux linkage now
also includes the leakage component produced in Lσ s, which
is the leakage inductance of the phase.

The two expressions (2) and (3) are quite similar to each
other, the differences being the sign (when V and W are
supplied with an opposite polarity) and the leakage flux of
the phase (only present when the flux linkage of the phase is
induced and expressed by the current in the same phase).

The model described above includes the first harmonic
(inductance variation) only, but it is possible to write the
inductances as a Fourier series expansion, thereby obtaining
analogous results. For simplicity, only the self-inductance
of phase U and one mutual inductance are given. The other
inductances have similar expressions according to the phase
shift present in the first harmonic model.

Luu = Lσ s + Lms +

n∑
k=2

[
L1s,k cos (kθr + ϕk)

]
(4)

Luv = −
1
2
Lms +

n∑
k=2

[
L1s,k cos

(
kθr + ϕk + k

2
3
π

)]
(5)

where k is the harmonic order, and ϕk is the phase shift of the
k-harmonic.

More generally, the model can be represented by a generic
function f according to:

Luu = Lσ s + Lms + f (θr) (6)

Luv = Lvu = −
1
2
Lms + f

(
θr +

2
3
π

)
(7)

In this last model, the function f has to be periodic over
the observed angle; this can be written with the following
consideration:

f (θr)+ f
(
θr −

2
3
π

)
+ f

(
θr +

2
3
π

)
= 0 (8)

FIGURE 4. Equivalent circuit for inductance measurement.

Considering the supply of (1) for the Fourier series expan-
sion model and the general one, the expression of the phase
U flux becomes:

ψu (0, I , I ) =

[
−Lms −

n∑
k=2

[
L1s,k cos (kθr + ϕk)

]]
I (9)

ψu (0, I , I ) = [−Lms − f (θr)] I (10)

In this model, there is a correspondence between the flux
linkage of phase U computed considering the current only in
phase U and the flux linkage of phase U computed consider-
ing the currents in phases V and W with the same value and
sign.

Based on these considerations, it is possible to supply two
phases (with the same current and direction) and measure
the flux linkage (or the induced voltage) in the third one.
From this measurement, the synchronous inductance of the
machine can be measured neglecting the leakage inductance
(which can be measured by other techniques). This technique
separates the circuit of excitation and the measurement cir-
cuit, avoiding the influence of the value of the phase resis-
tance or the connection resistance in the measurement results.

The equivalent circuit for the inductance measurement is
shown in FIGURE 4. The figure shows that to proceed with
the test there is no need for any extra winding or coils, but
the existing three-phase winding will suffice without any
additional modifications. In a case where the star point should
not be opened, the only aspect that must be ensured is the
access to all terminals (U, V, W, and the star point) of the
machine to rearrange the winding connections (phases V and
W and the star point) and voltage measurements between
phase U and the star point, as shown in FIGURE 4 (on the
left).

However, if the phase resistances deviate significantly
from each other (which typically is not the case), then the
currents in phases V and W can also deviate in the case of
parallel connection through the star point (which does not
require opening of the star point). Therefore, to ensure the
same currents in phases V and W, a series connection was
used in the measurements, which required to open the star
point as shown in FIGURE 4 (on the right).
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The power supply should apply a quasi-static voltage to
minimize the effects of rotor transients, and to compute the
flux linkage, a precise flux linkage meter—in practice an
induced voltage integrator—is required. The induced voltage
e integrator is capable of accurately determining the flux
linkage of the system (ψ =

∫
edt) as it allows all the eddy

currents to attenuate after each increment in the exciting
current. The circuit is completed with a current measurement
in series with phases V and W. The leakage inductance of
phase U is present in the modeling, but it remains passive
during the test because the current in this phase is negligible.

The measurement can be repeated for different rotor posi-
tions to correctly evaluate the variation in the inductance
as a function of rotor angle. In this way, it is possible to
compute, in addition to the axis inductance, the high-order
harmonics of the inductance variation caused by the rotor
and stator anisotropic structures. The only drawback of this
method is that the stator current linkage waveform stays the
same during the measurement. Another deficiency may be
that the device (used in the measurements) supplying the
measurement current may not be capable of saturating the
motor because of the limited supply current values, and there-
fore, only nonsaturated inductances can be measured. This,
however, does not reduce the value of the proposed technique,
but is only related to the equipment resources.

B. SIMULATION VERIFICATION
This method was tested in a finite element (FE) simulation
environment to verify the reliability of the method by using
the AnsysMaxwell software that allows simulating the circuit
shown in FIGURE 4 by computing the induced voltage in
phase U. By integrating this value it is possible to estimate the
flux and compute the inductance. The value of the inductance
is that of the previous equations, which neglects the leakage
value (because it is based on the mutual magnetic coupling),
and it is equal to [−Lms − L1s cos (2θr)]. The computation of
the d-axis inductance is carried out with a rotor angle equal
to 0 electrical degrees (maximum value of inductance), while
the q-axis inductance is obtained with a rotor angle equal to
90 electrical degrees.

The geometry of the simulated machine and the mesh,
which consists over 300000 2nd-order elements, are shown
in FIGURE 5 and FIGURE 6, respectively. The rotor is
composed of 31 layers: 15 of magnetic material and 16 are
of nonmagnetic one. The middle layer has a thickness of
6.0 mm, whereas all the other layers have a thickness equal
to 3.0 mm. A thicker layer is used in the middle because
the highest permeance is found on the d-axis. Further, the
brazing interlayers of copper are about 0.1 mm thick or less.
The desired rotor diameter of 98.5 mm is achieved with the
final milling process. For the load simulation, a very fine
mesh must be used to correctly simulate the eddy currents,
which occur mostly on the surface of the rotor. For this
simulation, a larger mesh size could be employed because
these effects can be neglected owing to a very slow flux
variation imposed by the proper supply control. Nevertheless,

FIGURE 5. ALASynRM geometry under study.

FIGURE 6. Stator and rotor mesh details.

FIGURE 7. Supply current sequence to phases V and W (connected in
series) and the induced voltage in phase U.

to achieve comparable results, the same very fine mesh was
used.

If the motor is supplied according to the scheme illustrated
in FIGURE 4, the rotor (not locked) will be aligned to the
equivalent current linkage produced by the stator. In this posi-
tion, the inductance is equivalent to the d-axis one. FIGURE 6
shows the results in terms of induced voltage (phase U) and
supply current sequence (V and W phases). The gradient of
the supply voltage is kept equal to 133.33 mV/s to guarantee
a quasi-static supply. The current in this simulation reaches
the value of 4 A with a maximum gradient of 2 A/s.

Several slope values were investigated, and it was found
that up to 10 A/s, the rotor eddy-current effects can be
neglected. Above this value, there is a small reduction in
the measured inductance. Based on a parametric analysis of
all the positions guaranteeing a reasonable simulation time,
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FIGURE 8. Equivalent circuit for the quasi-static torque measurement.

FIGURE 9. Torque computed with the method of virtual work with
constant stator currents as a function of rotor angle.

a gradient of 2 A/s was selected for the measurements. In this
case, the value can be obtained with a voltage supply gradient
of 133.33 mV/s. By integrating the induced voltage it is
possible to compute the flux linkage of phase U, and thus,
the inductance.

The procedure can be repeated for several rotor positions
to obtain the behavior of the inductance as a function of rotor
angle (shown in FIGURE 11, Section IV).
From the resultant curve, it is possible to extract the mean

value (Lms), the harmonic amplitudes (L1s,k ), and the har-
monic phases (ϕk ). To obtain the mutual inductances and the
other terms of the inductance matrix it is possible to make
a phase shift (±2/3kπ ) of the harmonics according to the
phase order. The spectrum of the inductance is shown in
Section V, where the simulated results are compared with the
experimental ones (FIGURE 12).

IV. TORQUE RESULTS
For the torque computation at a standstill, it is possible to
supply the motor with a fixed (static in the stator reference
frame) stator current vector and slowly vary the rotor position.
In this way, it is possible to evaluate the behavior of the torque
as a function of rotor position relative to a fixed stator current
vector. The equivalent circuit for this measurement is shown
in FIGURE 8.

A. SIMULATION RESULTS
Four amplitudes of DC current were applied: the rated current
(40.8 A) and 75%, 50%, and 25% of the rated current. The
results are shown in FIGURE 9.

From these curves, it is possible to see the high-order
harmonic content of the torque mainly caused by the rotor
and stator permeance interactions. When the low magnetic
reluctance path of the rotor is close to alignment with the
current vector (high d-axis current and low q-axis current),
the harmonics in the torque are more evident (first and last
45 degrees of the plot). Torque harmonics are lower when the
current vector is close to alignment with the high magnetic
reluctance path of the rotor (high q-axis current and low
d-axis current). The torque in FIGURE 9 is computed by
using an FE model, in which the calculation applies nodal
forces that are based on the principle of virtual work.

B. INDUCTANCE-BASED APPROACH
By using the definition of inductance and the parametric
model, it is possible to compute the torque analytically (for
a SynRM) starting from the computation of the magnetic co-
energy [31]. The expression is written as

T =
p
2
[I ]T

d [L]
dθr

[I ] (11)

where p is the number of pole pairs, [I ] is the vector of the
phase currents, T is the symbol for transposition, and [L] is
the inductance matrix.

Considering the first-order model and adopting the Clarke
and Park transformations, the expression of torque is written
as

T =
3
2
p

(
ψdIq − ψqId

)
=

3
2
p

(
Ld − Lq

)
IdIq (12)

where ψd, ψq, Ld, Lq, Id, Iq are the direct and quadrature axis
flux linkages, inductances, and currents, respectively.

In the general model, the expression of torque can be
written in the UVWmodel as (13), shown at the bottom of the
next page, where f ′ is the derivative of the generic function,
and f is a function of the rotor angle θr.

If the angle step under consideration is sufficiently low,
then the two methods (estimating the torque behavior directly
or computing the torque via the estimated inductance) provide
similar results.

If the full-order harmonic model is considered, after some
manipulation and applying the Clarke and Park transforma-
tions, the expression of the torque can be rewritten. Different
orders of inductance harmonics present different transforma-
tions, and there are three groups with similar transformations:

1) 2j+ 6 (positive direction);
2) 4j+ 6 (negative direction);
3) 6j+ 6 (stationary),

where j is a positive integer.
In this case, the d- and q-axis inductances can be defined

in the same way as for the first harmonic order model,
but their values do not necessarily represent the maximum
and minimum values of the inductance as some high-order
harmonics can move the maximum inductance value from
the geometrical one. Therefore, the phase shift between the
maximum and minimum values can be no larger than 90
degrees.
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FIGURE 10. Experimental setup.

FIGURE 11. Inductance comparison as a function of rotor position.

V. EXPERIMENTAL RESULTS
The experimental setup includes a division-head gear with
a high transmission ratio (90) connected to a motor shaft
and a measuring rig for the rotor positioning as shown in
FIGURE 10. The connections of the motor windings were
modified based on the actual measurement type.

A. INDUCTANCE MEASUREMENT RESULTS AND
COMPARISON
For the inductance measurements, the stator windings were
connected according to FIGURE 4 (as on the right side),
in which the voltage generator was substituted with the
excitation circuit of the permeameter AMH-50K-S by Lab-
oratorio Elettrofisico and the voltmeter by the measuring
circuit connected to a fluxmeter of the same instrumentation.
The fluxmeter has an accuracy of ±0.5% with a resolution
from 1 µWb (range 2 mWb) to 100 µWb (range 200 mWb).
The power amplifier allows a maximum excitation current

FIGURE 12. Harmonic spectrum comparison of the inductance (the y-axis
scale changes at the horizontal gray bar).

of 40 A, which is sufficient in this case. With the perme-
ameter, it is possible to measure the induced voltage in phase
U and the input current in phases V and W. By integration,
the induced voltage is then converted into the flux linkage
of phase U. For the torque measurement, the stator windings
were connected as shown in FIGURE 8. The value of the
current is adjusted according to the value of the simulation
procedure shown in FIGURE 9.

Because of the relatively long-lasting measurement pro-
cedure for the flux computation (especially, when a very
slow alternating flux is applied not to cause any eddy current
reaction on the rotor side), the position of the rotor during
these measurements was changed with 2.5◦ steps close to
the d- and q-axes and with 5◦ steps in other positions. This
stepping was selected according to the simulation results,
which showed higher inductance fluctuations in the regions
close to the d- and q-axes. The results of the inductance
measurement compared with the simulated ones are shown
in FIGURE 11 and FIGURE 12.
FIGURE 11 and FIGURE 12 show a clear agreement

between the simulations and the experiments. The maximum
plotted harmonic is fixed to the 30th because the stepping used
for the experimental results limits the possibilities to observe
any higher harmonics. Considering the position step applied
(5◦), these harmonics can exist due to the measurement errors
between the different rotor positions, and with this measure-
ment resolution, the 30th harmonic is the maximum harmonic
that can be computed with a reasonable accuracy according to

T =
p
2

 IU
IV
IW

T


f

′

(θr) f ′

(
θr +

2
3π

)
f ′

(
θr −

2
3π

)
f ′

(
θr +

2
3π

)
f ′

(
θr −

2
3π

)
f ′ (θr)

f ′

(
θr −

2
3π

)
f ′ (θr) f ′

(
θr +

2
3π

)


 IU
IV
IW

 (13)
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FIGURE 13. Comparison of the simulated and measured torque behaviors
as a function of rotor position at the rated current.

FIGURE 14. Comparison of the simulated and measured torque harmonic
spectra at the rated current (the y-axis scale changes at the horizontal
gray bar).

the Nyquist theorem (frequency sampling should be at least
two times the detected one or higher).

The low-order harmonics (for example, the 6th, which has
a larger value and is more important from the perspective of
motor performance) are very similar, which makes the results
reliable and applicable for further evaluation of the motor
characteristics. The medium-order harmonics (from the 10th
to the 26th) mainly exist in the experimental results. The
harmonic numbers in FIGURE 12 are computed considering
a complete mechanical revolution (360◦). Because the induc-
tances are periodic functions with a period of 180◦, only even
harmonics are present.

Themain differences in the harmonic amplitudes are due to
several factors: the larger angle step used in the experiments
compared with the simulations, deviations in the magnetic
properties caused by heat and mechanical treatments, man-
ufacturing tolerances in the layer thickness, end winding

FIGURE 15. Comparison of the simulated and measured torque behaviors
as a function of rotor position at 75% of the rated current.

FIGURE 16. Comparison of the simulated and measured torque harmonic
spectra at 75% of the rated current (the y-axis scale changes at the
horizontal gray bar).

effects, and measurement tolerances. However, these differ-
ences are quite small and do not affect the proposed results in
general.

The motor was designed with a relatively low maximum
flux density in the stator yoke and teeth also at the rated
current and torque in order to reduce the core losses at high
speeds. The inductancemeasurement was performed by using
currents comparable with the motor rated current. For clarity,
a simulation with a very high phase current (60 A) was
carried out, and the results are shown in FIGURE 11 and
FIGURE 12 (Sim. Saturated), in which it is possible to see
the saturation effect, with a reduction in the inductance close
to zero degrees. There is also a reduction in the mean value,
in the second harmonic (the main one), and an increase in
the 24th harmonic (the one caused by the slotting effect).
The proposed method can incorporate saturation effects for
the computation of the phase inductance as a function of
relative phase current with several positions to obtain the
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FIGURE 17. Comparison of the simulated and measured torque behaviors
as a function of the rotor position at 50% of the rated current.

harmonics. A useful parameter that can also be measured
is the axis inductances (d and q) as a function of related
currents.

B. TORQUE MEASUREMENT RESULTS AND COMPARISON
The next step is the verification of the torque between the
FE simulation results (employing nodal forces that are based
on the principle of virtual work), the computation with the
simulation and experimental results of the inductance with
(14)–(17), as shown at the bottom of the page, and the mea-
surements of the torque directly with the torquemeter. The
results are shown in FIGURE 13 to FIGURE 20. The har-
monic numbers for these figures are computed considering a
complete mechanical revolution (360◦).
The experimental results confirm the accuracy of the

simulation model for the torque computation using the induc-
tance values. The torque computation applying the induc-
tance model (14)–(17) allows to evaluate most of the torque
harmonics with a high accuracy.

Considering the rated peak current (40.8 A), the
main harmonic (the second) is around 5 Nm for each
method, as expected by the rated torque of the motor.
The inductance-based method for the torque computation
works correctly, and the higher order harmonics from the

FIGURE 18. Comparison of the simulated and measured torque harmonic
spectra at the 50% of the rated current (the y-axis scale changes at the
horizontal gray bar).

simulations (blue and cyan) and from the experiments (red
and gold) have similar orders and values.

Both in the experimental tests and simulations, the main
harmonics are located around the 24th harmonic. Similar
results were obtained for the other current values: 75%, 50%,
and 25% of the rated one. The results of these curves are quite
similar to the one obtained at the rated current.

The torque harmonics computedwith the inductance-based
model present similar THDs and similar ratios between the
amplitudes of harmonics. The THD coefficients obtained
by the FEM simulations and the experimental results have
slightly different values with the variation of current. There-
fore, the experimental torque measurements and the simula-
tions confirm the validity of the proposed method.

By comparing FIGURE 12, FIGURE 14, FIGURE 16,
FIGURE 18, and FIGURE 20 it can be seen that the
higher order inductance harmonics (the 20th-28th) have
lower amplitudes compared with the lower harmonics (the
fourth) but produce higher torque amplitude harmonics. This
is explained by the equations and the derivative relation
between torque and inductance. With this method, the sixth
harmonic and its multiple torque harmonics are not visible
because in a rotating machine they are produced by the trav-

If k = 2j+ 6Tk =
3
4
p

[
Id Iq

] [
−L1s,k sin [(k − 2) ϑr + ψk ] L1s,k cos [(k − 2) ϑr + ψk ]
L1s,k cos [(k − 2) ϑr + ψk ] L1s,k sin [(k − 2) ϑr + ψk ]

] [
Id
Iq

]
(14)

if k = 4j+ 6Tk =
3
4
p

[
Id Iq

] [
−L1s,k sin [(k + 2) ϑr + ψk ] − L1s,k cos [(k + 2) ϑr + ψk ]
−L1s,k cos [(k + 2) ϑr + ψk ] L1s,k sin [(k + 2) ϑr + ψk ]

] [
Id
Iq

]
(15)

if k = 6j+ 6Tk = 0 with j = 0, 1, 2, . . . ,N (16)

T =
3
2

(
Ld − Lq

)
IdIq +

N∑
k=4

Tk (17)

Ld = Lµ + L1s,2Lq = Lµ − L1s,2 (18)
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FIGURE 19. Comparison of the torque behaviors as a function of rotor
position at 25% of the rated current.

FIGURE 20. Comparison of the simulated and measured harmonic
spectra at 25% of the rated current (the y-axis scale changes at the
horizontal gray bar).

eling fifth and seventh stator current linkage harmonics. As in
this measurement the current linkage is not traveling but it
is stationary, the phases of the stator fundamental and high-
order harmonics do not change, and therefore, we do not see
the sixth torque harmonic in the results. The technique can
measure the harmonics of the mutual terms of the inductance,
and the self-inductance is computed by phase shifting. In this
way, some effects on the self-inductance and on the torque
ripple are neglected.

VI. CONCLUSION
A novel methodology of the synchronous inductance mea-
surement of SMs was verified with an ALASynRM. It was
shown that even if the rotor is completelymade of a solid elec-
trically conducting body, it is possible to measure the induc-
tance of a motor at a standstill and at any rotor position. The
measured inductance matched well the estimated inductance
obtained by the FE simulation, except for some high-order

harmonics. A slight difference in the harmonic amplitudes
can be explained by the large angle step in the inductance
measurement, the deviation of magnetic properties caused by
heat and mechanical treatments, manufacturing tolerances in
the layer thickness, end-winding effects, and measurement
tolerances. However, the spectra of the inductance harmonics
match well, which can already give an understanding of the
main motor parameters.

In order to validate the approach further, inductance mea-
surements as a function of rotor position were simulated
and tested. In this way, in addition to the d- and q- axis
inductances, it is possible to compute the inductance har-
monics. From the analytical expression of torque obtained by
applying the harmonic model of the inductance, it is possible
to compute the torque with a fixed stator current vector and
different rotor positions. The computed torque was compared
with the experimental one for different current values. The
comparison shows a good agreement between the obtained
results, confirming the validity of the proposed approach.

The drawbacks of the proposed method are the need to use
the phase shift technique to compute the inductance matrix
terms, which results in neglecting the additional effects in
the torque ripple computation; however, the approach for the
torque ripple is valid when considering a fixed current link-
age. The measured value of the inductance does not include
the leakage inductance. Still, for a rotating field, the harmon-
ics produced by the windings must be introduced; this can be
addressed in further developments. Future works could also
investigate the opportunity to evaluate the cross-saturation
effects in the inductance computation with the proposed
method.
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