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ABSTRACT This work presents a new optimization-based solution to the Inverse Kinematics Problem
(IKP) of legged robots, including a modifiedWalking Pattern Generator that automatically avoids singularity
configurations regarding position. The approach uses a numeric constrained problem solved with heuristic
algorithms, where the joint vector is calculated to minimize the position errors, while orientation errors are
handled as equality constraints, and threshold values are used to set the maximum error for each foot along
the trajectories. The optimization model can generalize the IKP for robots with any number of legs and any
number of poses within the physically consistent trajectories for the Center of Mass and the feet, considering
the dynamics of the robot for a stable walking. The case study was a 12-DOF biped robot, and the resulting
joint trajectories were validated by a dynamic simulation, using a Gazebo-ROS platform, where the walking
was successfully performed without requiring a feedback control for correcting the torso tilt, showing the
solution quality.

INDEX TERMS Inverse kinematics, legged robots, optimization, metaheuristics, dynamic walking.
I. INTRODUCTION
The solution of the Inverse Kinematics Problem (IKP) is
mandatory when it is required to control the position of
an articulated robot. For this reason, diverse analytical
and numerical methods have been developed for solving
it [1]. Analytical methods require to derive closed equations,
by means of algebraic and geometric techniques. However,
since these equations are highly non-linear, finding a solution
is a non-trivial task [2]. In some cases, the mechanical struc-
ture of the robots makes it very difficult to obtain the closed
equations. On the other side, numerical methods can generate
multiple solutions for the IKP of complex robots, but their
main drawback is the computational cost, because of factors
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such as singularity neighborhoods, Jacobian calculations, and
initial conditions, among others.

The solution approaches based on optimization con-
sider the IKP as a non-linear numeric optimization prob-
lem that is solved by using search algorithms such as
gradient-based mathematical programming or the heuristic
techniques, which have shown a good performance in the
solution of the IKP formanipulator robots. In [3], an improve-
ment to the Particle Swarm Optimization (PSO) algorithm
is presented for solving the IKP of a 6-DOF robot. The
objective function (OF) is defined considering the position
and orientation errors, and multiple swarms are implemented
to avoid local minimum. Similarly, a PSO version was devel-
oped in [4] for two manipulators, with an OF that includes
both position and orientation. The T-IK algorithm based in
NSGA-II was implemented in [5], considering a population
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migration strategy to solve the IKP of an 8-DOFmanipulator.
In [6], the Differential Evolution (DE) algorithm is applied
to the solution of the IKP of a redundant manipulator robot,
to find optimal configurations while considering the range of
the robot joints.

A comparative study of diverse metaheuristics including
DE, Artificial Bee Colony (ABC), and Adaptive Differ-
ential Evolution With Optional External Archive (JADE),
among others, was developed in [7] for solving the IKP
of a 5-DOF manipulator. Another comparative between the
Elitist Non-Dominated Sorting Genetic Algorithm NSGA-II
and the Bacterial Chemotaxis Multi-Objective Algorithm
(BCMOA) is presented in [8] for an industrial robot. In [9],
the Chaos-based Vortex Search algorithm was implemented
to solve the IKP, considering the trajectory tracking of a
6-DOF serial robot manipulator with an offset wrist, using an
OF for minimizing both the end effector position error and
the joint displacement. A modified version of the Gray Wolf
Optimization (GWO) algorithm is presented in [10], named
Fast Parabolic Descending GWO, to solve the IKP for a
7-DOF robotmanipulator, only considering the position error.
The algorithm showed a better performance compared to the
original GWO, avoiding getting stuck in local optima. Simi-
larly, in [11], the Artificial Bee Colony algorithm was imple-
mented to solve the IKP considering 100 different points,
using the same 7-DOF robot. The results were compared with
PSO, showing that ABC produces effective results. As can
be seen from these works, the use of metaheuristics is a clear
trend for solving complex engineering problems as is the IKP.

The use of metaheuristics has not been limited to optimiza-
tion problems in robotics. For example, in [12], the authors
used the binary Artificial Bee Colony algorithm to ensure the
correct distribution of negative literals in the Discrete Hop-
field Neural Network logical structure, using a new variant
of satisfiability logical rule called Weighted Random 2 Sat-
isfiability. Similarly, a non-systematic Satisfiability model is
proposed in [13] to avoid overfitting global minima solution
in a Discrete Hopfield Neural Network. The authors formu-
lated a Weighted Random k Satisfiability, considering in-the-
logic randomized literals. A logic phase was introduced to
optimally generate its right structure by using the Genetic
Algorithm (GA), with respect to the desired ratio of negative
literals. A comparative study was carried out, including other
metaheuristics, where GA showed a better performance in
both the logic and training phases.

The solution of the IKP for legged robots presents a higher
difficult grade even for numerical methods, since the hyper
redundancy in those robots make singularities highly proba-
ble because of the multiple kinematic chains and/or the use
of more than one end effector. Recent proposals, as in [8]
and [14] try to solve the IKP of multiple robots with different
morphologies, including legged robots. The solutions are
generally obtained from static scenarios [15] or for animation
purposes only [16], without considering dynamic constraints.
However, most of the heuristic-based works reported in lit-
erature for solving the IKP of legged robots do not con-

sider crucial stability constraints to get dynamic walking of
the real robots, where inertial and dynamic parameters are
extremely important. To fill this gap, in this work, a new
optimization-based approach for solving the IKP of legged
robots is proposed, based on a numeric constrained opti-
mization approach. It can be applied not only to a single
static point in the robot workspace, but to every pose of the
time-variable physically consistent trajectories for the Center
of Mass (CoM) and the feet, considering the robot dynamic
behavior to ensure a stable dynamic walking. This approach
automatically avoids singularity configurations on position,
and threshold values can be used to set the maximum orien-
tation error for each end effector (foot) along the trajectories,
making it possible to modify the error precision as required.

The main contributions of this work are:

• The proposal of a general Walking Pattern Generator for
legged robots, which is capable of generating the joint
trajectories by considering the physically consistent tra-
jectories to develop dynamic walking, avoiding the use
of the closed equations to solve the IKP in legged robots.

• A novel general optimization approach to solve the IKP
in legged robots, defined by a new optimization model
which consists in a constrained optimization problem,
valid for every pose of the desired trajectories.

• The solution of the optimization problem by means of
heuristic algorithms with constraint handling capabili-
ties, only requiring the DKM of the legged robot.

This paper is organized as follows: Section II presents
the proposed approach for solving the IKP of legged robots,
whereas Section III describes the case study. In Section IV,
the experimental implementation and its results are analyzed,
and in Section V the final considerations are presented,
including both conclusions and future work.

II. PROPOSED SOLUTION APPROACH
In this section, the IKP of legged robots is first presented
in a general way, considering each foot of the robot as an
end effector. Then, the Walking Pattern Generator (WPG)
required to obtain the joint trajectories is described, taking
into account the dynamic constraints to develop the walking.
These constraints correspond to the physically consistent
trajectories of the CoM and the feet. Subsequently, a new
solution approach based on a constraint numerical optimiza-
tion is proposed, considering both the OF and the constraints
to solve the IKP as a part of a heuristic-based IK-solver
integrated in the WPG. Finally, the optimization model and
its solution are presented, applying heuristic algorithms in
combination with a constraint handler.

A. INITIAL CONSIDERATIONS
The mechanical structure of a legged robot can be described
by its kinematic chains made up of the links that transmit
movement through the kinematic pairs associated with the
robot joints. This is parameterized by a n-dimensional vector
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θ expressed in (1), where n is the number of kinematic pairs,

θ = [θ1, θ2, . . . , θn−1, θn] (1)

Each foot of the robot is considered as an end effector of
those chains, and its position and orientation are described
by Ac. The set of all possible poses avoiding any robot
singularity is known as the reachable workspace. The poses
that the end effector can achieve with arbitrary orientations
are a subset of the reachable workspace, and it is called the
dexterous workspace [17].

Two methods, Direct Kinematics (DK) and Inverse Kine-
matics (IK), are applied to solve the Direct Kinematic Prob-
lem (DKP) and the IKP by means of the equations that
make up the Direct Kinematic Model (DKM) and the Inverse
Kinematic Model (IKM), respectively. The solution of the
DKP consists on determining the position and orientation of
the end effector Ac by terms of its dexterous workspace, for a
value set θ defined in the joint space, as expressed in (2). The
DKP can be solved using recursive algorithms to multiply
the transformation matrices T which characterize the relative
movements and translations between links.

Ac = DKM(θ) (2)

On the other hand, the IKP consists in determining the
set of joint variables θ expressed in (3) that correspond to a
desired pose Ad of the end effector, defined in the dexterous
workspace:

θ = IKM(Ad ) (3)

The complexity of the IKP of legged robots increases
because of their multiple kinematic chains and end effectors,
as indicated in (4), where r is the number of end effectors,

θ = IKM(Ad1 ,A
d
2 , . . . ,A

d
r−1,A

d
r ) (4)

The use of closed equations to solve the IKP of legged
robots is not the best option, since those expressions are
related to the mechanical characteristics of the specific robot,
so the method can not be generalized. On the other side,
Jacobian-based numerical methods can present failures when
handling configurations with singularities. For that reason,
an approach based on modeling the IKP as a general Con-
strained Numerical Optimization Problem (CNOP) is pro-
posed in this work. The CNOP is solved bymeans of heuristic
algorithms, with an approximation of the IKM using only
the DKM, for tracking trajectories defined in the dexterous
workspace. The solution considers both the position and
the orientation, which allow to perform dynamic walking in
robots whose legs are constituted by serial open kinematic
chains and rotational joints.

Diverse criteria have been considered to develop stable
walking [18]. A typical condition requires a joint perfor-
mance where the CoM of the robot describes a trajectory into
a stable configuration with projection on the walking surface
within the support polygon [19]. The reference trajectories
for that performance are derived from a Walking Pattern

Generator (WPG), as depicted in Fig. 1. It includes three
stages: a generator for the CoM trajectory Ct to ensure a
dynamically stable walking; a generator of the trajectories
Pi(t) for the feet, where i = 1 to r ; and the block that solves
the IKP using both C(t) and Pi(t).

As can be seen in Fig. 1, C(t) and Pi(t) are described in
terms of the workspace or inertial frame, since the informa-
tion that encodes the foot placements as the input for theWPG
is established in that system. For solving the IKP, it is neces-
sary to transform these trajectories according to the reference
system of the CoM, since the IK of each end effector should
be calculated with respect to the free floating base of the
robot. Therefore, it is necessary to include a transformation
step within the block of the Inverse Kinematics.

If C(t) and Pi(t) are discretized using a uniform sample
time S with m samples along the trajectory, then matrices
Cd
∈ R3×m and Pdi ∈ R3×m can be defined by (5) and (6),

respectively, where i = 1, .., r and j = 1, ..,m.

Cd
=

c
d
x1 , c

d
x2 , . . . , cdxj−1 , c

d
xj

cdy1 , c
d
y2 , . . . , cdyj−1 , c

d
yj

cdz1 , cdz2 , . . . , cdzj−1 , cdzj

 (5)

Pdi =

p
d
i,x1
, pdi,x2 , . . . , pdi,xj−1 , p

d
i,xj

pdi,y1 , p
d
i,y2
, . . . , pdi,yj−1 , p

d
i,yj

pdi,z1 , pdi,z2 , . . . , pdi,zj−1 , pdi,zj

 (6)

The orientation of the CoM and the feet depends on the
rotation matrices RotdCoM (xγ , yβ , zα) and Rotdi (xγ , yβ , zα)
respectively, from the roll (γ ), pitch (β) and yaw (α) rotation
angles [2]. In this proposal, the global pose at a specific time
is obtained from the global transformation multi-matrices
AdCoM and Adi , corresponding to expressions (7) and (8),
respectively. This matrix representation contains all the infor-
mation of the trajectories defined in the dexterous workspace,
allowing the synchronization of the trajectory tracking of all
the end effectors by means of the j index. Fig. 2 presents a
graphic representation of the multi-matrices AdCoM and Adi ,
where the information of each element of the trajectories
includes its Cartesian coordinate system (frame), in order to
define the desired pose for each end effector (foot attitude)
with respect to the inertial frame, in this case the dexterous
workspace of the robot.

AdCoM =
[
RotdCoM ,j(xγ , yβ , zα) C

d
j

0 1

]

=


ndxj odxj adxj cdxj
ndyj odyj adyj cdyj
ndzj odzj adzj cdzj
0 0 0 1

 (7)

Adi =
[
Rotdi,j(xγ , yβ , zα) P

d
i,j

0 1

]
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FIGURE 1. Structure for a walking pattern generator.

=


ndi,xj odi,xj adi,xj pdi,xj
ndi,yj odi,yj adi,yj pdi,yj
ndi,zj odi,zj adi,zj pdi,zj
0 0 0 1

 (8)

By using (7) and (8), it is possible to establish a solution for
the IKP along the trajectories, applying heuristic algorithms
and an appropriate objective function to approximate the IKM
using only the DKM, obtaining the pose Aci of each foot of the
legged robot. It depends on the joint vector θ, as indicated in
(9) and (10), with j = 0, . . . ,m.

Rotci (θ) =

n
c
i,xj oci,xj aci,xj
nci,yj oci,yj aci,yj
nci,zj oci,zj aci,zj

 (9)

Aci (θ) =
[
Rotci,j(θ) Pci,j(θ)

0 1

]

=


nci,xj oci,xj aci,xj pci,xj
nci,yj oci,yj aci,yj pci,yj
nci,zj oci,zj aci,zj pci,zj
0 0 0 1

 (10)

In most of the heuristic based developments in the related
literature, the IKP of legged robots has been solved for static
configurations without considering physically consistent tra-
jectories, commonly implementing an approachwhere theOF
is based on the sum of the position and orientation errors of
the end effectors [20]. It is indicated in (11), where θ =
[θ1, θ2, . . . , θn−1, θn] is the joint vector, n is the number of
degrees of freedom, r is the number of end effectors, and ωi
are the weights for a pondered sum.

f (θ) =

√√√√1
r

r∑
i=1

ωiL2i (θ) (11)

The term L(θ) in the objective function is defined as
expressed in (12), where Epi (θ) and E

o
i (θ) are the position

and orientation errors. Since these errors have different units
the normalization constant φ > 0 must be included [1].
Additionally, the solution can fall into local optima because
the possible difference in magnitude between the errors of
the end effectors is not considered [15]. In order to avoid this

problem, it has been proposed the use of randomly generated
constants ωi [20].

L(θ) = φEpi (θ)+ E
o
i (θ) (12)

B. OPTIMIZATION APPROACH
In this development, a new optimization approach is proposed
for solving the IKP of legged robots not only for a point
in the robotic workspace, but also considering each pose of
the physically consistent trajectories for the CoM and the
feet, described in the dexterous workspace, to ensure a stable
dynamic walking. One of the advantages of this approach is
that none randomly generated ωi values are required to avoid
bias while searching the solution neither normalizing the OF.
Only the position errors Epi (θ) of all the end effectors are
considered in the OF, whereas the orientation errorsEoi (θ) are
handled as equality constraints to guarantee IK compliance.

The proposed OF is expressed in (13) for j = 0 tom, where
Pdi,j and P

c
i,j are the desired and current j-th position for each

foot i along a trajectory, respectively, withPci,j calculated from
the DKM.

f (q) =
r∑
i=1

‖Pdi,j − P
c
i,j(q)‖ (13)

Additionally, the errors Eoi (q) are defined by the subtrac-
tion of the rotation matrices Rotdi,j(xγ , yβ , zα) and Rotci,j(q),
as expressed in (14), where q is the joint vector including n
elements.

Eoi (q) = abs(Rotdi,j(xγ , yβ , zα)− Rotci,j(q)) (14)

It is possible to obtain the n joint trajectories required
to execute the stable dynamic walking, by solving the m
restricted numerical optimization problems for each pose
defined within the trajectories AdCoM and Adi , applying (13).
Therefore, the angles that describe the joint space of the robot
conform the vector of design variables, indicated in (15).

q = [q1, q2, . . . , qn−1, qn] = [θ1, θ2, . . . , θn−1, θn] (15)

The proposedWPG is shown in Fig. 3. As can be seen from
the internal conformation of the heuristic-based IK solver,
it includes a sampler/transformer element to translate the
CoM and feet trajectories to the floating frame in the torso
link [19]. It also contains both a heuristic algorithm that
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FIGURE 2. Global transformation multi-matrices Ad
CoM and Ad

i for a general legged
robot.

calculates the joint vector qi along the trajectories by using
information from the DKM, and a constraint handler for the
equality constraints required to meet the IK solution.

C. OPTIMIZATION MODEL
In general, a constrained optimization problem can be
described with expressions (16)-(18) [21], where x is the
vector of design variables, f (x) is the OF, hu(x) is the u-th
equality constraint, and gv(x) is the v-th inequality constraint:

min
x∈Rn

f (x) (16)

subject to:

hu(x) = 0, u < n (17)

gv(x) ≤ 0 (18)

The optimization approach proposed to solved the IKP by
using the DKM for each defined pose within the trajectories
of the legged robot is described by expressions (19)-(26).
As can be seen in (19), the objective function considers the
position error of each foot, and so it has to beminimized being
zero the ideal optimal value.

min
q∈Rn

f (q) =
r∑
i=1

‖Pdi,j(q)− P
c
i,j(q)‖

∀j ∈ Z, 1 ≤ j ≤ m,
∀i ∈ Z, 1 ≤ i ≤ r (19)

subject to:

hi = | ndi,xj − n
c
i,xj | + | n

d
i,yj − n

c
i,yj | + | n

d
i,zj − n

c
i,zj |

+ | odi,xj − o
c
i,xj |+| o

d
i,yj − o

c
i,yj |+| o

d
i,zj − o

c
i,zj |

+ | adi,xj − a
c
i,xj | + | a

d
i,yj − a

c
i,yj |

+ | adi,zj − a
c
i,zj |= 0 (20)

Aci (q) =
[
Rotci,j(q) Pci,j(q)

0 1

]
=

0 Tli

=
0Tli−1+1

li−1+1Tli−1+2 . . .
li−2Tli−1

li−1Tli

=


nci,xj oci,xj aci,xj pci,xj
nci,yj oci,yj aci,yj pci,yj
nci,zj oci,zj aci,zj pci,zj
0 0 0 1

 (21)

q1min ≤ q1 ≤ q1max (22)

q2min ≤ q2 ≤ q2max (23)
...

qn−1min ≤ qn−1 ≤ qn−1max (24)

qnmin ≤ qn ≤ qnmax (25)

where li is the i-th DOF for the kinematic chain associated to
each end effector, as indicated in (26):

n =
r∑
i=1

li (26)

The intermediate matrices li−lTi in (27) describe the rota-
tion Rotci,j(xγ , yβ , zα) and translation Pci,j between two con-
secutive links i− 1 and i in each kinematic chain [2],

li−1Ti =


CαCβ CαSβSγ − SαCγ CαSβCγ + SαSγ pci,xj
SαCβ SαSβSγ + CαCγ SαSβCγ − CαSγ pci,yj
−Sβ CβSγ CβCγ pci,zj
0 0 0 1


(27)

D. SOLUTION OF THE PROPOSED OPTIMIZATION
PROBLEM TO OBTAIN THE IK APPLYING THE DE
ALGORITHM
Although in this proposal it is possible to use different heuris-
tic algorithms as solver, in this particular case the Differential
Evolution [22] algorithm has been implemented, since it has
been applied to the solution of diverse optimization prob-
lems in engineering, such as synthesis of mechanisms [23],
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FIGURE 3. Proposed internal composition of the IK heuristic-based solver block.

[24], robotics [25] and renewable energies [26], among oth-
ers. Its popularity is mainly due to its good performance
and simplicity. It can handle non-differentiable, multi-modal
and non-linear objective functions, and requires few tuning
parameters [27]. Differential Evolution is a population-based
heuristic algorithm proposed by Storn and Price in 1995. In its
rand/1/bin version, the central mechanism is the differential
mutation, which consists of adding to a vector of the popu-
lation, the scaled difference between two vectors taken from
the same population, in order to direct the search. Although
originally DE was designed for unconstrained optimization
problems, it is possible to incorporate a constraint handler for
solving CNOP cases [28].

Figure 4 shows the flowchart of the proposed approach for
solving the IKP at each point in the discretized trajectories
of the robot feet. As a first step, the diagram considers the
generation of the trajectories Pdi (t) for the feet, taking into
account the walking parameters that encode the foot place-
ments. It also considers the generation of the trajectory Cd (t)
of the CoM, that the torso must follow to ensure a stable
dynamic walking. Subsequently, a process of discretization
of the trajectories is carried out to obtain m points in R3 and
construct the multi-matrices AdCoM and Adi , which specify the
orientation and desired position (pose) at each point m of the
trajectories for both the CoM and the feet with respect to the
dexterous workspace coordinate system (inertial frame). This
is in turn transformed to the floating base in the torso in order
to state the IKP from this reference.

The IKP is solved by means of DE/rand/1/bin, consider-
ing equations (19)-(26) and keeping the best solution (joint
vector) for each of the m points. In the last stage, the n joint
trajectories are constructed from these solutions within their
own space. It is important to notice that these are safe trajecto-
ries for the robot in terms of evasion of position singularities
and joint range, allowing their direct implementation in the
legged robot.

III. CASE STUDY: A 12-DOF BIPED ROBOT
A 12-DOF biped robot is analyzed as a case study, to solve its
IKP with the proposed approach for determining the joint tra-

FIGURE 4. Flowchart for the proposed solution approach.

jectories to generate a stable dynamicwalking. It is a symmet-
ric robot with 6-DOF in each leg. This was selected because
is considered as one of the most complex types between the
legged robots since it presents an intrinsic instability [19],
[29]. Figure 5 includes a graphical description of the selected
robot [30].

The physically consistent trajectories Cd
CoM and Pdi are

generated from a 3D Linear Inverted Pendulum Model (3D-
LIPM) [19] and cubic Bezier curves [2], respectively. For
the CoM, equations (28) and (29) describe the 3D pendulum
dynamics [18], considering the parameters in Tables 1 and 2,
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FIGURE 5. Biped robot kinematic structure.

TABLE 1. Parameters of the foot trajectories.

where zc is a distance along the z-axis with respect to the
coordinate system of the dexterous workspace representing
the height of the constraint plane for CoM; and p∗x , p

∗
y are

the Cartesian coordinates that modify the foot placements to
change the CoM velocity of the robot when it is required. The
coordinates p∗x and p∗y are calculated by applying the opti-
mization method proposed in [18], with the constant values
a = 5 and b = 1 for the minimum foot-placement position
error.

ẍ(t) =
g
zc
(x − p∗x ) (28)

ÿ(t) =
g
zc
(y− p∗y ), (29)

The foot trajectories Pdi are defined by the function in (30),
where P0,P1,P2,P3 are control points to define the curve,
and t ∈ [0, 1]. Table 3 contains the coded information of
the foot placements, for the five steps considered for the case
study.

EB(t) = (1− t)3 EP0 + 3t(1− t)2 EP1 + 3t(1− t)2 EP2 + t3 EP3,

(30)

The reference trajectories were sampled with m =

350 points for covering 7s of simulation with a sampling time
T = 20ms. These trajectories are presented in Fig. 6, where
the torso describes the dynamics of the 3D-LIPM consistently
synchronized with both foot trajectories, which is required to

TABLE 2. Parameters of the CoM trajectory.

TABLE 3. Coding of the foot placements.

FIGURE 6. Sampled Cd
CdM and Pd

i trajectories.

generate a stable walking. The model 3D-LIPM was solved
considering seven segments, in such a way that the final con-
ditions of one pendulum correspond to the initial conditions
of the next, ensuring a continuous dynamic behavior of the
robot along the walking.

A. DEVELOPMENT OF THE DIRECT KINEMATICS MODEL
(DKM) FOR THE CASE STUDY
The Cartesian positions of each end effector from the joint
vector can be calculated with the DKM, bymeans of homoge-
neous transformations of the consecutive frames (coordinate
systems) defined in Fig. 4 with respect to the floating frame
of the torso (base link), identified as {0}. Since the legs are
assumed to be identical, the consecutive transformations to
each foot with frames {7} and {12} for the right and left legs
respectively, are described in Table 4, where Sδ = sin(qδ),
Cδ = cos(qδ) for δ = 1 to 12, and D is the distance between
the torso frame and the origin of the hip frame.

The DKM can be described for the complete trajectory by
the multi-matrices Ac1 and Ac2 in (31) and (32), for the right
(i = 1) and left (i = 2) legs, respectively, for j = 0 to m. The
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TABLE 4. Homogeneous transformation matrices for each leg.

elements of the multi-matrices are defined by (33) to (56),

Ac1(θ) =
[
Rotc1(θ) P

c
1(θ)

0 1

]
=

0 T 1
1 T

2
2 T

3
3 T

4
4 T

5
5 T6

=


nc1,xj o

c
1,xj

ac1,xj p
c
1,xj

nc1,yj o
c
1,yj

ac1,yj p
c
1,yj

nc1,zj o
c
1,zj

ac1,zj p
c
1,zj

0 0 0 1

 (31)

Ac2(θ) =
[
Rotc2(θ) P

c
2(θ)

0 1

]
=

0 T 7
7 T

8
8 T

9
9 T10

10T 11
11 T12

=


nc2,xj o

c
2,xj

ac2,xj p
c
2,xj

nc2,yj o
c
2,yj

ac2,yj p
c
2,yj

nc2,zj o
c
2,zj

ac2,zj p
c
2,zj

0 0 0 1

 (32)

pc1,xj = −L1(S1S2C3 + S3C1)

−L2((−S1S2S3 + C1C3)S4 + (S1S2C3 + S3C1)C4)

(33)

pc1,yj = −D− L1(S1S3 − S2C1C3)

−L2((S1S3 − S2C1C3)C4 + (S1C3 + S2S3C1)S4)

(34)

pc1,zj = −L1C2C3 − L2(−S3S4C2 + C2C3C4) (35)

nc1,xj = −((−S1S2S3 + C1C3)S4
+ (S1S2C3 + S3C1)C4)S5 + ((−S1S2S3 + C1C3)C4

− (S1S2C3 + S3C1)S4)C5 (36)

nc1,yj = (−(S1S3 − S2C1C3)S4
+ (S1C3 + S2S3C1)C4)C5 − ((S1S3 − S2C1C3)C4

+ (S1C3 + S2S3C1)S4)S5 (37)

nc1,zj =−(−S3S4C2 + C2C3C4)S5+(−S3C2C4−S4C2C3)C5

(38)

oc1,xj = (((−S1S2S3 + C1C3)S4

+ (S1S2C3 + S3C1)C4)C5+((−S1S2S3 + C1C3)C4

− (S1S2C3 + S3C1)S4)S5)S6 − S1C2C6 (39)

oc1,yj = ((−(S1S3 − S2C1C3)S4

+ (S1C3 + S2S3C1)C4)S5 + ((S1S3 − S2C1C3)C4

+ (S1C3 + S2S3C1)S4)C5)S6 + C1C2C6 (40)

oc1,zj = ((−S3S4C2 + C2C3C4)C5

+ (−S3C2C4 − S4C2C3)S5)S6 + S2C6 (41)

ac1,xj = (((−S1S2S3 + C1C3)S4
+ (S1S2C3 + S3C1)C4)C5+((−S1S2S3 + C1C3)C4

− (S1S2C3 + S3C1)S4)S5)C6 + S1S6C2 (42)

ac1,yj = ((−(S1S3 − S2C1C3)S4
+ (S1C3 + S2S3C1)C4)S5 + ((S1S3 − S2C1C3)C4

+ (S1C3 + S2S3C1)S4)C5)C6 − S6C1C2 (43)

ac1,zj = ((−S3S4C2 + C2C3C4)C5

+ (−S3C2C4 − S4C2C3)S5)C6 − S2S6 (44)

pc2,xj = −L3(S7S8C9 + S9C7)

−L4((−S7S8S9+C7C9)S10+(S7S8C9+S9C7)C10)

(45)

pc2,yj = D− L3(S7S9 − S8C7C9)

−L4((S7S9 − S8C7C9)C10 + (S7C9 + S8S9C7)S10)

(46)

pc2,zj = −L3C8C9 − L4(−S10S9C8 + C10C8C9) (47)

nc2,xj = −((−S7S8S9 + C7C9)S10
+ (S7S8C9+S9C7)C10)S11+((−S7S8S9+C7C9)C10

− (S7S8C9 + S9C7)S10)C11 (48)

nc2,yj = (−(S7S9 − S8C7C9)S10
+ (S7C9+S8S9C7)C10)C11−((S7S9−S8C7C9)C10

+ (S7C9 + S8S9C7)S10)S11 (49)

nc2,zj = −(−S10S9C8 + C10C8C9)S11
+ (−S10C8C9 − S9C10C8)C11 (50)

oc2,xj = (((−S7S8S9 + C7C9)S10
+ (S7S8C9+S9C7)C10)C11+((−S7S8S9+C7C9)C10

− (S7S8C9 + S9C7)S10)S11)S12 − S7C12C8 (51)

oc2,yj = ((−(S7S9 − S8C7C9)S10
+ (S7C9+S8S9C7)C10)S11+((S7S9−S8C7C9)C10

+ (S7C9 + S8S8C7)S10)C11)C12S12 + C7C8 (52)

oc2,zj = ((−S10S9C8 + C10C8C9)C11

+ (−S10C8C9 − S9C10C8)S11)S12 + S8C12 (53)

ac2,xj = (((−S1S2S3 + C1C3)S4
+ (S1S2C3+S3C1)C4)C5+((−S1S2S3+C1C3)C4

−(S1S2C3 + S3C1)S4)S5)C6 + S1S6C2 (54)

ac2,yj = ((−(S7S9 − S8C7C9)S10
+ (S7C9+S8S9C7)C10)S11+((S7S9−S8C7C9)C10

+(S7C9 + S8S9C7)S10)C11)C12 − S12C7C8 (55)
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FIGURE 7. Joint trajectories of the right leg, obtained using analytical
equations.

FIGURE 8. Joint trajectories of the left leg, obtained using analytical
equations.

FIGURE 9. Joint trajectories of the right leg, obtained using DE.

ac2,zj = ((−S10S9C8 + C10C8C9)C11

+ (−S10C8C9 − S9C10C8)S11)C12 − S12S8 (56)

B. PARTICULAR OPTIMIZATION PROBLEM
The general optimization problem for legged robots pro-
posed in Section II-C is particularized for the biped robot
of the case study, in (57)-(64). Since trajectories are defined
with m = 350 sampled points, the IKP must be solved

FIGURE 10. Joint trajectories of the left leg, obtained using DE.

350 times, considering simultaneously the CoM and the foot
transformed trajectories. The mechanical joint limits of the
biped robot considered in the case study [30] and shown
in Table 5 define the inequality constraints in (61)-(64), for
an optimal configuration within the joint ranges to avoid
damages in a real implementation. The design vector in (58)
is the joint coordinate vector, where the first six variables
describe the right leg and the remaining variables correspond
to the left one.

min
q∈R12

fj(q) =
2∑
i=1

‖Pdi,j(q)− P
c
i,j(q)‖

∀j ∈ Z, 1 ≤ j ≤ 350 (57)

where

q = [q1, q2, q3, q4, q5, q6, q7, q8, q9, q10, q11, q12] (58)

subject to:

h1 = | nd1,xj−n
c
1,xj |+| n

d
1,yj−n

c
1,yj |+| n

d
1,zj−n

c
1,zj |

+ | od1,xj−o
c
1,xj |+| o

d
1,yj−o

c
1,yj |+|o

d
1,zj−o

c
1,zj |

+ | ad1,xj − a
c
1,xj | + | a

d
1,yj − a

c
1,yj |

+ | ad1,zj − a
c
1,zj |= 0 (59)

h2 = | nd2,xj−n
c
2,xj |+| n

d
2,yj−n

c
2,yj |+| n

d
2,zj−n

c
2,zj |

+ | od2,xj−o
c
2,xj |+| o

d
2,yj−o

c
2,yj |+| o

d
2,zj−o

c
2,zj |

+ | ad2,xj − a
c
2,xj | + | a

d
2,yj − a

c
2,yj |

+ | ad2,zj − a
c
2,zj |= 0 (60)

−0.7 ≤ q1, q5, q6, q7, q11, q12 ≤ 0.7 (61)

−0.5 ≤ q2, q8 ≤ 0.5 (62)

−1.5707 ≤ q3, q9 ≤ 0.5 (63)

0 ≤ q4, q10 ≤ 1.5707 (64)

IV. IMPLEMENTATION AND RESULTS
A. COMPUTATIONAL ISSUES
The DE/rand/1/bin algorithm for solving the IKP of the
biped robot was implemented in a Phyton-based ROS node
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FIGURE 11. Joint trajectories of the right leg, obtained using HS.

FIGURE 12. Joint trajectories of the left leg, obtained using HS.

TABLE 5. Biped robot mechanical joint limits.

(melodic distro), using a NVIDIA Jetson Nano developer
device with a quad-core CPU ARM A57@1.43GHz, a 128-
core Maxwell CPU, 4GB RAMLPDDR4, and a Ubuntu
18.04 operating system. Table 6 shows the algorithm tuning.
The algorithm uses two parameters for controlling the evolu-
tion of the individuals along the generations. The cross factor
CR determines the mixture grade between the individuals
that will produce a new solution, while the mutation factor
F corresponds to the mutation grade from one generation

to another. The values were selected using a trial and error
approach, in order to privilege exploration. The experiments
showed that a population with less than 30 individuals and
low values for CR and F , conduce to local optimal solutions,
mainly in the first part of the trajectories, since the configu-
ration of the robot is close to a singularity. Also, values of ε1
and ε2 lower than 0.01 radians can cause slow convergence.

Two stop criteria were applied to the solution of each point:
the algorithm halts after 15,000 iterations or if the difference
between the OF value of the best and worse individuals at the
end of an iteration is lower than 1×10−6, and both of them are
feasible. The implementation of the DE/rand/1/bin algorithm
was complemented with the feasibility rules of Deb [31] for
handling the equality constraints, incorporating tolerances for
each foot orientation error Eoi , defined by ε1 and ε2 in order
to prioritize, if required, the maximum orientation error per
foot.
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FIGURE 13. Dynamic walking control scheme implemented in ROS.

FIGURE 14. Simulation in Gazebo of the dynamic walking performed by the biped robot, using the best solution generated by the
proposed optimization approach.

TABLE 6. ED/rand/1/bin implemented parameters.

The complexity of a numerical optimization problem can
be evaluated by means of the ρ parameter [32], which estab-
lishes a relation between the feasible region derived from a set
of feasible solutionsF and the search space defined by at least
1,000,000 randomly generated individuals S, as indicated in
(65),

ρ =
F
S
× 100% (65)

As can be seen, the complexity of the problem increases as
the value of ρ diminishes. For the IKP case study, 350 mil-
lions of random solutions were generated along the trajecto-
ries and none feasible solution was found, producing ρ = 0.

TABLE 7. Harmony Search implemented parameters.

This value indicates that the case study is a very complex
optimization problem, with a reduced feasible zone.

B. ANALYSIS OF RESULTS
For comparison purposes, the IKP was solvedm = 350 times
for the CoM and foot trajectories considering both analytical
approach and the proposed approach. Thus, it was necessary
to derive the analytical equations that describe the Inverse
Kinematics for this particular biped robot, Figs. 7 and 8 shows
the 12 joint trajectories obtained. For the proposed approach,
the DE implementation was able to solve the problem, result-
ing in 12 joint trajectories for a successful dynamic walking
of the biped robot, six for each leg. The corresponding joint
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vector θ, obtained by DE, is shown in Table 8 (Appendix A),
where each column represents a joint trajectory considering a
sample time of 20 ms. A graphical representation of these tra-
jectories is presented in Figs. 9 and 10, for right and left legs,
respectively. Both figures have two horizontal axis, the first
one representing the 350 points of the discretized trajectory,
from the rows of Table 8 and the second one corresponding to
the elapsed time of the dynamic walking, which in this case
is set as 7 s. All trajectories are within the joint limits of the
robot, ensuring that they can be safely implemented in a real
application, even if the position of the initial configuration is
defined near to a singularity.

A validation of the resulting joint trajectories obtained by
DE, was developed with a dynamic simulation of the biped
robot walking, by means of a ROS (Robotic Operating Sys-
tem) based platform that simulates the physical environment
in Gazebo [33]. This validation process is depicted in Fig. 13,
and was implemented with the best IKP solutions generated
by the proposed optimization approach. The joint references
are controlled with a simple ROS-based PID control strategy
for each joint, which receives a joint position as input and cal-
culates the required torque to develop the dynamic walking,
as depicted in the snapshots of Fig. 14.
The robot walking was successfully performed even with-

out including a feedback control for correcting the torso tilt,
because the CoM and foot physically consistent trajectories
were calculated to develop a stable walking. This is a good
indicator of the quality of the IKP solution obtained with the
proposed approach. The proposed solution algorithm gener-
ated the n joint trajectories, considering the complex dynamic
behavior of the biped robot and automatically evading sin-
gularity configurations for each desired pose in each end
effector. Furthermore, the trajectories were obtained without
requiring a normalization of the objective function nor the
generation of random ωi values to avoid bias in the search for
the solution, by considering the orientation errors in each end
effector as equality constraints.

It is evident the effectiveness of DE to solve the IKP. How-
ever, even due the main purpose of this work is not directly
related to the analysis of diverse metaheuristics, the Harmony
Search (HS) algorithm was implemented [34], considering
the parameters presented in Table 7, and using the previously
defined stop criteria. Since HS is inspired by the musical
composition process, the algorithm requires two parameters
to iterative adjust the tone slightly: pitch adjustment rpa and
band width bw. The ratio acceptance parameter raccept is
used to control the generation of new harmonies based on
the previous harmonies or on a randomly manner. Typically,
bw = (Ui−Li)/1000, whereUi and Li are the upper and lower
limits respectively, for each design variable. The 12 joint
trajectories obtained are presented in Figs. 11 and 12.

However, if it is necessary to compare the performance
of different heuristic algorithms, it is possible to perform an
inferential statistical test such as the well-known Friedman
test, as suggested in [35], [36], and [37].
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V. FINAL DISCUSSION
In this work, a new approach based on constrained numer-
ical optimization was presented to solve the IKP of legged
robots in dynamic walking. It applies a heuristic algorithm
in conjunction with a constraint handler to obtain the joint
trajectories for generating the walking. The approach only
uses the DKM of the robot, so it does not require the closed
equations that describe the IKM. For this reason, it can be
applied to legged robots with different kinematic topologies.

As case study, it was applied to the solution of the IKP
of one of the most complex type of legged robots, a biped
robot with 12 degrees of freedom, considering its movement
in the planes sagital, frontal and lateral. It obtained not only
the IK of a series of discrete points in the workspace, but also
along the trajectories considering the dynamic and kinematic
constraints of the robot (physically consistent trajectories),
for the torso and feet, automatically avoiding singularity con-
figurations on position. Furthermore, the optimization model
is a generalization of the IKP solution for legged robots
with any number of end effectors. The joint trajectories can
be directly implemented in both the simulated and in the
real robot, since the optimization model considers their joint
ranges and finds smooth trajectories in terms of position.
However, it is important to note that in real robots it is
necessary to correctly set the sampling time, considering the
velocity and effort (force or torque) limits of the actuator
joints to avoid damage. As future work, full body trajectory
planning will be considered of humanoid-type legged robots
for grasping and manipulation tasks, with obstacle avoidance
in the workspace. Additionally, it is considered to reduce the
search time for the solutions, to implement the approach in
real-time applications.

At the moment, this approach does not include a direct
mechanism to deal with multiple solutions or multi-modal
capabilities. This aspect is addressed by the Heuristic Algo-
rithm, since during the search process it will tend to randomly
follow only one of the multiple feasible solutions, always
considering all of the restrictions to solve the IKP established
in the optimization problem.

APPENDIX A
The table in this appendix contain the best joint vectors
obtained with the proposed approach and their corresponding
object function, for each of the trajectories considered in the
case study.
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