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ABSTRACT This paper presents a correlation study between experimental results of titanium dioxide
(TiO2)-based memristors and various hyperbolic sine function models. The current–voltage (I-V) charac-
teristics of sol-gel-derived TiO2 thin film annealed at 250◦C were correlated with the reported hyperbolic
sine function simulation program with integrated circuit emphasis memristor models. The correlation
study showed that the existing models were not fitted well with our experimental data. The models with
the lowest root means square errors were then combined together to achieve better fitting result. Further,
experimental results of TiO2 thin films fabricated by varying the annealing temperature at 350 ◦C and
450 ◦C were correlated to the proposed model to further elucidate the device operation. The parameters
were then analyzed by multiplying and dividing the simulation results by two. It was found that both the
Schottky and tunneling mechanisms had a significant impact in shaping the I-V characteristic of annealed
TiO2 thin film and device conductivity. The state variable derivative on the other hand caused changes
in device threshold voltage. The knowledge gained from the fitting parameters of the proposed model
enables us to predict the performance of fabricated memristive device and engineer the process parameters
for desired memristive behavior.

INDEX TERMS Hyperbolic-based model, I-V characteristics, memristive device, titanium dioxide thin film.

I. INTRODUCTION
Memory resistor (memristor) is a fundamental passive
element that was theoretically introduced to hold the rela-
tionship between flux and charge. As implied by its name,
memristor can possibly remember its current resistance
state without the applied voltage. The resistance value
is highly dependent on the direction of current flow-
ing through the device. Thus the memristor offers many
advantages including non-volatility, low power consump-
tion, a small size, fast speed, high volume density, and
compatibility with conventional complementary metal-oxide
semiconductor technology [1], [2]. Owing to its unique
properties, the memristor can be incorporated in various
applications including non-volatile memory, neuromorphic

systems, programmable logic, and analog and microwave
circuits [3]–[8]. Because of that, a lot of studies in mem-
ristor fabrication and simulation have been carried out to
ensure successful integration in those applications [9]–[21].
Studies on memristor modeling have been performed

to predict the memristor electrical properties for enabling
successful implementation in various applications. The
developed model should be able to incorporate non-
linearities and hysteretic behaviors of the memristor
while also be tunable to fit with different types of
memristor technologies [22]–[24]. Moreover, the model
must have a closed form and high simulation speed
and be precise, computationally efficient, and sufficiently
accurate [23], [24].
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Among the reported Simulation Program with Integrated
Circuit Emphasis (SPICE) models that have been devel-
oped are the linear model, non-linear ionic drift model,
tunneling-barrier model, and hyperbolic-sine-function-based
memristor model [24]–[33]. Although several models are
available to simulate the memristor electrical character-
istic, only a few were developed based on the experi-
mental data [29], [31], [34]. In [29], the SPICE model of
a TiO2 memristive device was modeled considering the
effect of the tunnel barrier width in the metal–insulator–
metal (MIM) structure. Unlike Abdalla and Pickett [29]
and Chang et al. [31] offered a hyperbolic sine function
model for tungsten oxide (WO3)-based technology while
Pino et al. [34] created a compact and simpler model
for a memristor based on ion conductor chalcogenide.
Amirsoleimani et al. [35] on the other hand, proposed a new
physic based SPICE model that incorporates the charge trans-
port mechanism in combination with tunneling and ohmic
current conductions for Ag/TiO2/ITO memristor. Regardless
of their capability to mimic the characteristics of memris-
tors, the extent to which the above models fit with other
memristor technologies is not yet understood. Furthermore,
the influence of the model parameters to the memristor char-
acteristics and their relationship to fabrication condition is
not discussed in detail.
This study was therefore performed to correlate the

existing hyperbolic sine function memristor SPICE mod-
els with our experimental data. In this study, the models
were initially correlated to sol-gel-derived spin-coated TiO2
thin film annealed at various temperatures. The character-
ization data were obtained from [36]. The fitting process
and the parameters analysis were conducted using Linear
Technology Simulation Program with Integrated Circuit
Emphasis (LTspice), a high performance SPICE simulator.
The models with the least root means square (RMS) errors
were chosen and combined for improvement. The influence
of the proposed model parameters to the memristive charac-
teristics and their relationship to fabrication conditions were
then studied.

II. METHODOLOGY
A. DEVICE FABRICATION
The memristive device structure consisted of TiO2 thin film
sandwiched between platinum (Pt) electrode and indium-
doped tin oxide (ITO) coated glass substrate (Pt/TiO2/ITO
glass), as shown in Fig. 1a. Two different mixtures were pre-
pared using titanium (IV) isopropoxide (Ti[OCH(CH3)2]4),
glacial acetic acid (CH3COOH), Triton X-100 (C34H62O11),
absolute ethanol (C2H5OH) and deionized water, which acted
as the precursor, stabilizer, surfactant, and solvent, respec-
tively to form the TiO2 solution. Both mixtures were mixed
together and stirred for 2 h to enable a complete chemical
reaction. The TiO2 solution was then spin-coated onto ITO
glass substrate followed by deposition of Pt as a top electrode
to form the memristive device. Prior to metal-contact depo-
sition, the TiO2 thin films were subjected to an annealing

process for 20 min to enhance the films crystallinity. The
varied parameter was the annealing temperature for each thin
film, in which the annealing temperature was varied from
250◦C to 450◦C. The detailed fabrication method and results
are reported in [36].

B. DEVICE CHARACTERIZATION
The current–voltage (I-V) characterization was performed
by a two-point probe measurement method using a Keithley
4200 semiconductor characteristic system. The bias voltage
was swept from 0 V to 5 V, followed by 5 V to −5 V, and
returned to 0 V while simultaneously measuring the current.
The applied voltages were applied to the top electrodes (Pt),
while bottom electrode (ITO substrate) acted as the ground
plane.
Fig. 1b shows the I-V characteristic of our spin-coated sol-

gel-derived TiO2 memristive thin film annealed at 250 ◦C
for 20 min. The film thickness measured by surface profiler
is 34.6 nm. As evident in the figure, the thin film exhibits
resistive switching with an asymmetrical I-V characteristic.
The curve obtained is pinched and crossed at the origin,
which is the signature of a memristive device. From the I-
V characteristic, the RON (ON state (low) resistance) and
ROFF (OFF state (high) resistance) were calculated as 51
and 137 � respectively at 4.11 V read voltage.
The dependency of memristive behavior on annealing

temperature was also studied by performing the I-V char-
acterization process on both TiO2 thin films annealed at
350◦C and 450◦C respectively. The I-V characteristics for
the annealed thin films are shown in Fig. 1c. As shown in
the figure, the increase in the annealing temperatures results
in the shrinkage of the switching loop area. It is believed
that the degradation of the switching behavior was due to
the improvement in film crystallization, as suggested by [3].
The crystallized film will form a larger grain size and cause
oxygen vacancies to segregate to grain boundaries [31], [37].
Because oxygen vacancies transfer faster within the grain
boundaries, the I-V characteristic with ohmic like behav-
ior will be achieved as the temperature increases [31], [37].
Furthermore, annealed at a very high temperature will lower
the Schottky barrier height, thereby enabling the electron
transfer between the metal and oxide layers [38]. This will
lead to the reduction in the switching loop area.
The surface morphology of annealed TiO2 memristive thin

film is shown in Fig. 2 (a-c). The field emission scanning
electron microscopy images indicate that the samples exhibit
a porous structure with non-uniform distribution of TiO2
particles when annealing temperature increases from 250◦C
to 350◦C. Annealed the film at 450◦C however, resulted in
a dense film morphology. The experimental results such as
the resistance ratio and film thickness are subsequently used
in the SPICE models.

C. DEVICE SIMULATION
In order to determine the best fitted SPICE model, the sim-
ulated I-V characteristic from the hyperbolic-sine function
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FIGURE 1. (a) Device configuration of Pt/TiO2/ITO glass substrate MIM
structure and the measurement setup for IV characterization. (b) I-V
characteristic of sol-gel-derived spin-coated TiO2 thin film annealed at
250◦C for 20 min [32]. The pinched hysteresis loop indicates the
memristive device behavior. (Insets: Applied DC input voltage (upper). I-V
characteristics in logarithmic scale (bottom)). (c) Experimental data for
TiO2 thin films annealed at 250, 350 and 450◦C for 20 min in linear and
logarithmic (inset) scales.

based model were matched to the data obtained from [36].
The simulation process was performed using the 5 V sinu-
soidal input voltages. The matching parameters for each
model were determined and the Root Means Square (RMS)
errors were calculated by using,
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FIGURE 2. Surface morphology of the deposited and annealed TiO2 thin
film at (a) 250◦C, (b) 350◦C and (c) 450◦C for 20 min.

where v̄r and īr are mean values of experimental data for
voltage and current, vs and is are the extracted voltage and
current from the model simulation data, respectively [35].
The models with the lowest RMS error were then simulated
with direct current (DC) sweep input to study the memristive
performance using other input voltage. They are then com-
bined together to further improved the SPICE model. The
modified model was also correlated to other annealed thin
films I-V characteristic to study the influence of proposed
model parameters to the memristor characteristics and their
relationship to fabrication conditions.

III. OVERVIEW OF HYPERBOLIC-SINE FUNCTION SPICE
MEMRISTOR MODELS
Several SPICE models have been developed by employ-
ing the hyperbolic sinusoidal function to approximate the
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electron tunneling through a thin MIM configuration and
describe the non-linear dynamic of the memristor device.
This model was obtained by considering the Schottky bar-
rier at the interface of top electrode contact and TiO2 and
the ohmic contact at the interface of bottom electrode and
TiO2−x [39]. Applying a positive voltage resulted in the
drifting of oxygen vacancies towards bottom electrode and
subsequently narrowed the Schottky barrier and thus caus-
ing the tunneling current to dominate. This will therefore
turn the device ON. Whereas, a negative voltage application
repelled away the oxygen vacancies from the top electrode,
hence, increases the Schottky barrier height and switched
the device OFF.
Some of these models are Laiho et al. [30],

Chang et al. [31], Eshragian et al. [32], and
Yakopcic et al. [33] models. Laiho et al. [30] repre-
sents both I-V relationship and state variable function using
the hyperbolic sinusoidal function, which are given by the
following equations

I (t) =
{

a1w(t) sinh(b1V(t)), V (t) ≥ 0
a2w(t) sinh(b2V(t)), V (t) < 0

(2)

dw

dt
=

{

c1w(t) sinh(d1V(t)), V (t) ≥ 0
c2w(t) sinh(d2V(t)), V (t) < 0

(3)

where a1, a2, b1 and b2 are used to adjust the I-V response,
while c1, c2, d1 and d2 are used to shape the threshold and
intensity of the state. Biolek’s window function (F(w(t)) was
later added by [42] to the state variable function to set the
device boundary (0 ≤ w(t) ≤ 1).

dw

dt
=

{

c1w(t) sinh(d1V(t))F (w (t)) , V (t) ≥ 0
c2w(t) sinh(d2V(t))F (w (t)) , V (t) < 0

(4)

As the rate of change of the state variable is highly depen-
dent on the drift of oxygen vacancies within the active region
of the memristor, thus the sinh-shaped function was used to
assume the non-linearity dependency on the applied voltage.
This consequently leads to the yield of a programming device
threshold [32]. Although Laiho’s model offers simplicity, it
cannot predict the device physic perfectly [40].
An alternative model that likewise generalizes the hyper-

bolic sinusoidal function was developed by Chang et al [31].
The I-V relationship and state variable function are described
by the following equations:

I (t) = (1 − w (t)) α
⌊

1 − eβV(t)
⌋

+ w (t) γ sinh (δV (t)) (5)

dw

dt
= λ [η1 sinh (η2V (t))] (6)

It is apparent that, the I-V relationship is the combination
of the Schottky barrier effect between the tungsten oxide
layer and bottom electrode and the tunneling effect through
the MIM junction. Based on equation (5) the Schottky con-
duction becomes dominant if the state variable, w(t) is zero
and vice versa when w(t) is 1. The state variable function,
on the other hand, is similar to (3), in which η1, η2 and
λ are the fitting parameters used to shape the dynamics of

the state variable equation [41]. The state variable function
is then modified by adding an ion diffusion term to (6) to
account for the natural oxygen vacancy (Vox) diffusion [41].
The new equation is defined as:

dw

dt
= λ

[

η1 sinh (η2V (t)) − w (t)

τ

]

(7)

where τ is a time constant on the order of a few seconds.
As Chang et al. also used sinh-shaped function to model

the non-linearity behavior within memristor. Compared with
the existing models, the state variable, w was now described
by the cross section area of the conductive region developed
due to the drift of oxygen vacancies. Thus, the formation
of new conductive region does not affected by the existing
conductive region. Because of this, the rate of change of
the state variable is highly dependent only on the applied
voltage [31].
Compared to previous SPICE models, Eshragian’s

model [32] provides a detailed study on the memristor
conduction mechanism. Furthermore, it addresses the pro-
gramming threshold issue, memristive operation regime
limits and convergence and overflow problems. In this model,
the state variable derivative is linearly related to the tunnel-
ing phenomenon. It is developed by describing the nonlinear
dynamics of the memristor device using the following form:

dw

dt
= v · g (V, ρ(w), ϕ0) (8)

where v is a constant value to identify the ON and OFF
switching speed in a normalized distance (w ∈ (0,1)) based
on experimental result, and the g(V, ρ(w) ϕ0) function is used
in the symmetric or asymmetric curve for both negative and
positive voltages. In addition, ρ(w) is a shape factor function
and ϕ0 is the equilibrium (V ≡ 0) barrier height in eV. The
g(V, ρ(w), ϕ0) and ρ(w) functions are given by,

g (V, ρ(w), ϕ0) =
(

1 − V

2ϕ0

)

e

(

ρ(w)ϕ0

(

1−
√

1− V
2ϕ0

))

−
(

1 + V

2ϕ0

)

e

(

ρ(w)ϕ0

(

1−
√

1+ V
2ϕ0

))

(9)

ρ (w) = δ + η
(

1 − (2w− 1)2p
)

(10)

where δ is an offset (positive) constant, η is a positive coef-
ficient to control the ρ(w) nonlinearity and 1 − (2w − 1)2p

is a normalized nonlinear function that describes the nonlin-
ear conditions at the boundaries. By tuning the shape factor
resulted in the programmed of several thresholds [32]
The current–voltage relationship on the other hand

employs the model introduced by Yang et al. [42] and is
represented by

iM = a1 sinh (b1VM) + a2

(

e(b2VM) − 1
)

(11)

where a1 and b1 are fitting parameters for characterizing
the ON state and are based on electron tunneling through
a barrier. Additionally, a2 and b2 are used as fitting param-
eters to characterize the net electronic barrier for the OFF
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state. These fitting parameters are constant values, dimen-
sionless and depended on physical properties of the material
of memristor [42], [43]. As suggested by [43], the model
equation in (11) can be compared to the following theoretical
expression,

I = 2nqve

(

− φB
k0T

)

sinh

(
aq

k0Td
V

)

+ SA∗T2e

(

− φB
k0T

) (

e

(
qV
k0T

)

− 1

)

(12)

where, n is electrons, q is electronic charge (1.6×10−19 C),
v is the probability of electron transition without the barrier,
B is barrier height, k0 is Boltzmann constant, T is tem-
perature, d is thickness of oxide layer, S is the area of the
electrode and A∗ is the effective Richardson constant.
As Eshragian et al’s model [32], Yakopcic et al’s

model [33] also described his device model by three main
characteristics which are electron tunneling, non-linear ion
drift and voltage threshold. Yakopcic et al’s I-V relationship
is expressed by the approximation of electron tunneling using
the hyperbolic sine function, as previously proposed in [30].
The state variable changes, on the other hand depend on the
product of two functions, g(V(t)) and f (w(t)) as in (13). The
function g(V(t)) is responsible for the effect of threshold
voltage in the memristive device, while f (w(t)) is used to
model the nonlinear ion drift. Accordingly, these are given
by the following expressions:

dw

dt
= η (gV (t)) (fw (t)) (13)

g (V (t)) =
⎧

⎨

⎩

Ap
(

eV(t) − eVp
)

, V (t) > Vp
−An

(

e−V(t) − eVn
)

, V (t) < −Vn
0, −Vn ≤ V (t) ≤ Vp

(14)

f (w) =
{

e−αp(w−wp)mp
(

w,wp
)

, w ≥ wp
1, w < wp

(15)

f (w) =
{

eαn(w+wn−1)mn (w,wn) , w ≥ 1 − wn
1, w < 1 − wn

(16)

where Ap and An are the parameters that are used to control
the ion motion speed, and Vp and Vn represent the threshold
voltages. In addition, αp, αn, xp and xn are the parameters
that determine where the state variable motion is no longer
linear and the degree to which the state variable motion
is dampened. Moreover, mp(w, wp) and mn(w, wn) are the
window function, which can be described by

mp
(

w,wp
) = wp − w

1 − wp
+ 1 (17)

mn (w,wn) = w

1 − wn
. (18)

IV. SIMULATION OF HYPERBOLIC-BASED MEMRISTOR
MODEL
A. SIMULATION OF LAIHO, CHANG, ESHRAGIAN AND
YAKOPCIC SPICE MODELS
As previously defined, both Laiho et al. [30] and
Yakopcic et al. [33] suggested that the device conductivity

FIGURE 3. Simulation results when modeling the sol-gel derived spin
coated TiO2 thin film annealed at 250◦C for 20 min:
using (a) Laiho (b) Yakopcic (c) Eshragian (d) Chang SPICE models for
a sinusoidal input of 5 V.

depends on the change of resistance provided by the state
variable w(t). As shown in Fig. 3a, using the Laiho SPICE
model results in the highest RMS error. This is due to the
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TABLE 1. The Relative Root Mean Square Errors of Various SPICE Models With the Experimental Data.

use of basic generic equation of sinh function in equation (2)
and (3) which is incapable to reflect the actual devices
behavior [44]. Improving the state variable function by incor-
porating the threshold voltage effects (13) leads to a better
fitted I-V characteristic as achieved by Yakopcic et al.
(Fig. 3b).
Chang et al. [31] and Eshragian et al. [32] on the other

hand proposed that the I-V relationship in memristive devices
is basically due to the combination of Schottky and tun-
neling effects at the MIM junction. Although Eshragian’s
model offers improvement in current overflow and con-
vergence problems, it is unable to correlate well with the
experimental data. Using a1 = 5.7×10−2, a2 = 0.5, b1
= 0.25, b2 = 5×10−4, p = 1, foff = 2, fon = 0.02, sfo
= 0.2, sfm = 0.05, wmin = 0.01, wmax = 0.95, p0 =
1.3, n = 0.05, and winit = 0.05 results in an asymmet-
rical I-V characteristic (Fig. 3c). Compared to the other
hyperbolic function models discussed herein, Chang et al.
gives an I-V curve that is best fitted to the experimental
data (Fig. 3d). This presumably on account of the inclu-
sion of the ion diffusion term, w(t)

τ
, in its their state variable

derivative function. The root means square error is calculated
as 0.13.
All of the above showed our attempts to correlate an

asymmetrical I-V characteristic of a memristor based on
TiO2 thin film with hyperbolic-based SPICE models. Table 1
summarizes the fitting parameters and relative RMS errors
of the models with the experimental data. As summarized
in Table 1, both Chang and Yakopcic models resulted in
the smallest RMS errors. Because of that, both models were
further simulated at different frequencies and using a DC
input voltage for models validation.

Fig. 4(a) and (b) display the sinusoidal V(t) and I(t) plots
(upper inset), memristances (bottom inset) and I-V charac-
teristics simulated using both Chang and Yakopcic models
at various frequencies. As apparent in the inset graphs the
non-linear conducting behavior is clearly seen in both mod-
els’ I(t) characteristics. The memristances were calculated as
115 and 145 � respectively. It also observed that simulating
Chang and Yakopcic models at 1 and 100 Hz resulted in
the decrease of hysteresis loop area leading to the behavior
of linear resistor. Since one of memristor’s attributes is the
shrink of the hysteresis loop area at higher frequencies [44],
thus both Chang and Yakopcic SPICE models can be used
to model memristor.
Fig. 5 shows the simulation results when simulating

the Chang and Yakopcic models to DC input voltage.
As apparent in Fig. 5a and b, both models cannot prop-
erly match the device experimental data. The hysteresis loop
for Chang model seems to disappear with the applied of
negative voltages while a bigger loop was obtained using
Yakopcic model.

B. SIMULATION OF CHANG AND YAKOPCIC
COMBINATION MODEL
Since Chang and Yakopcic models show the best fit-
ted I-V behavior as compared to experimental data, both
models were combined together to further improve the
performance of the SPICE model. In this combination,
Chang’s current–voltage relationship (equation (5)) is incor-
porated into Yakopcic’s state variable model (equation
(13)). As previously reported, in TiO2 metal-insulator-metal
configuration, the conduction mechanism that could be pos-
sibly occurred are the Schottky emission and tunneling
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FIGURE 4. Simulation results when modeling the device using (a) Chang
and (b) Yakopcic SPICE models at different frequencies. The upper and
bottom insets in (a) and (b) show the current and voltage sinusoidal input
at frequency = 1 Hz and the memristance values.

current [35], [43], [45]–[48]. In Section III, it has been men-
tioned that the occurrence of Schottky behavior is apparently
due to the formation of Schottky barrier between TiO2 and
ITO layers. Under biased condition however, the conduc-
tion mechanism is dominated by tunneling current. This
is because of the drift of oxygen vacancies will narrow
the Schottky barrier height and subsequently increase the
current [43]. Because of the similarity between our device
structure and Chang’s MIM configuration, the equation (5)
was chosen to describe the current transport mechanism.
The Yakopcic’s state variable model on the other hand

was used in this proposed model due to the inclusion of
built in threshold in the model that will enable the new
improved model to include the effect of non-linear kinetics
in resistive switches [40]. Eventhough the dynamic behavior
of charge transport is not accurately presented in [33], no
changes were made in our proposed model. This issue will
be addressed in detail in our future study.
The model was simulated using both sinusoidal and DC

sweep inputs. The simulation results were demonstrated in
Fig. 6 and 7 respectively. It can be seen in Fig. 6a and 7a that
the model exhibits a good agreement with the results from
the experimental data. The RMS error was calculated to be

FIGURE 5. Simulation results when modeling the device with DC sweep
input: The plots show the I-V characteristics simulated using (a) Chang
and (b) Yakopcic SPICE models. The inset in (a) and (b) show the DC input
current and voltage waveforms. In this simulation the fitting parameters
for Chang and Yakopcic models are: α = 3.235, β = 6.525×10−3,
γ = 2.45×10−1, δ = 3.25×10−2, xmax = 0.95, xmin = 0.05, drift_bit = 275,
λ = 0.275, η1 = 10.5×10−6, η2 = 4, τ = 1 and a1 = 0.395, a2 = 0.405,
b = 0.05, Vp = 4.45, Vn = 4.1, Ap = 45.5, An = 5.55, xp = 0.0124,
xn = 5×10−6, αp = 3.55, αn = 14.85, xo = 0.95, and η = −1 respectively.

0.05. As apparent in the both figures, the proposed model
could compensate the problems causing by the individual
model and subsequently produce a well fitted memristive
behavior. To further verify the validity and the quality of the
SPICE model, the I-V characteristics were plotted in semi-
log scale graph as shown in Fig. 6b and 7b. It is observed
that the reset and set transitions start near 4.32 and −5 V
respectively for both simulation and experimental values.
Therefore, it is suggested that the reset and set processes
are accurately captured by the proposed model.
The memristance values were calculated to be 133 �

and 125 � when simulated with sinusoidal and DC sweep
inputs respectively. The model also showed a shrinking
of the hysteresis loop at higher frequencies as seen in
Fig. 8. The I-V curve tends to diminish as the frequency
increases to 100 Hz. Because of the proposed model
achieved the smallest RMS errors, this model was chosen
for comparison to other experimental data to relate the fit-
ting parameters in the equations to the process parameter
variations.
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FIGURE 6. Proposed SPICE model simulation in comparison with
fabricated Pt/TiO2/ITO memristor plotted in (a) linear and (b) semi-log
scales. The plot shows the simulation result of proposed model when
simulating with the following parameters: α = 0.533, β = 0.0443,
γ = 0.9051, δ = 0.0132, Vp = 4.25, Vn = 0.1055, Ap = 1.296, An = 0.5155,
xp = 0.4753, xn = 0.2255, αp = 0.2255, αn = 7.275, xo = 0.195, and
η = 2.05 respectively. The upper and bottom inserts display the sinusoidal
voltage input, the memristor current and the memristance values versus
time respectively.

V. MODEL PARAMETERS ANALYSIS
The proposed simulation model was then compared to the
I-V characteristic of three TiO2 thin film samples annealed
at 250◦C, 350◦C, and 450◦C for 20 min, respectively, to
further evaluate the relationship between the model param-
eters and fabrication process conditions. Fig. 9 shows the
simulation results when modeling the annealed thin films
using the proposed model while Table 2 summarizes the
fitting parameters for the films. The simulation was car-
ried out with DC sweep input. As summarized in the table,
the parameters that describe the current–voltage relation-
ship (α, β, γ and δ) and state variable (Ap, An, xp, αn
and x0) of memristive device play a significant role in the
determination of a well-fitted behavior. It is evident that,
the increases in annealing temperature lead to the reduction
in the model parameters and subsequently lead to smaller
hysteresis loop. Thus, the effect of the parameter models
on the memristor characteristic is analyzed. The analysis
was divided into the current–voltage relationship and state

FIGURE 7. Simulation results when modeling the device using proposed
model with DC sweep input plotted in (a) linear and (b) semi-log scales:
The plots display the comparison between the model and experimental
data. The upper and bottom insets are the DC input voltage and output
current waveforms and memristance values versus time. In this simulation
the I-V curve demonstrate a close match to the experimental data. The
fitting parameters for the proposed model are: α = 0.4075, β = 0.0515,
γ = 0.4475, δ = 0.0128, Vp = 4.25, Vn = 2.075, Ap = 0.3775, An = 0.3928,
xp = 0.730, xn = 0.019, αp = 1.55, αn = 4.9155, xo = 0.0013, and
η = 0.75 respectively.

FIGURE 8. Memristive device behavior simulated using proposed SPICE
model with 5 V sinusoidal input voltages at 1 and 100 Hz frequency.

variable parameter effects. The parameters were varied by
multiplying and dividing the fitting parameters for TiO2 thin
film annealed at 250◦C by either two or four to evaluate
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FIGURE 9. Simulation results when modeling the TiO2 thin film using
Chang’s SPICE model for a sinusoidal input of 5 V and annealed
at (a) 250◦C, (b) 350◦C, and (c) 450◦C.

the change in the I-V curve shape. While the parameter
under test was varied, the other parameters will remain the
same [39], [49]. The RON and ROFF under a voltage of
4.11 V are then computed.

A. THE CONDUCTION PARAMETER EFFECTS
The graphs shown in Figs. 10 a and b indicate that the
variations in the values of α and β have a significant impact
on the area of the hysteresis loop and the maximum positive
and negative currents. From the I-V characteristics we can
see that as the values of α and β increase, the hysteresis loop

TABLE 2. Fitting Parameters of Proposed SPICE Model for TiO2 Thin Film

Annealed at 250◦C, 350◦C and 450◦C.

becomes larger. In contrast, shrinking of the loop is observed
when α and β decrease to 0.2038 and 0.0258, respectively.
The maximum positive and negative currents were measured
to be 0.165 and −0.199 A respectively when α is multiplied
by two. While the currents are 0.147 and −0.227 A with the
increases of β. The changes in the current will then cause
the changes in the memristor resistance. Table 3 summarized
the RON , ROFF and ROFF/RON ratio for α and β values
multiplied and divided by two. It is apparent from this table
that high resistance ratio can be achieved using high value
of α and β.
As described in Section III, the current–voltage relation-

ship in Chang’s SPICE model is accounted for both Schottky
and tunneling conduction mechanisms. Assuming that the
charge transport during the OFF state is due to thermionic
emission current, the Schottky mechanism is thus given as
follows [49]–[51]

I = SA∗T2 exp

(

−qφB
kT

)

exp
( q

nkT

)
[

1 − exp

(

−qV

kT

)]

(19)

Comparing the first term in equation (5) with equa-
tion (19), the parameters α and β can hence be regarded
as SA∗T2 exp(− qφB

kT ) exp(
q
nkT ) and − q

kT respectively.
From the equation (19), both α and β are influenced by

the change of temperature, T. If the doping concentration in
TiO2 layer is low and voltage is constant, the drift mobil-
ity is affected by the lattice scattering due to the thermal
vibration of atoms. The increases in temperature will result
in higher lattice scattering and subsequently decrease the
drift mobility [43], [52]. As the drift mobility decreases, the
resistivity increases resulting in small current. Since β is
inversely related to temperature, thus the increases in tem-
perature will reduce the value of β and causes the reduction
in current. The value of α on the other hand increases with
the increase of temperature because of its linear relationship
to T2.
However, if the temperature is a constant value, the param-

eter α is therefore determined by the electrode area, S, barrier
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FIGURE 10. I-V characteristic of TiO2 thin film annealed at 250◦C for
20 min simulated using variations of α and β values: where (a) α = 0.2038
and 0.815 (b) β = 0.02575 and 0.103. In this simulation γ = 0.4475,
δ = 0.0128, Vp = 4.25, Vn = 2.075, Ap = 0.3775, An = 0.3928, xp = 0.730,
xn = 0.019, αp = 1.55, αn = 4.916 and x0 = 0.0013.

height, φB and ideality factor, n. The increases in the elec-
trode area, S will result in the increases of α and subsequently
the thermionic current. This is because of proportionally
related between α and electrode area. Unlike electrode area,
α is exponentially proportional to the barrier height, φB.

Theoretically, φB is a potential energy that will determine
the rectifying behavior between metal and semiconductor
junction. As a result, controlling the magnitude of this barrier
is of vital importance in the determination of device electrical
characteristics to ensure successful implementation of semi-
conductor device in various applications. Modification of φB
can be achieved by finding the suitable metal or compound
that produces the desired barrier height [53]–[56]. Since, bar-
rier height is a structural dependence parameter, modifying
the interface structure of the metal-semiconductor interface
could possibly tune the magnitude of φB [56]. This can be
achieved by inserting of organic molecular dipoles, insulating
materials or monolayers of inorganic atoms, impurities or
defects at the metal-semiconductor interface [57]. It is also
reported that surface [58] and thermal [50], [59]–[61] treat-
ments on the semiconductor led to the changes in the barrier
height. The findings of the current studies are consistent

FIGURE 11. I-V characteristic of TiO2 thin film annealed at 250◦C for
20 min simulated using variations of γ and δ values: where (a) γ = 0.22375
and 0.895 (b) δ = 0.006375 and 0.0255. In this simulation α = 0.4075,
β = 0.0515, Vp = 4.25, Vn = 2.075, Ap = 0.3775, An = 0.3928, xp = 0.730,
xn = 0.019, αp = 1.55, αn = 4.916 and x0 = 0.0013.

with those of other studies which showed that by subject-
ing the semiconductor interface to annealing process will
subsequently modify the barrier height [50], [59]–[61]. An
increase of α could then be achieved by lowering the barrier
height resulting in the increases of current. When comparing
the two plots in Figs 10a and 10b, the decreases in the
Schottky barrier height prove the suggestion made by [33],
in which the lowering of barrier height causes the electron
movement in the MIM structure and therefore contributes to
the change of the I-V curve.
The ideality factor, n on the hand is used to examine

the transport mechanism within the device [62]. The occur-
rence of pure thermionic emission can be detected if n = 1.
However, other transport mechanisms may be present if n is
larger than unity [50]. The ideality factor can be determined
from the slope of the linear region of the forward bias ln
(J)-V using

n = q

kT

(
dV

d (ln J)

)

(20)

where J is the current density. As α is an exponentially
dependence on the reciprocal of n, higher value of n
consequently lead to the decrease of α and current.
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TABLE 3. RON and ROFF With α and β Multiplied and Divided by Two.

FIGURE 12. I-V characteristic of TiO2 thin film annealed at 250◦C for 20 min simulated using variations of I-V characteristic of TiO2 thin film annealed at
250◦C for 20 min simulated using variations of (a) Vp and Vn (b) Ap (c) An (d) αn and (e) xp.

Unlike α and β, the increasing and decreasing of γ and
δ only cause the minimum positive current to change. This
will subsequently leads to the modification of hysteresis loop

area. The graphs in Figs. 11 a and b show that the shrinkage
of hysteresis loop was obtained when γ and δ was multi-
plied by two. The loop however becomes larger when both
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TABLE 4. RON and ROFF With γ and δ Multiplied and Divided by Two.

values decrease. As indicated in equation (5), γ and δ are
related to the tunneling mechanism when memristor is in
ON state.
By comparing the equation (5) with equation (12), the

parameters γ and δ are thus given by 2nqv exp(− φB
k0T

) and
aq
k0Td

respectively. If the barrier height is remain unchanged,
the parameter γ will therefore influenced by the probability
of electron transition without the barrier, v [43]. High value
of v will result in the increase of the minimum positive
current from 0.0358 A to 0.0548 A. This is due to the rise
of the number of electron penetration through the barrier.
As a result the OFF state resistance is minimized and an

ohmic like behavior will be achieved. Table 4 summarized
the ON and OFF state resistances and ROFF/RON ratio for γ

and δ values multiplied and divided by two. From the data in
Table 4 it is clearly seen that there is significant decrease
of ROFF value with the increase of γ .

In contrast to γ , δ value is influenced by the change of
parameter a and the thickness of the device, d. Since, δ is
inversely related to d, using thinner device will lead to the
increases of δ and subsequently the memristance. As the

parameter a is proportionally related to
√

1
ND

, the changes
in the concentration of oxygen vacancies, ND will lead
to the modification of the hysteresis loop [43]. Therefore,
the increase of oxygen vacancy concentration in memristive
device resulted in the decrease of a and δ values. However,
a larger area of hysteresis loop can still be achieved due to
the increases of ND.

From the above discussion, it can be concluded that the
tunneling (γ and δ) and Schottky (α and β) current con-
ductions are highly dependent on the parameters given in
equation (12) and (19) respectively. These parameters can
be categorized into two types: constant and physical parame-
ters. The constants for example Boltzman constant, electron
charge and others are the values which are independent to
device structure. The physical parameters (e.g., top electrode
area, thickness of the oxide layer, concentration of oxygen
vacancies, etc) are the variables acquired from the proper-
ties of memristor. The initial predictive value of α, β, γ

and δ can therefore be obtained by substituting the constant
and physical parameters into the equation (12) and (19).
The proposed model I-V characteristic will then compare
to the experimental data and optimized for the best fit-
ted plot. The root mean square errors will be consequently
calculated.

B. THE STATE VARIABLE PARAMETER EFFECTS
The graphs in Figs. 12 a-e show the effects of state variable
parameters variation on the I-V characteristic. The changes
in positive threshold voltage become more pronounced with
the changes in Vp and Vn. When observing the two plots
in Figs. 12 b and e, the variations in Ap and xp cause no
changes in the I-V curve shape. Increasing and decreasing the
values of An and αn on the other hand cause the maximum
negative current to vary. It is clearly seen that there were
no significant modification of hysteresis loop was observed.
This is because of the modeled state variable does not fully
account for the physical charge transport mechanisms in
memristor.

VI. CONCLUSION
The present correlation study was performed to identify the
memristor SPICE models that are well fitted to the exper-
imental data. The simulated models were hyperbolic-sine
function based models. The models were correlated with I-V
characteristics of sol-gel derived TiO2 thin film annealed at
250◦C for 20 min. From the correlation study, the mod-
els with the lowest root mean square errors were further
simulated at different frequencies and using a DC input volt-
age for models validation. As Chang and Yakopcic models
could produce a shrink of hysteresis loop area at higher
frequencies and resulted in the lowest RMS errors when
simulated using DC input voltage, they were then com-
bined together and compared with TiO2 thin films annealed
at 350◦C and 450◦C to study the relationship between
the model parameters and fabrication process conditions.
Based on the fitting parameters, it was determined that
the values of Schottky and tunneling parameters affected
the conduction mechanism in the annealed TiO2 thin film.
The state variable parameters, on the other hand showed
a strong relation to the device threshold voltage. The knowl-
edge gained from the fabrication process condition and
model parameter relationship enables us to predict the
performance of memristive devices in various applications
and subsequently allows a desired memristive behavior to be
fabricated. Although the proposed combined model could
accurately fit with our experimental data, how well the
model account for the charge transport mechanism in TiO2
memristive devices is questionable and hence require further
investigation.
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