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ABSTRACT This paper presents a unified continuous and discrete model covering all device operating
regions of double-gate MOSFETs for the first time. With a specific variable transformation method, the
1-D Poisson’s equation in the Cartesian coordinate for double-gate MOSFETs is transformed into the
corresponding form in the cylindrical coordinate. Such a transformed cylindrical Poisson’s equation results
in a simple algebraic equation, which correlates the (inversion-charge induced) surface potential to the
field and allows the long-channel drain-current formula to be derived from the Pao–Sah integral. This
model can be readily applied to predict the effects of both continuous and discrete doping variations. The
short-channel-effect model is also developed by solving the 2-D Poisson’s equation using the eigenfunction-
expansion method. The accuracy of both long-channel and short-channel models is confirmed by the
numerical calculations and TCAD simulations.

INDEX TERMS Double-gate MOSFET/FinFET, surface-field based model, discrete dopant variations.

I. INTRODUCTION
Double-gate MOSFET has been adopted in the past as the
mainstream structure of logic devices to replace the con-
ventional planar MOSFETs to achieve improved control of
the short-channel effects [1]–[5]. For more than a decade,
double-gate MOSFET modeling had remained a particu-
larly active research area and various types of double-gate
MOSFET models were already reported [6]–[30]. Several
groups developed compact models for undoped double-
gate MOSFETs by solving the 1-D Poisson’s equation
which contains only the mobile-charge term [6]–[14]. Some
approaches such as PSP-Based [6] and EKV [7] FinFET
models were constructed using the charge-sheet approxima-
tion, which may cause significant errors in the intermediate
region, thus incapable of accurately describing the full device
behavior. Moreover, a simple linear relation between the
inversion charges and the surface potential is employed
in [6], which may prevent the model from a consistent

solution for all regions of device operation. Many double-
gate MOSFET models are based on the rigorous solution
of undoped Poisson’s equation and are often referred to as
the potential-based [8]–[10] or the charge-based [11], [12]
models. However, the device channel is often doped
and no analytical solution was reported for the doped
Poisson’s equation. Various types of approximation are
therefore needed to describe the nonlinear interaction
between the mobile and the depletion charges [14]–[21].
Typical treatments include the superposition or perturba-
tion method [14], [15], and an iterative approximation [16].
These methods can provide high accuracy only when the
nonlinear interaction mentioned above is weak. Some other
models adopt physical intuition based approximations such
as the fully depletion [17], [18] or the moderate inversion
approximations [19], which may result in a low accu-
racy in the uncovered regions. Considering the discrete
nature of the practical doping profiles and the compatibility
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with the conventional models, a unified model covering
both continuous and discrete doping profiles is highly
desirable.
Recently, a surface-field-based drain current model has

been proposed for nanowire MOSFETs with continuous [31]
and discrete doping profiles [32]. By introducing a vari-
able transformation method, the doping related effects were
lumped into the mobile-charge term. Without solving the
explicit potential distribution, an algebraic relation between
the surface potential and the field was derived to calcu-
late the drain current using the Pao-Sah integral. The first
challenge to extend this method to double-gate MOSFET
modeling is that the specific variable transformation for
Poisson’s equation in the cylindrical coordinate does not
work for the Cartesian system, which is needed for describ-
ing the double-gate MOSFETs. Naturally, our double-gate
MOSFET modeling approach is to transform Poisson’s
equation in the Cartesian coordinate into the correspond-
ing form in the cylindrical system [33]. After that, the
variable transformation method applicable to the cylindri-
cal Poisson’s equation [31], [32], [34] can be employed,
although the boundary conditions must be modified accord-
ingly. Secondly, how to estimate the central potential used
to be the bottleneck when solving the potential solution of
doped double-gate MOSFETs and various types of approx-
imations were required. Although an algebraic equation
can be derived to correlate the surface potential to field
of a double-gate MOSFET [31]–[34], this difficulty still
remains and a full-regime approximation must be searched.
In our model development, an accurate formula for all device
operating regions will be derived by constructing a smooth-
ing function to correlate the central potential to the surface
field. By overcoming the above challenges for both contin-
uous and discrete doping profiles, we extend our previous
work and develop a unified double-gate MOSFET model
capable of predicting the effect of both continuous and
discrete dopant variations.
Moreover, the short-channel effect is studied by apply-

ing the eigenfunction-expansion method to solve the 2-D
Poisson’s equation for devices with continuous and dis-
crete doping distributions. Key device parameters such as
the threshold voltage, threshold voltage roll-off and sub-
threshold current are calculated from the short-channel model
and compared with TCAD simulations results. An excellent
agreement between them is found.

II. SURFACE-FIELD-BASED CORE MODEL DEVELOPMENT
A. SURFACE-FIELD-BASED MODEL
A double-gate MOSFET with an n-type channel is shown in
Figure 1. The 1-D Poisson’s equation considering both the
depletion and the inversion charges is written as:

∂2ϕ

∂x2
= qni2

εsiNa
· e

q[ϕ−V(y)]
kT + qNa(x)

εsi
, (1)

where ϕ(x, y) is the potential, Na(x) is a spatially varying
doping distribution in the silicon channel and can be either

FIGURE 1. Schematic description of a double-gate MOSFET with
a 1-D (a) continuous or (b) discrete doping profile. Both doping
concentrations are assumed to be independent of y (channel direction),
and only varying in the x direction while symmetric with respect to x=0.

continuous or discrete (e.g., Dirac δ functions to describe the
discrete dopant variations), and V(y) is the electron quasi-
Fermi potential. The standalone doping term qNa(x)/εsi is
removed by introducing a new variable Z(x):

ϕ(x, y) = kT

q
Z(x) + V (y) + g(x).

where g(x) is a spatial function which satisfies:

d2g(x)

dx2
= qNa(x)

εsi
.

Substituting the above equation into Eq. (1) yields:

d2Z

dx2
= (

q2n2
i

kTεsi
) ·
⎡
⎣e

q
kT g(x)

Na

⎤
⎦ · eZ = ξ ·f (x) · eZ, (2)

where ξ = q2n2
i /(kTεsi) and f (x) = Exp[qg(x)/kT]/Na con-

tains the effect of nonlinear coupling between the inversion
and the depletion charges. The introduced coupling func-
tion f (x) is where our model differs from many existing
double-gate MOSFET models. It can be either a contin-
uous (for continuous doping profiles) or discrete function
(i.e., mathematically treated as Dirac δ functions for dis-
crete doping profiles [31], [32]). Although Eq. (2) appears
simpler than its corresponding form in the cylindrical coor-
dinate, the reported variable transformation method, that
specifically works for cylindrical nanowire MOSFETs [31],
is invalid for transforming Eq. (2) into a manageable form.
However, by introducing two specific variables ZC = Z − 2
ln τ and τ = ex [33], Eq. (2) can be transformed into a form
similar to the doped Poisson’s equation in the cylindrical
coordinate [31]:

d2ZC
dτ 2

+ 1

τ

dZC
dτ

= ξ ·f (lnτ) · eZC = ξ ·F(τ ) · eZC , (3)

where F(τ ) = f (lnτ) . Eqs. (2) and (3) indicate that
Poisson’s equations in both Cartesian and cylindrical coor-
dinates can be transformed into each other. The theoretical
significance of this characteristic is evident, especially
for undoped (or lightly doped) multi-gate MOSFETs. For
instance, the general solution (in the real domain) of non-
linear Poisson’s equation in one coordinate system can be
readily derived based on the solution in the other coordinate.
In the Appendix, we show the complete three-branch general
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solution of undoped 1-D Poisson’s equation in both Cartesian
and cylindrical coordinates, which indicates that the existing
cylindrical solution reported in the MOSFET device litera-
ture is incomplete, i.e., only suitable for certain boundary
condition (e.g., the zero field at the center of a nanowire
channel). Apparently, the complete general solution of non-
linear Poisson’s equation should be known in order to
explore other types of emerging transistor structures (e.g.,
double-surrounding-gate nanoshell MOSFET) with different
boundary conditions.
The above transformation allows us to apply the more

convenient surface-field approach for gate-all-around (GAA)
nanowire MOSFETs [31], [32], [34] to model double-gate
MOSFETs. For this purpose, two new variables are intro-
duced:

β = τ
dZC
dτ

, η = τ 2F(τ )Exp(ZC).

Equation (3) is then further transformed to:

dβ
[
β + p(τ )

] = ξ · dη, (4)

where p(τ ) = 2 + τF′(τ )/F(τ ) is a spatial function only
related with the doping profile as shown in Figure 2.
Assuming a symmetric doping and potential distribution,
we shall only consider the half part of the channel and
integrate Eq. (4) from the center to one surface (i.e.,
τ = ε+ = Exp(Tsi/2)):

β2
s

2
− β2

0

2
+
∫ βs

β0

p [τ (β)] dβ

= β2
s

2
− β2

0

2
+M = ξ (ηs − η0) , (5)

where M = ∫ βs
β0
p[τ(β)]dβ = ∫ ε+

1 [p(τ )dβ/dτ ]dτ is an inte-
gral to be determined. The subscripts “0” and “s” stand
for the values at the center (i.e., τ = 1 = Exp(0)) and on
the surface of the channel, respectively. Here, we consider
a symmetric device such that β0 = 1 ·(dZ/dτ)|τ=1 −2 = −2
is required. Note that no approximation is made in the above
derivation, which means that Eq. (5) is rigorously valid for
any symmetric type (continuous or discrete) of doping pro-
file. However, two undetermined factors M and η0 (η0 is
a parameter related with the doping concentration and the
electric potential at the channel center) need to be solved
using certain approximations.

B. APPROXIMATION OF FACTOR M
Note that p(τ ) in Eq. (5) is a dimensionless function as in
a surface-field based GAA nanowire MOSFET model [31].
When a double-gate MOSFET is undoped, p(τ ) will degen-
erate to two, which is the same case as an undoped
GAA nanowire MOSFET. For doped devices, the value
of p(τ ) at the center (i.e., τ = 1 = Exp(0)) will also
approach two, as shown by some examples in Figure 2.
Treating p(τ ) as a constant has been demonstrated to be
highly accurate for deep nanoscale devices with a low-to-
medium doping level [31], [34]. In order to calculate the

(a) (b)

(c) (d)

FIGURE 2. Examples of p(τ ) of DG MOSFETs as a function of τ

for (a) uniformly doped profiles with varying concentrations, (b) discrete
doping profiles with varying NA, (c) Gaussian doping profiles with varying
Np, (d) cosine-function doping profiles with varying Nf . Note that a
Gaussian doping profile is defined as: Na(x) = Npexp[ − (x − Rp)2/2�2],
and a cosine-function doping profile is defined as: Na(x) = Ne+
Nf cos(πx/R).

M integral, the explicit form of dβ/dτ needs to be known.
To derive the approximate formula of dβ/dτ , p(τ ) will be
treated as a constant and Eq. (4) can be readily integrated
to obtain:

β2

2
+ pβ − h ≈ ξη, (6)

where h = −ξη0+pβ0+β2
0/2 = −ξη0−2p+2 is an integra-

tion constant to be determined from the boundary condition.
Substituting β = τdZC/dτ and η = τ 2F(τ )Exp(ZC) into
Eq. (6) and using Eq. (3) to remove the exponential term
yields:

d2ZC
dτ 2

− (p− 1)

τ

dZC
dτ

− 1

2

(
dZC
dτ

)2

+ h

τ 2
≈ 0. (7)

Eq. (7) can be analytically solved to obtain a general
solution:

ZC ≈ −p ln τ + A− 2 ln

∣∣∣∣cos
(

1

2

√
−(p− 2)2 − 2h ln τ

− B
√

−(p− 2)2 − 2h

)∣∣∣∣ , (8)

where A and B are two integration constants. Hence β(τ)

can be approximated as:

β(τ) ≈ −p+
√

−(p− 2)2 − 2h tan

[
1

2

√
− (p− 2)2 − 2h ln τ

− B
√

− (p− 2)2 − 2h

]
.

(9)
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On the channel surface (τ = ε+), βs is estimated as:

βs ≈ −p+
√

−(p− 2)2 − 2h tan

[
1

2

√
− (p− 2)2 − 2h ln ε+

− B
√

−(p− 2)2 − 2h

]
. (10)

Using Eq. (10), the unknown constant B in (9) can be
replaced by βs:

β(τ) ≈ −p

+
√

− (p− 2)2 − 2h tan

⎧⎨
⎩

1

2

√
−(p− 2)2 − 2h (ln τ − ln ε+)

+ arctan

⎡
⎣ βs + p√

−(p− 2)2 − 2h

⎤
⎦
⎫⎬
⎭ . (11)

It should be reminded that although Eq. (11) provides
a highly accurate approximation of the electric-field related
function β(τ) by assuming a constant p(τ ), it is only used
to estimate dβ/dτ when calculating the M integral. On the
other hand, p(τ ) in the M integral of Eq. (5) will remain
its exact form (i.e., a spatial function rather than a constant)
such that our model is not limited to the above constant p(τ )

approximation. To predict the on-state current, this constant
(p) is chosen to be the surface value of p(τ ).
Compared with the surface-field based GAA nanowire

MOSFET model [31], the challenging task for double-gate
MOSFET modeling is that the integration constant h in
Eqs. (6) and (11) needs to be determined from the central
potential while the potential distribution along the channel
is still unknown. Naturally, the next step is to estimate η0
by making further approximations.

C. ESTIMATION OF FACTOR η0
To approximately calculateη0, we shall first make a first-
order approximation wherein a uniform doping concentration
NA is assumed. Note that the assumption of a uniform doping
profile is only used to estimate η0, while the influence of
doping variations will be reflected by keeping the spatially
varying function p(τ ) in the M integral of Eq. (5). The total
dopant number in the channel with such a uniform doping
profile is set to be equal to that with the exact (spatially
varying) doping profile.
By this treatment, Eq. (1) can be simplified to a well-

known form of 1-D Poisson’s equation, which is the
governing equation of many FinFET compact models:

∂2ϕa

∂x2
= qni2

εsiNA
· e

q[ϕa−V(y)]
kT + qNA

εsi
, (12)

where ϕa stands for the first-order approximation of poten-
tial. In the sub-threshold region, ϕa can be analytically solved
by neglecting the mobile charge term:

ϕa(x, y) = qNA
εsi

x2

2
+ ϕa (0, y) . (13)

Eq. (13) allows us to approximately calculate the total
mobile charge density (per unit area) in the sub-threshold
region [35], [36]:

Qm =
∫ Tsi

2

0

qn2
i

Na
e
q[ϕa(x,y)−V(y)]

kT dx = e
q
kT [ϕa(0,y)−V(y)]θs,

(14)

where

θs =
∫ Tsi

2

0

qn2
i

NA
e
q(

qNA
εsi

x2
2 )

kT dx.

Note that ϕa (0, y) ≈ ϕ (0, y) = kTZ(0)/q + V(y) =
kTZC(1)/q+V (y), and consequently Eq. (14) yields a linear
relation between Qm and η0:

Qm = eZC(1)θs = η0

F(1)
θs. (15)

Since β(τ) is directly related with the mobile-charge induced
electric field, Gauss’s Law requires:

Qm = εsi
kT

q

dZ

dx

∣∣∣∣
x= Tsi

2

= εsi
kT

q

(
τ
dZC
dτ

∣∣∣∣
τ=ε+

+ 2

)

= εsikT

q
(βs + 2) . (16)

Substituting Eq. (16) into (15) yields a simple relation
between η0 and βs in the sub-threshold region:

η0 = εsi
kTF(1)

qθs
(βs + 2) = c (βs + 2)

ξ
, (17)

where c = ξεsikTF(1)/(qθs). Eq. (17) indicates the poten-
tial related parameter η0 is a linear function of βs. This is
consistent with our physical intuition that the sub-threshold
leakage occurs mainly along the path of channel center
and the inversion charge density can be estimated as an
exponential function of the sub-threshold channel central
potential. However, it is inappropriate to extend Eq. (17)
to the full region of device operation [37], e.g., η0 remains
almost unchanged when a device enters the strong inver-
sion region and the surface potential becomes “pinned”. In
other words, the central potential in strong inversion exhibits
a saturation behavior (insensitive to the gate voltage) due to
the screening effect of inversion charge [27], [37], [38]. For
a device with a uniform doping profile, the saturation value
of ZC(1) is approximated as [27]:

ZCsat = Zsat ≈ 2 ln

(
NA
ni

)
− ln

[
1 − exp (−2α)

]− α + 1.6,

(18)

where Zsat is the saturation value of Z(0) and α =
q2NATsi2/8εsikT . As a result, the saturation value of η0 is
obtained as:

η0sat = 1 · F (1)Exp (ZCsat) . (19)
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FIGURE 3. η0 as a function of βs for devices with a uniform doping profile.

To yield a continuous transition between these two regions,
a smoothing function for η0 is constructed:

η0 = c(βs + 2)

ξ
[
1 +

(
βs+2
βc+2

)nc] 1
nc

, (20)

where nc is a parameter to control the transition smoothness
(nc is set to 1 in this paper), βc = ξη0sat/c−2. From Eq. (17),
βc is the value of βs when η0 reaches the saturation value
η0sat. As shown in Eq. (16), (βs+2) is the surface field due
to the mobile charge. It is well known that the mobile-charge
induced surface field in subthreshold region is much lower
than when the surface potential begins to be “pinned” (i.e.,
(βs − 2) � (βc − 2)). However, this subthreshold relation is
no longer valid when the device enters the strong inversion
region. The mobile-charge induced surface field increases
rapidly with the gate voltage so that a different relation
(βs − 2) � (βc − 2) holds in the strong inversion region.
Hence, in the subthreshold region, (βs + 2/βc + 2)nc � 1
and consequentlyη0 = η0sub ≈ c(βs + 2)/ξ ; in the strong
inversion region, (βs + 2/βc + 2)nc � 1 which results in
η0 = η0inv ≈ c(βc + 2)/ξ . Eq. (20) is more general than
Eq. (17) since it describes both the sub-threshold and satu-
ration behavior of the central potential. Figure 3 shows η0
versus βs curves calculated using Eqs. (20) and (17), respec-
tively. Compared with numerical results [40], it is evident
that the formula with the saturation correction (i.e., Eq. (20))
agrees much better with the numerical results. As a summary,
Eqs. (11) and (20) can accurately predict the full-regime M
and η0 in Eq. (5).

D. DERIVATION OF DRAIN CURRENT
Another relation between the surface potential and the field
is given by the oxide interface boundary condition:

Cox
[
Vg − Vfb − ϕ

( tsi
2

)]
= εsi

∂ϕ

∂x

∣∣∣∣
x=Tsi

2

, (21)

where Vfb is the flat-band voltage and Cox = εox/Tox is the
oxide capacitance (per unit gate area). Applying the relation

between ϕ and ZC, Eq. (21) is rewritten as:

Cox

[
Vg − Vfb − kT

q
ZC (ε+) − 2

kT

q
ln ε+ − V − G (ε+)

]

= εsiε+

[
kT

q

(
∂ZC
∂τ

∣∣∣∣
τ=ε+

+ 2

ε+

)
+ G′ (ε+)

]
, (22)

where G(τ ) = g(ln τ). For a given Vg, βs can be solved by
coupling Eqs. (5) with (22):

Cox

⎧⎨
⎩Vg − Vfb − kT

q
ln

⎡
⎣

β2
s

2 − 2+M + ξη0

ξR2F (ε+)

⎤
⎦− 2

kT

q
lnε+

− V − G (ε+)

⎫⎬
⎭ = εsiε+

[
kT

q

(
βs + 2

ε+

)
+ G′ (ε+)

]
.

(23)

From Eq. (23), the value of βs at the source and drain
terminals βs,s and βs,d can be calculated by substituting V= 0
and V = Vd into the equation, respectively. By differentiating
Eq. (23), we obtain:

dV

dβs
= −kT

q

⎛
⎝ βs + dM

dβs
+ ξ

dη0
dβs

β2
s

2 − 2+M + ξη0

+ εsi

Cox

⎞
⎠ .

Carrying out the Pao-Sah integral, the drain current can be
calculated by considering dV/dy = (dV/dβs)(dβs/dy) and
Qm(βs) = εsikT(βs + 2)/q as a function of βs:

Ids = 2μW

L

∫ βs,d

βs,s

Qm (βs)
dV

dβs
dβs, (24)

where W is the height of the fin.

III. RESULTS AND DISCUSSION
A. RESULTS FOR CONTINUOUS DOPING PROFILES
For a double-gate MOSFET with a continuous doping
distribution, the spatial function g(x) is chosen as:

g(x) = q

εsi

∫ x

0

∫ x

0
Na(x)dxdx. (25)

Note that the uniform doping level NA is obtained from
Eq. (25):

NA =
∫ tsi

2
0 Na(x)dx(

Tsi
2

) .

For the purpose of simplicity, double-gate MOSFETs with
uniform doping profiles are used to verify our model
accuracy. A relative error index of surface field is defined as:

Relative error = |Es.model − Es.num|
Es.num

,

where Es.model, Es.num are the values of the surface field
obtained from our model and by rigorous numerical
calculation [39]. The relative-error results are plotted in
Figure 4. It shows that the maximum relative-error ampli-
tude for the double-gate MOSFETs with continuous doping
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FIGURE 4. The surface field relative error as a function of Vg for devices
with conventional uniform doping profiles.

FIGURE 5. The surface electric potential as a function of Vg for devices
with a uniform doping profile.

profiles is lower than 1.5%, which indicates that this model
is accurate for predicting the device behavior. The curves
of surface potential versus gate voltage for the devices with
continuous doping profiles are plotted in Figure 5. An excel-
lent agreement with numerical calculation results is found
for varying doping levels and channel thicknesses. To high-
light the predicting capability of our model, we also compare
the accuracy of our model with BSIM-CMG model which
is a widely adopted industrial modeling platform [14]. In
Figure 6, the relative-error results calculated from our model
are compared with those from BSIM-CMG model. It is evi-
dent that higher accuracy is achieved by our model for a wide
range of design parameters such as NA and tsi.

To further verify the model accuracy, TCAD simulations
based on a conventional drift-diffusion approach are carried
out to investigate the impacts of key parameters on the drain
current [40]. A mid-gap work function for the gate and an
electron mobility of 1417 (cm2/Vs) are assumed in this

(a)

(b)

FIGURE 6. A comparison of the relative errors of surface field calculated
from our new model and BSIM-CMG model for varying (a) NA and (b) tsi .

work [41]. An extensive investigation of I-V model accuracy
for a wide range of the gate voltage, doping level, and drain
voltage is conducted and the results are shown in Figure 7.
The constructed smoothing function works well to predict
the values of η0 in different operating regions with high
accuracy.

B. RESULTS FOR DISCRETE DOPING PROFILES
For the discrete doping profiles, 3-D Poisson’s equation in
Cartesian coordinate is:

∇2ϕ (x, y, z) = qni2

εsiNa
· e

q[ϕ−V(y)]
kT + qNa

(−→r )
εsi

. (26)

The depletion-charge term in Poisson’s equation is described
by placing multiple Dirac δ functions in the channel:

Na
(−→r ) =

n∑
k=1

Nkδ
(−→r − −→rk

)
,
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(a)

(b)

(c)

FIGURE 7. Comparison of Ids of uniformly doped double-gate MOSFETs
predicted by the new model and TCAD simulations. (a) Ids − Vd for varying
Vg , (b) Ids − Vg for varying Vd , (c) Ids − Vg for varying Tsi .

where n groups of dopants are distributed at n locations
xk (k = 1, . . . , n).Nk is determined by the dopant num-
ber assigned to the corresponding location. Since our focus
is the long-channel model, no y- or z- dependence of the
dopant distribution is considered, i.e., a discrete 1-D doping
profile will be assumed. Hence, Eq. (26) can be simpli-
fied to Eq. (1) wherein the discrete depletion charges are
written as:

Na(x) =
n∑

k=1

Nk
WL

δ (x− xk).

FIGURE 8. The surface field relative error as a function of Vg for devices
with discrete doping profiles.

Considering the fact that the Dirac function δ(x− xk) is just
the derivative of the Heaviside step function H(x− xk), g(x)
for a discrete doping profile is:

g(x) = q

εsiWL

n∑
k=1

NkxH (x− xk)

Hence, the discrete form of function F(τ ) in Eq. (3) can
be obtained. Eq. (3) is similar to the discrete 1-D Poisson’s
equation in the cylindrical coordinate [32]. Following the
treatment of [32], Eq. (3) in the discrete form can be solved
to calculate the drain current. Note that p(τ ) is a piece-
wise function for a discrete doping profile, as shown in
Figure 2(b). The sum of all discrete charges will match
the total amount of depletion charges when assuming
a continuous doping profile:

n∑
k=1

Nk
WL

=
∫ Tsi

2

0
Na(x)dx =

∫ Tsi
2

0
NAdx

Therefore, NA in a discrete model is calculated as:

NA =
∑n

k=1 Nk
Tsi
2 WL

.

In Eq. (5), p(τ ) keeps its discrete form during the integra-
tion, which provides a useful method to depict the effect
of discrete dopant variations. To verify the discrete model
accuracy, the relative errors of the surface field of double-
gate MOSFETs with varying doping levels are calculated
and shown in Figure 8. They exhibit a similar trend to the
devices with continuous doping profiles, and the observed
maximum error is about 2.8% at an intermediate gate voltage.
The surface potentials for devices with discrete doping pro-
file are also plotted and compared with the numerical result
in Figure 9. We plot the discrete-model predicted Ids − Vg
curves (with varying values of NA and tox) of the double-gate
MOSFETs in Figure 10. Their good agreement with TCAD
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FIGURE 9. The surface electric potential as a function of Vg for devices
with discrete doping profiles.

simulations indicates the capability of this discrete model
to describe the effect of 1-D discrete dopant variations in
double-gate MOSFETs.

IV. SHORT-CHANNEL EFFECT
A short-channel-effect (SCE) model for double-gate
MOSFETs with continuous and discrete doping profiles will
be developed in this section. The short-channel effect for
double-gate MOSFETs has been widely studied using various
methods [41]–[45]. For instance, in [42], the 2-D potential
distribution is assumed as a parabolic function in the radial
direction. In [43], the solution of the 2-D Poisson’s equation
is derived by a conformal mapping approach. By ignor-
ing the inversion charge, 2-D Poisson’s equation for the
near-threshold operation can be written as:

∂2ϕ

∂x2
+ ∂2ϕ

∂y2
= qNa(x, y)

εsi
, (27)

where Na(x, y) is the 2-D doping concentration. For a uni-
form doping profile, Na(x, y) = NA. For a discrete 2-D
doping profile,

Na(x, y) =
n∑

k=1

Nk
W

δ (x− xk) δ (y− yk) , (28)

and the boundary conditions for Eq. (27) are:

∂ϕ

∂x
|
x= tsi

2
= Cox

εsi

(
V ′
g − ϕ|

x= tsi
2

)
, (29a)

ϕ|y=0 = Vbi, (29b)

ϕ|y=L = Vbi + Vd, (29c)

where V ′
g = Vg −Vfb and Vbi is the built-in voltage between

the channel to the source (drain) junction. By construct-
ing a new variable ϕ1 = ϕ − Vbi − (Vdy)/L, the boundary
condition Eqs. (29b) and (29c) are transformed into the
homogeneous form:

ϕ1|y=0 = 0, (30a)

(a)

(b)

FIGURE 10. Comparison of Ids − Vg of double-gate MOSFETs with discrete
doping profiles based on the new model and the TCAD simulation results
for varying (a) NA, (b) tox .

ϕ1|y=L = 0. (30b)

Eqs. (29a) and (29b) can be reformulated as:

∂2ϕ1

∂x2
+ ∂2ϕ1

∂y2
= S(x, y), (31a)

∂ϕ1

∂x

∣∣∣∣
x= tsi

2

= Cox
εsi

(
Vg

′ − ϕ1|x= tsi
2

− Vbi − Vd
L
y

)
, (31b)

where S(x, y) = qNa(x, y)/εsi. Expanding the functions
ϕ1(x, y) and S(x, y) into an infinite series yields:

ϕ1(x, y) =
+∞∑
t=1

Tt(x)sin (ωty),

S(x, y) =
+∞∑
t=1

St(x)sin (ωty),

VOLUME 5, NO. 4, JULY 2017 251



HONG et al.: UNIFIED CONTINUOUS AND DISCRETE MODEL FOR DOUBLE-GATE MOSFETs

where St(x) = 2
∫ L

0 S(x, y)sin (ωty)dy/L and ωt = tπ/L (t =
1, 2, 3, . . . ). Eqs. (31a) and (31b) can be rewritten as:

+∞∑
t=1

[
d2

dx2
Tt(x) − ωt

2Tt(x)

]
sin (ωty) =

+∞∑
t=1

St(x)sin (ωty),

+∞∑
t=1

εsi

Cox

d

dx
Tt(x)|x= tsi

2
sin (ωty) =

+∞∑
t=1

[�t − Tt(x)] sin(ωty),

where

�t = 2

L

∫ L

0

(
Vg

′ − Vbi − Vd
L
y

)
sin (ωty)dy.

The orthogonal property of sin(ωty) requires [45]:

d2

dx2
Tt(x) − ωt

2Tt(x) = St(x), (32a)

εsi

Cox

d

dx
Tt(x)

∣∣∣∣
x= tsi

2

= �t − Tt(x)|x= tsi
2

. (32b)

The solution of Eq. (32a) with boundary condition
Eq. (32b) is:

Tt(x) = C1te
ωtx + C2te

−ωtx − φ(x).

For the uniform doping distribution,

C1t = �t + φ(x)(
1 + εsi

Cox
ωt

)
e
tsi
2 ωt +

(
1 − εsi

Cox
ωt

)
e−

tsi
2 ωt

,

C2t = C1t,

φ(x) = 2qNA
εsiπ tωt2

[1 − cos (π t)] .

For the discrete doping profile,

C1t = C2t +
n∑

k=1

Akte
−ωtxk ,

C2t = �t + Dt(
1 + εsi

Cox
ωt

)
e
tsi
2 ωt +

(
1 − εsi

Cox
ωt

)
e−

tsi
2 ωt

,

φ(x) =
n∑

k=1

AktExp
[
ωt
(
xk< − xk>

)]
,

where

Dt =
n∑

k=1

Akt

{(
− εsi

Cox
ωt − 1

)
e
ωt

(
tsi
2 −xk

)

+
(

1 − εsi

Cox
ωt

)
e
ωt

(
xk− tsi

2

)}
,

Akt = qNksin (ωtyk)

WLεsiωt
.

xk<(xk>) is the smaller (larger) of x and xk. The subthreshold
drain current can be calculated as:

Ids = 2μWkT
ni2

Na

e−qVs/kT − e−qVd/kT∫ L
0

dy

∫ tsi2
0 eqϕ(x,y)/kTdx

, (33)

FIGURE 11. Comparison of the double-gate MOSFET’s sub-threshold
current predicted by our model and by TCAD simulation when the channel
is uniformly doped.

FIGURE 12. Comparison of the double-gate MOSFET’s Vt roll-off predicted
by our model and by TCAD simulation when the channel is doped with
a uniform doping profile.

where

ϕ(x, y) =
+∞∑
t=1

Tt(x)sin (ωty) + Vbi + Vd
L
y.

The subthreshold current of the double-gate device with uni-
form doping profiles is first calculated. The corresponding
results are compared with those extracted from TCAD simu-
lations as shown in Figure 11. We define Vt roll-off as the Vg
shift of a short-channel device relative to the long-channel
value at the same current level. Figure 12 shows that the
predicted Vt roll-off results are in good agreement with
the TCAD simulations for the continuous doping profiles.
The threshold voltage Vt is extracted at the gate voltage when
the drain current reaches 100(nA/um)×W/L. An increase of
Vt roll-off with the shrinking channel length shows a further
drop of the threshold voltage for shorter device, which is con-
sistent with the trend observed in [41] and [42]. In Figure 13,
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FIGURE 13. Comparison of the double-gate MOSFET’s Vt predicted by our
model and by TCAD simulation when the channel is doped with discrete
doping profile.

Vt values for discrete doping profiles are also extracted and
compared with the results of the TCAD simulations. The
suppression of the SCE with a lower drain voltage is in
agreement with our physical intuition.

V. CONCLUSION
A surface-field based model for double-gate MOSFETs with
continuous and discrete (i.e., RDF effects) doping profiles is
developed. For discrete doping profiles, the depletion charge
is described by multiple Dirac δ functions. Without solving
the potential distribution in the channel, an algebraic relation
between the electric potential and field is derived from non-
linear 1-D Poisson’s equation. It allows us to calculate the
drain current with high accuracy. A unified continuous and
discrete short-channel model is also developed for double-
gate MOSFETs by solving the 2-D Poisson’s equation with
the eigenfunction-expansion method.

APPENDIX
For a cylindrical MOSFET with an undoped body, Poisson’s
equation is written as:

d2ZC
dτ 2

+ 1

τ

dZC
dτ

= ξ1e
ZC , (34)

where ξ1 = q2ni/(kTεsi). By introducing two new variables
satisfying: ZC = Z − 2 ln τ and τ = ex [33], Eq. (34) can
be rewritten as:

d2Z

dx2
= ξ1e

Z, (35)

Note that Eq. (35) is in the same form as the 1-D Poisson’s
equation in the Cartesian coordinate. It can be analytically
solved and some solution has been reported in double-
gate MOSFET compact modeling [8], [9]. Following the
derivation in above references, Eq. (35) becomes:

dZ

dx
= ±

√
2ξ1(eZ + C), (36)

From the above equation, we obtain a formula of electric
field for arbitrary integration constant C. The integration
result of its right-hand side depends on the sign of C
and multiple branches may possibly exist. In double-gate
MOSFET modeling, the branch for C = 0 was often ignored
(e.g., due to the required zero electric field at certain chan-
nel location). The complete general solution consists of three
different branches [33]:

Z =

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

−2ln

∣∣∣∣sin
[√

−Cξ1
2 (x+ D)

]∣∣∣∣
+ ln (−C) ,C < 0, (37.1)

−2ln |x+ D|+ln2 − lnξ1,C = 0, (37.2)

−2ln

∣∣∣∣sinh
[√

Cξ1
2 (x+ D)

]∣∣∣∣+ ln (C),C > 0. (37.3)

Equation (37.1) corresponds to the solution for symmetric
double-gate MOSFETs, while (37.2) - (37.3) are applicable
to asymmetric double gate MOSFETs [9].
Using the transformation variables introduced before

(x= lnτ and Z = ZC+2lnτ ), the general solution of 1-D
cylindrical Poisson’s equation can be readily obtained:

ZC =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

−2ln τ − 2ln

∣∣∣∣ 1√−C sin
[√

−Cξ1
2 (lnτ + D)

]∣∣∣∣,C < 0

(38.1),

−2lnτ − 2ln |lnτ + D|+ln2 − lnξ1,C = 0 (38.2),

−2ln τ − 2ln

∣∣∣∣ 1√
C
sinh

[√
Cξ1

2 (lnτ + D)

]∣∣∣∣,C > 0

(38.3).
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