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ABSTRACT Within the distribution system operator (DSO) framework, there could be alternative arrange-
ments to enable market participation by all entities, including the privately owned distributed energy
resources (DERs). In many cases, the retailers and similar aggregating agencies facilitate this. Even before
finalizing the modalities of the market at the distribution level, it is essential to know about the possible
market outcome and its impact on the operational decisions of DSO and vice-versa. This paper presents
a simulation framework and associated case studies, where the market outcome and DSO’s operational
activities are carried out in tandem to establish a realistic and feasible outcome. The market model
is represented by a non-cooperative game where an efficient and fair solution is obtained using Nash
equilibrium. For this, multi-player power transaction problem (MPTP) is solved using complementarity
modeling. The proposedMPTP is further compounded with network reconfiguration and loss considerations
which are the part of DSO’s operations. The inclusion of reconfiguration and loss allocation to entities makes
the outcome realistic and feasible one. The proposed simulation framework is implemented on various test
cases with a heterogeneous set of participants to establish its effectiveness.

INDEX TERMS Distributed energy resources, distribution system, equilibrium problem, network reconfig-
uration, retail market.

NOMENCLATURE
Acronyms

DER Distributed energy resource.
DG Diesel generator.
DSO Distribution system operator.
GNEP Genralized Nash equilibrium problem.
KKT Karush-Kuhn-Tucker.
LCP Linear complementarity problem.
MPTP Multi-player power transaction problem.
RES Renewable energy source.
SOCP Second-order conic programming.
WEM Wholesale electricity market.

Functions

f jR Profit incurred by jth RES.

The associate editor coordinating the review of this manuscript and

approving it for publication was Youngjin Kim .

f kDG Profit incurred by k th DG.
f pobj() Objective function of a GNEP.
f iret Profit incurred by ith retailer.
gip () ip inequality function(s) of a GNEP.
hjp () jp equality function(s) of a GNEP.
Ck () Cost function of k th DG.

Indices and Sets

I/i Set/number of retailers.
J/j Set/number of RESs.
K/k Set/number of DGs.
N/u, v, w Set/ indices of bus number.
Ng Set of feeder buses.
Nl/l Set/number of lines connecting bus u and v.
Au+1 Set of nodes receiving power from bus u.
Au−1 Set of nodes act as source node for bus u.
π (u) Set contains all elements of (Au+1 ∪ Au−1).
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Z Set of opened lines for radial configuration.
mp/ip Set/number of inequality constraint of a GNEP.
np/jp Set/number of equality constraint of a GNEP.

Parameters

Pgen,u Active power generated by DER at bus u.
Qgen,u Reactive power generated by DER at bus u.
τi Tariff charged by ith retailer to the consumers.
Ak ,Bk Cost function parameters of k th DG.
guv, buv Conductance and susceptance of a line

connecting bus u and v.
Iuv,max Maximum current flow in a line

connecting bus u and v.
Pd,u Load demand at bus u.
Pgi,max Maximum power sold by market to ith retailer.
Pgi,min Minimum power sold by market to ith retailer.
Prj,max Maximum power sold by jth RES.
Prj,min Minimum power sold by jth RES.

Pdgk,max Maximum power sold by k th DG.

Pdgk,min Minimum power sold by k th DG.
Vmax Maximum voltage limit.
Vmin Minimum voltage limit.
xrj Price of power sold by jth RES.

xdgk Price of power sold by k th DG.
Fvu Power flowing in a line connecting bus v and u.
ζi Grid price of electricity for ith retailer.

Variables

βvu Binary variable represents 1 when bus v is
the source node of bus u; otherwise 0.

�l Variable defines the status of line l.
ℜuv,ℑuv Terms associated with conic formulation for a

line connecting bus u and v.
Iuv Current flow in a line connecting bus u and v.
Pgi Power purchased by ith retailer from WEM.
Psi Total load demand for ith retailer.
Prj Power generated by jth RES.

Pdgk Power generated by k th DG.
Psrji Power purchased from jth RES by ith retailer.

Psdgki Power purchased from k th DG by ith retailer.
Uu, ℘l

u Variables associated with conic formulation
related with voltage.

1Pd,u Loss allocated at bus u.
Lc,u,Lu Variables used in loss allocation method.
δs̄i Dual variable associated with the constraint of

maximum load demand for ith retailer.
δ
ḡ
i Dual variable associated with the constraint of

maximum power purchased by ith retailer from
WEM.

δ
s
i Dual variable associated with the constraint of

minimum load demand for ith retailer.
δ
g
i Dual variable associated with the constraint of

minimum power purchased by ith retailer from
WEM.

δr̄j Dual variable associated with the constraint of
maximum power sold by jth RES.

δ
r
j Dual variable associated with the constraint of

minimum power sold by jth RES.

δ
dg
k Dual variable associated with the constraint of

maximum power sold by k th DG.

δ
dg
k Dual variable associated with the constraint of

minimum power sold by k th DG.
λtd Dual variable associated with the global equal-

ity constraint of power balance.
λsi Dual variable associated with the equality con-

straint of power balance for ith retailer.
λrj Dual variable associated with the equality con-

straint power balance for jth RES.
λ
dg
k Dual variable associated with the equality con-

straint power balance for k th DG.
αip , γjp Dual variable of inequality and equality con-

straint, respectively, of a GNEP.
xp, x−p Control variables of a GNEP

I. INTRODUCTION
Distribution system operators (DSOs) would play a key role
in the next generation power systems with large-scale dis-
tributed energy resources (DERs) integration [1]. One of the
key enablers, facilitated by DSO for overall efficient oper-
ation of the sector is electricity commodity markets. DSO
provides an intermediate platform between the independent
system operator and different entities at the distribution level
for market activities [2]. The retail market facilitated by DSO
enables consumers to make choices among available tariff
plans and incentives. It brings competition and economic
liberalization to the market. Unbundling of the vertically inte-
grated unit of power system results in the participation of new
entities into the retail market [3], [4]. Continued progression
of the retail electricity market is imminent for the distribution
power sector to meet the future scope. Bringing competi-
tion in the retail sale of electricity, especially by privately
owned DERs will transform the conventional framework of
the market. Therefore, an efficient and rational retail market
framework needs to be explored and simulated to devise
novel business strategies in the power market considering the
different aspects of DSO’s system operations.

A brief review of the existing retail markets with recent
developments is presented in [5], describing the typical char-
acteristics, challenges, and needs of the next-generation retail
electricity markets. The progression of the smart grid opens
up new avenues of opportunities for the development of
market structure with a variety of energy producers and con-
sumers. The involvement of private energy sources (small
or medium size energy producers) and retailers gives a new
scope to the retail market. This has raised a question on
the integration of such DERs including renewable energy
resources (RESs), diesel generators (DGs), etc., in the
retail market. It is not possible for every DER to participate
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individually in the wholesale electricity market (WEM) [6],
[7]. Thus, such trade mechanism is needed that enables the
involvement of DERs and retailers at the distribution level.
A transactive market is explained [8] that shows the partic-
ipation of local distributed areas that include the coalition
of DERs, microgrids, and load aggregators and allows their
interaction with WEM. However, they have not considered
different types of DERs formulation separately, instead they
maximize the coalition’s profit as one entity. Likewise, a lib-
eralized energy market is presented in [9] for a short-term
decision making model which enables the participation of
retailers, suppliers, and consumers. However, the work is
limited to distributed RES and tries to maximize only RES’s
profit. Moreover, [10], [11] have only incorporated the RES
in their work, and [12] has not considered the RES. However,
the existing work that modeled the interaction between the
WEM and distribution system entities does not consider the
RESs and DGs together. If considered, they are represented
by aggregators as one entity.

Most of the work presented in the literature do not consider
the network parameters while carrying out simulations on
market trade mechanism [6], [9], [13], [14], [15], [16], [17],
[18]. There can be binding constraints from the network side
which can make the outcome of market infeasible in practice.
Hence, it is essential to compliant the market model with
DSO’s network operations. In some of the recent work [10],
[19], [20] bilevel optimization technique has been applied to
overcome this problem. However, they do not solve the prob-
lem of all DERs and retailers at a single level to make them
profitable with rational decision making. Additionally, [10]
has employed DC formulation which is not acceptable for the
distribution system. It is worthwhile to note that only analyz-
ing the market outcome without considering the network and
the operational bandwidth available with DSO, would lead to
a non-realistic or misleading outcome. The need to combine
the two would become even more important when the DSO
is a deep DSO with large-scale advanced system operational
functionalities discharged by it.

Considering DSO’s operational activities, one of the
important tools for the efficient operation of the distribution
system is network reconfiguration. This tool will give a new
direction to the market model and involve DSO’s operations
that improve the network’s performance. Network reconfig-
uration takes into account the network parameters and comes
up with the best topology for the required objective. Different
techniques [21], [22], [23], [24] are available to implement
network reconfiguration. A complete review and classifica-
tion of the most significant works are presented in [25].
According to the literature survey, in recent times, second-
order conic programming (SOCP) has evolved as a suit-
able technique to solve reconfiguration problem [26], [27],
[28], [29]. SOCP is a computationally efficient method and
guarantees superior solution under mild assumptions [30],
[31]. Another aspect of system operation is loss allocation.
Retailers should know about their exposure to MW losses
while trading. They can calculate the system loss by solving

FIGURE 1. Conceptual structure of possible trade mechanism of the retail
market.

the reconfiguration problem, but it provides total loss of
the network. When more than one retailer is present, it is
important to calculate the share of loss among retailers which
is dependent upon the serving area of the retailer. Also, these
shares will change every time with the change of configura-
tion. Hence, the loss allocation technique must be clubbed
with the reconfiguration problem.

Further, the involvement of multiple players in a competi-
tive retail market needs a solution approach that can deal with
the economic conflict between two rational entities. In [12],
a non-cooperative game theory approach is used to man-
age the financial conflict between retailers and consumers
and specifies their optimal energy procurement strategies.
Similarly, electricity market framework has been proposed
in [32] and [13] based on non-cooperative game theory which
involves the local energy providers and consumers. In [33],
Nash equilibrium is derived to determine the optimal sched-
ule of power generating firms using complementarity model-
ing. Linear complementarity problem (LCP) is an important
tool both in mathematical theory as well as in applied mathe-
matics. It serves as a bridge betweenmathematical fields such
as optimization, game theory, etc., and also provides one of
the leading modeling concepts for market equilibrium prob-
lems in energy applications like power or gas networks [34].
Reference [35] has presented a detailed analysis of LCP and
provided an overview of these connections.

Moreover, an equilibrium model is proposed in [36] to
split the joint market clearing of energy and reserve into
two separate markets and solves the equilibrium model as
an LCP. In a similar fashion, an equilibrium model based
on LCP is proposed by [37] to perform energy trading with
optimal coordination of the flexible resources in the gas-
heat-electricity integrated energy system. Whereas, [38] has
designed a nonlinear complementarity problem to find Nash
equilibrium by including the strategic behavior of producers
and consumers. The scope of this paper involves the strategic
participation of multiple players in the retail market with their
objective to maximize profit. Therefore, a generalized Nash
equilibrium problem (GNEP) is designed for the proposed
market framework that assures the fairness of the market
outcome by achieving Nash equilibrium.

Taking cognizance of the importance of the above discus-
sion, this paper provides a simulation framework to study the
outcome of multi-player electricity market without missing
the aspects of system operation. The system operation aspects
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FIGURE 2. Flow diagram of the proposed simulation framework.

include the loss component allocation and optimal network
configuration. A conceptual structure of mentioned trade
mechanism that shows the involvement of DERs and retailers
is shown in Fig. 1. The developed model is solved for rational
market operation with an objective to maximize the profit
of each participant. The key contributions of this paper have
been summarised as follows:

1) Developing a game theory based multi-player market
model that incorporates various energy producers and
retailers with their objective to maximize the profit.

2) Optimal mix of purchases is achieved by converting the
market model into a linear complementarity problem
(LCP) in a non-cooperative game structure.

3) Modeling interaction in a non-cooperative structure
among different players guarantees the fairness of the
market outcome by achieving Nash equilibrium.

4) An optimal configuration is evaluated in compliance
with the feasible outcomes of the market model.

5) Loss allocation is also embedded within the problem
to calculate the power transaction including the loss
component for each retailer, considering the impact of
network reconfiguration.

The mathematical formulation of the proposed simula-
tion framework comprises modeling of multi-player power
transactions problem, generalized Nash equilibrium problem,
loss allocation, and network reconfiguration is presented in
Section II. The complete algorithm for a network compliant
multi-player power transactions is provided in Section III.
The simulation results for different case studies are discussed
in Section IV. Section V discourses the conclusion of the
paper.

II. MATHEMATICAL FORMULATION
The proposed simulation problem is based on the
non-cooperative game theory where all players (retailers and
DER owners) compete with the strategy of rational decision
making. The objective of all players is the maximization of
their profit. Players come up with optimal mix of purchases
and schedules, including loss component for an optimal
configuration. The proposed simulation problem comprises
a mathematical formulation of three sub-problems: (i) profit
maximization problem for multi-player power transaction
and its modeling as LCP, (ii) loss allocation, and (iii) net-
work reconfiguration. A schematic flow diagram of the
proposed simulation framework including all sub-problem

models which are solved sequentially is shown in Fig. 2. The
sub-problems are explained as follows:

A. MULTI-PLAYER POWER TRANSACTION
Multi-player power transaction problem (MPTP) is designed
as GNEP. The optimal purchased quantities are determined
by solving the GNEP using complementarity modeling. The
details of GNEP and complementarity are explained in the
subsequent subsection. Modeling of the optimization prob-
lems for all players is elaborated in this subsection.

In a retail distribution market, there can be multiple retail-
ers and energy producers which are privately owned DERs
to serve the load demands. Each service provider will act as
a rational player in the competitive retail market and try to
maximize his/her profit. This paper considers RESs with no
generating cost and diesel generators (DGs). It is assumed
that there are I retailers, J DGs, and K RESs and serve a load
of fixed amount. According to the market scenario, retailers
can participate in the WEM and can purchase power. At the
same time, DG and RES can sell their power to retailers
only. The profit maximization problem of each player can
be framed as follows. The dual variable is written after the
corresponding constraints separated by semicolon (;).

1) Retailers: Retailers have options to purchase power
from two different sources: 1) WEM, 2) privately
owned DERs installed in the network. In this way, the
profit calculated by ith retailer is

f iret = τiPsi −

ζiP
g
i +

∑
∀j

xrj P
sr
ji +

∑
∀k

xdgk P
sdg
ki


subject to

Psi = Pgi +
∑
∀j

Psrji +
∑
∀k

Psdgki ; λsi (1)

Psi,min ≤ P
s
i ≤ P

s
i,max; δsi , δ

s
i (2)

Pgi,min ≤ P
g
i ≤ P

g
i,max; δ

g
i , δ

g
i (3)

Equation (1) balances the power quantity purchased
and sold by the ith retailer. These quantities are limited
by certain maximum and minimum values represented
by (2) and (3), respectively.

2) Owner of RES: RES is green energy source that is
abundantly available free of cost. Hence, total profit
gained by the owner of RES considering no generating
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cost is given as

f jR = xrj P
r
j

subject to ∑
∀i

Psrji = Prj ; λrj (4)

Prj,min ≤ P
r
j ≤ P

r
j,max; δrj , δ

r
j (5)

where Prj is the amount of power generated by jth

renewable generator.
3) Owner of DG: The cost of power produced by DG is

given by cost function Ck
(
Pdgk

)
. Therefore, the profit

made by DG owner is given by

f kDG = xdgk P
dg
k − Ck

(
Pdgk

)
subject to∑

∀i

Psdgki = Pdgk ; λ
dg
k (6)

Pdgk,min ≤ P
dg
k ≤ P

dg
k,max; δ

dg
k , δ

dg
k (7)

where Pdgk is the amount of power generated by k th DG.
The cost function of the generator can be represented
by

Ck
(
Pdgk

)
= Ak + BkP

dg
k (8)

Sum of the power sold by all retailers must satisfy the total
demand of the load. Therefore, (9) serves the purpose of a
global constraint for all the players.∑

∀i

Psi =
∑
∀u

Pd,u; λtd (9)

Note: When each retailer has a fixed amount of load to
serve, one additional constraint will be added to segregate
the loads among retailers. It will replace (2) and dual variable
with δsi . Since, P

s
i is fixed, therefore, (9) is no longer required

to consider.

B. GENERALIZED NASH EQUILIBRIUM PROBLEM
The described problem can be designed as a generalized
Nash equilibrium problem (GNEP) [39], where P players
are competing with each other such that each p player, con-
trolling the variables xp. Thus, x is a vector that constitutes
x1, x2, .., xP control variables. For the sake of representation,
x−p indicates the other players’ strategies (control variables)
other than player p strategies. Hence, each player has an
objective function f pobj : Rp

→ R that depends on both his
own variables xp as well as on the variables x−p of all other
players. The aim of player p is to find a solution x by choosing
a strategy xp with other players’ strategies x−p that solves the
minimization/maximization problem.

min /max
xp

f pobj
(
xp, x−p

)
(10)

s.t. gip
(
xp, x−p

)
⩽ 0, ip = 1, . . . ,mp (αip ) (11)

hjp
(
xp, x−p

)
= 0, jp = 1, . . . , np (γjp ) (12)

Such a point x is called a generalized Nash equilibrium
or, more simply, a solution of the GNEP. A point x is,
therefore, an equilibrium if no other player can reduce their
objective function by changing unilaterally xp to any other
feasible point. Thus, for above presented MPTP, variables
Psi ,P

g
i ,P

sr
ji ,P

sdg
ki are the control variables for retailers, vari-

able Prj is the control variable for RES owner and variable

Pdgk for DG owner.
The Karush-Kuhn-Tucker (KKT) conditions for each

player’s problem (10)-(12) can be easily represented by (13)-
(16) as given in [39] and [40].

0 ∈∇f pobj
(
xp, x−p

)
+

mp∑
ip=1

∇gip
(
xp, x−p

)
αip

+

np∑
jp=1

∇hjp
(
xp, x−p

)
γjp (13)

αipgip
(
xp, x−p

)
= 0, ip = 1, . . . ,mp (14)

αip ⩾ 0; gip
(
xp, x−p

)
⩽ 0, ip = 1, . . . ,mp (15)

hjp
(
xp, x−p

)
= 0, jp = 1, . . . , np (16)

The concatenation of all these KKT conditions of all play-
ers could be called KKT conditions of the GNEP. These KKT
conditions show a strong relationship with another mathemat-
ical model, i.e., complementarity problem. It is a special case
of variational inequality that deals with orthogonal vector
variables for maximizing/minimizing a objective function.
It consists finding of a vector, Y , belonging to real vector
space such that

F (Y ) ⩾ 0
Y ⩾ 0
YF (Y ) = 0

 = 0 ⩽ F (Y )⊥Y ⩾ 0

Thus, when complementarity problem deals with linear
equations, it is termed as linear complementarity problem
(LCP) which is in form F(Y ) = MY +q for Y =

(
x ′, α′, γ ′

)′
and q is real valued vector. LCP relies on the KKT conditions
of the optimization problem and involves both primal and
dual variables. Therefore, KKT conditions of the GNEP pre-
sented by (13)-(16) is used for modeling multi-player power
transaction problem as LCP. In this way, (13) can be written
as (17) collectively for all players i = 1, .., I ; j = 1, .., J and
k = 1, ..,K .

0 ⩽ −τi − λsi + λtd + δsi − δ
s
i ⊥ Psi ⩾ 0

0 ⩽ ζi + λsi + δ
g
i − δ

g
i ⊥ Pgi ⩾ 0

0 ⩽ xrj + λsi + λrj ⊥ Psrji ⩾ 0

0 ⩽ xdgk + λsi + λ
dg
k ⊥ Psdgki ⩾ 0

0 ⩽ −xrj − λrj + δrj − δ
r
j ⊥ Prj ⩾ 0

0 ⩽ Bk − x
dg
k − λ

dg
k + δ

dg
k − δ

dg
k ⊥ Pdgk ⩾ 0


(17)

The first four equations of (17) are derived from (13) of
the retailer’s optimization problem using its control variables
Psi ,P

g
i ,P

sr
ji ,P

sdg
ki , respectively. Similarly, the fifth equation
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of (17) is derived from (13) of RES owner’s optimization
problem and sixth equation of (17) from DG owner’s opti-
mization problem. On the other hand, (1)-(9) can also be
framed in the form of (14)-(16) for all players. These set of
equations are solved together to reach a solution, also called
equilibrium.

1) EXISTENCE OF SOLUTION OR EQUILIBRIUM
It is explained and proved in [35] and [41] if matrix M
of a LCP is positive semi-definite, the LCP is feasible and
solvable. Also, according to the Theorem 4.1 in [39], a gener-
alized Nash equilibrium exists for the GNEP defined by (10)-
(12) if (a) for all p, set Xp

(
x−p

)
which contain strategies of

the rival player such that xp ∈ Xp(x−p) should be nonempty,
closed and convex and Xp, as a point-to-set map, is both
upper and lower semi-continuous (b) the objective function
f pobj

(
xp, x−p

)
is quasi-convex on the set Xp

(
x−p

)
for all p.

Since the problem is solved as LCP, the matrixM is found
to be positive semi-definite for the proposed multi-player
power transaction model and market conditions are following
Theorem 4.1 in [39]. Hence, we can say that solution or
equilibrium exists for the proposed problem.

2) VALIDATION OF EQUILIBRIUM
For GNEP, defined by (10)-(12) assuming all functions
involved are continuously differentiable, the solution vector
x̄ obtained is an equilibrium point of the GNEP according
to Theorem 4.6 in [39]. It states the following conditions:
(a) subproblem of all players satisfy a constraint qualifica-
tion. Altogether, there exist ᾱ and γ̄ that solves the system
(13)-(16) with x̄, (b) with assumption x̄, ᾱ, γ̄ solves the sys-
tem condtions (13)-(16) and GNEP satisfies the convexity,
then x̄ is considered as equilibrium point of the GNEP.

Since all the conditions are being satisfied by the formula-
tion of the market model, thus, the obtained solution vector
represents Nash equilibrium.

C. LOSS ALLOCATION
The distribution system shares higher percentage of loss out
of total AT&C losses. It is unavoidable to neglect the loss
component in the distribution system. Hence, calculation of
power transactions including loss component is essential.
Loss allocation at each node is likely to change due to config-
uration change that will change the retailer’s share of loss at
every configuration and thus the power transactions. In the
proposed simulation framework, the loss will be allocated
only to those buses which have loads connected to them.
In case the buses are equipped with both DER and load,
no loss is allocated to that buses when DER capacity exceeds
demand as they are reducing the congestion by providing
power locally. All the feeder buses that connect the distri-
bution network to the transmission network are responsible
for the transfer of electricity. Hence, these buses also have
no contribution to power loss. According to the usage and
requirement, network dependent loss allocation method [42]

based on shapely value is adopted in this paper with some
modifications. Allocation of loss at each bus is calculated by
an iterative method as described in Algorithm 1. Loss factor
Lc,u that represents the participation of power flow at bus u
and Lu finds the actual sharing factor of loss by the load at
bus u, are calculated by (18) and (19) respectively.

Lc,u =
∑

v∈Au−1

Lc,v
{
F2
vu + Fvu

(∑
w∈Av+1
w̸=v

Fvw + Pd,v

)}
(∑

w∈Av+1 Fvw + Pd,v

)2
+

∑
v∈Au−1

Ploss,vu (18)

Lu =
Lc,u

(
P2d,u + Pd,u

∑
v∈Au+1 Fuv

)
(
Pd,u +

∑
v∈Au+1 Fuv

)2 (19)

After calculating the sharing factor of loss at each bus
except the active source node and feeder bus, the normal-
ization factor is determined. This factor is further multiplied
by the loss sharing factor to find the loss allocated to a bus.
Hence, the loss allocation method uses the normalization
factor to find the actual share of loss such that the summation
of losses allocated to the loads should remain a total active
loss of the system.

Algorithm 1 Distribution System Loss Allocation
Result: 1Pd,u
Input: Load flow results Fuv, bus data, line data
Initialization: Lc,u ← 0
begin

Calculate active source nodes ua ← Pgen,u ⩾ Pd,u
while Lc,ua ̸= 0 do

for u← 1 to N do
if u ∈ ua || u ∈ Ng then

u← u+ 1
else

Calculate Lc,u using (18)
u← u+ 1

end
end

end
for u← 1 to N do

Find Lu using (19)
Determine normalization factor,
NF = TPloss

/∑
∀u Lu

Return 1Pd,u = NF × Lu
u← u+ 1

end
end

D. NETWORK RECONFIGURATION
In maximizing the profit of all retailers and DER, a power
transaction market model gives a set of results. However,
these results do not accommodate the loss component. Also,
the MPTP model does not satisfy the network feasibility
criterion. In order to make it network compliant, the obtained
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results should satisfy the corresponding power flow con-
ditions. Network reconfiguration technique is used here to
make the solution feasible with the optimal configuration
of the network. It is an already established problem that
is modified according to the proposed methodology. In the
presence of DER, the reconfiguration problem is framed as a
conic program. For N bus system with Ng feeders having line
l connected between node u and v, can be reconfigured using
following formulations.∑

v∈π(u)

[√
2guv℘l

u − guvℜuv + buvℑuv
]

= Pgen,u − Pload,u . . . ..∀u /∈ Ng (20)∑
v∈π(u)

[
−
√
2buv℘l

u − buvℜuv − guvℑuv
]

= Qgen,u − Qload,u . . . ..∀u /∈ Ng (21)

Uu = 1
/√

2 . . . ..∀u ∈ Ng (22)

V 2
min
√
2
≤ Uu ≤

V 2
max
√
2

. . . ..∀u /∈ Ng (23)

2℘l
u℘

l
v ≥ ℜ

2
uv + ℑ

2
uv . . . ..∀l ∈ Nl (24)

I2uv =
(
g2uv + b

2
uv

) (√
2℘l

u − 2ℜuv +
√
2℘l

v

)
⩽ I2uv,max . . . ..∀l ∈ Nl (25)

0 ⩽ ℘l
u ⩽

V 2
max
√
2

�l

0 ⩽ ℘l
v ⩽

V 2
max
√
2

�l

 . . . ..∀l ∈ Nl (26)

0 ⩽
(
Uu−℘l

u

)
⩽
V 2
max
√
2

(1−�l)

0 ⩽
(
Uv−℘l

v

)
⩽
V 2
max
√
2

(1−�l)

 . . . ..∀l ∈ Nl (27)

m∑
l=1

�l = |N | − |Ng| (28)

βuv + βvu = �l . . . ..∀l ∈ Nl (29)∑
v∈π(u)

βuv = 1 . . . ..∀u /∈ Ng (30)

βuv = 0 . . . ..∀u ∈ Ng (31)

Power flow equations are reformulated according to stan-
dard SOCP format and presented by (20)-(21). Their conic
formulation is explained inAppendixA. The voltage at feeder
buses is defined by (22). Voltage magnitude limit at different
buses and current flows on each line is bounded by (23)
and (25) respectively. Equations (26)-(27) express the voltage
magnitude at bus u and v and restrict the power flow when
line l is not connected. The cone is represented by (24). Con-
straints (28)-(31) are required to define the radial connectivity
of the network.

Based upon the outcome provided by the MPTP, it is not
necessary that the distribution system will function in normal
operating state. Hence, the difference between the market

outcome and the value calculated by network reconfiguration
problem should be minimized to make the solution feasible
for the network operation. Thus, the objective of the problem
would be minimization of absolute error, ξ i.e., the difference
between the amount of power drawn from the grid and the
power quantum purchased from the WEM. The amount of
power drawn from grid is being evaluated by using (33), and
power quantum purchased from the market is the outcome of
MPTP. It can be written mathematically as:

ξ =

∣∣∣∣∣∣
∑
∀i

Pgi −
∑
∀u∈Ng

Pgrid,u

∣∣∣∣∣∣ (32)

where,∑
u∈Ng

Pgrid,u =
∑
u∈Ng

∑
v∈π(u)

[√
2guv℘l

u − guvℜuv + buvℑuv
]

(33)

III. NETWORK COMPLIANT POWER TRANSACTION
MODEL WITH NETWORK RECONFIGURATION
A simulation framework of a power transactive market is
proposed in presence of retailers and local privately owned
DERs with consideration of DSO’s network operations. This
framework provides an optimal mix of purchases, optimal
configuration, and loss allocation. The proposed simulation is
performed in a sequential fashion, as described in Algorithm
2. It begins with the initialization of a set Z (Z0

= 0, .., 0)
with all elements equal to zero. This set is the collection of
line number which should be opened to make network radial
in nature. This set will get updated later in the algorithmwhen
reconfiguration problem is solved.

According to the algorithm, the MPTP is solved in the first
step. It calculates the quantum of power that should be traded
by the retailers and the optimal schedule of DERs. These
results are used in next step as a parameter. This step involves
network reconfiguration, which computes an optimal topol-
ogy for the given objective and updates the zero-initialized
set. Now, the loss allocation problem is solved using the
calculated optimal configuration. This finds the share of loss
at each load bus. Adding loss share to the actual load value
will raise the demand of that bus by the loss value. At this
moment, the iteration count is increased and the convergence
criteria is checked. The algorithm is an iterative process that
solely depends on the network configuration that can repeat
the iterations with same solution if same configuration is eval-
uated every time. In case of larger systems, it is also possible
that the algorithm is not able to provide a single configuration
and start swinging between the different configuration with
approximately same results. Hence, two termination criteria
have been set and meeting either of them will converge the
algorithm:

1) Network configuration obtained at an iteration matches
the configuration evaluated at previous iteration.
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Algorithm 2Network CompliantMulti-Player Power
Transaction

Result: Ẑ← Zk,Pd,v,P
g
i , P

r
j , P

dg
k

Input: Base network data, market data
Initialisation: k← 0, configuration Z0

= {0, 0, 0}
do

1 Solve MPTP as LCP explained in Section II-A such that

Max f retaileri
subject to (1-3,9)

}
. . . ∀i

Max f RESj

subject to (4-5,9)

}
. . . ∀j

Max f DGk
subject to (6-8,9)

}
. . . ∀k

2 Display the market outcome (Pgi ,P
r
j ,P

dg
k )

3 Declare these outcome as new parameters for network
reconfiguration problem as explained in Section II-D

4 Solve the reconfiguration problem stated as

Min ξ =

∣∣∣∣∣∑
∀i

Pgi −
∑
∀v

Pgrid,v

∣∣∣∣∣
Subject to..

1) Power flow balance flow equations (20-21),
2) Voltage and current limit (22-23, 25-27),
3) Radiality constraints (28-31),
4) Conic equation (24).

5 Display Zk, set of lines to be opened
6 Allocate the losses 1Pd,v to each load for

configuration Zk given in Section II-C
7 Calculate Pd,v ← Pd,v +1Pd,v
8 k← k+ 1
while Zk

== Zk−1 || ξ ≤ 0.0000001

2) The objective function value of the network reconfigu-
ration problem which is an absolute error is lesser than
threshold value 0.0000001.

Thus, in case of first iteration, the calculated optimal con-
figuration will never match the previous iteration configu-
ration because Z is initialized with zero value and ξ will
also be greater than the threshold value because loss is not
incorporated at first iteration for MPTP model. Hence, the
algorithm will surely go to step 1 for 2nd iteration. The
MPTP is compiled again using the updated value of load
and provides the solution including loss component. Like 1st

iteration, reconfiguration problem is solved followed by loss
allocation. The load values and iteration count get updated
and convergence criterion is checked. Thus, the same proce-
dure is followed till the convergence is met.

IV. CASE STUDY
In order to check the efficiency and accuracy of the proposed
simulation framework, it is implemented on various test sys-
tems. Firstly, MPTP is tested for four player structure and a

TABLE 1. Input cost parameters.

TABLE 2. Power sold by different entities to retailers.

TABLE 3. Profit earned by all entities.

detailed analysis is performed on the basis of different input
cost parameters. Then network compliant MPTP is investi-
gated on 16-bus and 94-bus distribution network including
heterogeneous set of players

The proposed framework is implemented on General Alge-
braic Modeling System (GAMS) [43] and MATLAB envi-
ronment where PATH solver is used for MPTP and CPLEX
is used for reconfiguration problem. It is executed on a PC
having the following configurations: Intel Core i7 6700 @
3.4 GHz and 16 GB RAM.

A. MULTI-PLAYER POWER TRANSACTIONS
A simulation framework of distribution market with four
players is discussed and analyzed in this section. It is assumed
that two retailers (two players) in a distribution network
supply power to the consumers. Another two players are
DERs: one is a diesel generator (DG) of 5 MW capacity with
cost function parameter Ak = 50 & Bk = 6000 |/MW,
and another is RES with 4 MW capacity. Here, the RES is
denoted as DER1, and DG is represented by DER2. Both
retailers serve the total 14.629 MW load of the system such
that 8.629 MW is served by retailer 1 (R#1), and the rest
of the quantity is served by retailer 2 (R#2). Selling and
purchasing costs of power of each player are obtained from
the Indian energy exchange portal [44]. All input parameters
are provided in Table 1.
MPTP is solved for the given data and obtained a solution,

called a Nash equilibrium. The outcome of power transac-
tions among retailers, grid, and DER are shown in Table 2. It
is worth mentioning that power drawn from the grid, power
transacted by retailer from the grid, and power purchased by
retailer from the WEM are same quantity. Profit earned by
all entities retailers, DER1, and DER2 is shown in Table 3.
Thus, total payoff, i.e., a sum of all player’s profit value,
is come out to be around |39073. On seeing the grid price
for both retailers, it is easy to figure out that R#2 should buy
from the WEM as the grid price for R#2 is lower than R#1.
But, one can not determine the actual quantity of transactions
and share of DERs schedule without solving the problem.
According to Table 1, the grid price for R#1 is lower than
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FIGURE 3. Power transaction by retailer 1, and retailer 2.

selling price of DER2 (DG), but still, R#1 is purchasing from
DER2. Thus, if we try to frame the mentioned scenario such
that R#1 is transacting from the grid instead of DER2, then
the total payoff falls to |34679, which is lower than the actual
solution obtained. In this condition, profit for DER2 will be
declined to |-50 and will reduce the total payoff. In the same
way, if more other scenarios are created, the total payoff will
be lesser than the obtained solution. Thus, it can be said that
the solution obtained is the Nash equilibrium.

The outcome of the MPTP is dependent on various param-
eters. One of the crucial cost parameters is the grid price. It is
the price at which retailers purchase power from the WEM.
On that account, an interesting pattern has been observed
for different values of grid price considering tariff charges
of |7.5/MW and|7.0/MW, respectively, for both retailers.
Power transacted by retailers from the grid and DERs are
plotted in Fig. 3. The x-axis of the plot is the grid price of both
retailers given like (M1,M2) which showsM1 is the grid price
for R#1 and M2 is for R#2. Both quantities vary from 6 to
8 one by one. For instance, M2 varies from 6 to 8 when M1
is 6; next, M2 is again altering 6 to 8 when M1 is 6.5 and so
on.

It is inferred from the Fig. 3 that when the retailer has the
grid price of |6/KW, it gives different scheduling behavior
compared with other grid price values. Therefore, when both
retailers have grid price of |6/KW or lesser, DER2 will not
schedule because generation cost of DER2 (DG) is same as
|6/KW. Scheduling DER2 in such situation will reduce the
total payoff of the system due to negative value of DER2’s
profit. For the rest of the values of grid price, following
remarks can be concluded:

1) When the grid price is identical for both retailers, one
retailer consumes all DER2 capacity, and another takes
all DER1 capacity. The remaining quantum for both
retailers are traded from the WEM.

2) The retailer with a higher grid price buys from expen-
sive DER. If that DER generation is not sufficient, then
it buys from other DER. On contrary, the retailer with a
lower grid price buys from theWEMand cheaper DER.

FIGURE 4. Profit earned by retailer 1 and 2 at different grid price.

3) DER1 incurred a profit of |16000 in all scenarios as
it is scheduled at total capacity because of its lower
selling price. DER2 is also scheduled full except for the
condition when the grid price is equal to its generating
cost. Profit incurred by both retailers is presented in
Fig. 4. Since R#1 has more load demand, profit is
higher for R#1 compared with R#2.
When the grid price is greater than the tariff charged
by retailers, lower than the second retailer’s grid price,
and insufficient DERs capacity, a retailer with a lower
tariff will profit negatively. For the given case, the filled
marker in Fig. 4 shows the negative profit for R#2 as it
has a lower tariff.

Variation in tariff charge for a fixed grid price shows a
different behavior on power transactions pattern. It only
affects the value of purchased quantities when the grid price
for both retailers is same. Change in tariff value does not
affect the power transaction for other cases. Obviously, profit
for both retailers will change according to the tariff charges
and grid price. It is also seen that R#2 yields negative profit
when its tariff charge is lower than the grid price.

B. NETWORK COMPLIANT MPTP WITH NETWORK
RECONFIGURATION
This section discusses the two case studies for the imple-
mentation of MPTP including the system operations aspect.
One is a 16-bus distribution network with four players, i.e.,
2 retailers, 1 RES, and 1 DG. Another is 94-bus real distribu-
tion network of a Taiwan Power Company with 13 players,
i.e., 3 retailers, 7 RESs, and 3 DGs. The voltage at each bus
other than feeder bus is limited by ±5%.

1) CASE I (16-BUS 4 PLAYERS SYSTEM)
The network comprises twoDERs; DER1 is a solar plant with
a capacity of 7MW, andDER2 is a diesel generator (DG)with
a maximum capacity of 9 MW with cost function parameter
Ak = 50 & Bk = 6000 |/MW. They are installed at different
buses as shown in Fig. 5. It is assumed that both retailers serve
fixed load demand, and loads are divided between them. R#1
delivers power to the loads connected at buses 8 to 12, and the
rest of the loads are fed by R#2. Input price data considered
for this system is same as given in Table 1. Bus and line data
are derived from [45].

According to the algorithm 2, the first step solved the
MPTP to calculate the quantum that should be traded by
the retailers. Results for iteration 1 (iter_1) are given in
Table 4. Using the results obtained at step 1, reconfiguration
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FIGURE 5. 16-bus distribution system.

TABLE 4. Power purchased by retailers from different entities for Case I.

TABLE 5. Loss allocation among loads for Case I.

model is solved to find the best and feasible configuration
of the network according to the MPTP solution. It gave an
optimal configuration, Ẑ = {7, 8, 13}, i.e., line no. 7, 8,
and 13 should be opened. The next step is to allocate losses
among loads so that the loss compensated MPTP can be
solved. Loss distributed to each load is given in Table 5 for
configuration calculated at step 4 i.e. {7, 8, 13}. The estimated
loss assigned to every load bus is depended on the quantity
and location of load and DER. Now, each load demand is
increased by its allocated loss value. Next, the convergence
criterion is checked for this iteration. It is obvious from the
initialization of Z (Z0) that convergence will never meet at
the first iteration. Therefore, the MPTP is simulated again
to find the amount of power transaction with increased load
demand. Table 4 shows the scheduling of DERs, power trans-
actions, and profit of retailers for the second iteration. Finally,
the algorithm obtains convergences at the second iteration
and found optimal configuration same as previous iteration
{7, 8, 13}. The whole algorithm takes around 3 s to run the
simulation.

The first iteration (iter_1) gave the results without includ-
ing the loss of the system, while the solution obtained at the
second iteration (iter_2) is consolidated with the loss compo-
nent. Since the DERs are scheduled at full capacity, the excess
demand will be drawn from the grid. But R#1 is not taking
any power from the grid. Therefore, DERs share is adjusted
for maximum payoff. Expected profit is also showed a signif-
icant change as R#1 profit is increased by |2736.7 for only
73.32 KW increase of load, whereas R#2 profit is reduced by

FIGURE 6. 94-bus distribution network of Taiwan Power Company.

|2567.5 for an increase of 103.32 KW. This exercise supports
the relevance of including network aspects for an accurate
estimation of market outcomes. Additionally, this algorithm
offers the players to predict actual generating revenue.

2) CASE II (94-BUS 13 PLAYERS SYSTEM)
In second case, a realistic distribution network of Taiwan
Power Company is considered with three retailers and ten
DERs. The distribution network is an 11.4 KV system with
11 feeders, 83 sectionalizing switches and 13 tie lines [46] as
shown in Fig. 6. Ten DERs are installed at buses 16, 18, 23,
31, 39, 50, 64, 71, 87, 94, [47] in which three are DGs (diesel
generators) at 64, 87, and 94, one is wind turbine at 71, and
rest are solar plants [48]. All DERs are numbered according
to their type such that DER1 to DER7 are RES and DER8 to
DER10 are DG.

It is assumed that R#1 serves the customers connected to
buses 12-21, 58-75, 84-87, R#2 serves buses 22-25, 54-57,
76-83, 88-94, and R#3 serves buses 26-53. Cost parameters
(|/KW) for each player are given as follows: τ1 = τ2 = 7.179,
τ3 = 6.2501, ζ1 = 7.50, ζ2 = ζ3 = 7.20, xrj = 4.0 for all

seven RESs, xdg1 = 7.0, , xdg2 = 8, , xdg3 = 7.5. The DGs are
functioned with following cost function parameters: A1 = 50,
B1 = 6000 |/MW, A2 = A3 = 70, B2 = B3 = 6250 |/MW.
Three scenarios have been simulated to consider the inter-

mittent nature of RES and grid price.
Scenario 1: Solar plant and wind turbine have capacity
of 500 KW, and DGs have maximum capacity of 0.66 MW.
Scenario 2: Solar plant and wind turbine have capacity
of 1000 KW, and DGs have maximum capacity of 2.64 MW.
Scenario 3: Solar plant and wind turbine have capacity
of 300 KW, DGs have maximum capacity of 2.64 MW, and
grid prices are τ1 =8.177, τ2 =7.817, τ3 = 7.179.
All three scenarios are converged in two iterations meeting

both termination criteria. The simulation takes an average
time of around 498 s. The optimal configuration obtained in
all three scenarios is given in Table 6. Power transacted by
retailers from grid and other DERs for all three scenarios
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TABLE 6. Optimal configuration obtained for all case studies.

TABLE 7. Power purchased by retailers from different entities for Case
II-scenario 1.

TABLE 8. Power purchased by retailers from different entities for Case
II-scenario 2.

are provided in Table 7, 8, and 9, respectively, along with
retailer’s profit. The converged final solution is shown in grey
shade.

Since the grid price for R#3 is the lowest among the
three retailers, R#3 purchases power from the WEM. From
the concluding remarks observed in Section IV-A, it stated
retailers draw power from grid and DERs whenever they have
the same grid price. Likewise, R#1 and R#2 have the same
grid price for the first two scenarios and make transactions
with DERs and the grid.

In the third scenario, R#3 has the lowest grid price, so R#3
draws power from the grid as inferred from the second point
of Section IV-A. According to the third point of Section IV-A,
profit is evaluated as negative for the retailer who has a lower
grid price when the grid price is higher than the tariff. In the
same way, R#2 has a lower grid price between R#1 and R#2
for the third scenario; therefore, R#2 earns in negative profit.

The contribution of loss component to each load is plotted
for all scenarios in Fig. 7. Additionally, load demand at each
bus is also mentioned in Fig. 7. Further distribution of loss

TABLE 9. Power purchased by retailers from different entities for Case
II-scenario 3.

TABLE 10. Distribution of total demand and total loss to each retailer for
Case II.

and total demand to each retailer are provided in Table 10.
Highest penetration of DERs in scenario 2 leads to low loss
in the system. Likewise, the other two scenarios represent
higher loss with lower DERs penetration. Allocation of loss
to retailers is dependent on the network configuration that
means no retailers have fixed share of loss for the given
scenarios. For instance, bus 30 shows high loss for scenario
3 but lesser for other two scenarios as laid out in Fig. 7. It is
because the tie line 91 is closed and DER4 has lower power
injection for scenario 3.

C. EFFECTIVENESS OF NETWORK RECONFIGURATION
MODEL
Network reconfiguration model provides an optimal config-
uration for the calculated power transaction obtained by the
MPTP model. When the proposed simulation framework is
implemented on base configuration, substantial differences
have been observed compared to the solution obtained when
reconfiguration is done. A comparison between two config-
urations is presented in Table 11 for different outcomes. For
all test cases, a significant change in loss is noted between
the reconfigured and non-reconfigured networks. In the case
of the first test system (Case I), a total of 193 KW loss
is determined, i.e., 16.4 KW more loss occurred than the
reconfigured network. Furthermore, losses allocated to each
load bus are also modified, which will ultimately change the
actual power transaction (MPTP solution) and thus profit
to each retailer. On account of that, Table 12 provides the
distribution of the loss component for the Case I, and when
compared with Table 5, a drastic change in loss allocation
can be noticed. Thus, the total loss to each retailer will
change and increase/modify the load demand and final power
transactions to retailers.

The tolerance value of absolute error ξ considered for the
convergence criteria shows a connection between the MPTP
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FIGURE 7. Loss allocated to each bus for Case II.

TABLE 11. Comparison of system parameters for reconfigured and base
configuration.

TABLE 12. Loss allocation among loads for Case I calculated at base
configuration.

model and reconfiguration that helps the network to absorb
the outcome of MPTPmodel. For simulation framework with
network reconfiguration model, the problems converge with
a value lesser than the tolerance value of ξ . Whereas, Table 11
shows that ξ has a higher tolerance value for base configura-
tion at the end of the second iteration. Further iteration is also
not possible as the outcome of the loss allocation problemwill
be nearly identical to the previous iteration. Additionally, the
voltage profile of the buses has deteriorated for all test cases
when reconfiguration is not done. Moreover, the minimum
voltage also falls below 0.95 p.u. for all scenarios of Case II.
Hence, the above discussion endorsed the effectiveness of the
network reconfiguration model.

D. DISCUSSION
The proposed simulation framework has provided the possi-
ble market outcome and its impact on the operational deci-
sions of DSO. Thus, a detailed analysis of MPTP model
has been performed for the calculation of market outcome
considering four players in the market. The purpose of this
analysis is to identify the trend of power transactions between
retailers and privately owned DERs/grid. Further, simulation

framework of MPTP maket model clubbed with network
reconfiguration and loss allocation problem is investigated.
It helps to achieve an accurate and feasible estimation of
market outcome that includes power transactions between
retailers and the grid, schedule of privately owned DERs
and their transactions with retailers, and profits earned by all
players.

In order to practically realize the proposed framework,
it is implemented on a real distribution network of Taiwan
Power Company where different scenarios are simulated to
consider the intermittent nature of RES and grid price. The
result obtained confirms the trend concluded for four players
market structure.

Reconfiguration of a network has remarkably improved
the performance of network operation in terms of loss, and
voltage profile when compared with the solution when recon-
figuration is not performed. Additionally, the evaluated opti-
mal configuration assists the DSO’s operational decisions for
efficient network performance.

It is also observed that the simulation time taken by Case II
is more compared with Case I. It is because of the reconfig-
uration problem. Network reconfiguration is a mixed integer
second-order conic programwhich took timewith an increase
in system size. On the other hand, MPTP and loss alloca-
tion problems have taken approximately similar time in both
cases.

V. CONCLUSION
A game theory based multi-player retail market simulation
framework has been developed in this paper that includes
the network aspects and DSO’s operational activities. The
market model is represented by a non-cooperative game and
designed as a linear complementarity problem that guaran-
tees the fairness of the market outcome by achieving Nash
equilibrium. The results of the market model are used by the
reconfiguration problem to find the optimal configuration for
the feasible market outcomes by minimizing the differences
between the outcomes of the two models. The loss allocation
technique is devised with the proposed algorithm to calcu-
late the accurate market outcomes for each player including
losses.

The simulation framework has been studied on various
test cases including a real distribution system that shows
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its validation and effectiveness. The trend of power transac-
tions observed in the case of 4 players system is verified by
the 13 players system, which further justifies our proposal.
A comparison is also shown between the base and optimal
configurations for different parameters like loss, minimum
voltage profile, etc., showing notable advantages of using
network reconfiguration and thus confirming the eminence
of the proposed simulation framework.

Our future research work involves the study of the market
framework that integrates energy storage devices as a private
player along with other DERs considering the impact of
uncertainty. It will be interesting to analyze the effect of
deploying storage devices on power transactions among dif-
ferent DERs and retailers when energy suppliers change their
behavior and start acting as a load with DSO’s operational
considerations.

APPENDIX A
CONIC FORMULATION OF THE POWER FLOW EQUATIONS
Referring to conventional symbols, a general active power
flow equation can be written as

Pu =
∑
v∈π(u)

(
|Vu|2guv − |Vu| |Vv| guv cos δuv

+ |Vu| |Vv| guv sin δuv

)
(A1)

The expression for injected power Pu is a nonlinear equa-
tion that can be linearized by replacing non-linear terms with
new variables as given below:

ℜuv = |Vu| |Vv| cos δuv

ℑuv = |Vu| |Vv| sin δuv

Uu = |Vu|
2/√

2

In terms of new variables, injected power (A1) can be
written as

Pu =
∑
v∈π(u)

[√
2guvUu − guvℜuv + buvℑuv

]
(A2)

On similar pattern, (A3) can be derived from the expression
of reactive injected power.

Qu =
∑
v∈π(u)

[
−
√
2buvUu − buvℜuv − guvℑuv

]
(A3)

It should be noted that from the definition of ℜuv and ℑuv,
they are both constrained by (A4) which represents a rotating
cone [49], [50].

2UuUv = ℜ2uv + ℑ2uv (A4)

In order to incorporate the variable network configuration
within power flow equations (A2)-(A4) for the reconfigura-
tion problem, new variables℘l

u and℘l
v are introduced for each

line l connected between bus u and v. These variables are set
to zero when the line is disconnected (�l = 0) and take the

values of Uv and Uu, when the line is connected (�l = 1)
considering (26) and (27). Thus, (A2)-(A4) are modified to
(20), (21) and (24), respectively.
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