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ABSTRACT Intelligent reflecting surface has recently emerged as a cost-effective solution to overcome
the deep fading and uncontrollable wireless environment. This leads to a need for studies on the wireless
channels of IRS-aided wireless communication (IRSaWC). This paper proposes a novel channel modelling
method for the IRSaWC by exploiting the physics characteristic of the electromagnetic (EM) field on the
IRS and the modified Saleh-Valenzuela (SV) model. Firstly, the reflection on a single reflecting tile (RT) of
the IRS is investigated in the presence of a misalignment between the RT’s configured incident angle and
the actual incident angle, and the RT’s phase distortion. Then, the path loss and phase shift models for the
reflected field are developed. Extending our study to the multiple-RT scenario and utilizing the modified SV
model, the channel characteristic for the IRSaWC is determined. Our analysis shows that the information
signal at the receiver experiences a Rice fading with controllable parameters. Theoretical results for the path
loss, the channel’s parameters, and the received distortion power are derived; moreover, an approximate
distribution for the combined signal-to-noise ratio (SNR) for IRS-aided multiple-antenna wireless systems
(IRSaMAWSs) has been investigated with the aim of conducting further studies on theoretical performance
for IRSaMAWSs

INDEX TERMS Intelligent reflecting surface, channelmodeling, Rice distribution,multiple-antenna system,
performance analysis.

I. INTRODUCTION
The conventional wireless systems frequently operate in an
uncertain wireless environment where the line-of-sight (LoS)
link is commonly unavailable due to obstacles and the signals
travel on multiple paths differing in time and angle before
reaching the receiver. Consequently, the wireless systems
may meet some issues of low reliable transmission, larger
energy consumption, high latency, etc.. Recently, the intel-
ligent reflecting surface (IRS) which can passively perform
anomalous reflection, phase shifting, and even polarization
control, has emerged as an effective solution to overcome
these issues and to assist the wireless systems to satisfy the
requirements of the fifth generation (5G) and beyond [1],

The associate editor coordinating the review of this manuscript and
approving it for publication was Parul Garg.

[2]. The idea of the IRS-enabled programmable wireless
environment has quickly attracted much interest. Since then,
numerous studies on the IRS’s applications in various wire-
less systems have been published and shown that the IRS
can give a remarkable improvement in both performance and
security capability.

To evaluate the performance of IRS-aided wireless com-
munications (IRSaWCs), studies on channel characteristic
for IRSaWC are essential works. Due to the lack of com-
plete designs for the IRS which allow full operational func-
tions, such as beam steering, phase shifting, etc., the current
studies on channel modelling involving the IRSaWCs are
mostly based on the theoretical approach.1 The first approach

1The theoretical approach in channel modelling is accepted in the litera-
ture, e.g., it is adopted in the works of [3], [4], and [5] for similar studies.
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adopted inmost studies assumed that the reflecting tiles (RTs)
of the IRS can reflect the signals to many positions and the
channel via each RT comprises the effects of the reflection
coefficient, the transmit-antenna-to-RT and RT-to-receive-
antenna channel coefficients which are modeled by widely
known fading distributions, such as Rayleigh fading [6],
[7], Nakagami-m fading [8] and Rice fading [9], [10], etc..
The second approach considers the reflection on the RT as
a perfect anomalous reflection, hence, the incident field is
reflected in a specific direction and the reflected links can be
considered as alternative LoS (aLoS) links [11], [12], [13].
Although the two approaches exploit some characteristics
of the IRS to propose their channel model, they still lack
a solid physics analysis of the reflection on the RT, hence,
inaccurate assessments can be obtained. To avoid a complex
theoretical analysis and data processing, themachine learning
method (i.e., generative adversarial network (GAN) [14])
has been adopted to approximate the channel distribution
of IRSaWCs. Despite providing good approximation, this
approach requires high computation expenses and a large
number of channel samples to train the neural network mod-
els; therefore, it is not suitable for system design. For these
reasons, the authors of [15] proposed using the theory of scat-
tering and physical optics techniques to develop an approxi-
mate channel model for IRSaWCs. This channel model can
reduce the complexity in calculating the theoretical system
performance and allow the system design. Since the work in
[15] was investigated in an ideal scenario (e.g., the absence
of multi-path fading and the perfect alignment in the incident
angles between the IRS and actual field), it is difficult to
model the actual wireless channel on which the received
signal propagates and the actual wireless channel for IRS-
aided multiple-antenna wireless systems (IRSaMAWSs).

In this paper, we analyze and propose a novel channel
model for IRSaWC in a practical scenario (i.e., the presences
of the multi-path fading, the misalignment in the incident
angles and the phase distortion caused by the diffuse scatters).
These make our proposed channel model more appropri-
ate to describe the wireless channels for the IRSaWC and
IRSaMAWSs. Particularly, the signal at the receive (Rx)
antenna is categorized into two groups. We use the theory
of the scattered field and the physical optics techniques to
analyze the first group that includes the signals reflected from
the IRS. Then, we use the modified SV model to analyze
the second group that includes the rest of signals. Having
analysed the obtained theoretical results, we can construct our
proposed channel model. The contributions of our study are
summarized as follows:

• We show that even there is amisalignment in the incident
angle, the RT can perform the anomalous-reflecting and
phase-shifting functions. The actual reflected angle and
the squaredmagnitude function for the scattered field are
mathematically computed. Then, the path lossmodel can
be obtained. These important results allow studies on the
path loss model for the IRSaMAWS.

• Next, we combine the path loss model and the modified
SV model built for the sub-6 Ghz and millimeter wave
(mmWave) bands [13] to develop the channel model
for the IRSaWC. We show that in the IRSaWC, the
information at the destination experiences a Rice fading
channel. The theoretical formulas for the K -factor of the
Rice fading, the received information signal power, and
the received distortion power are derived.

• After that, the obtained results for the channel mod-
elling are extended to the multiple-antenna scenario.
The combined signal-to-noise (SNR), which reflects the
system performance, is investigated. We propose a
gamma distribution-based approximate distribution for
the combined SNR and evaluate the outage performance
(OP) and achievable rate (AR) of an IRSaMAWS. The
accuracy of this approximate distribution is verified via
Montes Carlos simulations.

• The results for the OP and AR show that the IRS is an
effective solution to enhance the system performance,
especially when the LoS link is not available. With a
sufficiently large size of the IRS, the signal strength
received via the reflected links can be stronger than that
received via the LoS link. Although the phase distortion
from the IRS causes an additional noise at the receiver,
the system performance is enhanced by using more RTs.
This benefit is obtained through the signal-combining
capability of the IRS. In addition, the effects of impor-
tant parameters, such as the size of the RT, the phase
distortion factor, the number of transmit antennas, and
the position of the IRS, on the channel characteristics
and the system performance are studied.

The rest of this paper is organized as follows. In Section II,
the scattered field and the far-field path loss model over
the RT are examined. In Section III, the channel model for
IRSaWC is studied. In Section IV, a gamma distribution-
based approximate distribution for the combined SNR of an
IRSaMAWS is proposed. The conclusions are presented in
Section V. Finally, The proofs for the lemmas are presented
in the appendix.
Notation:We use REF(θ1, θ2, ϕ) to denote the reflection on

the RT of a wave field hitting the RT at an angle θ1 and depart-
ing at angle θ2 with the phase shift ϕ; we useA→ B to denote
the link from a point A to a point B; arcsin(·) is the inverse
sine function; 6 (r) returns the angle of a complex number
r in polar form; sinc(x) = 1 if x = 0, otherwise sinc(x) =
sin(x)/x; δ(c1, . . . , cP) = δ(c1)× . . .×δ(cP) where δ(·) is the
delta function; x ∼ Rayleigh(�) is the Rayleigh distribution
with the scale parameter�; x ∼ Gamma(k, µ) is the Gamma
distribution with the shape parameter k and the scale param-
eter µ; x ∼ Rice(k, �) is the Rice distribution with the shape
parameter k and the scale parameter �; x ∼ Uniform(a, b)
is the continuous uniform distribution over interval (a, b];
x ∼ CN(0,N0) is a complex Gaussian distribution with zero
mean and variance N0; x ∼ Truncated-Gaussian(·; 0, σ 2

|θ )
is the conditional truncated Gaussian distribution for a given
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θ with zero mean and variance σ 2; erf(·) is the error function;
u · v is the dot product of the two vectors u and v; E· is
the expectation operator; erf(·) is the error function; ‖x‖ is
the `2 − norm of a complex vector x; h† is the conjugate
transpose of the vector h; γ (α, x) is the upper incomplete
gamma function [17, Eq. (8.350.1)]; and 0 is the gamma
function [17, Eq. (8.350.3)].

II. SCATTERED FIELD CHARACTERIZATION AND
FAR-FIELD PATH LOSS MODEL OVER THE IRS
In this section, we characterize the scattered field of an a× b
rectangle RT as illustrated in Fig. 1. We consider a general
scenario where there is a slight misalignment in the incident
angle between the RT and the actual incident field. Particu-
larly, the RT expects the wave field to arrive at a configured
incident angle θ̂inc which may differ a bit from the actual
incident angle θinc = θ̂inc + 1θ where 1θ represents the
difference in angle between θinc and θ̂inc. The formulas for
the electric field (E-field) and the magnetic field (H-field)
of a general incident field hitting the RT at an angle θ (use
θ = θ̂inc and θ = θinc to obtain the formulas for the expected
and the actual incident fields, respectively) can be written as
follows [15].

Einc(θ ) = exEince−jβ inc(θ )·r , (1)

Hinc(θ ) = einc(t)
Einc
η
e−jβ inc(θ )·r , (2)

where Einc is the magnitude of the incident E-field, β =
2π/λ0 is the phase constant, λ0 is the wavelength, η is
the characteristic impedance of the medium, β inc(θ ) =
β(sin(θ )ey−cos(θ )ez) is the phase constant vector which also
indicates the propagation direction of the wave plane, r is
the position vector in rectangular coordinates, and einc(θ ) =
− cos (θ) ey − sin (θ) ez is the direction of the H-field.

The RT is configured to reflect the EM field at an angle
θ̂ref with a phase shift ϕ0 which is achieved via adjusting the
phase profile of the RT 8(x, y). Since the behavior of the
actual reflected field depends on 8(x, y), we study it later.
Now, let focus on the expected reflected field on the RT to
determine the configured phase profile of the RT. This field
must have the form of a wave plane departing at an angle θ̂ref
with a phase shift ϕ0. The formulas for E-field and H-field of
a general reflected field departing at angle θ (use θ = θ̂ref
to obtain the formulas for the expected reflected field) are
written as

Eref (θ ) = exEref e−jβref (θ )·r+jϕ0 , (3)

Href (θ ) = eref (θ )
Eref
η
e−jβref (θ )·r+jϕ0 , (4)

where Eref is the magnitude of the reflected E-field, β(θ ) =
β(sin(θ )ey + cos(θ )ez) is the phase constant vector, and
eref (θ ) = cos(θ )ey − sin(θ )ez is the direction of the reflected
H-field.

At the surface of the RT (z = 0), the incident
field

(
Einc(θ̂inc)|z=0,Hinc(θ̂inc)|z=0

)
is transformed into the

reflected field
(
Eref (θ̂ref )|z=0,Href (θ̂ref )|z=0

)
. The phase

profile for satisfying the above wave transformation obeys
the following rule.

8(x, y) = 6

Eref e−jβ sin
(
θ̂ref

)
y+jϕ0

Eince
−jβ sin

(
θ̂inc

)
y

 ,
= β

(
sin
(
θ̂inc

)
y− sin

(
θ̂ref

))
y+ ϕ0. (5)

We assume that the RT only manipulates the reflected field
via changing its phase profile. This means that in IRSaWC,
when the IRS controller receives a command of reflecting an
incident field at an angle θ̂inc to an angle θ̂ref , it sets the phase
profile of the RT using the rule in (5). The phase profile of
the RT is the key to determining the actual reflected field on
the surface which is presented in Lemma 1.
Lemma 1: Consider a reflection on perpendicular a plane

of the RT consisting of the vectors ez and r. The static phase
profile given in (5) for performing a configured anomalous
reflection REF(θ̂inc, θ̂ref , ϕ0) can also perform an anomalous
reflection REF(θinc, θref , ϕ0) where the actual reflected angle
θref is calculated as

θref = arcsin
(
sin
(
θ̂ref

)
+ sin (θinc)− sin

(
θ̂inc

))
. (6)

Proof: At the surface, the actual reflected E-field corre-
sponding to the actual incident field Einc(θinc)|z=0 is written
as

6
(
Eref |z=0

)
= 8(x, y)+ 6 (Einc(θinc))

= −β sin(θref )y+ ϕ0. (7)

Using (3, 4), it is seen that Eref |z=0 = Eref (θref )|z=0.
Therefore, the actual reflected H-field on the RT is given by
[18, Eq. (4-3)]

Href (θref )
∣∣
z=0 = einc(θref )

Eref
η
e−jβ sin(θref )y+jϕ0 . (8)

In practical scenarios, since the IRS is attached to pur-
posely enhance the signal quality at a specific area, its posi-
tion setup needs to guarantee θref � 90◦ for performance
efficiency. Moreover, the RT’s phase profile is set to achieve
small values for 1θ , equivalently θ̂inc ≈ θinc. Therefore, the
value inside the function arcsin(·) is in a valid range [-1,1].
It is seen from (7, 8) that the actual reflected field on the RT
also has a phase shift ϕ0 even there is a misalignment in the
incident angle. Lemma 1 is proven. �
Lemma 1 reveals an important property of the reflection

on the RT which allows further steps in channel modeling
and characterizing. Based on the reflected field on the RT,
we investigate the squared magnitude of the scattered field at
an arbitrary observation angle θs ∈ (−90◦, 90◦).
Lemma 2: The squared magnitude of the scattered

field yielded from the reflection of an incident field
(Einc(θinc),Hinc(θinc)) on a RT, which is purposely configured
for a reflection REF(θ̂inc, θ̂ref , ϕ0), is calculated as

S
(
θs;E2

inc, d
)
=

(
ab
λ0

)2E2
inc

d2
cos (θinc) cos

(
θref

)
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FIGURE 1. (a) The reflection on the RT and (b) the side view of the reflection.

× sinc2
(
1
2bβ

(
sin (θs)− sin

(
θref

)))
, (9)

where d is the distance from the center of the RT to the
observer’s position.

Proof: The electric current density on the surface
(z = 0), by neglecting surface edge effects and apply-
ing the physic optic technique on the negligible-thickness
flat RT [18, Chapter 7.10], can be expressed as JS ≈
2ez × Href = −2ex

Einc cos(θref )
η

e−jβ sin(θref )y+jϕ0 . Assuming

the loss-less reflection on the surface, i.e., E2
inc cos(θ̂inc) =

E2
ref cos(θ̂ref ), then following the similar steps as in [18,

Example 11-3], we can prove Lemma 2. �
To understand the effect of the incident angle on the

squared magnitude of the scattered field, the reflections of
three fields Field−1,Field−2,Field−3with their respective
incident angles θ ∈ {55◦, 60◦, 65◦} are investigated. The RT
is configured to perform a reflection REF(θ̂inc = 60◦, θ̂ref =
30◦,−). The results for the normalized squared magnitude
S(θs) = S(θs;Einc, d) d

2

E2
inc

are plotted in Fig. 2 as the functions

of θs. Let consider Field−2 (displayed as a middle curve
in Fig. 2) which arrives at a correct incident angle θinc =
θ̂inc = 60◦. The reflected field of Field−2 is focused on the
configured direction θref = θ̂ref = 30◦. At other observation
angles |θs − θref | � 0◦, S(θs) receives very small values.
The size of the RT significantly influences the shape of S(θs).
In particular, a lower normalized squared magnitude and
wider beamwidth are observed at the smaller sizes of the RT.
For Field−1 and Field−3, the trends for S(θs) follow the
similar trend shown for Field−2; however, due to the mis-
alignment in the incident angle, the peaks of the normalized
squared magnitudes for Field−1 and Field−3 shift to the
reflected angles θref = {33.1◦, 26.6◦}, respectively. For the
normal size of the RT, such as a = 10λ0 = 0.5 meters,
these shifts are larger than the 3dB-beamwidth of S(θs). This
result point outs an advantage of the IRS in providing highly
directional connections, hence reducing the interference in
the IRSaWC.

In Fig. 3, we consider a wave field with the incident angle
varying in a range θinc ∈ (45◦, 75◦) and plot the normalized
squared magnitude S(θs) at the fixed observation angle θs =
θ̂ref = 30◦. The RT has the same configuration as in Fig. 2.
The normalized squared magnitude reaches its peak when the
actual incident angle matches the configured incident angle,
i.e., θinc = θ̂inc = 60◦. For a = 10λ0, the 3-dB angle-range is
around 13 dB = 3◦, equivalently at a distance 20 meters far
from the RT, a maximum position variation is 20× tan(3◦) ≈
1.05 meters. For the multi-antenna base station (BS), this 3-
dB angle-range is wide enough to reflect the signals from
all antennas to a desired position with good signal strengths.
In contrary, the RT with smaller sizes has a larger 3-dB angle-
range and gives a lower normalized squared magnitude.
Lemma 3: Using the squared magnitude given in

Lemma 2, the path loss model for the signal, that is sent by a
transmit (Tx) antenna and reaches a receive (Rx) antenna via
a RT, is measured by

αRT =

√
1
2η

(
λ2GRx (θRx→RT )

4π

)
S
(
θRT→Rx;E2

inc, dRT→Rx
)
,

(10)

where E2
inc =

2ηP0GTx (θTx→RT )
4πd2Tx→RT

is the squared magnitude of

the incident E-field, P0 is the transmit power, GTx(·) and
GRx(·) are respectively the directivity models of the Tx and Rx
antennas, θTx→RT is the Tx angle formed by the Tx directivity
and the direction from the Tx antenna to the RT, θRx→RT is
the Rx angle formed by the Rx directivity and the direction
from the Rx antenna to the RT, and dTx→RT and dRx→RT
are respectively the distances of the Tx → RT and Rx → RT
links.

III. CHANNEL MODELING AND CHARACTERIZATION FOR
IRSaWC
In this section, we propose a channel model for IRSaWC by
using the path loss model in Section II and adopting the mod-
ified SV model which effectively characterizes the channel
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FIGURE 2. The normalized squared magnitude of the scattered field at an arbitrary observation angle θs ∈ (−90◦,90◦). Other setting
and parameters: configured reflection rule REF(θ̂inc = 60◦, θ̂ref = 30◦,−), the actual incident angles for three considered fields
θ ∈ {55◦,60◦,65◦}.

FIGURE 3. The normalized squared magnitude of the scattered field at a
fixed observation angle θs = θ̂ref = 30◦ with different actual incident
angles θinc =∈ (45◦,75◦). Other setting: the RT’s configured reflection
rule REF(θ̂inc = 60◦, θ̂ref = 30◦,−).

model for sub-6 GHz and mmWave bands. The signal propa-
gation model is illustrated in Fig. 4 and the channel response
for the IRSaWC is written as in (11) as shown at the bottom
of the next page, where {αLoS , αScatt/LoS , αScatt/IRS , αRay(k,l),
αRT (n)

}
and {|hLoS | , |hScatt/LoS |, |hScatt/IRS |, |hRay(k,l)|,

|hRT (n)|
}
are respectively the path loss models and path

loss coefficients of the line-of-sight (LoS) signal, the
scattering involving the LoS link, the scattering involv-
ing the IRS, the signal traveling on the k-th ray, k =
1, . . . ,K , of the l-th cluster, l = 1, . . . ,L, and the signal
reflected from the n-th RT, n = 1, . . . ,N ; their respective
phase shifts are {κLoS , κScatt/LoS , κScatt/IRS , κRay(k,l), κRT (n)};
{θTx , θRx , θ

inc
RT , θ

ref
RT } are the variables for the angles of the Tx

directivity, the Rx directivity, the actual incident wave field,
and the actual reflected wave field at each RT; θTx→{Rx,RT (n)}
is the angle formed by the Tx directivity and the direc-
tion from the Tx antenna to the {Rx antenna, n-th RT};
θRx→{Tx,RT (n)} is the angle formed by the Rx directivity and
the direction from the Rx antenna to the {Tx antenna, n-th
RT}, θRT (n)→{Tx,Rx} is the angle formed by the normal vector
of the n-th RT the direction from the n-th RT to the {Tx, Rx}
antenna; θ{Tx,Rx}:Ray(k,l) is the angle of the k-th ray in the l-th
cluster as observed at the {Tx, Rx} antenna using the {Tx,
Rx} directivity, respectively; t is the variable for the time;
Tl is the time delays of the l-th cluster, and (Tl + τ(k,l)) is
the time delays of the k-th ray in l-th cluster; the SV model
uses Tl and τ(k,l) to determine the signal attenuation on the
rays and the clusters; χn ∈ (0, 1) is the distortion factor
and ε ∼ CN(0, 1) represents the normalized distortion. The
phase distortion is caused by many reasons such as diffuse
scatters, the variation of the signal frequencies, etc.; hence,
according to the central limit theorem, it is reasonable to
model it as a complex Gaussian noise and is unpredictable
at the receiver. We use T = {Tl}Ll=1, τ = {τ }

(K ,L)
(k,l)=(1,1), θ ={

θX→Y |X ,Y∈Tx,Rx,RT (n), θ{Tx,Rx}:Ray(k,l)|
(K ,L)
(k,l)=(1,1)

}
to respec-

tively denote the groups of parameters involving the time
delays of the clusters, the time delays of the rays in the
clusters, and the angles.

Next, we study the path loss models and the path loss
coefficients in (11). The path loss model includes the effects
of (i) the directivity models GTx(θTx) and GRx(θRx), (ii) the
angle of departure (AoD) and angle of arrival (AoA) of
the rays, clusters, LoS link and aLoS links (here, we use
‘‘aLoS links’’ for the reflection links to emphasize the capa-
bility of providing stable oriented communication links of the
IRS), (iii) the time delay models for the rays and clusters.
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FIGURE 4. The illustration for the signal propagation in the IRSaWC. The signals travel on the LoS link,
the aLoS links and the rays before reaching the Rx antenna.

In this study, we consider two ordinary directivity models
for the transceiver antenna, one is equal-gain model where
GTx(θTx) = GRx(θRx) = 1,∀(θTx , θRx), and another intro-
duced in 3GPP standard as [19]

G(θ ) =

{
10−0.3(θ/θ3 dB)

2
; if |θ | < θc,

0.01 ; otherwise,
(12)

where θ3 dB is the 3-dB antenna beamwidth, θc = θ3 dB
√
20/3

is the positive intersection point of the two sub-functions
in (12). Since it is possible to determine the AoD and AoA
for the clusters, LoS link and aLoS links, using ray tracing
techniques, in the follows we investigate the AoD/AoA for
the rays. The truncated Gaussian distribution is adopted to
describe the distribution of the AoD/AoA of the rays in each
cluster. Let θTxl and θRxl be respectively the AoD and AoA of
the l-th cluster, l = 1, . . . ,L, the distribution of the AoD
and AoA of each ray in l-th cluster obeys the distribution
Truncated-Gaussian(x; 0, σ 2

|θl) given as follows.

p (x|θl)=
C0
√
2πσ

exp
(
−
(x − θl)
2σ 2

)
w (x, θl −1, θl +1) ,

(13)

where 1 defines the range of the truncated Gaussian distri-
bution, C0 = 1/(8(1/σ )−8(−1/σ )) is a constant guaran-

teeing
∫ θl−1
θl−1

p (x|θl)dx = 1, 8(x) = 1
2

[
1+ erf( x

√
2
)
]
, θl :=

θ
{Tx,Rx}
l is the AoD/AoA of the l-th cluster and w(x, a, b) is a
rectangular window function given as

w(x, a, b) =

{
1 ; if x ∈ [a, b],
0 ; otherwise,

(14)

According to [20], the time delay models for the clusters
and the rays respectively obey the following rules

p(Tl+1|Tl) = 3e−3(Tl+1−Tl ), where l = 1, . . . ,L,

(15)

p(τk+1,l |τk,l) = λe−λ(τk+1,l−τk,l ), where k = 2, . . . ,K ,

(16)

where T0 = τ1,l = 0,3 and λ are respectively the cluster and
ray arrival rates.

Using the above assumptions, the path loss coefficients
in (11) can be derived as in Table 1 where 0 and γ are
respectively the cluster and ray power delay time constants,
ζScatt/LoS ∈ (0, 1) and ζScatt/IRS ∈ (0, 1) are the scattering
signal power factors involving the LoS and the IRS, respec-
tively. In addition, we can separate (11) into three groups that
respectively include the effects of (i) the LoS link and aLoS

h
(
t, θTx , θRx , θ incRT , θ

ref
RT |T , τ , θ

)
= αLoSδ (θTx − θTx→Rx; θRx − θRx→Tx)︸ ︷︷ ︸

|hLoS |

ejκLoS + αScatt/LoS︸ ︷︷ ︸
|hScatt/LoS |

ejκScatt/LoS + αScatt/IRS︸ ︷︷ ︸
|hScatt/IRS |

ejκScatt/IRS

+

∑L

l=1

∑K

k=1
αRay(k,l)δ

(
t − Tl − τ(k,l); θTx − θTx:Ray(k,l); θRx − θRx:Ray(k,l)

)︸ ︷︷ ︸
|hRay(k,l)|

ejκRay(k,l)

+

∑N

n=1
αRT (n)δ(θTx − θTx→RT (n); θ

inc
RT − θRT (n)→Tx; θ

ref
RT − θRT (n)→Rx; θTx − θRx→RT (n))︸ ︷︷ ︸

|hRT (n)|

×

(√
1− χn +

√
χnεn

)
ejκRT (n)+jϕRT (n) , (11)
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FIGURE 5. The illustration for AoD and AoA at a receive antenna.

links, (ii) the rays and scattering, and (iii) the phase distortion
as the follows.

h(t) := h
(
t, θTx , θRx , θ incRT , θ

ref
RT |T , τ , θ

)
= hSignal + hPD

(17)

where

hSignal = hLoS+aLoS + hRay/Cluster+Scatt , (18)

hLoS+aLoS = |hLoS |ejκLoS

+

∑N

n=1

√
1−χn|hRT (n)|ejκRT (n)+jϕRT (n) ,

(19)

hRay/Cluster+Scatt =
∣∣hScatt/LoS ∣∣ ejκScatt/LoS
+
∣∣αScatt/IRS ∣∣ ejκScatt/IRS

+

∑L

l=1

∑K

k=1

∣∣hRay(k,l)∣∣ejκRay(k,l) ,
(20)

hPD =
∑N

n=1

∣∣hRT (n)∣∣√χnεnejκRT (n)+jϕRT (n) .
(21)

When an information signal propagates over h(t), the fol-
lowing results can be obtained. Firstly, since hPD cannot carry
any information, it causes an additional noise at the receiver
with the distortion power defined as

�PD = E{|hPD|2}. (22)

Secondly, from (18, 19, 20), it is seen that the information
signal received at the receiver is experienced a channel hSignal
that obeys a Rice distribution with the scale parameter�Signal
and shape parameter K respectively given by

�Signal = E{|hLoS+aLoS |2} + E{|hRay/Cluster+Scatt |2}, (23)

K =
E{|hLoS+aLoS |2}

E{|hRay/Cluster+Scatt |2}
. (24)

Lemma 4: With a given setup for the RT’s phase shifts,
ϕn, n = 1, . . . ,N. The expressions for E{|hLoS+aLoS |2} and
E{|hPD|2} are respectively given as

E{|hLoS+aLoS |2} =
(
|hLoS | +

N∑
n=1

√
1− χn

∣∣hRT (n)∣∣

× cos
(
κRT (n) + ϕRT (n) − κLoS

))2

+

(
N∑
n=1

√
1− χn ×

∣∣hRT (n)∣∣ sin (κRT (n)
+ ϕRT (n) − κLoS

) )2

. (25)

E{|hPD|2} =

(
N∑
n=1

√
χn
∣∣hRT (n)∣∣ cos (κRT (n)+ϕRT (n)))2

+

(
N∑
n=1

√
χn
∣∣hRT (n)∣∣ sin (κRT (n)

+ ϕRT (n)
) )2

. (26)

Proof: We consider (19) as the sum of constant vectors.
Let set the LoS link as a reference vector, (25) can be proven
using the vector projection of each aLoS link onto the ref-
erence vector and using vector rejection of each aLoS link
from the reference vector. Using similar approaches, (26) can
be also proven. �
Additionally, using the vector addition method, it is easy

to show that E{|hLoS+aLoS |2} is maximized when the IRS’s
phase shifts obey the following rule.

ϕRT (n) = κLoS − κRT (n). (27)

Lemma 5: The expression for E{|hRay/Cluster+Scatt |2} is
given in (28), as shown at the bottom of the next page, where
A = (30)l

(1+30)l and B =
(λγ )k−1

(1+λγ )k−1
. For the case of equal-gain

model, C and D are determined as CEqG = DEqG = 1. For
the case of 3GPP-standard directivity model, C and D are

determined in Table 2 where σ̂0 = σ
(

0.6 ln(10)σ 2

θ23 dB
+ 1

)−1/2
.

Proof: Using the distribution characteristics of
|hScatt/LoS |2 and |hScatt/IRS |2 in Table 1, we can com-
pute E{|hScatt/LoS |2} and E{|hScatt/IRS |2}. For the equal-gain
model, the directivity functions isG{Tx,Rx}(θ ) = 1,∀θ hence,
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TABLE 1. Path loss coefficients, phase shifts and distributions of elements in (11).

we can have CEqG = DEqG = 1. Using (15,16), results for A
andB can be easily proven [16]. Finally, the results forC3GPP
and D3GPP are proven in Appendix V. �

To study the trends of theK factor, the received information
signal power, and the received distortion power, we plot them
as the functions of the Rx directivity, θRx ∈ (−180◦, 180◦],
as shown in Fig. 6. We use the setup as illustrated in Fig. 4,
details of the simulation parameters are presented in Table 3
and the IRS’s phase shifts are configured as same as those
in (27). To verify the effectiveness of the IRS in enhancing
the channel quality, three important scenarios of IRSaWC
are investigated, (i) in one, the LoS link is available, and
the IRS is not used (with-LoS-non-IRS), (ii) in the another,
both the LoS link and the IRS are absent (non-LoS-non-
IRS), and (iii) in the last one, the LoS link is unavailable
and the IRS is employed to assist the communication (non-
LoS-with-IRS). As shown that, the Rx information signal
strengths and the K factors archive high values in the with-
LoS-non-IRS and the non-LoS-with-IRS scenarios and they
receive low values in the non-LoS-non-IRS scenario. These
results indicate that the IRS efficiently enhances the channel

quality in the absence of the LoS link. The effect of the
number of the RT on improving the system performance is
studied in Figs. 7 and 8. The Rx directivity gives a remark-
able influence on the channel quality and the optimal Rx
directivity is as follows. In the presence of the LoS/aLoS
links, the Rx antenna should be respectively rotated toward
the BS/IRS, otherwise, it should be rotated toward Cluster 1
(L1) to yield the best channel quality. The results for different
Tx antennas of the multiple-antenna BS show similar trends.
This can be explained using the 3-dB angle-range (discussed
in Fig.3). In the non-LoS-with-IRS scenario, the received
distortion power and the received information signal power
reach their largest values at a same Rx directivity; hence, the
phase distortion can reduce the advantages of the IRS. This
influence is studied in Figs. 7 and 8.

IV. GAMMA DISTRIBUTION-BASED COMBINED- SNR
DISTRIBUTION APPROXIMATION AND APPLICATIONS
In Section III, the channel coefficient between a Tx antenna
and a Rx antenna in the presence of an IRS was stud-
ied. In addition, the results in Figs. 4 and 6 showed that

E{|hRay/Cluster+Scatt |2} = E{|hScatt/LoS |2} + E{|hScatt/IRS |2} +
L∑
l=1

K∑
k=1

E{|hRay(k,l)|2}

=
λ20GTx(θTx→Rx)GRx(θRx→Tx)β̄0ζ

(4πdTx→Rx)2
+
λ20GTx(θTx→IRScenter )GRx(θRx→IRScenter )β̄0(1− ζ )

(4π (dTx→IRScenter + dRx→IRScenter ))2

+
λ20β̄0

(4πdTx→Rx)2

L∑
l=1

K∑
k=1

ETl
{
exp

(
−
Tl
0

)}
︸ ︷︷ ︸

A

Eτ(k,l)

{
exp

(
−
τ(k,l)

γ

)}
︸ ︷︷ ︸

B
× EθTx:Ray(k,l){GTx(θTx:Ray(k,l))}︸ ︷︷ ︸

C

EθRx:Ray(k,l){GRx(θRx:Ray(k,l))}︸ ︷︷ ︸
D

, (28)
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TABLE 2. Calculations for four cases of C3GPP and C3GPP .

FIGURE 6. The results for (a) the K -factor, (b) the received information signal power and (c) the received distortion power with respect to
different Rx antenna’s direction.

the IRS is able to reflect all signals from the antennas
of a multiple-antenna BS to each Rx antenna due to the
short distance between these antennas. This leads to the
need for studies on the combined SNR for IRSaMAWS.
Since the Rice distribution causes difficulty to the the-
oretical approach, in this section, we develop a gamma
distribution-based combined SNR approximate distribution
that facilitates the theoretical analysis for system performance
of IRSaMAWS. We consider an IRS-aided maximum-ratio-
transmission (MRT) wireless system (IRSaMRTWS) where
a M -antenna BS adopts the MRT technique to achieve the
combined SNR at a single-antenna receiver with the help of
a N -RT IRS (The results for the IRS-aided maximal-ratio-
combining can be derived using similar approach).

Let h(t) = hSignal(t) + hPD(t) where hSignal(t) ∼
Rice(K,�Signal) and hPD(t) ∼ CN(0,�) denote the channel
vector between the source and the receiver. We assume the

channel is a slow fading and the channel estimation interval
is large enough to estimate hSignal . The weight vector for

MRT is given as w(t) =
h†Signal (t)
‖hSignal (t)‖

[21]. The parameters

K = [K (1), . . . ,K (M )], �Signal = [�(1)
Signal, . . . , �

(M )
Signal] and

�PD = [�(1)
PD, . . . , �

(M )
PD ] are obtained using (22, 23, 24).

When the BS broadcasts an information signal x(t), the
received signal at the receiver is expressed as

y(t) =
(
hSignal(t)+ hPD(t)

)
w(t)x(t)+ n(t)

= ‖hSignal(t) ‖x(t)︸ ︷︷ ︸
Information

+ hPD(t)w(t)x(t)+ n(t)︸ ︷︷ ︸
Overall noise

(29)

The combined SNR at the receiver is given by

γSNR =
‖hSignal(t) ‖2

|hPD(t)w(t)|2 + N0
≈
‖hSignal(t) ‖2

�̄PD + N0
(30)
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TABLE 3. The parameters for simulation in Figs. 6, 7 and 8.

where n(t) ∼ CN(0,N0) is the additive Gaussian white
noise (AGWN) at the receive antenna and the approximation
in (30) is based on the fact that the distortion powers caused
by difference Tx antennas of the BS receive similar values
�

(m)
PD ≈ �̄PD =

1
M

∑M
m=1�

(m)
PD .

Since γSNR involves the sum of squared magnitude of Rice
random variables (RVs), deriving its exact distribution func-
tion is a complex work; moreover, the infinite summations
inside this exact result require a high computational cost
and is difficult to extend for further calculations. For these
reasons, we propose to use a simplifier distribution shown in
Lemma 6 to approximate the distribution function of γSNR.
Lemma 6: Let consider a random vector

X = [X1, . . . ,XM ] in which Xm ∼ Rice(km, �m) The distri-
bution of ‖X‖2 can be approximated by a gamma distribution
as ‖X‖2 ≈ ‖X̆‖2 ∼ Gamma(k6, µ6) with shape and scale
parameters given by

k6 =

(
M∑
m=1

�m

)2

M∑
m=1

�2
m/k̆m

, (31)

µ6 =

M∑
m=1

�m, (32)

where k̆m = 1+ k2m/(2km + 1).
Proof: Since the distribution of |Xm|2 can be tightly

approximated by |Xm|2 ≈ |X̆m|2 ∼ Gamma(k̆m, µ̆m) with
shape parameter k̆m = 1 + k2m/(2km + 1) [22] and the
scale parameter µ̆m = �m/k̆m, we have an approxima-
tion as ‖X‖2 ≈ ‖X̆2

‖ with X̆ = [X̆1, . . . , X̆M ]. ‖X̆2
‖ is

a linear combination of independent non-identical gamma
distributed RVs. Using the Welch–Satterthwaite equation,

we can approximate ‖X̆2
‖ by a gamma distribution with the

effective degrees of freedom given in (31) and its respective
scale parameter given in (32). Lemma 6 is proven. �

Using Lemma 6, we measure two important performance
metrics, the outage probability (OP) and the achievable rate
(AR) for our considered IRSaMRTWS. We can show that
γSNR ≈ γ̆SNR ∼ Gamma(kSNR, µSNR) with its parameters
given by

kSNR =

(
M∑
m=1

�
(m)
Signal

)2

M∑
m=1

(�(m)
Signal)

2/K (m)

, (33)

µSNR =

M∑
m=1

�
(m)
Signal

�̄PD + N0
, (34)

The OP and AR of the considered system are calculated
as [23]

OP = Pr (γSNR < x) ≈
1

0(kSNR)
γ

(
kSNR,

x
θSNR

)
, (35)

AR = E
{
log2 (1+ γSNR)

}
=

1

0(kSNR)θ
kSNR
SNR

×

∞∫
0

log2 (1+ x)x
kSNR−1e−x/µSNRdx. (36)

For integer values or approximate integer values for kSNR,
the closed-form expression for AR can be easily obtained
using the similar approach in [24, Proposition 3] and some
manipulations.

Figs. 7 and 8 respectively plot the optimal OP and optimal
AR of our considered system as the functions of various
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FIGURE 7. The effects of (a) the transmit power, (b) power distortion factor, (c) the number of the RTs and (d) the position of the IRS
on the OP. The IRS’s centre coordinate is (d ,20) meters. Unless otherwise specified in the sub-figures, we set
P0 = 10(mW ), χn = 0.2,N = 3.

key system parameters, such as the transmit power P0, the
distortion factorχn, the number of the RTsN , and the position
of the IRS. The system setup is illustrated as in Fig. 4 and
details of the simulation parameters is listed in Table 3. The
OP and AR are optimized by applying the optimal weight

vector w(t) =
h†Signal (t)
‖hSignal (t)‖

at the BS (see the second paragraph

of Section IV), adjusting the phase profile of each RT using
(5), selecting the optimal Rx directivity using the rule given
in the discussion of Fig. 6 and configuring the IRS’s phase
shifts as same as those in (27). Using these results, the
accuracy of the proposed approximate distribution for the
combined SNR can be evaluated. It is seen that the theoret-
ical curves are very close their respective simulation curves.
This indicates that our proposed approximate distribution is

legitimate. Especially for the AR’s results, the theoretical and
the simulation curves are perfectly matched. For performance
comparison, the three scenarios, i.e., with-LoS-non-IRS, non-
LoS-with-IRS and non-LoS-non-IRS, are investigated. The
results in Fig. 7(a) and 8(a) show the advantages of the IRS
in enhancing the performance where the LoS link is not
available. It can be realized that the performance for the non-
LoS-non-IRS scenario is very poor as compared to the other
scenarios. The distortion power gives a notable effect on the
performance. For a fixed transmit power, the OP and the
AR are respectively increasing functions (see Fig. 7(b)) and
decreasing function (see Fig. 8(b)) of PD factor. Figs. 7(c)
and 8(c) show the system performance for different values of
N . Despite the presence of the distortion power, the signal-
combining capability, which is obtained through adjusting the
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FIGURE 8. The effects of (a) the transmit power, (b) power distortion factor, (c) the number of the RTs and (d) the position of the IRS
on the AR. The IRS’s centre coordinate is (d ,20) meters. Unless otherwise specified in the sub-figures, we set
P0 = 10(mW ), χn = 0.2,N = 3.

phase shifts of the RTs, allows better performance whenmore
RTs is utilized. Fig. 8(c) shows that the AR of the non-LoS-
with-IRS scenario can overcome that of the with-LoS-non-
IRS if N is sufficiently large (e.g., 7-RT IRS as shown in
Fig. 8(c)). Figs. 7(d) and 8(d) show the influence of the IRS’s
position on the system performance. When the IRS moves
close to the BS, a great amount of energy is captured within
the area of the IRS and the IRS can compile more energy
to the Rx antenna. Therefore, the IRS can sustain greater
performance when it moves close to the BS and vice versa.
However, in practical scenarios, if the IRS is too close to the
BS, the far-field condition is not secured. This leads to major
issues such as the infeasibility of the channel modelling task
and the IRS’s scalability.

V. CONCLUSION
In this paper, we proposed a novel channel model for
IRSaWC using the physics characteristic of the reflection
on the IRS and the modified SV model. We showed that
the information signal at the receiver experiences a Rice
fading. The theoretical results for the key parameters of the
proposed channel, such as the K factor, the received infor-
mation signal power, and the received distortion power, were
derived. Especially, a gamma distribution-based approximate
combined-SNR distribution was studied for facilitating the
theoretical performance evaluation for IRSaMAWSs. The
numerical results showed that the IRS is an efficient solution
to enhance the system performance, especially when the LoS
link is not available. Although the phase distortion occurring
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from the RT’s reflection gives an additional noise at the
receiver, a higher number of the RTs can yield a higher
performance with a reasonable phase-shift setup. Another
advantage of the IRS is to provide a narrow reflection angle-
beam, hence, providing good signal strengths at the desired
positions and low interference to the overall network. A larger
size of the RT allows a better signal strength and a narrower
angle-beam. By adjusting the reflections on the RTs, the
IRS is capable of manipulating the properties of the wireless
environment; hence, our archived results are useful tools to
develop efficient algorithms for boosting the performance of
the IRSaWC.

APPENDIX A PROOF OF THE CALCULATIONS IN TABLE 2
In this section, we present the calculations for C3GPP and
D3GPP given in Table 2. The values for C3GPP and D3GPP are
calculated by using

E{G{Tx,Rx}(x)} =
∫ θl+1

θl−1

G{Tx,Rx}p(x|θl)dx. (37)

A. FOR THE CASE OF θl ∈ [−θc +1, θc −1]
Substituting the directivity model given in (12) and the prob-
ability density function given in (13), (37) in this case can be
written as

E{G{Tx,Rx}(x)}

=
C0

σ
√
2π

∫ θl+1

θl−1

exp

(
−
0.3 ln(10)

θ23dB

x2 −
(x − θl)2

2σ 2

)
dx,

=

C0 exp
(
−

0.3 ln(10)θ2l
0.6 ln(10)σ 2+θ23dB

)
σ
√
2π

∫ θl+1

θl−1

× exp

(
−
0.6 ln(10)σ 2

+ θ23dB

2σ 2θ23dB

×

x − θl
0.6 ln(10)σ 2

θ3dB
+ 1

 dx,

=

C0 exp
(
−

0.3 ln(10)θ2l
0.6 ln(10)σ 2+θ23dB

)
√
2π
√

0.6 ln(10)σ 2

θ23dB
+ 1

×

∫ θl
σ̂

(
0.6 ln(10)σ2

0.6 ln(10)σ2+θ23dB

)
+
1
σ̂

θl
σ̂

(
0.6 ln(10)σ2

0.6 ln(10)σ2+θ23dB

)
−
1
σ̂

exp
(
−
t2

2

)
dt. (38)

where t = x/σ̂ .
After some manipulations, the expressions for C3GPP and

D3GPP for the case of θl ∈ [−θc +1, θc −1]can be obtained
as in Table 2.

B. FOR THE CASE OF θl ∈ [−θc −1,−θc +1]
In this case, the values of C3GPP and D3GPP is calculated as

E{G{Tx,Rx}(x)}

=

∫ θl+1

θl−1

G{Tx,Rx}(x) p(x|θl)dx,

=
0.01C0

σ
√
2π

∫
−θc

θl−1

exp
(
−
(x − θl)2

2σ 2

)
dx︸ ︷︷ ︸

I1

+
C0

σ
√
2π

∫ θl+1

−θc

exp

(
−
0.3 ln(10)

θ23dB

x2 −
(x − θl)2

2σ 2

)
dx︸ ︷︷ ︸

I2

.

(39)

Letting t = x−θl
σ

, I1 is calculated as

I1 =
0.01 C0
√
2π

∫
−
θc+θl
σ

−
1
σ

exp
(
−
t2

2

)
dt,

= 0.01 C0

(
8

(
−
θc + θl

σ

)
−8

(
−
1

σ

))
. (40)

Following similar steps as in Appendix V-A, I2 is calcu-
lated as

I2 =
C0 exp

(
−

0.3 ln(10)θ2l
0.6 ln(10)σ 2+θ23dB

)
√
2π
√

0.6 ln(10)σ 2

θ23dB
+ 1

×

∫ θl
σ̂

(
0.6 ln(10)σ2

0.6 ln(10)σ2+φ23dB

)
+
1
σ̂

−
θc
σ̂
−
θl
σ̂

θ23dB
0.6 ln(10)σ2+θ23dB

exp
(
−
t2

2

)
dt,

=

C0 exp
(
−

0.3 ln(10)θ2l
0.6 ln(10)σ 2+θ23dB

)
√

0.6 ln(10)σ 2

θ23dB
+ 1

×

8
(
θl
σ̂

(
0.6 ln(10)σ 2

0.6 ln(10)σ 2+θ23dB

)
+

1
σ̂

)
−8

(
−
θc
σ̂
−

θl
σ̂

θ23dB
0.6 ln(10)σ 2+θ23dB

)
 . (41)

Using (40) and (41), the expressions for C3GPP and D3GPP
for the case of θl ∈ [−θc −1,−θc +1] can be obtained as
in Table 2.

C. FOR THE CASE OF θl ∈ [θc −1, θc +1]
In this case, the values of C3GPP and D3GPP is calculated as

E{G{Tx,Rx}(x)} =
∫ θl+1

θl−1

G{Tx,Rx}(x) p(x|θl)dx,

=
C0

σ
√
2π

∫ θc

θl−1

× exp

(
−
0.3 ln(10)

θ23dB

x2 −
(x − θl)2

2σ 2

)
dx

+
0.01C0

σ
√
2π

∫ θl+1

θc

exp
(
−
(x − θl)2

2σ 2

)
dx.

(42)
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Following similar steps as in Appendix V-B, the expres-
sions for C3GPP and D3GPP for the case of θl ∈

[θc −1, θc +1] can be obtained as in Table 2.

D. FOR THE REMAIN VALUES OF θl
In this case, the values of C3GPP and D3GPP is calculated as

E{G{Tx,Rx}(x)} =
∫ θl+1
θl−1

0.01 p(x|φl)dx = 0.01. (43)
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