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ABSTRACT Memristors were first proposed in 1971 by Leon Chua. These devices are usually regarded as
being one of the newest fundamental breakthrough for electronics. Their role in designing new electronic
systems is expected to be an important, key-factor. As an example, they already come in many forms:
PCA, ReRAM, etc., to mention a few. In any case, since actual memristors have only appeared quite
recently, this technology has yet to be mature enough to provide with readily available, off-the-shelf
components. This implies that developing and testing new concepts or design architectures based on
memristors are performed mainly by the use of numerical simulation. In this paper, we discuss a powerful
modeling framework that eases creating and implementing new memristor models, illustrating with some
examples of use.

INDEX TERMS Memristor, RRAM, compact modeling, thermistor.

I. INTRODUCTION
It has been proposed that there is an apparent symmetry pat-
tern in the relations between the four fundamental electrical
magnitudes (current i, voltage v, charge q and flux ϕ). This
passed unnoticed for many years in circuit theory until Chua,
at the early 70s, proposed the axiomatic definition of a fourth
electrical element, which was named the Memristor [1]. Its
name originated from the fact that such an element uni-
fied in one element resistor and memory, having these two
properties combined. Besides, Chua’s work led to the gen-
eralization of a class of devices as well as systems that are
inherently nonlinear and governed by a state-dependent, alge-
braic relation accompanied by a set of differential equations,
which are called memristive systems or devices [2]. As an
interesting fact, it has to be said that memristors had actually
been described many years ago [3], but they had never made
it to the mainstream of electrical or circuit theory since the
non-linear theory needed was not developed till recently.

The inherent memory feature embodied in memristors
has led these novel devices to be considered as one of
the key technology enablers of a technological breakthrough
in integrated circuit (IC) performance growth, beyond and
more than Moore [4]. Among others, they are expected to
allow for easy in-memory computation, thus providing with
a solution to the classical bottleneck problem in data trans-
mission between memories and processors. Other areas that
are expected to benefit from the use of memristors and
memristive systems are the IoT and other edge comput-
ing applications, where they can be changing radically the
related technological landscape. Thus, an increasing number
of memristor-based applications has already been proposed;
indicatively, new kind of memories (ReRAMs, MRAM,
etc.) [5]–[7], innovative new sensor devices [8], [9], or basic
building elements for bio-inspired systems (ANNs) [10].
These devices can be built in a wide range of technolo-

gies, from spintronics [11] to organic materials [12], [13]
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and many different oxides [14]–[17]. Unfortunately, few
foundries are including memristors as a standard element
in their libraries, as it customarily happens with resistors
or capacitors. In fact, and up to the best of our knowledge,
RRAMs can be obtained at TSMC, Towerjazz and Intel, and
only for old nodes. This, which may seem to be a drawback,
can be considered an advantage to implement low-cost edge
platforms [18].
Simulating a new design incorporating memristors (usually

RRAMs) is not something straightforward; many good mod-
els have been proposed, both using the classical approach
that utilizes current and voltage [19]–[23], or the charge and
flux approach [24]–[29], which had been historically used
in oxide breakdown. However, most of these models appear
to demonstrate drawbacks that make simulation of large
circuits rather difficult or even impractical [30]. Besides,
there are still some open problems in modeling memristor:
the variability they exhibit from cycle to cycle [31]–[33],
noise [34], [35], and, mainly, the development of predictive
compact models. The later is, however, impaired by the fact
that it seems to be some inherent randomness into the transi-
tions from low to high resistance state and, in a minor way,
from low to high.
In this paper we will study the case of self-heating resistors

as a paradigmatic case of a device with memory. This study
will be performed by formulating their governing equations
inside the memristor formalism, as proposed by [36]. This
will allow us to deal with these devices as memristors, as
was already proposed by Chua and Kang in [2].

II. UNIFIED FORMALISM FOR MEMRISTOR MODELING
A most useful workspace for memristor modelling was intro-
duced by Corinto et al. in [36] where the authors develop a
unified theoretical framework and also discuss the advantages
of using the flux–charge (ϕ-q) domain to study memristor
elements. In this framework, the memristors in the tax-
onomy proposed in [37] (the ideal, the generic, and the
extended memristor) are described as different approxima-
tions in the equations. This extended categorization emerged
as a necessity in order to include theoretically the descrip-
tion of pinched, hysteretic behaviors demonstrated by various
elements, not only in circuit theory and electronics but also
in nature.
Among the different categories presented above, the most

general class are extended memristors, which refers to mem-
ristors that have extra state variables X = (X1,X2, . . .) (in
addition to ϕ and q). The general relation describing them
cen be written as:

ϕ = f (Q, i,X) (1)

where the flux (ϕ) and the charge (Q) are related to the
voltage (v) and the current (i) respectively as:

dϕ

dt
= v (2)

dQ

dt
= i (3)

In addition, there is also the description of the evolution
of the internal variables X, which is performed in terms of
a differential equation:

dX
dt

= gQ(Q, i,X) (4)

The relation between voltage and current (i.e., the equiv-
alent to Ohm’s law) is obtained by deriving Eq. (1) with
respect to time:

v = dϕ

dt
= ∂f (Q, i,X)

∂Q

dQ

dt
+ ∂f (Q, i,X)

∂i

di

dt

+
∑

j

∂f (Q, i,X)

∂Xj

dXj
dt

= dϕ

dt
= ∂f (Q, i,X)

∂Q
i = ∂ϕ

∂Q
i (5)

This result is obtained under the premise [36] that:

∂f (Q, i,X)

∂i

di

dt
+

∑

j

∂f (Q, i,X)

∂Xj

dXj
dt

= 0 (6)

Notice that the above assumption has a physical meaning,
since the terms in Eq. (6) can be identified with parasitic
components. Specifically, the term with di/dt can be related
to an inductive parasitic element, and the terms in dXj/dt
correspond to voltage sources.
Thus, we can define the memristance M to be:

M(Q, i,X) = ∂ϕ

∂Q
= fM(Q, i,X) (7)

Notice that should the description be done using flux and
voltage as the variables, the parasitic components would have
been capacitors and current sources [36].
As a summary, the final relations for a charge-controlled

memristor are described by Eqs. (3), (4) and (8):

v = M(Q, i,X) · i (8)

The memristance M of an extended memristor is implied
in Eq. (8), apparently bearing the feature of nonlinearity; v
is the voltage across the memristor, i is the current flowing
through it, and Q the charge, i.e., currents’s first momen-
tum. The vector x stands for a set of extra state variables,
including all the necessary physical magnitudes according to
the implemented memristive system; indicatively they could
be the internal temperature, the radius of a conducting fil-
ament, or any other non-electrical variable influencing the
state of the memristor. Apparently, the dynamics of the state
variables X are governed by gQ and Eq. (4). It is noted that
the importance of the class of extended memristors, comes
from the fact all the known until now, real-world memristor
devices, are indeed extended memristors.
A special case of Eq. (4) is often referred to as the

power–off plot (POP) equation and determines the memory
capability of the system under no excitation; in this case
for dQ/dt = i = 0. It is clear that if the POP equation is
nil under these conditions, the system presents a long–term
memory since the state variable will not change with time,
while if it is different than zero, the system is capable of
exhibiting only short–term memory.
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III. THE THERMISTOR
The thermistor is one of the oldest devices identified to
possess the characteristics of a memristor [2], [38], [39]. The
model has been known since John Steinhart and Stanley Hart
published a function, modeling the variation of thermistor-
resistance according to temperature [40]. This function, along
with the equivalent Ohm’s law in Eq. (9), shown in Eq. (10),
has proved to be suitable in a wide variety of thermistors,
for ranges from a few degrees to a few hundred degrees, and
has been widely used to model this kind of devices when
used as temperature sensors. In addition, a key characteristic
of thermistors is that they undergo self-heating, which can
be described by Eq. (11).

v = M(T)i (9)

M(T) = R0e
B
(

1
T − 1

T0

)

(10)
dT

dt
= Mi2 − δ

Cpm
(T − Ta) (11)

In the above equations, Ta is the ambient temperature,
and T the internal temperature of the device. The rest of the
symbols are parameters of the thermistor model, and can be
considered as constants for practical purposes. At this point,
it is impossible escape noticing that these equations bear
exactly the same form with the equations defining the mem-
ristor ((8), (7) and (4), respectively). Thus, we can identify
the thermistor as being a memristor. That is, the thermistor is
a system whose resistance depends on its electrical history,
and has an internal variable that governs the overall behavior
(internal temperature). Thus, the system is classified as an
extended memristor.
In addition, if we look at the POP equation (Eq. (11) with

i = 0), we see that it is different from zero for any situation
other than thermal equilibrium with the environment. Thus,
the system does not possess the feature of long term memory.
In these aspects, it is also illustrative to point out that there
are other dissipative systems [41] that are also memristors
due to self-heating, even if the specific mechanism is very
different than that of thermistors.
To illustrate this memristive behavior, we have driven

a thermistor by a triangular current waveform. We have
used the following values for the thermistor constants:
δ ≈ 4 · 10−3W/K, Cpm ≈ 60 · 10−3K−1s, B = 3950K,
T0 = 298K, Ta = 300K, R0 = 10k�. Additionally, and in
accordance with a typical thermistor datasheet, we have set
a maximum current of 4.5 mA, and we have also used 5
different ramp speeds. The results are shown in Fig. 1, where
the evolution of the resistance (mem-resistance) and the cur-
rent input versus time, are shown. The resistance versus the
input current is shown in Fig. 2. From these figures, we can
draw the typical plots of a memristor in the I-V plot, as
depicted in the classical seagull wings in Fig. 3.
We can compare the results shown in those figures against

the two fingerprints of a memristor [42]: a pinched loop,
whose area changes with frequency, tending to a line at
high frequency. Those effects are caused, in our system, by

FIGURE 1. Evolution of input current waveform (bottom) and memristance
(top) versus time, for four different slope velocities. Colors are coherent
for both plots.

FIGURE 2. Evolution of memristance versus input current waveform, for
four different slope velocities. Colors are coherent with Fig. 1.

the dissipative system described by Eq. (11). This equation
means that, at low frequency (where the system may be con-
sidered to be in thermal equilibrium with the environment,
so dT/dt ≈ 0), the system tends to a nonlinear resistor, as
shown in the Figures (dark blue and red lines). On the other
hand, at high frequency, the thermal capacitance is so high
that dT/dt ≈ Mi2, and we can see that the highest frequency
ramp (cyan line) is, in fact nearly an ohmic resistor. It has
to be noted that, in this case, likewise in [41], the situation
is more complex than that of an ideal memristor, since the
thermistor is a dissipative device, as seen in Eq. (11).
At this point, it is also convenient to introduce some

notions from the theory of nonlinear dynamics, since it seems
to be convenient in analyzing the system. The first concept
to understand how the thermistor behaves is its trajectories,
which are describing the evolution within the phase space of
the system. In our case, the free variable is the input current,
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FIGURE 3. I-V characteristics of the thermistor for four slopes. Colors are
coherent with Fig. 1.

and the system is well-determined by two more variables.
These could be the temperature and the device’s memris-
tance (Eq. (10)), or the temperature and the derivative of
the temperature. Actually, the best option is the last one,
since it represents the behavior of the internal state variable.
This leads us to the second important concept: the Dynamic
Route Map (DRM) [43], [44].
The DRM is a representation of the trajectories that the

system can follow in the phase space of the state variable
versus its derivative, for different values of a control parame-
ter. This map provides with very useful information about the
behavior of the system. For instance, if a trajectory goes from
positive derivative to negative derivative values with increas-
ing temperature, then the temperature at which it nullifies
is what is called a stable equilibrium point. An equilibrium
point is a state where the system tends to go and remain at,
similar in concept to what is called the quiescent point in
circuit theory. On the other hand, if the trajectory goes from
negative to positive, the crossing point is also an equilibrium
point, but unstable, which means that the slightest change
will force the system out of it. In addition, if we plot it as a
3D diagram, we see that all the trajectories, for constant Ta,
must fall over the same surface, as can be seen in Fig. 4.
As an application example of the above notion, a faster

method for reading temperature is proposed, and it is con-
sidered as a future work. This application is based on the
fact that thermistor-operation is usually set in the curves over
this DRM surface, where dTemp/dt = 0; since this means
that the system has reached thermal equilibrium. Also worth
of interest is the fact that this DRM surface is parameter-
ized by Ta. Thus, one can envision a readout system that
takes profit from this memristive description and uses the
dynamic behavior of the thermistor to identify this surface
and, consequently, the ambient temperature in a faster way
than conventional systems.

IV. USING THE DRM FOR EMPIRICAL MODELING
As has been seen in the previous section, the DRM can be a
very useful tool for interpreting the behavior of a memristor.

FIGURE 4. Dynamic Route Map of the memristor (surface), showing the
four trajectories of the previous figures, using the same colors. The black,
thick line represents the points where dT/dt = 0.

In this section, we propose using this DRM to perform empir-
ical modelling of a specific device, given its electrical i-v
curves. Specifically, we will be using data coming from
a light bulb back from the time when these devices used
self-heating to emit light [41], [45].

A. EXPERIMENTAL SETUP
In order to explore experimentally the electrical behavior of
filament bulbs, a 6V incandescent flashlight bulb, operat-
ing within its voltage/power limits, was utilized. This bulb
contained a tungsten filament, electrically heated at about
2400 K (tungsten melting point is 3695 K) in a vacuum
ambient (under 2800 K no inert gas is needed to withstand
evaporation of the tungsten filament atoms).
The measurement methodology was very simple and

included current-driven i − v measurements, by applying
a sinusoidal current of ip−p = 200mA, for a vari-
ety of frequencies (f), ranging from 0.01Hz to 10Hz. A
custom-made automated measurement setup included a Pico
Technology ADC-24 data-logger, which allowed for the
monitoring of both current and voltage. All sampling rates
were continuously adjusted in such a way that the same
number of data points (typically 8000 points) were acquired
for each frequency of the applied sinusoidal current. It is
noted that all measurements were recorded, after dynamic
equilibrium had been reached.
In Figure 5 the experimental i−v characteristic appears for

four typical individual cases of sinusoidal and also triangular
current-excitation frequencies, namely at 0.01Hz, 0.1Hz, 1Hz
and 10Hz, driving the same incandescent bulb. From these
figures, is apparent that a non-ohmic, memristive behavior
is demonstrated at these frequencies (less than 10Hz), being
present from the very low frequencies (10mHz), while it is
gradually replaced by linear i−v curves (from 10Hz and on),
clearly hinting to the ohmic behavior expected for memristors
when f → ∞ [36]. This means that the memristive behavior
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FIGURE 5. Experimental i − v characteristic curves of a tungsten filament bulb driven by a sinusoidal (red lines) and a triangular (blue lines) current, for 4
different representative frequencies (a) 0.01 Hz, (b) 0.1 Hz, (c) 1 Hz, and (d) 10 Hz. It is obvious that in the last case the heated filament demonstrates a
near-ohmic behavior, as expected for generic and extended memristors when ω → ∞.

of incandescent bulbs is deployed for driving frequencies
less than 10Hz. From that frequency and on the filament’s
resistivity is becoming constant, as predicted in the case of
memristive devices [36].
The distortion of the voltage signal, typical of memristive

systems, is apparent due to a hysteresis in the response,
which is the result of the thermal dynamics of the system
comprised by the filament and the bulb shell. In specific,
this is mainly due to the heat capacity and the heat diffusion
mechanisms of the filament [45], [46].

B. PHYSICALLY-BASED MODEL
The tungsten filament bulb’s hysteretic behavior has been
already reported in [46] and a mathematical model describ-
ing the physical mechanisms behind this behavior has been
introduced. The proposed model was very accurate and
slightly more complex than the copper wire memristor model
presented in [47]. The idea behind the derivation of those
models is to consider the power balance between the power

provided by the external source V(t), the power stored
because of self-heating, and the radiated power; this leads
to the following equation, as derived in [46]:

V2(t)

ρ(T)
= c(T)L2 dT

dt
+ eσ

√
4πR0L3

ρ0

(
T4 − T4

0

)
(12)

where ρ(T), c(T) and L are resistivity, the volumetric heat
capacity and the length of the tungsten filament, respec-
tively, e is the emissivity of the filament and σ is the
Stefan-Boltzmann constant. All magnitudes bearing a zero
(0) indicator refer to the corresponding magnitude at the
ambient temperature. In this model and for the temperature
range of low voltage flashlight bulbs, absorption of radiation,
as well as, convection and conduction were supposed to be
negligible; something that was also verified in [17]. From
equation (12), one could calculate the filament’s temperature
T(t), leading then to the calculation of R(t) and finally the
calculation of i(t).
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Taking advantage of the proposed model described
by [46, eq. (12)] and in order to accentuate the memris-
tive features of the presented experimental behavior of
incandescent bulbs, a modified model based on the typi-
cal formulation proposed in [36], [48], is presented hereby.
In this model, the filament is of length L, with a uni-
form area A, and its temperature T(t) is considered as the
state variable and in the case of a flux-controlled memris-
tor (voltage-driven), it is described by the following set of
equations:

i(t) = W(T, q, i, t) · v(t) (13)

W(T, q, i, t) = A

L · ρ(T)
(14)

dT

dt
= v2(t)

L2c(T)ρ(T)
− eσ

√
4πR0/ρ0

c(T)
√
L

·
(
T4 − T4

0

)

(15)

ρ = ρ0 ·
(

1 + ρ1T + ρ2T
2
)

(16)

c(T) = c0 + c1T + c2T
2 + +c3T

3 + c4

T2
(17)

where W(T, q, i, t) is the device’s memductance. In
equation (16) resistivity is described according to [49], while
the volumetric heat capacity c(T), described in equation (17),
is given by the Shomate equation [50]. The values of the
coefficients in both equations are listed in the corresponding
references.

C. EMPIRICAL MODELING
In the above subsection we have described the physically-
based model for the system. It has to be noted that this
includes many approximations, such as that c(T) and ρ(t)
are approximated as power series, or that the effect of the
bulb crystal shell is ignored, etc. All these approximations
are performed in order to obtain an explicit form for Eq. (15).
Here, we propose that these approximations were replaced

by a direct approximation for the variation of the
memristance:

i = Mv (18)
dM

dt
= gM(M, v) (19)

Once we consider this description, it is worth noticing
that Eq. (19) corresponds to a DRM. It is apparent that
now one can calculate an approximation to dM/dt from the
experimental data, and plot it against M and i. We have per-
formed this kind of calculation and the results are illustrated
in Fig. 6. Once this is performed, we have fitted a poly-
nomial approximation (MATLAB polyfit53) to these curves,
which is in fact an approximation to gM .

gM(M, v) ≈
∑

i=0..5,j=0..3

pi,jv
iMj (20)

The coefficients pi,j are provided in Table 1, along with the
95% confidence interval, as provided by MATLAB.

FIGURE 6. DRM for the experimental data (color lines), and fitted surface
equivalent to Eq. (19) (surface).

TABLE 1. Coefficients for the approximation of gM in Eq. (20). The units
for coeffient pij are s−1V−i�j−1.

In order to check the validity of this method, we have used
the described above polynomial approximation to predict
the evolution of another signal at 0.05 Hz. To do so, we
have used Equation (18) and (19), where gM is the fitted
approximation. Integration of these equations provides the
results in Fig. 7, where the magenta lines are the model and
the blue lines correspond to experimental data. The initial
condition for M has been considered as the experimental M
at the initial instant. Notice that the noise is caused by the
numerical calculation of dM/dt. The coincidence between
the real data and the predicted by the model values is evident.

V. CONCLUSION
Memristor is postulated as the most recent significant break-
through in electronics. However, since actual memristors
have appeared quite recently, memristive technologies are not
mature enough to allow for providing with readily available,
off-the-shelf memristors or memristive components in gen-
eral. This implies that developing and testing new concepts
or design architectures based on memristors are performed
mainly by the use of numerical simulation.
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FIGURE 7. Experimental (blue line) and calculated response of the system
using the approximation given by Eq. (20) and the coefficients in Table 1
(magenta line).

Taking all the above into account, in this paper we present
a formal framework for memristor compact modeling. Based
on this we have then shown that a thermistor, a well-known
nonlinear device, can be given a twist and used as what
it really is, i.e., as a memristor. This way, it served as
an example of using the introduced modeling framework.
Within this framework, next to the standard analysis pro-
cedure that includes the investigation of demonstration the
essential fingerprints of a memristor (the pinched hysteresis
loop, whose enclosed area tends to zero at high frequency),
a rather novel tool, the Dynamic Route Map (DRM), has
also been utilized.
In order to exemplify the utilization of the DRM as a

modeling tool, wIn order to exemplify the utilization of the
DRM as a modeling tool, we have also used it to model
a self-heating memristive device. Applying the idea, we
have experimentally obtained the DRM, using as variables of
interest the device’s memristance, its temporal derivative, and
the applied voltage. Fitting a polynomial to this experimental
surface allowed for a very precise prediction of the beha
We have also used it to model a self-heating memristive

device. Applying the idea, we have experimentally obtained
the DRM, using as variables of interest the device’s mem-
ristance, its temporal derivative, and the applied voltage.
Fitting a polynomial to this experimental surface allowed
for a very precise prediction of the behavior of the device
under consideration at a different frequency.
Finally, possible applications of the proposed compact

modeling method are considered as future work, like the
possibility of designing a temperature readout system that
takes profit from this memristive description, using thermis-
tor’s dynamic behavior of to identify the ambient temperature
in a faster way than conventional systems.
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