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ABSTRACT In this paper, a numerical iteration approach to resolve the space charge limited (SCL) bipolar
flow problem in cylindrical geometries has been developed. Such an approach is basis for the simultaneous
determination of the unknown current densities and the potential distribution. We employed this method
to study the characteristics of the SCL bipolar flow. By considering a cylindrical geometry with a cathode
radius Rc and an anode radius Ra, the enhancement over the classical Langmuir-Blodgett (LB) law is
investigated as a function of Rc/Ra. It is found that for the bipolar flow model, the SCL current density can
be given by F×JLB, where F and JLB represent the enhancement factor on account of the influence of ions
and the LB law, respectively. The enhancement factor F follows a Rc/Ra scaling and gradually converges
to a constant with increasing Rc/Ra. The planar bipolar flow solution is recovered in the condition where
the values of Rc and Ra are much greater than that of the gap spacing.

INDEX TERMS Bipolar flow, current density, space-charge-limited (SCL).

I. INTRODUCTION
Space-Charge-Limited (SCL) current flow has received
lots of attention in vacuum electronic devices (VEDs),
for it has an important effect on the modeling high
power microwaves (HPM) and x-ray sources, heavy ion
beams, compact high power THz sources, and free electron
lasers [1], [2]. Emitted from the cathode, electrons move
toward the anode under the control of electric fields, form-
ing a space current. These accumulated charges in the space
will give rise to the electric fields that repel charges of the
same sign. For a one dimensional (1D) planar geometry,
the SCL current density is governed by the well known
Child–Langmuir (CL) law [3], [4]

JCL = 4
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V3/2
0
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, (1)

where e and m are the charge and mass of an electron,
respectively, and ε0, V0, and D are the permittivity of
the free space, the gap voltage, and gap spacing of the
electrodes, respectively. For different applications, the clas-
sical CL law may be inapplicable. Therefore, there are

extensions to the CL law to the cylindrical and spherical
geometries [5]–[9], multidimensions [10]–[13], quantum
regime [14]–[16], relativistic effect [17]–[20], time depen-
dent current injection [21]–[23], and influence of initial
velocity [24]–[27]. Moreover, the theories of SCL have been
used to make an investigation of some space charge domi-
nated systems, such as THz oscillation [28]–[32], Coulomb
blockade [33], bipolar flow [34]–[37], optical field emission
at high field [38]–[44], photon-enhanced thermionic energy
converters (PETEC) [45], and nanodiodes [46].
For the cylindrical geometry, Langmuir and Blodgett (LB)

obtained the SCL current density on the cathode [5],

JLB = 4
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, (2)

where Rc and Ra are the cathode radius and the anode
radius, respectively, and β is a function of Ra

/
Rc tabu-

lated numerically. But LB solutions are difficult to obtain
and rely on complicated series expansions. Chen et al. [6]
proposed a physical approximation to analyze the SCL cur-
rent in a cylindrical geometry. In [5], a transit time model is
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applied to the cylindrical and spherical geometries and a new
scaling laws was found. Harsha and Garner [7] applied con-
formal mapping to derive the analytical solutions of SCL
current for various geometries. For high power applications
and thermionic energy converters (TEC), outgassing and
thermionic emission typically occur [34], [45]. In [9], an
approximate current density scaling expressions for cylin-
drical bipolar diodes in positive and negative polarity for
non-relativistic and relativistic regimes are provided. Such
a bipolar flow problem is of fundamental interest since pos-
itive ions are commonly used to mitigate the space charge
effect [45].
For the SCL bipolar flow problem in the cylindrical model,

the exact analytical solutions are not easy to obtain. In this
paper, we proposed an iteration approach to numerically
investigate the SCL bipolar flow problem in a cylindri-
cal geometry without analytically solving the nonlinear
Poisson’s equation. By discretely dividing the calculation
area of the discharge space into grid points, and by applying
the finite difference method and appropriate iteration algo-
rithms, the SCL electron current density can be determined
for a given injection ion current density.

II. NUMERICAL APPROACH
In this section, we first describe the model of bipolar flow in
a cylindrical diode. To obtain the steady-state solution for the
SCL electron and ion flow problem, we employ a numerical
approach to solve the nonlinear differential equation in accor-
dance with the boundary condition. We will also present an
iteration algorithm to numerically derive the SCL electron
current density under different conditions. The approach is
made up of two parts. The first part iteratively determines
the SCL electron current density for a given injection ion
current density or parameter q related to the ratio of the ion
current density to the electron current density. In light of
the results of the first part, the second part updates the ion
current density or parameter q. The details of the algorithms
will be described below.

A. MODEL
In the present numerical approach, we make use of the
Poisson’s equation to numerically investigate the properties
of the SCL current flow in cylindrical diodes in the presence
of ions, and assume that the system is collisionless. Let us
consider a 1D cylindrical diode with electrodes separated by
a distance D, where the anode electrostatic potential is V0
and the cathode grounded. For electrons and ions respec-
tively injected from the cathode and anode with zero initial
velocity, the steady-states of the problem are given by the
Poisson’s equation

d2V(r)

dr2
+ 1

r

dV(r)

dr
= − 1

ε0
[ρe(r) + ρi(r)], (3)

where V(r), ρe(r), and ρi(r) are the electrostatic potential,
electron density, and ion density at coordinate r, respectively,
and Rc and Ra are the cathode radius and anode radius,

respectively. The electron and ion charge densities can be
respectively expressed as

ρe(r) = RcJe
r|ve(r)| , (4)

ρi(r) = − RaJi
r|vi(r)| , (5)

where ve(r) and vi(r) are respectively the electron and ion
velocities at coordinate r, and Je and Ji denote the elec-
tron and ion current densities at the cathode and anode,
respectively.
By combining (3) with (4) and (5), and using conservation

of energy, we have

r
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, (6)

where the parameter q = (
Ji

/
Je

)(
mi

/
Zme

)1/2 and Z denote
the ion charge state. We take proton as example and therefore
Z equal to one in this paper. Apparently, q = 0 corresponds
to no ions or Ji = 0 due to Je �= 0. To numerically obtain the
limiting electron current density, we first specify the value of
q in (6), but it doesn’t mean that there are innumerable solu-
tions. Because a value of q corresponds to unique solutions
of Ji and Je.
The boundary conditions for (6) are given by

V(Rc) = 0,V(Ra) = V0. (7)

If the electron and ion current densities are limited, (6) has
additional boundary conditions for the zero potential gradient
at the cathode and anode given by

dV

dr

∣∣∣∣r=Rc = 0,
dV

dr

∣∣∣∣
r=Ra

= 0, (8)

It is known that for the 1D bipolar flow model in a planar
geometry, the parameter q can be increased from zero to its
maximum qs = 1 corresponding to zero potential gradient
at the cathode and anode [47]. However, owing to the influ-
ence of ions on the system and the nonlinearity in V(r) in
the beam, whether the electron and ion current densities can
increase to arbitrary values and whether the electrodes can
simultaneously satisfy the boundary conditions of (8) are
unknown. Moreover, a less obvious impediment to find the
solutions of (6) is that the parameter q and electron cur-
rent density Je are not specified. For a 1D planar geometry,
the range of q and the SCL electron current density can
be analytically obtained according to the boundary condi-
tions, but (6) presents formidable analytic difficulties. While
it is difficult to solve the nonlinear differential equation of
(6) analytically based on the boundary conditions, a numer-
ical approach to analyze the SCL bipolar flow problem is
presented.
To numerically solve (6), the calculation area from r=Rc

to r = Ra is divided into N+1 grid points discretely and
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uniformly. Therefore, in the r direction, the spacing of each
grid is h = |Ra − Rc|

/
N. Assume that the electrostatic poten-

tial of grid point i is Vi, and its corresponding left and right
neighboring grid points’ electrostatic potential denote as Vi−1
and Vi+1, respectively. Then, performing the second order
finite difference and the central difference approaches to the
Poisson’s equation, we obtain

Vn+1
i = 1

2

(
Vni+1 + Vn+1

i−1

)
− h2

2

×
{

−Vni+1 − Vn+1
i−1

2hr
− RcJe

rε0

(me
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)1/2

[(
1

Vni

)1/2
− qRa

Rc

1(
V0 − Vni

)1/2

]}
, (9)

where the superscript n and n − 1 are denote the n-th and
(n−1)-th iterative step, respectively. In light of (9), every grid
point’s electrostatic potential can be updated according to the
results, Vni , V

n
i−1, and V

n
i+1, of the last iteration. Hence, by

applying appropriate boundary conditions and iteration algo-
rithms, the SCL electron current density can be numerically
derived. To speed up the convergence, a relaxation method
is introduced into the iteration. Specifically, in calculating
the potential of grid point i, the new value of the grid point
i− 1 calculated before is involved. In other words, Vn+1

i is
calculated by utilizing its left neighboring grid point’s new
value Vn+1

i−1 instead of the old value Vni−1, as shown in (9).

B. ITERATION ALGORITHM
In the above analysis, a simple three-point stencil is applied
to translate the nonlinear differential equation of (6) into
the finite difference form, but the parameter q and electron
current density Je are not specified. Practically, to obtain
the potential distribution of the diode, we must first spec-
ify the values of q and Je. After numerically solving for
the potential distribution, we can calculate the electric field,
defined only at points midway between adjacent grid points,
at the electrode. Based on the obtained results, we can fur-
ther increase Je until the electric field tends to zero at the
cathode. However, as the electron and ion current densities
are limited, the electric field varies rapidly near the cathode
and anode, which makes the method that manually deter-
mines the SCL current densities difficult. In the numerical
approach to solve the Poisson’s equation, the grid resolu-
tion and accurately estimating the true electric field values
at the electrodes play an important part in determination of
the SCL current density. As the SCL bipolar flow problem
in the 1D planar geometry, the parameter q and the limiting
electron current density are strongly related to the boundary
conditions.
In order to push the electric fields to zero both of the

cathode and anode, an iteration approach is presented to
update the parameter q and the electron current density Je
consistently. Firstly, two initial electron current densities J1
and J2, and an initial value q1 of the parameter q are given.

Considering only the Dirichlet boundary conditions, V1 = 0
and VN+1 = V0, we, respectively, solve the restricted non-
linear Poisson’s equation to obtain the potential distribution
V(r) for the given two sets of initial values, J1 and q1, and
J2 and q1. This process is referred to as inner iteration. After
the inner iteration, the corresponding electric field E1

c and E
2
c

can be respectively obtained at the cathode. The intermediate
iteration predicts a new electron current density J3, which
can be generalized as follows [48]:

J∗ = − En−1
c

Enc − En−1
c

(Jn − Jn−1) + Jn−1, (10)

Jn+1 = 0.1J∗ + 0.9Jn. (11)

Note that in the intermediate iteration, an extrapolating
function is used to obtain the cathode electric field [48],

f (r) = A+ Br1/3 + Cr2/3, (12)

where A is defined as the electric field at the cathode. (12) has
three unknown parameters, A, B, and C. Therefore, three
nearest half-grid points’ electric fields near the cathode are
used to fit the extrapolating function. Obviously, the electric
field at the cathode is f (0) = A, which is used to drive
the electric field to zero at the cathode in the intermediate
iteration. The intermediate iteration will be terminated, if the
value of A is approximately to zero. When the intermediate
iteration process is terminated, we can obtain the SCL elec-
tron current density and the anode electric field E1

a based
on (12), with the corresponding value q = q1. Similarly, if
a different initial value q = q2 is used, we can obtain the
corresponding anode electric field E2

a. Pushing the anode
electric field to zero requires predicting a new parameter
q3 based on the anode electric fields E1

a and E2
a following

a similar iteration process as above, given by

q∗ = − En−1
a

Ena − En−1
a

(qn − qn−1) + qn−1, (13)

qn+1 = 0.1q∗ + 0.9qn, (14)

where the anode electric fields are calculated by (12). This
process is referred to as outermost iteration. It is clear that
the SCL bipolar flow problem can be solved by combining
the inner, intermediate, and outermost iterations.
To summarize, the numerical approach consists of an

inner iteration, an intermediate iteration, and an outermost
iteration, as shown in Fig. 1. In the flowchart, the values of a
and b are the convergence criterion used in the intermediate
and outermost iterations, respectively. Specifically, the inner
iteration uses the finite different method to solve the
restricted nonlinear Poisson’s equation by considering the
boundary conditions of (7) for a given parameter q and
electron current density Je. The intermediate iteration uti-
lizes results of the inner iteration to calculate a new electron
current density that would push the cathode electric field
to zero according to (10) and (11). As the cathode elec-
tric field Ec satisfies the convergence criterion, Ec ≤ a, the
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FIGURE 1. The flowchart of the numerical approach.

intermediate iteration process will be terminated. In the out-
ermost iteration, a new value of q is predicted in light of
(13) and (14), which would drive the anode electric field
to zero. The numerical iteration continues until the anode
electric field Ea satisfies the convergence criterion, Ea ≤ b.

Note that if the injection ion current density is given, it
is difficult to employ the inner iteration to obtain the SCL
electron current density because the initial electron current
density is probably so small that the corresponding SCL ion
current density is less than the given injection ion current
density, leading to the over-injection of the initial ion current
density. Therefore, to calculate the SCL electron current den-
sity, we specify the parameter q instead of giving the value
of the ion current density. After obtaining the SCL electron
current density, the corresponding ion current density can be
derived in accordance with the value of q.

On the other hand, in [48], a secant method is introduced
to evolve the limiting electron current density, with the cor-
responding zero electric field on the cathode. However, for
a given value of q or ion current density, the final anode
electric field are probably not zero. Therefore, the secant

method may be extended to different anode boundary con-
ditions. Specifically, giving a value of anode electric field,
we may employ the extended method to drive the corre-
sponding value of q or ion current density. Assume that the
anode electric field is Ea0 when the electron current density
is SCL in the absence of ions. It is known that the anode
electric field Ea0 will be increased if the positive ions are
involved, and further increasing the ion current density can
drive the anode electric field to zero corresponding to the
SCL bipolar flow. Therefore, if we want to obtain the SCL
electron current density for an arbitrary value of the anode
boundary condition, (13) can be extended to the form

q∗ = Eba − En−1
a

Ena − En−1
a

(qn − qn−1) + qn−1, (15)

where Eba (0 ≤ Eba ≤ |Ea0|) denotes the given boundary
condition of anode. It is clear that (15) is identical to
(13) when Eba = 0. Note that the actual electric field in
the space is negative, but for simplicity we use the absolute
value of the electric field to calculate new values.

III. RESULTS DISCUSSION
In Section II, a numerical iteration approach is proposed
to solve for the SCL bipolar flow problem in a cylindrical
geometry. In this section, we illustrate the numerical results
obtained from the iteration method under different condi-
tions, and study the electron current density enhancement
over the cylindrical unipolar flow model as a function of
Rc/Ra.
Fig. 2(a) shows the numerical evolution of the normalized

injection electron current density Je and the normalized cath-
ode electric field Ec through the inner and intermediate iter-
ations processes for several values of q, where E0 = V0

/
D,

and JCL is calculated by (1). As discussed in the previous
section, by combining the inner and intermediate iterations,
the cathode electric field can be pushed to zero. For a given
parameter q, the iteration process starts with two given initial
current densities J1 and J2, and the corresponding cathode
electric fields E1 and E2 in steady state are respectively
derived through the inner iteration. Then, a new electron
current density J3 is predicted by the intermediate iteration.
This iteration process is repeated until the cathode electric
field is driven to zero, as shown in Fig. 2(a). Fig. 2(b) plots
the corresponding normalized electric field distribution in
the diode with the iteration progress for q = 0.8, where the
electric fields at the cathode and anode surface are calculated
by (12). From the figure, we can observe that the electric
fields near the cathode vary rapidly when the electron cur-
rent density is approximately SCL. Therefore, it is difficult to
accurately determine the SCL current densities by the manual
method.
With the iteration progress, the numerical evolution of

the parameter q and the normalized anode electric field, and
the corresponding normalized electric field distribution in the
diode are plotted in Figs. 3(a) and (b), respectively. As shown
in Fig. 3(a), the two initial values q1 and q2 are respectively
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FIGURE 2. (a) The numerical evolution of the normalized injection
electron current density and the normalized cathode electric field with
the iteration progress for several values of q and (b) the corresponding
numerical evolution of the normalized electric field distribution in the
diode for q = 0.8, where V0 = 1 V, Rc = 1 cm, D = 0.01 mm, and Rc < Ra .
The red line denotes the final iteration result.

used to derive the anode electric field. Note that the value
of the electric field Ea in Fig. 2(a) corresponds to the steady
state that the electron current density is SCL. Therefore,
for a given value of q, the anode electric field Ea can be
obtained by the inner and intermediate iterations processes,
as shown in Fig. 2. After the convergence criterion is reached
in the intermediate iteration, (12) is employed to calculate
the anode electric field Ea based on the electric field distri-
bution in the diode. According to the first iteration and the
second iteration results, a new value q3 is predicted by the
outermost iteration. These processes will not be terminated
until the outermost iteration converges, as shown in Fig. 3(a).
On the other hand, in Fig. 3(b), every curve represents the
electric field distribution in a steady-state that electron cur-
rent density is SCL. From the figure, it is clear that the value
of the first point of every curve is approximately zero, and
the anode electric field is pushed to zero with the iteration
progress. When the outermost iteration is terminated, the ion
and electron current densities are SCL.

FIGURE 3. (a) The numerical evolution of the parameter q and the
normalized node electric field with the iterative progress, and (b) the
corresponding numerical evolution of the normalized electric field
distribution in the diode, where V0 = 1 V, Rc = 1 cm, D = 0.01 mm, and
Rc < Ra . The red line denotes the final iteration result.

Fig. 4 plots the SCL electron current density Je scaled by
the LB law as a function of the cathode radius Rc or the
anode radius Ra for several values of q. JLB is analytically
calculated by (8) in [5]. Note that the variable R shown in
Fig. 4 denotes the cathode radius Rc for the solid lines,
and represents the cathode radius Ra for the dash-dot lines.
Fig. 4 shows that Je increases with increasing q for a given
radius. It means that positive ions introduced into the dis-
charge space can enhance the SCL electron current density.
Moreover, Je gradually converges to the planar result with
increasing cathode or anode radius. In addition, for Rc < Ra
and q fixed, the normalized SCL electron current density
is also higher than the result for the planar ion diode. The
differences will be enhanced with increasing the parameter
q. By contrast, for Rc > Ra and q fixed, the normalized SCL
electron current density is always less than the result for the
planar ion diode as R is relatively small. This is because
for Rc > Ra the ion current density monotonically decreases
from the anode to the cathode while the ion current density
is a constant for the planar geometry, leading to the limiting
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FIGURE 4. Variation of the normalized SCL electron current density Je with
the cathode radius Rc or the anode radius Ra for gap spacing fixed and
several values of q. The black dot lines show the theory results normalized
to JCL for the planer ion diode, the dash-dot lines show the numerical
results with Ra for Rc fixed and Rc > Ra , and the solid lines show the
numerical results with Rc for Ra fixed and Rc < Ra . The anode-cathode
spacing is a constant, D = 0.1 cm.

FIGURE 5. Comparison between the LB law (black solid line) and the
bipolar flow results scaled by the LB law with Rc/Ra for several values of
q, where the black circle show the numerical results of the LB law. The
inner radius either Rc or Ra is 1 cm. The applied voltage is 100 V. Symbols:
crosses, diamonds, stars, and triangles represent the numerical results
scaled by the LB law for q = 0.1, 0.2, 0.3, 0.4, respectively.

electron current density for the cylindrical geometry smaller
than that of the planar geometry, and vice versa.
Fig. 5 shows the LB solutions and bipolar flow results

scaled by the LB law with the ratio of the cathode radius
Rc to the anode radius Ra for several values of q. The black
solid line stands for the LB solutions analytically obtained
by (8) in [5]. From the figure, it is clear that the numerical
results corresponding to the solid circles are in agreement
with the analytical results, which verifies the correctness
of our method. From the curves, we can observe that the
normalized SCL current density gradually increases with the
decreasing of Rc

/
Ra. This is because when Rc < Ra, the ion

TABLE 1. Fitting results for several values of q.

current density monotonically increases from the anode to
the cathode, leading to a higher electron current that allows
to transport across the space, and vice versa.
In light of the numerical results shown in Fig. 5, the SCL

electron current density for the bipolar flow model in the
cylindrical diode can be written in a general form,

Jbipolar = F × JLB, (16)

where F is an enhancement factor depending on the param-
eter q and the ratio of Rc to Ra. The enhancement factor F
can be fitted by

F =
M∑
n=1

(−1)nan

[
In

(
Rc
Ra

)]n
+ �, (17)

where M is an integer greater than one, and the forms of an
and � can be determined according to the numerical results.
For M = 4, the Table 1 gives the fitting results of an and �

for several values of q by the fitting function. The parameters
a1, a2, a3, and a4 can be respectively summarized with the
power functions of q,

a1 = −1.161q1.396, (18a)

a2 = 2q2.035, (18b)

a3 = −12.77q4.511, (18c)

a4 = 22.19q5.264. (18d)

While the parameter � can be fitted by the linear function
of q,

� = 0.5663q+ 1. (19)

Obviously, for (16) the classical LB solution is recovered
when q = 0. For (18a)–(18d) and (19), the R-square are
0.994, 0.981, 0.997, 0.981, and 0.989, respectively.
It is known that the anode electric field will be increased

if the ions are introduced into the space, as shown in Fig. 6.
Therefore, the secant method [48] can be extended to differ-
ent boundary conditions. Fig. 6(a) plots a comparison of the
SCL electron current density derived by the inner iteration
and the intermediate iteration processes with those obtained
by the extended secant method. The dash line shows the
corresponding anode electric field as the electron current
density is SCL. We select five values of anode electric field
which is used in the extended secant method. Obviously,
the results of the two methods are consistent. For a given
anode boundary condition Ea

/
E0 = −0.96 corresponding to

q = 0.6, Fig. 6(b) illustrates the numerical evolution of the
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FIGURE 6. (a) The numerical results of the normalized SCL electron
current density and the corresponding normalized anode electric field with
the parameter q, where the red dots show the results obtained by the
extended secant method, and (b) the numerical evolution of the
normalized anode electric field with the iteration progress for a given
anode boundary condition.

anode electric field with the iteration progress. It is clear
that the final result converges to q = 0.6 identical to the
result shown in Fig. 6(a).
In order to more clearly illustrate the important effect of

positive ions, we plot the comparison between the spatial
profiles in the presence of ions and the spatial profiles in
the absence of ions, as shown in Fig. 7. In the numerical
calculation, all of the results in Fig. 7(a) are obtained by
employing the inner iteration method as mentioned above.
From the Fig. 7(a), we can observe that with increasing the
parameter q, the curves become steeper and increase slowly
near the anode region, indicating that potential gradients at
the anode tend to zero as the parameter q increases. The field
distribution curves shown in Fig. 7(b) validates the numerical
results of V(r). Obviously, as q increases to its maximum
value of one, the electric fields at the cathode and the anode
are approximately zero, representing the SCL bipolar flow.
On the other hand, the ratio of electron density ρe to ion

density ρi monotonically decreases from cathode to anode

FIGURE 7. Spatial profiles of (a) the normalized potential, (b) the
normalized electric field, (c) the local ratio of electron density ρe to ion
density ρi , and (d) the local charge density, where the blue dot lines, the
green dash-dot lines, and the red solid lines show the numerical results
with q = 0, q = 0.5, and q = 1, respectively.

shown in Fig. 7(c). Moreover, as shown in Fig. 7(d), positive
ions introduced into the discharge can substantially neutralize
the charge density, and the charge neutral point rn, corre-
sponding to ρe(rn) + ρi(rn) = 0, shifts towards the cathode
as the parameter q increases. Note that the neutral point rn
is the location where the electric field is zero. In addition,
when q = 1, the total charge density from cathode to anode
is approximately zero, leading to zero potential gradient at
the electrodes.

IV. CONCLUSION
In summary, a numerical iteration approach has been
proposed to investigate the SCL bipolar flow problem in
a cylindrical geometry. Utilizing the approach without ana-
lytically solving the Poisson equation, we could easily
simultaneously determinate the unknown current densities
and the potential distribution, and derive the SCL electron
current density under different conditions. Calculations show
that for the bipolar model in the cylindrical geometry, it can
exceed the classical LB law given by F×JLB. The enhance-
ment factor F follows a Rc / Ra scaling and would converge
to a constant as the value of Rc / Ra are large enough. We
also extend the secant method to different boundary con-
ditions, and simulation shows that the results of the two
methods are consistent.
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