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ABSTRACT Constant phase elements (CPEs) are commonly used in bioelectronic systems, to model the
impedance of bioelectrodes and electrode-electrolyte interfaces. To simulate the systems with an electronic
design automation tool, a circuit-simulator-compatible model of the CPE is required to use bioelectrodes
in circuit simulation. This paper applies rational function approximation to the impedance of CPEs as
a function of frequency, which is able to be implemented with Verilog-A language. In comparison to
previously published works which simply approximate a CPE into several serially connected RCs, our
work illustrates the theoretical basis behind the approximation with RCs and provides a method perform
the approximation, thus resulting in a smaller relative root mean square error of impedance magnitude
and phase (4 orders of magnitude lower using 25 RCs) within a bounded frequency range. To validate the
model accuracy, it is applied to the modeling of human cochleae, with the simulated results correlating
well with the measured results. Furthermore, this model is implemented in a circuit that includes a
bioelectrode and a thin-film transistor switch, showing the capability for circuit simulation with CPEs.

INDEX TERMS Constant phase element, verilog-A model, rational function approximation.

I. INTRODUCTION
Bioelectrodes are one of the most important elements in
biomedical engineering, by providing the capabilities of
electrophysiological measurements, biofuel cells and molec-
ular therapeutic [1], [2], [3]. To predict the electrical
performance of a bioelectronic system with bioelectrodes
and design a peripheral system for signal control and
transmission, the electrical characteristics of bioelectrodes
need to be simulated. Thus, equivalent circuit models
are constructed. As shown in Fig. 1, the bioelectrode is
located in an electrochemical environment. When a current
flows through the electrode/electrolyte interface, charge

transfer between electrons and ions may take place. The
process is rather complicated, which is hard to be modeled
by a single resistor or capacitor. Instead, experimentally,
the impedances of bioelectrodes fit well by a constant
phase element [4], which is an imaginary and mathe-
matical electronic component. The underlying mechanism
remains unclear [5], [6]. CPEs are commonly utilized,
with high accuracy of behavior modeling both in the time
domain and frequency domain [7], [8]. When simulating
the electrochemical impedance spectroscopy (EIS) and time
domain response of CPEs, the simulation can be per-
formed in several computing platforms (e.g., MATLAB,
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FIGURE 1. Schematic of modeling a bioelectrode as a CPE and
approximation of a CPE.

Wolfram Mathematica, etc.) [9], [10]. However, for sensing
or stimulating bioelectrodes containing CPEs in a circuit,
circuit simulation must be done in simulation program with
integrated circuit emphasis (SPICE) simulators [11] (e.g.,
Cadence, SmartSPICE, etc.) to verify the function of the
circuit. Therefore, a circuit-simulator-compatible model for
CPEs is necessary.
Though CPEs can be modeled in circuit simulators by both

SPICE models and Verilog-A models, Verilog-A models are
easier to construct and less costly [12], [13]. SPICE models
require not only knowledge of numerical algorithms of the
simulators but also good understanding of device physics,
while the physical mechanism of CPEs is still not completely
clear [5], [6]. Besides, developing a SPICE model takes time
and resources due to the complexity of the model. As a result,
constructing a SPICE model for CPEs is difficult and costly.
In the contrary, Verilog-A is easy to implement due to its
high language level. In addition, it is capable of behavioral
modeling without any knowledge of device physics [14].
Therefore, it is commonly used in device modeling and suit-
able for modeling CPEs. Therefore, a Verilog-A model for
CPEs is needed for circuit simulation.
There have been time domain and frequency domain

modeling techniques for CPEs reported. Most of them use
fractional-order transfer function in the frequency domain
or fractional differential equations in the time domain to
describe the characteristics of CPEs [15], [16]. However,
these methods are difficult to implement in Verilog-A, since
it is uncappable of dealing with irrational fraction transfer
functions or convolution containing irrational fractional cal-
culus in Verilog-A. As shown in Fig. 1, a method that can be
implemented in Verilog-A is approximating a CPE with finite
and infinite serially connected RC circuits, since resistors and
capacitors are fundamental circuit elements [17], [18], [19].
However, these works simply employed RC circuits and
focused on optimizing the resistor and capacitor values
without figuring out the relationship between using RC cir-
cuits and underlying mathematical explanation. Therefore,
a Verilog-A model that has clear mathematical explanation
behind the approximation is needed.
This paper proposes a Verilog-A model for CPEs after

performing rational function approximation to the transfer
function of CPE impedance. Our model explains the rationale

behind the approximation and leads to improved parameter
optimization. Consequently, it has a smaller root mean square
(RMS) relative error of impedance magnitude and phase in
a bounded frequency range. To verify the model accuracy
under different frequency ranges, CPEs with different frac-
tional exponents are modeled in various frequency regions.
To verify the accuracy and effectiveness of the model in cir-
cuit simulation, the model is incorporated into Cadence for
EIS and transient simulation. The results indicate that the
model exhibits good accuracy in circuit simulation under
a variety of frequency ranges without adding significant
computation overhead.

II. CPE ANALYSIS
A. PROBLEMS IN BUILDING VERILOG-A MODEL FOR
CPES
CPE is an equivalent electrical circuit component. It is com-
monly applied in the modeling of electrical components due
to its ability to interpret data in the frequency domain with
high accuracy and using only two parameters. The phase of
a CPE impedance is independent of frequency but related
to the fractional exponent α. The impedance of CPE can be
expressed by an irrational fraction as:

ZCPE(jω) = 1

Q ∗ (jω)α
(0 < α < 1), (1)

where Q represents the magnitude of a CPE impedance
at ω=1 rad/s [7]. However, only rational fraction LaPlace
transfer functions can be implemented in Verilog-A. Thus,
constructing Verilog-A models for CPEs in the frequency
domain is difficult.
In the time domain, the relationship between the voltage

and current of a CPE is described by

v(t) = v(0) + 1

Q�(α)

∫ t

0

i(τ )

(t − τ)1−α
dτ , (2)

where �(α) represents the gamma function [7]. However,
convolution is difficult to implement in Verilog-A due to
uncertain parameter τ . Hence, a Verilog-A model for CPEs
is required.

B. RATIONAL FUNCTION APPROXIMATION OF CPE
TRANSFER FUNCTION
Our method performs rational function fitting to the transfer
function of CPE impedance, aiming to make it be compati-
ble with Verilog-A. Every rational function can be expressed
as the ratio of two polynomials:

f (s) = a0s+ a1s+ a2s2 + · · · + aNsN

b0 + b1s+ b2s2 + · · · + bMsM
. (3)

The suitable coefficients can be located by rewriting (3)
as a linear equation with the form of Ax=b by multiplying
both sides with the denominator. However, this problem is
badly scaled and conditioned, since the columns in A are
multiplied with different powers of s [20]. If the fitting is
over a wide frequency range, the approximations will be
limited to very low order.
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The rational function approximation is an improved
equivalent version of a rational function:

f (s) =
N∑
n=1

cn
s− an

+ d, (4)

where residues cn and poles an are either real quantities
or complex conjugate pairs, and direct term d is real. The
problem is to estimate all coefficients in (4) to reduce the L2
norm error over the given frequency interval. In this work, the
rational function approximation of CPEs is performed using
the adaptive Antoulas–Anderson (AAA) algorithm [21]. The
AAA algorithm is provided in MATLAB for rational function
approximation. It is more likely to converge, more accurate
and less sensitive to a successful initial value of poles com-
pared with other algorithms (vector fitting, rational Krylov
fitting, etc.) [22], [23].
For CPEs, residues are positive real values, poles are

negative real numbers, and d is equal to zero. Make the
following variable substitutions: Cn = 1

cn
, Rn = − cn

an
, (4) is

rewritten as:

f (s) =
N∑
n=1

1
Cn

s+ 1
CnRn

=
N∑
n=1

Rn
1 + sRnCn

, (5)

which is the transfer function of N serially connected RCs.
As shown in (5), the rational function approximation of the
transfer function of a CPE with N poles and residues is
equivalent to approximating a CPE into N RCs. As a result,
a CPE could be approximated into several serially connected
RCs. Note that our model is not a compact model.
As mentioned in the Introduction, there were methods

approximating CPEs and other fractional equivalent circuit
models into RCs. For example, a ZARC element is a par-
allel connection of a resistor and a CPE and could be
approximated into 3 RCs and infinitely many RCs [19].
As shown in Fig. 2(a), the two methods in [19] and

our method with 25 poles provided good fitting for ideal
ZARC impedance magnitude under 10 Hz. However, the
impedance magnitude provided by the methods in [19]
declined rapidly at high frequencies (> 10 Hz), resulting in
greater error between the model and ideal ZARC. As shown
in Fig. 2(b), the impedance phase provided by the meth-
ods in [19] only agreed well with ideal ZARC impedance
phase at frequencies below 1 Hz and declined to –90◦ at
high frequencies (> 10 Hz) while the impedance phase pro-
vided by our method was in good agreement with ideal
ZARC impedance phase from 1 mHz to 1 kHz. The results
indicate that rational function approximation provided better
fitting for a complex irrational fraction for both magnitude
and phase, especially at high frequencies (> 10 Hz). As
it is important for bioelectrodes to output stimuli at high
frequencies (> 1 kHz), the results also suggest that our
method is suitable for circuit simulation with bioelectrodes.
The accuracy of methods in [19] and our method was

further evaluated with the RMS relative error, as shown in
Fig. 2(c) and (d). Our method shows a high RMS relative

FIGURE 2. [(a) and (b)] The Bode plot of ideal ZARCs with α of 0.75, after
RC approximations in [19] and rational function approximation with 25
poles, showing (a) the impedance magnitude and (b) phase. [(c) and (d)]
The RMS relative error of ZARCs after RC approximations in [19] and
rational function approximation with different poles of (c) the impedance
magnitude and (d) phase.

error (about 100%) with only 1 pole for both impedance
magnitude and phase. As the number of poles increased,
the RMS relative error of our method can be significantly
controlled, lowered from about 100% using 1 pole to less
than 0.001% using 25 poles. This suggests the accuracy of
rational function approximation could be improved by using
more poles. The methods in [19] had smaller RMS relative
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FIGURE 3. [(a) and (b)] The Bode plot of ideal CPEs with α of 0.8 and CPEs
after rational function approximation with different poles, showing (a) the
impedance magnitude and (b) phase.

error using 3 RCs than our method using 3 poles. However,
even by adding infinitely many serially connected RCs, the
RMS relative error only decreased 3.5% for impedance mag-
nitude and 2.6% for phase. It suggests that the accuracy of
the methods in [19] benefitted little from increasing the num-
ber of RCs. As a result, for 7 poles and beyond, our method
had smaller RMS relative error for impedance magnitude
and phase. The results suggest that the rational function
approximation not only revealed the rationale behind the RC
approximation, but also contributed to better optimization of
values of resistors and capacitors used for the model.

III. RESULTS AND DISCUSSION
A. MODEL ACCURACY
As shown in Fig. 3(a), our model with 1 pole had the same
impedance magnitude as the ideal CPE at 10 Hz. As the
frequency increased, the gap between our model and ideal
CPE became higher. For the model with 9 poles, it pro-
vided good fitting for ideal CPE impedance magnitude under
100 kHz with an RMS relative error of 2.2%. However, the
error became apparent above 100 kHz and increased with
the frequency increasing. For the model with 17 poles and
25 poles, they were in good agreement with ideal CPE from
10 Hz to 1 MHz with the RMS relative error of 1.2% and
0.0003%. As shown in Fig. 3(b), our model with 1 pole
had the same impedance phase as the ideal CPE at 10 Hz
but started dropping from 10 Hz until it dropped to about
−90◦ at 1 kHz. Our model with 9 poles fitted the ideal

FIGURE 4. [(a) and (b)] The RMS relative error of our models with different
α and different poles over the frequency range of (10 Hz,1 MHz) of (a) the
impedance magnitude and (b) phase.

CPE impedance phase well from 10 Hz to 10 kHz with the
RMS relative error of 0.12% but also dropped to about −90◦
at high frequencies. The model with 17 and 25 poles per-
formed good fitting for the CPE constant impedance phase
from 10 Hz to 1 MHz with the RMS relative error of 0.013%
and 0.00027%. The results suggest that for both impedance
magnitude and phase, as the number of poles increased,
our model fitted ideal CPEs better. In addition, providing
good fitting for ideal CPEs required more poles than it at
low frequencies. An intuitive explanation was that higher
frequencies lead to farther distance between the origin and
CPEs in the Nyquist plot, which required more poles and
residues for fitting.
The RMS relative error of magnitude and phase of CPE

impedance with different α were computed to verify the
model universality. As shown in Fig. 4(a), for the impedance
magnitude of CPEs with different α, the models had similar
RMS relative error of about 100% with 1 pole. As the number
of poles increased from 1 to 25, the RMS relative error
decreased to less than 0.001%. In addition, the RMS relative
error between different models did not show a relationship
with α. As shown in Fig. 4(b), the models of CPEs with
smaller α had greater RMS relative error of impedance phase
with 1 pole. This could result from that as the phase for
models with a few poles dropped to –90◦, smaller α led
to higher phase of ideal CPE impedance and greater RMS
relative error. However, as the number of poles increased
from 1 to 25, the RMS relative error decreased by four
orders of magnitude and also did not show a relationship
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FIGURE 5. [(a) and (b)] Number of poles needed to reach certain RMS
relative error of approximating CPEs with α of 0.8, as a function of
lg(fmax/fmin), for the (a) impedance magnitude and (b) phase.

with α. The results suggest that α had an influence on the
RMS relative error of impedance phase for models using less
than 7 poles, but did not affect the trend that more poles lead
to smaller RMS relative error for both amplitudes and phase.
The results indicate that rational function approximation was
applicable to CPEs with different α. This is because rational
function approximation is supposed to be applicable to any
irrational function and not affected by the parameters in the
irrational function.
We were concerned with various frequency ranges in

various scenarios and simulation types. For instance, the
frequency range of electrocardiogram bioelectrodes was
0.01 Hz to 1 kHz, whereas the frequency range of elec-
tromyogram bioelectrodes was 10 Hz to 100 kHz [24].
In ac simulation, sinusoidal signals mainly drive circuits.
Hence, the frequency range of sinusoidal signals was of
concern. In transient simulation, pulse signals mainly drive
circuits. Therefore, the broad frequency spectrum of pulse
signals ranging from relatively low frequencies to the cut-off
frequency of the transistor was of concern. In general, it was
necessary to study the model accuracy in different frequency
ranges.
As shown in Fig. 5(a) and (b), for both impedance magni-

tude and phase, to lower the RMS relative error under certain
level, the model required more poles for wider frequency
ranges. For instance, to lower the RMS relative error under
0.01%, as the frequency ranges became wider from 3 decades
to 8 decades, the number of poles needed increased from

11 to 35 for magnitude and from 11 to 31 for phase. The
results suggest that to offer models with the same accuracy, a
broader frequency range would require more complex mod-
els. In addition, as the RMS relative error declined, the model
required the same or more poles. As more poles resulted in
longer simulation time in circuit simulation, the results actu-
ally suggest the relationship between the model accuracy and
the computation overhead.
It is not necessary to use many poles to our model, though

the model with more poles had smaller RMS relative error.
The aim of circuit simulation was to predict the performance
of bioelectrodes. However, the difference between the results
of circuit simulation and the bioelectrode actual behaviors
might be affected by various errors, including the error intro-
duced by equivalent circuit models, the error introduced by
the CPE Verilog-A models and random error caused by exter-
nal environment of the bioelectrodes. Only when the error
introduced by our models was dominant among all the errors,
adding poles in our models would lead to better prediction of
the performance of bioelectrodes. In conclusion, the selec-
tion of the number of poles depended on not only the RMS
relative error of our models, but also errors introduced by
other factors.
Figure 5 shows the RMS relative error was a function of

lg(fmax/fmin), where fmax represents the maximum frequency
of the frequency range and fmin represents the minimum
frequency of the frequency range. It suggests that the model
had the same RMS relative error over different frequency
ranges, as long as lg(fmax/fmin) was the same. The assumption
was intuitive that simply shifting the frequency ranges would
not have influence on the models. However, the values of
poles and residues depended on the concrete implementation
of function rational approximation. As a result, RMS rela-
tive errors of models over different frequency ranges were
compared to verify the assumption.
The models with 3 different frequency ranges had sim-

ilar RMS relative error (< 0.0001% difference) for CPE
impedance magnitude in most instances, as shown in
Fig. 6(a). However, when the models had 19 poles or
21 poles, the models had bigger difference in RMS relative
error (0.003% using 19 poles and 0.002% using 21 poles).
For the impedance phase, as shown in Fig. 6(b), when the
models had 19 poles or 21 poles, the difference between
models was also bigger (0.007% using 19 poles and 0.006%
using 21 poles). The results indicate that the models were
not exactly the same when the frequency ranges were differ-
ent. As the AAA algorithm contained iterations, a change of
initial values (frequency ranges) might result in the values of
poles and residues. However, the RMS relative error seems
to be more dependent on the relative frequency range (i.e.,
lg(fmax/fmin)) rather than the absolute frequency range.

B. PERFORMANCE IN CADENCE
The modeling and simulation flow of transient simulation is
illustrated in Fig. 7. The electrochemical impedance spec-
troscopy for a bioelectrode is carried out first to perform
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FIGURE 6. [(a) and (b)] The RMS relative error of our models with α of 0.8
and different poles over different frequency ranges, of (a) the impedance
magnitude and (b) phase.

FIGURE 7. Schematic of modeling and simulation flow of transient
simulation.

equivalent circuit modeling. The equivalent circuit com-
monly contains capacitors, resistors and CPEs and the values
of these electrical components are extracted by fitting exper-
imental data with equivalent circuit. By applying rational
function approximation to the CPEs, the Verilog-A model
of the bioelectrode is constructed. After that, the Verilog-
A model is incorporated into circuit simulators to perform
transient simulation. Finally, the transient characteristics of
the bioelectronic circuit and system are obtained.
The accuracy of the model in Cadence was verified by

modeling human cochleae. As illustrated in Fig. 8(a), the
human cochlea was modeled with two resistor–constant
phase element (R-CPE) circuits in series [25]. The measured
results from human cadaveric cochleae in full heads were
utilized to extract parameters of CPEs and resistors. The sim-
ulated results were obtained in MATLAB using ideal CPEs,
whereas the modeled results were generated in Cadence

FIGURE 8. (a) Schematic of the equivalent circuit for human cochleae. [(b)
and (c)] The Bode plot of human cochleae, showing (b) the impedance
magnitude and (c) phase. (d) The simulated and measured spread-induced
voltage response as a function of time.

using our Verilog-A models with 25 poles. As shown in
Fig. 8(b) and (c), both the simulated results and modeled
results provided good fitting for the measured results. In
addition, the difference between the RMS relative error of
the simulated results and modeled results was small for both
impedance magnitude (< 0.0004%) and phase (< 0.0005%).
The good fitting suggest that the Verilog-A model pro-
vided an adequate approximation for CPE impedance in
the frequency domain. As shown in Fig. 8(d), the mod-
eled results were in good agreement with measured results
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FIGURE 9. (a) Schematic of the 1T circuit for sensing bio-signals or
stimulating neurons. (b) Equivalent circuit of the bioelectrode. (c) The
simulated voltage of electrodes as a function of time.

in spread-induced voltage response. This suggests that the
model provided good approximation for CPE on stimulation
function of bioelectrodes.
A one-transistor (1T) circuit was utilized for stimulating

a bioelectrode, as illustrated in Fig. 9(a) [26]. The bioelec-
trode was modeled as a resistor in series with a parallel
circuit of a resistor and a CPE, as shown in Fig. 9(b).
The thin-film transistor (TFT) discharged the bioelectrode
by operating as a switch. The circuit was driven by two
pulse signals with a period of 10 ms. After the elec-
trode was charged for 100 μs, the TFT was switched on
for 9900 μs. Our Verilog-A model with 25 poles and a
universal compact model [27] were utilized in circuit sim-
ulation to validate the circuit functionality. As shown in
Fig. 9(c), as the gate voltage of the TFT increases, the volt-
age of the bioelectrode becomes lower. As the gate voltage
of the TFT reaches 8 V, the voltage of the bioelectrode
decreases to 0 in every cycle. The results demonstrate that
the TFT switch is able to discharge the charges that accumu-
late between the bioelectrodes. In addition, it demonstrates
that our Verilog-A model could be employed for circuit
simulation.
Circuit array was commonly used in sensing or stimula-

tion [28]. A pixel circuit usually included several transistors
and a bioelectrode containing a CPE. The operation time of a
CPE and four typical circuits containing a CPE was obtained
in Cadence. Our Verilog-A model with multiple poles and
a universal compact model [27] were employed in circuit
simulation to record the simulation time. To minimize the
influence of Spectre startup time, 1000 duplicates of each
circuit were generated in a transient simulation with a stop
time of 1μs and a time step of 1ns.

FIGURE 10. (a) Cadence operation time of simulating CPE and circuits as a
function of the number of poles of our Verilog-A model. (b) The increase of
Cadence operation time as a function of the number of poles of our
Verilog-A model in different circuits.

As shown in Fig. 10(a), as the circuit contained more tran-
sistors, the operation time went up. In addition, the operation
time for simulating a CPE was generally linear to the num-
ber of poles. An intuitive explanation was that adding a pole
meant adding a RC in the circuit. Furthermore, as the num-
ber of poles of our model increased from 1 to 25, the extra
time cost for different circuits was similar (< 10% differ-
ence). It suggests that the extra time cost brought by our
model had no relationship with the circuit complexity. In
terms of time complexity, adding a constant amount of time
would not change the time complexity of the system. As a
result, our model would not change the time complexity of
the circuit.
As shown in Fig. 10(b), as the circuit contained more

transistors, the increase of operation time introduced by our
model decreased. For instance, the model required 15 poles
for RMS relative error under 1% for magnitude and phase
over the frequency range of (10 Hz, 1 MHz). As the number
of poles of our model increased from 1 to 15, the operation
time increased by 137.0% in a typical 1T circuit but only
50.4% in a typical 4T circuit. As the circuit becomes more
complex, the extra computation overhead introduced by our
model is less significant. In conclusion, in a multi-transistor
circuit, the extra time cost introduced by our models was
insignificant.

IV. CONCLUSION
In conclusion, we proposed a circuit-simulator-compatible
model for CPEs with Verilog-A language, allowing simu-
lation of bioelectrodes with CPEs in SPICE-like simulators
for biomedical applications. The simulation can support in
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both the time domain and the frequency domain. Due to
characteristics of CPEs and limitations of Verilog-A, it is
difficult to build an ideal CPE model directly in Verilog-A
in both the frequency domain and time domain. Thus, the
model was implemented after rational function approxima-
tion in the frequency domain. The model had small RMS
relative error for fitting CPEs with different fractional expo-
nent α. In addition, the model could be utilized in different
frequency ranges. The model was used in electrochemical
impedance spectroscopy and circuit simulation to validate
its precision and effectiveness. The high correlation between
the measured and modeled results indicate that our model
could be utilized for circuit simulation and exhibited high
accuracy. Furthermore, for a circuit with numerous transis-
tors, the additional computational overhead introduced by
our model was insignificant. For future work, the methodol-
ogy of rational function approximation could also be used in
sensing function of bioelectrodes, as well as other fractional
equivalent circuit models and compact models.
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