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ABSTRACT Visible light communication (VLC) has emerged as a viable supplement to existing radio
frequency (RF) communication systems. The limited modulation bandwidth of sources is one of the
significant challenges in the multiuser (MU) VLC systems, which prohibits transmission at high data
rates for each user. Since an array of LEDs is used to illuminate a room, a MU VLC system utilizing
massive multiple-input multiple-output (mMIMO) orthogonal frequency-division multiplexing (OFDM) is
proposed for achieving high data rates in this paper. Since the distances of the multiple transmitter-receiver
links are different, their temporal delays are also different, resulting in complex channel gain and phase
differences when transformed to the frequency domain in the OFDM technique. Complex channel vectors
associated with different users are mutually spatially orthogonal as the number of transmitters increases.
Therefore, inter-user interference (IUI) can be eliminated with simple linear signal processing, and more
users can simultaneously communicate in the same time-frequency resource. In this paper, three linear
precoding methods, including the maximum ratio transmission (MRT), the minimum mean square error
(MMSE), and the zero-forcing (ZF), are investigated for VLC systems based on proposed MU-mMIMO-
OFDM in intensity-modulation and direct-detection link. We evaluate and compare the performance of the
aforementioned precoding methods in terms of the achievable spectral efficiency and total downlink optical
power for different scenarios. Moreover, we derive a closed-form expression for the lower bound on the
average achievable sum-rate, which we confirm the accuracy of the derived expression with the numerical
simulation. The results demonstrate that the performance of the proposedmethod in this paper for all precoder
techniques, i.e., ZF, MMSE, and MRT, is better than the previous works since the complex channel in the
frequency domain is used in this paper. Furthermore, the ZF and MMSE methods are better than MRT when
the ratio of the number of LEDs to the number of users is large. At the same time, when this ratio is relatively
small, the MRT precoding technique outperforms the ZF and MMSE techniques.

INDEX TERMS Visible light communication (VLC), multiuser massive multiple-input multiple-output
(MU-mMIMO), orthogonal frequency-division multiplexing (OFDM), precoding.

I. INTRODUCTION
Visible light communication (VLC) has received much inter-
est for indoor wireless data transfer due to its ability to
deliver high data speeds while maintaining high security
and low cost in the unlicensed spectrum [1]. VLC sys-
tems are more energy-efficient since light-emitting diodes
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(LEDs) are simultaneously used for illumination and data
transmission. Moreover, these systems have been suggested
as a solution to the spectrum shortage of RF systems [2].
For low-cost implementation, VLC systems typically utilize
intensity-modulation with direct-detection (IM/DD), where
the information is conveyed through the intensity of the emit-
ted light and detected by photodiodes (PDs) at the receiver.
Moreover, optical orthogonal frequency-division multiplex-
ing (OFDM) is widely used in VLC systems as a spectrally
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efficient modulation technique, reducing inter-symbol inter-
ference (ISI). The most popular optical OFDM schemes are
DC-biased optical OFDM (DCO-OFDM) and asymmetri-
cally clipped optical OFDM (ACO-OFDM) [3], [4]; both
the schemes impose Hermitian symmetry on the modulated
subcarriers to guarantee a real time-domain OFDM signal.
However, DCO-OFDM is more spectrally efficient compared
to ACO-OFDM.

Despite the diverse advantages of VLC systems, these
systems are limited by the low modulation bandwidth of
LEDs which prohibits transmission at high data rates. The
limited electrical bandwidth of the optical elements motivates
the use of new techniques such as non-orthogonal multiple
access (NOMA) [52] and spatial multiplexing in VLC sys-
tems [5], [6], [7], [8], [9]. One of themain ideas to increase the
bit rate is NOMA which its key principle is to allow different
users to share the same frequency resources simultaneously at
the expense ofmulti-user interference (MUI). To performMU
detection, different users are assigned distinct power levels
based on their channel gains. It is noted here that although
NOMA is efficient for scenarios where the number of users is
higher than the number of available orthogonal resources, its
complexity grows proportionally and rapidly to the number
of users. This is because the ith user is required to decode the
messages of the i − 1 users before detecting its signal. The
spatial multiplexing simplifies the transmitter and receiver
designs compared to the NOMA [52].In spatial multiplexing
works, due to the unique characteristics of IM/DD, which
require signals to be real and unipolar, it is very difficult
to pair orthogonal users together, as in RF systems. For
this reason, the NOMA technique is recently used to reduce
inter-user interference (IUI) inVLC systems. However, in this
paper, by considering the temporal delay between transmitter
and receiver, the channel is complex in the frequency domain
so that it can be proved that, similar to RF, the channels of
pair users are orthogonal in a high subcarrier index when the
number of LEDs is large.

Another technique that increases the data rate is spatial
multiplexing which is used in two categories: single-user
MIMO (SU-MIMO) and multi-user MIMO (MU-MIMO).
MU-MIMO systems have several unique features distinct
from SU-MIMO systems. Although both systems pro-
vide spatial multiplexing gains that effectively improve the
throughput, the SU-MIMO systems are vulnerable in scenar-
ios where the spatial multiplexing capability of a single user’s
channel is limited due to the signal-to-interference-plus-noise
ratio (SINR) or by the number of PDs at the user side. It is well
known that when the channel matrix is full rank, the capacity
gain of SU-MIMO systems is scaled by min{M ,L}-fold at
a high signal-to-noise ratio (SNR), where M and L are the
number of LEDs at the access point (AP) and the number of
PDs at the user side, respectively [10]. However, the major
drawbacks of spatial multiplexing systems are transmitter
precoding, receiver detection complexity, and inter-channel
interference (ICI) caused by channel coupling. In order to
solve the aforementioned drawbacks, various optical MIMO

techniques have been investigated, such as spatial modulation
(SM) [11], [12], [13]. Only one LED out of an array of
LEDs operates at any particular time in the basic SM systems,
completely eliminating the ICI. However, the drawback of
SM techniques is the system performance degradation if the
channel matrix is ill-conditioned.

The MU-MIMO system has been studied for VLC sys-
tems, and several precoding schemes have been proposed,
which are different from conventional RF systems since
only real-valued non-negative signals can be transmit-
ted [14], [15], [16]. In [14], the performances of zero-forcing
(ZF) and dirty paper coding schemes are compared for indoor
VLC broadcasting systems. An optimal linear precoding
transmitter is derived based on the minimum mean-squared
error (MMSE) criterion in [15]. In [16], an optimal mean-
squared error (MSE) precoder was designed to minimize
the bit error rate (BER), under per-LED power constraints.
The transceiver design was later simplified by adopting a
ZF precoder. The corresponding results showed that the sim-
plified scheme outperforms the conventional ZF precoder in
terms of BER, while MSE achieves the best performance.
Similar designs were proposed in [37], where an optimal
ZF precoder was obtained using an iterative concave-convex
procedure, aiming at maximizing the achievable per-user data
rate. Then, the authors simplified the precoder design using
the high SNR approximation. In [38], Shen et al. proposed a
different beamforming technique aiming at maximizing the
sum rate of a virtual MIMO VLC system. Beamforming was
designed using the sequential parametric convex approxima-
tion method, and it has been shown through simulations that
it outperforms conventional ZF-based beamforming, partic-
ularly for highly correlated VLC channels and low optical
transmit power. Likewise, Marshoud et al. developed in [39]
an optical adaptive precoding for downlink MIMO VLC sys-
tems, under perfect and imperfect channel state information
(CSI). The corresponding BER results showed that the pro-
posed scheme is more robust to imperfect CSI and channel
correlation than conventional channel inversion precoding.
In [40], the sum rate maximization problem was reformu-
lated as a weighted MMSE (WMMSE) problem to jointly
design the precoding and receive filter coefficients. A similar
approach was also considered in [41]. Finally, Adasme et al.
proposed in [42] a hybrid approach, called spatial TDMA
(STDMA), where full connectivity is achieved by allow-
ing simultaneous data transmission of multiple nodes within
an optimized schedule. The contribution in [43] and [44]
focused on precoding designs for coordinated multi-point
(CoMP) MU-MIMO VLC systems. Through numerical anal-
ysis, the authors showed improvements in terms of signal-
to-interference-plus-noise ratio (SINR) and weighted sum
MSE (WSMSE), respectively. Additionally, Yin et al. con-
sidered in [45] and [46] different spatial division multiple
access (SDMA) grouping algorithms to obtain a trade-off
between the Jain’s fairness index and area spectral efficiency
for a CoMPVLC system through the utilization of linear ZF
precoding. The authors in [47] proposed a joint precoder
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and equalizer design based on interference alignment for
MU multi-cell MIMO VLC systems under imperfect CSI,
whereas in [48], different levels of coordination/cooperation
were considered using a ZF precoder. It is worth noting
that SDMA can be also realized using an angle diversity
transmitter (ADT), which consists of multiple directional
narrow-beam LED elements. An ADT creates independent
narrow-band beams towards spatially deployed users while
achieving the same coverage as a single wide beam transmit-
ter [49]. ADTs can also replace conventional single-element
transmitters in multi-cell scenarios such that more power
is directed towards each user, which in turn improves the
communication’s reliability [50], [51].

In RF-based communication systems, one of the
approaches used for increasing the achievable rate is massive
MIMO (mMIMO) [19]. Some of the advantages of mMIMO
technology are improving the spectral and energy efficiencies
with simple linear precoding schemes, which achieve the
same performance as the optimal non-linear one, thanks to
using themassive number of antennas at the AP. These advan-
tagesmainly hinge on channel hardening and orthogonality of
channels between the two distinct users. Therefore, the same
time-frequency resource could be shared between users with-
out causing severe IUI. In VLC, to maximize the achievable
rate, usingmassive LEDs arrays at AP has been explored [20].
Furthermore, the paradigm of mMIMO has been explored
in VLC systems recently by incorporating several LED
arrays and PD arrays [22], [27]. Hence, optical OFDM can
be extended to mMIMO VLC systems to further enhance
the achievable rate [23] by mitigating ISI. However, indoor
VLC channels are typically highly correlated since there is
no phase information. The line-of-sight (LOS) scenario is
mostly considered, which is unfavorable for the application
ofMIMO techniques and degrades the performance [18]. The
authors in [24] and [25] showed that the achievable rate in
mMIMO is limited due to channel correlation. Therefore,
the problem of channel correlation in VLC systems is more
severe due to the dominant LOS component [26]. For clarity,
Table 1 summarizes the key points in the above discussion
and related works.

In this paper, the MU-mMIMO-OFDM technique is pro-
posed for indoor VLC systems where the AP is equipped
with a large number of LEDs. Therefore, the AP can com-
municate with many users simultaneously through spatial
multiplexing. This work considers the time delay between
LEDs and users. Since the distances between the multiple
transmitter-receiver links are different, their temporal delays
are also different, which results in complex channel gain and
phase differences when transformed to the frequency domain
in OFDM systems. The channel vectors between the users
and the AP become pairwisely orthogonal on the high index
subcarrier with a massive LEDs array, considering the wide-
band system. Hence, the IUI can be mitigated via the simple
precoding matrix that is obtained for each OFDM subcar-
rier. Simple linear precoding techniques such as ZF, MMSE,
and maximum ratio transmission (MRT) are proposed in the

frequency domain to eliminate IUI in the downlink scenario.
It is worth mentioning that to the best of our knowledge; the
MRT precoder is employed for the first time inMU-mMIMO-
OFDM for the VLC systems. Since the VLC channel model
in previous works just includes a LOS link, which is a real
and positive value, the MRT precoder cannot be used. In this
paper, we demonstrate that by choosing a wideband channel
model for VLC and considering the temporal delay of each
channel between the LEDs and users, the MRT precoder
can be used to remove the IUI. Moreover, the achievable
spectral efficiency and total optical power of the ZF, MMSE,
and MRT precoders are obtained and compared, assuming
perfect channel state information at the AP. Furthermore, the
closed-form formulation for the lower bound on the average
achievable sum-rate is derived.

It is worth noting that the considered channels between
the LEDs and users were real and positive in the previ-
ous studies. Therefore, the system performance degraded
significantly when the number of users increased. Due to
the aforementioned limitations, the system throughput can-
not be enhanced remarkably by simply increasing the num-
ber of LEDs. To address this limitation, we have proposed
the MU-mMIMO combined with OFDM modulation, which
results in complex channels among the LEDs and users in the
frequency domain when the temporal delay between LEDs
and users is considered in the channel model. In this case,
the channels associated with different users are orthogonal
when the number of LEDs approaches infinity.Moreover, it is
shown that the proposed system’s performance significantly
outperforms the previous works by using simple linear pre-
coders. The main contributions of this paper are summarized
as follows:
• Deriving the MRT, MMSE, and ZF precoders in the
MU-mMIMO-OFDM system, which eliminates the IUI
effectively in the IM/DD links. It is worth noting that
MMSE and ZF precoders have been used in other studies
for IM/DD links. However, the achievable performance
is not sufficient since the precoders have been applied
to the real and positive channels. On the other hand,
we derive the linear precoders for the complex channel
in the frequency domain, thanks to the optical OFDM
technique.

• Employing the MRT precoding for the first time in MU-
mMIMO-OFDM for the VLC system, considering the
wideband channel model and the temporal delay of each
channel between the multiple transmitter-receiver.

• Formulating the closed-form average achievable sum-
rate expressions for three linear precoding methods,
including the MRT, MMSE, and ZF.

• Obtaining the proposed system’s performance through
Monte-Carlo simulations and analytical results. More-
over, it is demonstrated that the performance of the pro-
posed method in this paper for all precoder techniques,
i.e., ZF, MMSE, and MRT, is better than the previous
work methods. Further, it is shown that the proposed
method increases the achievable data rates in the VLC
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TABLE 1. Summary of the related works.

systems and decreases the required total downlink opti-
cal power. Furthermore, our proposed system results in
a higher number of users.

• Analyzing the performance of the proposed system
in this paper and a previous work [27] in terms of
achievable spectral efficiency and total downlink optical
power. Since in [27] users are equipped with multiple
PDs and in this work, they are single PD users, each
user in [27] is equivalent to two single PD users in

this paper. To analyze the achievable spectral efficiency,
it is assumed that the total optical power in the AP
is 0 dBW which is equally divided among all users.
For instance, the achievable spectral efficiency improve-
ment compared to previous work [27] is 5 bps/Hz and
3 bps/Hz for ZF/MMSE and MRT precoders, respec-
tively, when the number of LEDs and users are 64 and
16, respectively. To analyze the required total optical
power, it is assumed that the total achievable spectral
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efficiency of 3.5 bits/s/Hz is equally shared among the
users. Comparing the total optical power demonstrates
that the ZF, MMSE, and MRT precoding improves the
system performance by about 20 dBW, 30 dBW, and
44 dBW compared to previous work [27] when the
number of LEDs and users are 64 and 64, respectively.

The rest of the paper is organized as follows: The system
and channel models are introduced in Section II. Section III
describes multiuser massive MIMO OFDM-based down-
link data transmission. The precoder design is proposed in
Section IV. Section V provides the downlink rate analysis.
Numerical results are shown in Section VI. Finally, conclu-
sions are presented in Section VII.
Notation: Throughout the paper, matrices and column vec-

tors are in bold uppercase and bold lowercase letters, respec-
tively. The mth row and nth column element of a matrix A is
given by A(m, n). The trace of a matrix A, denoted by tr(A).
The transpose andHermitian transpose operators for vector or
matrix are expressed by (.)T and (.)H . The pseudo-inverse and
inverse operators for a matrix are denoted by (.)† and (.)−1,
respectively. The identity matrix is expressed by I. A real and
complex normal distribution with mean µ and variance σ 2 is
represented byN (µ, σ 2) and CN (µ, σ 2), respectively. Also,
the Dirac delta function is given by δ(.). Lastly,E(.) expresses
the expectation operation.

II. SYSTEM AND CHANNEL MODELS
A MU-mMIMO-OFDM VLC system is depicted in Fig. 1,
where a room is equipped with multiple LEDs for illumina-
tion, which can also collaborate in simultaneous data trans-
mission to multiple users. It is assumed there is an AP with
M -LEDs that transmits the data to L single-PD users such
that L ≤ M . It is worth mentioning that single-PD users
are simple, inexpensive, and power-efficient. Therefore, the
multiple-LED AP serves L single-PD users simultaneously
using the spatial multiplexing in the same time-frequency
resource.

For the VLC communications, the time-domain channel
response from the qth LED to the pth user is written as

hp,q(t) = hp,qdc δ
(
t − tdelayp,q

)
, (1)

where hp,qdc and tdelayp,q are the DC channel gain of a LOS link
and the temporal delay between the qth LED and the pth user,
respectively. Also we have tdelayp,q =

dp,q
c where dp,q is the

distance between the qth LED and the pth user and c is the
speed of light. Besides, the DC channel gain of a LOS link
between the qth LED and the pth user is given by [21]

hp,qdc =
γp (m+ 1)APDp cosm

(
φp,q

)
cos

(
ψp,q

)
2π
(
dp,q

)2 1κp
(
ψp,q

)
,

(2)

where q ∈ {1, 2, . . . ,M} and p ∈ {1, 2, . . . ,L}, the respon-
sivity coefficient of the PD at pth user is given by γp, and
the radiance and incidence angles between qth LED and pth

FIGURE 1. Indoor MU-mMIMO-OFDM VLC system.

user are denoted by φp,q and ψp,q, respectively. The receiver
collection area of pth user is APDp , and the parameter m =
−

ln(2)
ln(cos(81/2))

is the order of Lambertian emission, where
81/2 is the LED semiangle at half power. Also, the indicator
function 1κp (.) is defined as

1κp (x) =

{
1, if |x| ≤ κp
0, otherwise,

(3)

where the FoV semiangle of the PD at pth user is denoted by
κp.

After receiving the optical signal from each user, the
PD reforms the optical signal to the electrical one. Three
well-known additive and independent zero-mean Gaussian
noises are called shot noise, background noise, and dark
current noise added to the electrical signal. Therefore, the
variance of the superimposed noises at the pth user is denoted
by [38]

σ 2
p = 2ePoptp B+ 2eγpχambAPDp

(
1− cos

(
κp
))
+ i2amp B,

(4)

where e is the electronic charge, χamb is the ambient light
photocurrent, B is bandwidth of the receiver, and iamp is the
preamplifier noise current density. The parameter Poptp is the
average received optical power at the pth user. Note that
the background noise is usually dominant [34], but in this
work, since the bandwidth is considered wideband, the dark
current noise and the background noise are dominant. Since
the noises mentioned above are independent of the average
received optical power, the noise variance is the same for all
users, i.e., σ 2

p = σ
2.

III. MULTIUSER MASSIVE MIMO OFDM-BASED
DOWNLINK DATA TRANSMISSION
The block diagram of the proposed MU-mMIMO-OFDM
system is shown in Fig. 2 wherein the AP is equipped withM
LEDs, i.e., an array size of M , and serves L single-PD users
simultaneously. The block diagram of precoding design and
IFFT are illustrated in Fig. 3. In this paper, we consider the
downlink of a MU-mMIMO-OFDM.
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FIGURE 2. Block diagram of MU-mMIMO-OFDM transceiver.

FIGURE 3. Block diagram of precoding design and IFFT.

As depicted in Fig. 2, the information bit stream of each
user is firstly mapped onto complex-valued symbols Spk for
k = 0, 1, . . . ,N . That is, Spk denotes the transmitted complex
data symbol on the kth subcarrier for the pth user. Due to the
use of IM/DD, to ensure that the resultant signal is real after
the inverse fast Fourier transform (IFFT) operation, Hermi-
tian symmetry should be imposed on the OFDM subcarriers,
i.e., we must have Spk = (SpN−k )

∗ for k = 0, 1, . . . ,N/2− 1,
and the subcarriers Sp0 and SpN/2 are set to zero. Using (1),
the frequency-domain channel response between the qth LED
and the pth user on the kth subcarrier is given by

Hp,q
k = hp,qdc exp

(
−
j2πkBtdelayp,q

N

)

= hp,qdc exp
(
−
j2πkBdp,q

Nc

)
. (5)

It can be seen that the frequency domain channel response
has a complex value gain, and the channel phase depends on
dp,q, B, and k . Considering the wideband system, the term

exp
(
−
j2πkBdp,q

Nc

)
can introduce a large phase shift φp,q =

−
j2πkBdp,q

Nc because even small values of dp,q are multiplied
by large system bandwidth B, resulting in noticeable phase
shifts. Since dp,q is random and even small values of dp,q
can cause large phase shifts that are folded modulo 2π ,
we can model φp,q as a random variable uniformly distributed
between −π and π . Moreover, the position of the users
changes randomly with the uniform distribution in the room.
Therefore, the complex channel vectors associated with the
different users are spatially orthogonal to each other when the
temporal delay and a large number of LEDs are considered.

Hence, simple linear precoders can be proposed for complex
and orthogonal channels in the frequency domain to eliminate
IUI effectively. It should be noted that when the system band-
width is not wide, the considered delay in (1) can be ignored.
However, in order to achieve up to 100 Gbps high data rate
transmission [17], wide bandwidth optical components are
used, and the phase in the complex channel gain can not be
neglected anymore. Therefore, in this paper, the bandwidth of
LEDs and PDs are assumed to be wide.

In order to cancel the IUI, the AP applies a precoder on
each subcarrier before generating the OFDM symbol. The
precoder for the kth subcarrier is denoted by W q,p

k (1 ≤ p ≤
L, 1 ≤ q ≤ M ). Therefore, the superimposed precoded
symbols of the L users on the kth subcarrier and qth LED
becomes

Xqk =
L∑
p=1

W q,p
k Spk , k = 0, 1, . . . ,N − 1

and q = 1, . . . ,M . (6)

After performing the IFFT, the time-domain signals for the
qth LED becomes

xqn =
1
√
N

N−1∑
k=0

Xqk exp
(
j
2πkn
N

)
, n = 0, 1, . . . ,N − 1,

(7)

which are real-valued since the Hermitian symmetry of sub-
carriers. j is the imaginary unit, and j =

√
−1. Then, a cyclic

prefix (CP) is added at the beginning of the time-domain
OFDM symbol for each LED to combat the ISI at the receiver.
Moreover, to satisfy the unipolarity restriction of IM/DD
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systems, a DC bias PqDC is added to xqn . Since OFDM signals
have a high peak-to-average power ratio (PAPR), a DC bias
can not necessarily guarantee that all the signals become
non-negative and part of the signals should be clipped, lead-
ing to undesired clipping distortion. Thus, the element-wise
biasing and clipping effects are given by

x̄qn = xqn + P
q
DC(

x̄qn < 0
)
= 0, (8)

where PqDC is the DC bias for the qth transmitter and com-
puted as follows [28]

PqDC = µ
√
E
[
(xqn )2

]
, (9)

where µ denotes the DC bias ratio. The DC bias level in
decibels is defined by 10 log10

(
µ2
+ 1

)
. For a larger DC

bias, the signal is less clipped and results in smaller unwanted
signal distortion. However, it is inefficient in terms of power
since DC bias does not carry information. Therefore, there
is a tradeoff between controlling the clipped distortion and
wasting the power. Furthermore, a minimum DC bias ratio
µ0 is defined to avoid clipping distortion [28]. When pre-
coding is applied at the AP, the electrical power of the LEDs
at the AP is different since the precoding is used at the AP
side. Therefore, the DC bias is various for each LED that is
calculated by

PqDC = µ0

√
E
[
(xqn )2

]
. (10)

Therefore, the optical power emitted from the qth LED
becomes

E
[
x̄qn
]
= E

[
xqn + P

q
DC

]
= E

[
xqn
]
+ PqDC = PqDC . (11)

According to the central limit theorem, xqn approximates a
Gaussian distribution with zero mean when N > 64. There-
fore, E

[
xqn
]
= 0. To guarantee to have a total average

power Ptotal for the AP with M LEDs, the transmitted signal
over each LED is scaled as follows to meet the total power
constraint.

x̃qn = β x̄
q
n = β

(
xqn + P

q
DC

)
, (12)

where x̃qn is the scaled transmitted signal. The scaling factor
β can be calculated as

β =
Ptotal

µ0

M∑
q=1

√
E
[(
xqn
)2] . (13)

The transmitted optical signal experiences path loss and
delay in propagating from the qth optical source to the pth
receiver aperture. The optical signal is captured and translated
into the electrical domain by the PD of each user. By remov-
ing the DC bias and CP and then performing the fast Fourier
transform (FFT), the frequency domain symbols on the kth
subcarrier for pth user are given by

Y pk = β
M∑
q=1

Hp,q
k Xqk + Z

p
k

= β

M∑
q=1

L∑
l=1

Hp,q
k W q,l

k Sql + Z
p
k

= β

M∑
q=1

Hp,q
k W q,p

k Spk︸ ︷︷ ︸
Desired signal

+β

M∑
q=1

L∑
l=1
l 6=p

Hp,q
k W q,l

k Sql

︸ ︷︷ ︸
IUI

+Zpk ,

(14)

where Zpk denotes the equivalent noise with Gaussian distri-
bution with zero mean and variance σ 2 on the kth subcarrier
for pth user. The first term in (14) denotes the desired signal,
while the second term is the IUI for the pth user on the
kth subcarrier. In this case, complex channel vectors asso-
ciated with different users are mutually spatially orthogonal
as the number of LEDs increases. This claim is discussed
in Section IV. Therefore, thanks to a large number of LEDs
at the AP, IUI can be eliminated using a linear precoding
technique, allowing more users to communicate in the same
time-frequency resource simultaneously. We can rewrite (14)
in the matrix form as

Yk = βHkWkSk + Zk , k = 0, 1, . . . ,N − 1 (15)

where Sk =
[
S1k , S

2
k , . . . , S

L
k

]T
andYk =

[
Y 1
k ,Y

2
k , . . . ,Y

L
k

]T
denote the transmitted and received symbol vectors on the
kth subcarrier, Hk(p, q) = Hp,q

k , ∀p, q and Wk(q, p) =
W q,p
k , ∀p, q represent the corresponding channel and precod-

ing matrices and Zk =
[
Z1
k ,Z

2
k , . . . ,Z

L
k

]T
is the noise vector

on the kth subcarrier.

IV. PRECODER DESIGN
This section presents three precoders, i.e., the MRT, ZF,
and MMSE in MU-mMIMO-OFDM for the VLC system to
degrade the interference term efficiently in (14).

1) MRT PRECODING
It is assumed that the perfect CSI, i.e., Hk , is available at the
AP. So, the linear MRT precoder matrixWk of sizeM × L is
defined as

Wk = ξkAk , (16)

where Ak is obtained as follows

Ak = Hk
H . (17)

Moreover, ξk is a scaling factor to satisfy the precoder gain
constraint to meet the power constraint and is computed as

ξk =
1√

tr
(
Ak

HAk
) . (18)

Therefore, the received signal of the pth user on the kth
subcarrier given in (14) is reformulated as

Y pk = βξk [HkAk]p,p S
p
k + βξk

L∑
m=1
m6=p

[HkAk]p,m Smk + Z
p
k

(19)
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where [HkAk]p,p and [HkAk]p,m are the diagonal elements
and the off-diagonal elements, respectively. Using (13) and
(17), the diagonal elements can be written as

[HkAk]p,p =
M∑
q=1

(
hp,qdc

)2
. (20)

Moreover, by substitution (20) into (19), we can obtain

desired signal asβξk
M∑
q=1

(
hp,qdc

)2 for pth user on kth subcarrier.
As it is shown in (19), IUI depends on the off-diagonal

elements. In Appendix A, we have shown that the distribu-
tions of 1

M [HkAk]p,m converge to the following Gaussian
distributions,

1
M

[HkAk]p,m→ CN
(
µ0,

σ 2
0

M

)
. (21)

When M → ∞, we have µ0 = 0 and
σ 20
M → 0 especially

for the subcarriers with larger index. Therefore, it is proved
that the MRT precoder can eliminate IUI in MU-mMIMO for
VLC systems when the number of LEDs in the AP increases.

2) ZF PRECODER
The ZF precoding is a linear precoding technique that cancels
out the inter-user interference at each user by directly forcing
the interference terms to be zeros. The precoding matrix for
each subcarrier can be calculated by

Wk = Hk
†diag (ξk) = Hk

H
(
HkHk

H
)−1

diag (ξk) . (22)

The scaling factor ξk is also calculated by (18), where Ak =

Hk
H (HkHk

H )−1.When the channelmatrix is ill-conditioned,
ZF requires a large normalization factor, which will dramat-
ically reduce the received power. Therefore, when the SNR
at the receiver is low, ZF can not achieve good performance
since noise instead of interference is the dominant impair-
ment of the system [29].

3) MMSE PRECODER
In linear MMSE precoding, however, the interference at the
receivers is not identically zero, which achieves a tradeoff
between interference and noise based on which one is the
dominant part in the SINR at the receiver. The MMSE-based
precoding matrix is given by [30]

Wk = Hk
H
(
HkHk

H
+ diag

(
σ 2
Zk

))−1
diag (ξk) , (23)

where σ 2
Zk

denotes the variance vector of Zk . The scal-
ing factor ξk can be calculated by (18), where Ak =

Hk
H
(
HkHk

H
+ diag

(
σ 2
Zk

))−1
.

V. DOWNLINK RATE ANALYSIS
In wireless communication systems, the average achievable
rate is a key performance metric that defines the average data
rate that a wireless network can support on a given bandwidth.

In what follows, we obtain the achievable data rate. Since
the location of each user is random, we compute the ergodic
achievable rate by expecting the instantaneous achievable rate
over the random locations of the users. Therefore, we calcu-
late the average achievable rate that AP can support. For a
fixed channel realization Hk , the noise plus MU interference
term can be modeled as additive white Gaussian noise inde-
pendent of Spk . Therefore, a lower bound on the achievable
rate can be obtained. The average achievable sum-rate of L
single-PD users on the kth subcarrier is expressed as follows

Rk = L E
[
log2

(
1+ SINRpk

)]
, (24)

where SINRpk denotes the signal to noise plus interference
ratio for the pth user on kth subcarrier, which is given as
follows

SINRpk =
β2ξ2k

∣∣[HkAk]p,p
∣∣2

β2ξ2k

L∑
l=1
l 6=p

∣∣[HkAk]p,l
∣∣2 + σ 2

. (25)

By substituting (25) into (24), the average achievable
sum-rate for L users on kth subcarrier becomes

Rk = L E

log2
1+

β2ξ2k

∣∣[HkAk]p,p
∣∣2

β2ξ2k

L∑
l=1
l 6=p

∣∣[HkAk]p,l
∣∣2 + σ 2



 .
(26)

By using the Jensen’s inequality as

E
[
log2

(
1+

1
x

)]
≥ log2

(
1+

1
E[x]

)
, (27)

we obtain the following lower bound on the average achiev-
able sum-rate on the kth subcarrier as

Rk ≥ R̃k

= L log2

1+ E


β2ξ2k

L∑
l=1
l 6=p

∣∣[HkAk]p,l
∣∣2 + σ 2

β2ξ2k

∣∣[HkAk]p,p
∣∣2



−1 .
(28)

In the following subsections, (28) is obtained for three
linear precoding methods.

A. DOWNLINK RATE FOR MRT PRECODING
The expectation in (28) for the MRT precoder on the high
subcarrier index by decomposing the fraction and using (13)

2266 VOLUME 11, 2023



M. J. Zakavi et al.: Multiuser Massive MIMO-OFDM for Visible Light Communication Systems

can be obtained as follows

E


β2ξ2k

L∑
l=1
l 6=p

∣∣[HkAk]p,l
∣∣2 + σ 2

β2ξ2k

∣∣[HkAk]p,p
∣∣2


= (L − 1) ηk +

σ 2µ2
0

P2total
E

[
tr(AkAk

H )∣∣[HkAk]p,p
∣∣2
]
, (29)

where ηk = E
[
|[HkAk]p,l |

2

|[HkAk]p,p|
2

]
. ηk is the average correlation

of complex channels on kth subcarrier. It can be proved that
the expectation in (29) is simplified as L

M ×
1

E
[
(hp,qdc )

2
] (see

Appendix B). By rewriting (29) and substituting it into (28),
the lower bound of the average achievable sum-rate of L users
on kth subcarrier for the MRT precoder becomes

R̃MRT
k = L log2

1+
1

(L − 1) ηk +
Lµ2

0σ
2

MP2totalE
[
(hp,qdc )

2
]
.

(30)

B. DOWNLINK RATE FOR ZF PRECODING
The expectation in (28) for the ZF precoder on the high
subcarrier index can be obtained as follows

E


β2ξ2k

L∑
l=1
l 6=p

∣∣∣[HkAk]p,l
∣∣∣2 + σ 2

β2ξ2k

∣∣[HkAk]p,p
∣∣2

 =
σ 2

β2
E[

1

ξ2k
], (31)

since
∣∣[HkAk]p,p

∣∣2 = 1 and
∣∣[HkAk]p,q

∣∣2 = 0 for the ZF
precoder. It can be proved that for the ZF precoder, E[ 1

ξ2k
] =

L
M−L×

1
E[(hp,qdc )

2]
(see Appendix C). Using (13), rewriting (31),

and substituting it into (28), the lower bound of the average
achievable sum-rate of L users on the high subcarrier index

for the ZF precoder becomes

R̃ZFk = L log2

(
1+

(M − L)P2totalE
[
(hp,qdc )

2
]

Lµ2
0σ

2

)
. (32)

C. DOWNLINK RATE FOR MMSE PRECODING
The expectation in (28) for the MMSE precoder on the high
subcarrier index can be obtained as (33), shown at the bottom
of the page, (see Appendix D).

By substituting (33) into (28), the lower bound of the
average achievable sum-rate of L users on the high subcarrier
index for the MMSE precoder becomes as (34), shown at the
bottom of the page.

VI. NUMERICAL RESULTS AND DISCUSSIONS
In this section, the performance of the proposed MU-
mMIMO-OFDM downlink system with MRT, ZF, and
MMSE precoding over the VLC channel is analyzed in terms
of achievable spectral efficiency and required total downlink
optical power. Monte-Carlo simulation results are presented
for different scenarios. The simulation parameters are listed
in Table 2. The PD of each user is considered at the height
of 0.85 m. Since the vertical distance between the ceiling and
the receiver plane is 2.15 m, the horizontal distance between
the LED and receiver can be as large as 2.15 tan(700) =
5.9 m, which is large enough to cover the entire room. In all
cases, the user can receive the optical signal from all LEDs.
The LEDs are placed uniformly in a square arrangement
on the ceiling with a distance of 4

√
M

from each other so
that the closest LED to the wall is 0.5 m away. The position
of the users changes randomly with the uniform distribution
in the room.We also compare the results of our work with the
proposed technique in [27]. It is worth noting that the method
proposed in [27] is based on users with 2 PDs whose distance
is 0.1 m. Since in [27] users are equipped with multiple PDs
and in this work, they are single PD users, each user in [27] is
equivalent to two single PD users in this paper so the number
of receivers in both works is equal. Throughout the figures
in this section, the number of users refers to the number of
users of this work, which is equivalent to twice the number of
users [27].

E


β2ξ2k

L∑
l=1
l 6=p

∣∣[HkAk]p,l
∣∣2 + σ 2

β2ξ2k

∣∣[HkAk]p,p
∣∣2

 =
Lµ2

0σ
2

(M − L)P2total
(
E
[(
hp,qdc

)2]
+ σ 4 E

[(
hp,qdc

)−2]
+ 2σ 2

) (
1+ σ 2E

[(
hp,qdc

)−2]) (33)

R̃MMSE
k = L log2

1+
(M − L)P2total

(
E
[(
hp,qdc

)2]
+ σ 4 E

[(
hp,qdc

)−2]
+ 2σ 2

) (
1+ σ 2E

[(
hp,qdc

)−2])
Lµ2

0σ
2

 (34)
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TABLE 2. Simulation parameters.

FIGURE 4. Histogram associated with the channel phase between the
LED and the user for different subcarriers.

Fig. 4 shows the histogram of the 10,000 runs of the
Monte-Carlo simulation associated with the channel phase
for different OFDM subcarriers between one LED and the
users whose position is changed randomly and uniformly in
the room. This figure shows that the channel phase distri-
bution is uniform between −π and π for the higher index
OFDM subcarriers. Therefore, the IUI can be completely
eliminated for the aforementioned OFDM subcarriers as the
complex channel vectors associated with different users are
mutually orthogonal. Since the channel phase distribution is
improper for the lower index OFDM subcarriers, the pro-
posed method cannot effectively suppress the ICI for these
subcarriers.

Fig. 5 shows the average correlation of complex channels
forM = [16, 25, 64] LEDs in the AP as a function of OFDM
subcarrier index ηk for two different system bandwidthswhile
keeping the number of users fixed,L = 16. As depicted in this

FIGURE 5. Average of complex channels correlation on each subcarrier
for different bandwidth and L = 16 users.

figure, the average correlation of complex channels for the
proposed method decreases as the subcarrier index increases.
However, the average correlation of channels is independent
of the subcarrier index for the method presented in [27].
Since our method’s average correlation of complex channels
is relatively low, the complex channel vectors associated with
different users are mutually spatially orthogonal. Therefore,
the IUI can be removed effectively using the simple linear
precoders at the AP. Moreover, the correlation of complex
channels decreases by increasing the number of LEDs in
the proposed method while it increases in [27] due to the
dominant LOS component. It can also be seen from Fig. 5
that when larger system bandwidth is selected, the number of
subcarriers with less ηk increases since the large bandwidth
causes significant phase differences between complex chan-
nels on more subcarriers.

Achievable sum-rate is calculated for the N
2 − 1 subcarri-

ers that carry information by 1
N

N
2 −1∑
k=1

L∑
p=1

log2
(
1+ SINRpk

)
.

To analyze the achievable spectral efficiency, it is assumed
that the total optical power in the AP is 0 dBW which is
equally divided among all users. Fig. 6 shows the achievable
spectral efficiency versus the number of LEDs for L =
16 users for theMRT, ZF, andMMSE precoders. As expected,
by increasing the number of LEDs, the achievable spectral
efficiency also increases for all precoding techniques. When
M
L is large, achievable spectral efficiency for ZF and MMSE
precoders is better than MRT precoder, while for small M

L ,
MRT precoder is better. This is due to the same fact that, when
M
L → 1, the complex channel matrix will be ill-condition,
which causes ξk to become large and SINR becomes low
since the IUI can be effectively eliminated in our proposed
method compared to [27]. For instance, the achievable spec-
tral efficiency improvement compared to [27] is 5 bps/Hz and
3 bps/Hz for ZF/MMSE and MRT precoders, respectively,
when M = 64.
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FIGURE 6. Achievable spectral efficiency of ZF, MMSE, and MRT precoders
for different numbers of LEDs and L = 16 users.

FIGURE 7. Achievable spectral efficiency of ZF, MMSE and MRT precoders
for different number of users and M = 64 LEDs.

Fig. 7 depicts the achievable spectral efficiency versus
the number of users for 64-LED AP for various precoders.
From Fig. 7, it is observed that as L increases, the achievable
spectral efficiency for ZF and MMSE precoders starts to
decrease, and it is a concave function of L, while it increases
for MRT precoder. For M

L � 1, the performance of ZF
and MMSE precoders is much better than that of the MRT
precoder. For a small value of ML , the performance of theMRT
precoder is better than ZF and MMSE precoders because
ZF and MMSE precoders work well at high SINR while the
MRT precoder performs well at low SINR. When the number
of active users becomes large, the SINR decreases since the
IUI increases; hence, the performance of the ZF and MMSE
precoders is degraded. The technique presented in [27] has
lower performance than this paper’s proposed techniques.
For example, the achievable spectral efficiency improvement
compared to [27] is 2 bps/Hz and 20 bps/Hz for MMSE and
MRT precoders, respectively, when L = 64.
To analyze the required total optical power, it is assumed

that the total achievable spectral efficiency of 3.5 bits/s/Hz

FIGURE 8. Total downlink optical power of ZF, MMSE, and MRT precoders
for different numbers of LEDs and L = 16 users.

is equally shared among the users. Fig. 8 shows the required
total optical power versus the number of LEDs while L =
16 users for the ZF, MMSE, and MRT precoders. It is
observed that the required total optical power decreases as
M increases for all precoding techniques. However, the ZF
andMMSE precoders are more power-efficient than theMRT
precoder. The required total optical power of our proposed
technique is better than [27]. For instance, the required total
optical power in AP with 64 LEDs is −10 dBW using the
MMSE or ZF precoders. On the other hand, the required
power of the proposed method in [27] is −3 dBW, which is
7 dBW higher than the MMSE/ZF precoders.

Fig. 9 shows the total optical power versus the number of
users for all precoders. We change L from 16 to 64 while
M = 64. It is observed from Fig. 9 that as the L increases,
the total downlink optical power of ZF and MMSE precoders
keeps on increasing rapidly while the downlink power of the
MRT precoder decreases slowly. With the increase of L, the
total downlink optical power of ZF and MMSE precoders
is quite large as compared to the MRT precoder. This is
due to the same fact that ZF and MMSE precoders work
well at high SINR while the MRT precoder performs well at
low SINR. When L is large, the value of SINR is low, and
the performance of the MRT precoder is better than other
techniques. It can be seen that the required total downlink
optical power in [27] is higher than the techniques proposed
in this paper. Comparing the total optical power demonstrates
that the ZF,MMSE, andMRT precoding improves the system
performance by about 20 dBW, 30 dBW, and 44 dBW com-
pared to [27] when L = 64.

Fig. 10 demonstrates the average achievable sum-rate of
the proposed system with ZF, MMSE, and MRT precoders
for a different number of users for both Monte-Carlo simula-
tions and numerical results. We assume 64 LEDs for the AP,
and the average achievable sum-rate of the 31th subcarrier
has been shown. As clearly seen from Fig. 10, our exact
closed-from expressions provide an identical match to the
Monte-Carlo simulation results. SinceM has been considered
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FIGURE 9. Total downlink optical power of ZF, MMSE, and MRT precoders
for different numbers of users and M = 64 LEDs.

FIGURE 10. Average achievable sum-rate of ZF, MMSE and MRT precoders
for different number of users and M = 64 LEDs on k = 31th subcarrier.

large Jensen’s inequality is close to equality. Thus the lower
bound of average sum rates is close to simulation results.
Furthermore, the average achievable sum-rate increases as
the number of users increase because the IUI is efficiently
eliminated in the proposed method.

VII. CONCLUSION
In this paper, MU-mMIMO-OFDM is studied for VLC sys-
tems, considering the phase differences of channel matrices
in the frequency domain induced by the distance differences
of the multiple transmitter-receiver links. The ZF, MMSE,
and MRT precoding techniques are obtained for the proposed
method on the complex channel matrices for each subcarrier,
which is less correlated when the phase differences are con-
sidered. Also, when the number of LEDs in the AP is consid-
ered large, the complex channel correlation between different
users will be negligible, resulting in effectively removing the
IUI. The simulation results show that the performance of
ZF and MMSE is better when the number of LEDs in AP

is much larger than users. In this case, ZF and MMSE will
achieve a higher data rate and will be more power-efficient as
compared to MRT. However, when the ratio of the number of
LEDs in AP to users is not large, the performance of MRT
is superior to ZF. Moreover, the proposed method for the
employed ZF, MMSE, and MRT outperforms the previously
proposed methods. For instance, the total optical power for
the ZF, MMSE, and MRT precoding improves the system
performance by about 20 dBW, 30 dBW, and 44 dBW com-
pared to previously proposed methods when the number of
LEDs in AP and users are 64 and 64, respectively. Moreover,
closed-form expressions for the lower bound on the average
achievable sum-rate for all precoding techniques are derived.
An excellent match between analytical results and simula-
tions verified the accuracy of our derived expressions for the
average achievable sum-rate.

APPENDIX A
The off-diagonal elements can be written as

[HkAk]p,m =
M∑
q=1

(
hp,qdc

)2 exp(− j2πkB (dp,q − dm,q)
Nc

)
.

(35)

When M → ∞, according to the central limit theorem, the
distributions of 1

M [HkAk]p,m converge to Gaussian distribu-
tions as follows

1
M

[HkAk]p,m→ CN
(
µ0,

σ 2
0

M

)
, (36)

where,

µ0 = E
[(
hp,qdc

)2exp(− j2πkBdp,q
Nc

)]
E[

exp
(
j2πkBdm,q

Nc

)]
. (37)

It can be seen that phase of exp
(
j2πkBdm,q

Nc

)
depends on

dm,q. Considering the different temporal delay between the

qth transmitter and mth user, the phase of exp
(
j2πkBdm,q

Nc

)
has the uniform distribution between −π and π on high
subcarriers, if the M are selected large. Therefore, on high
subcarriers E

[
exp

(
j2πkBdm,q

Nc

)]
= 0, µ0 = 0. As M → ∞,

σ 20
M → 0, variances of distribution approach zero.

APPENDIX B
In (29), the expectation can be simplified by substituting Ak
as follows

E

[
tr(AkAk

H )∣∣[HkAk]p,p
∣∣2
]
= E


L∑
j=1

M∑
q=1

(
hj,qdc

)2
(
M∑
i=1

(
hp,idc

)2)2

 (38a)
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= E


L∑
j=1


M∑
q=1

(
hj,qdc

)2
(
M∑
i=1

(
hp,idc

)2)2



(38b)

= L E

 1
M∑
i=1

(
hp,idc

)2
 (38c)

≥
L
M
×

1

E
[(
hp,qdc

)2] . (38d)

By use of the Jensen’s inequality, (38d) is obtained.

APPENDIX C
By substituting (18) into E

[
1
ξ2k

]
, it becomes

E

[
1

ξ2k

]
= E

[
tr
(
Ak

HAk

)]
(39a)

= E
[
tr
((

HkHk
H
)−1

HkHk
H
(
HkHk

H
)−1)]

(39b)

= E
[
tr
(
HkHk

H
)−1]

(39c)

= tr
(
E
[(

HkHk
H
)−1])

. (39d)

By substitutingAk in (39a) for ZF precoder, (39b) is obtained.
Since

(
HkHk

H )−1HkHk
H
= I, (39b) is summarized as

(39c). Using the linearity property of expectation and trace
operators, (39d) is obtained from (39c). As shown from (20)
and (21), matrixHkHk

H on high subcarrier index is diagonal
when M is large. 1

tr
(
E
[(
HkHk

H )−1]) is the diversity order. The

diversity order measures the number of independent paths
over which the data is received [33]. Diversity order of ZF

precoding is M
L −1 when E

[(
hp,qdc

)2]
= 1. Therefore, E

[
1
ξ2k

]
is obtained as follows

E

[
1

ξ2k

]
=

L
M − L

×
1

E
[
(hp,qdc )

2
] . (40)

APPENDIX D
For the MMSE precoder, matrix E[HkAk] can be expressed

E [HkAk] = E
[
HkHk

H
(
HkHk

H
+ diag

(
σ 2
Zk

))−1]
(41a)

= E
[
HkHk

H
(
HkHk

H
+ σ 2I

)−1]
. (41b)

Assuming that the noise variance in all users is equal to
σ 2, (41a) is rewritten as (41b). As shown from (20) and

(21), matrix HkHk
H on high subcarrier index is diagonal

when M is large. Therefore, E [HkAk]p,p = E
[
(h

p,q
dc )

2

(h
p,q
dc )

2
+σ 2

]
and E [HkAk]p,l = 0. By using of the Jensen’s inequality,

1
1+σ 2E

[
1

(hp,qdc )2

] is a lower bound of E
[

(hp,qdc )
2

(hp,qdc )
2+σ 2

]
. Hence,

the expectation in (28) for the MMSE precoder on the high
subcarrier index can be simplified as follows

E


β2ξ2k

L∑
l=1
l 6=p

∣∣[HkAk]p,l
∣∣2 + σ 2

β2ξ2k

∣∣[HkAk]p,p
∣∣2


=
σ 2µ2

0

P2total

1

1+ σ 2E
[
(hp,qdc )

−2
] E[ 1

ξ2k

]
. (42)

By substituting (18) into E
[

1
ξ2k

]
, it becomes

E

[
1

ξ2k

]
= E

[
tr
(
Ak

HAk

)]
= E

[
tr
((

HkHk
H
+ diag(σ 2

Zk )
)−1

HkHk
H
(
HkHk

H
+ diag

(
σ 2
Zk

))−1)]
= E[tr

((
HkHk

H
+ σ 2I

)−1
HkHk

H
(
HkHk

H
+ σ 2I

)−1)
]

(43a)

= tr
(
E
[(

HkHk
H
+ σ 2I

)−1
HkHk

H
(
HkHk

H
+ σ 2I

)−1])
. (43b)

By substituting Ak in (43a) for MMSE precoder, (43b) is
obtained. Assuming that the noise variance in all users is
equal to σ 2, (43b) is rewritten as (40c). Due to the linearity
of expectation and trace operators, (43d) is obtained from
(43c). Due to the diagonality of the HkHk

H matrix on the

high subcarrier index whenM is large, E
[

1
ξ2k

]
is obtained as

follows

E

[
1

ξ2k

]
=

L
M − L

× E

[
(hp,qdc )

2(
(hp,qdc )

2 + σ 2
)2
]
. (44)

The expectation in (44) is simplified as follows

E

[
(hp,qdc )

2

((hp,qdc )
2 + σ 2)2

]
= E

 1

(hp,qdc +
σ 2

hp,qdc
)2

 (45a)
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= E

 1

(hp,qdc )
2 + 2σ 2 + σ 4

(hp,qdc )
2

 (45b)

≥
1

E
[
(hp,qdc )

2 + 2σ 2 + σ 4

(hp,qdc )
2

] (45c)

=
1

E
[
(hp,qdc )

2]+ σ 4 E[(hp,qdc )−2
]
+ 2σ 2

.

(45d)

By using of the Jensen’s inequality, (45c) is obtained. There-

fore, E
[

1
ξ2k

]
is expressed as follows

E

[
1

ξ2k

]
=

L
M − L

×
1

E
[
(hp,qdc )

2
]
+ σ 4 E

[
(hp,qdc )

−2
]
+ 2σ 2

.

(46)

Hence, by substituting (46) into (42), (33) is obtained.
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