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Abstract—This article addresses the Kullback-Leibler (KL)
control problem in Boolean control networks. In the consid-
ered problem, an extended stage cost function depending on the
control inputs is introduced; in contrast to a stage cost of the con-
ventional KL control problems in the Markov decision process
cannot take into consideration the control inputs. An associ-
ated Bellman equation and a matrix-based iteration algorithm
are presented. The theoretical analysis shows that the proposed
KL control results in an approximated form of conventional
dynamic programming (DP). Furthermore, the convergence anal-
ysis is presented, with the weight parameter converging to zero
and diverging to infinity. In practical application examples, a
comparison of the conventional DP and proposed KL control is
illustrated.

Index Terms—Boolean control networks (BCNs), convergence
analysis, gene regulatory networks, Kullback-Leibler (KL) con-
trol, optimal control, semi-tensor product (STP) of matrices.

I. INTRODUCTION

OGICAL dynamic systems have been employed for

modeling complicated dynamical behavior, such as bio-
logical systems [1], combustion engines [2], and transportation
systems [3]. The mathematically tractable structure of Boolean
control networks (BCNs) [4] has resulted in their widespread
use. After the development of the semi-tensor product (STP)
technique [5], [6], Boolean networks have been analyzed in
terms of their matrix-based expressions. With respect to BCNs,
theoretical concepts similar to those of continuous-valued
systems and related analyses have been developed: stabi-
lization problem [7], estimation problem [8], [9], decoupling
problem [10], robustness analysis [11], [12], conservation
law [13], Lyapunov function [14], [15], and reinforcement
learning [16]. To satisfy various control objectives, sev-
eral control structure types have been reported. A common
closed-loop structure has been frequently used for the sta-
bilization: stabilization under random switching [17] and
pinning control purpose [18], [19]. Event-based [20], [21]
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and sample-value [22], [23] control schemes, which have
been explored in the continuous-valued systems analysis, have
been developed for BCNs. In contrast to these settings, the
time-varying feedback law is exploited in the optimal control
formulation [16], [24], as discussed in this article.

In practical systems, as there exist some preferred and unde-
sired states [25], control schemes that avoid forbidden states
in biological systems [26] or obstacles in robotic systems [27]
have been discussed. In these reports, feedback raw is pro-
vided for making the transition probabilities to the forbidden
state equal zero; this technique is similar to dynamic program-
ming (DP) [28] with a modified stage cost having a value of
the infinity, which is discussed in this article. However, the
aforementioned schemes are specialized to make the transition
probabilities zero, and they cannot quantitatively evaluate the
probabilistic transitions to preferred and undesired states. The
development of a control scheme quantitatively addressing the
transition probabilities while minimizing the given objective
function with optimal control is still an open and challenging
issue.

Based on the background summarized above, in this study,
the Kullback-Leibler (KL) divergence, which evaluates the
similarity of two given probability distributions, is used, and
the KL control problem formulation [29] is applied to BCNs
with an extended stage cost function taking into consideration
the control input.

In the conventional Markov decision process (MDP), it is
assumed that the KL control can control the transition prob-
abilities directly. This assumption holds in various trajectory
planning problems, such as the maze game (see [30]) the tra-
jectory planning of robots (see [27]), wherein the control input
of the problem is the transition of the state itself. In BCNs,
the state transition depends on the system structure, and the
relationship between an applied input and the resulting state
transition probability is complicated; therefore, a theoretical
analysis and a practical code implementation for the BCNs
result in difficult jobs. To the best of the authors’ knowledge,
optimal control problems with an extended stage cost function
taking into consideration the control input and the correspond-
ing Bellman equation have not been explored and is still an
open issue. In addition, although the existing KL control is
successively implemented in a matrix-based form, which is
computationally efficient in recent programming languages, a
matrix-based expression of the aforementioned formulation,
including the extended stage cost function, is required to be
developed.

The contribution of this article is broadly summarized as
follows.

1) The optimal control problem with the KL divergence and
extended stage cost function depending on the control
input is addressed; in contrast, the existing KL control
(see [27], [29]) has a stage cost that is dependent only
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on the state. That is, the considered problem has a high
modeling capacity. This article presents the correspond-
ing Bellman equation and the matrix-based iteration of
the proposed algorithm.

The theoretical analysis provides the new insight that
the solution of the aforementioned KL control problem
results in the conventional DP modified by replacing the
max and arg max operations with an extended log-sum-
exp-based approximation function and extended softmax
function, respectively. Furthermore, the theoretical sup-
port for the following two limiting cases is given as
follows.

a) If the weight parameter in the KL control scheme
converges to zero, the value function and optimal
control input obtained using the KL control con-
verge to those of the conventional DP.

b) If the weight parameter in the KL control scheme
diverges to +oo, the value function and optimal
control input obtained using the KL control con-
verge to those of the desired transition probabilities
given for the KL divergence.

II. PRELIMINARIES

The notations used in this article are summarized as follows.

1y

2)

3)

4)

5)

6)
7)

8)

9)

10)

1)

12)

For an m x n-valued matrix A € R™*" its (i, j) element
is denoted by [A];; or A;j. The m x n zero matrix is
denoted by O,,x,. The n x n identity is denoted by I,
and its ith column vector is denoted by §,. Its set is
denoted by A" ={8,,i=1,...,n}.

A matrix Diag(a) € R™*" calculated with a vector a €
R” is a diagonal matrix, the (i, i) element of which is ;.
A matrix A € R™"_ with all its column vectors belong-
ing to A™ is called a logical matrix. L”*" is the set of
all m x n-valued logical matrices.

The Boolean domain, which comprises 7' (True) and F
(False), is denoted by D = {T =1, F = 0}. T and F are
identified with 8} and 83, respectively.

The STP [6] of matrices A € R™*" and B € RP*Y is
defined as AX B = (A Q1) (B®Iy),), where @ is the
Kronecker product, and s is the least common multiple
of n and p. This article omits the “x” in A x B for
notational simplicity.
A logical matrix [6}}, ..
by 8,ulit, ..., inl.

The n-dimensional unit simplex is denoted by S" = {x €
R xi=1,x1,...,x%, >0}

For a vector a € R", min(a) and max(a) are the
minimum and maximum elements of a, respectively.
The minimizing and maximizing arguments are defined
as arg min(a) = arg ming.s» 5Ta and arg max(a) =
arg maxgeg: 8 ' @, respectively.

The inequality a < b for vectors @ € R"” and b € R”
indicates that a¢; < b; foreach i =1, ..., n.

In this article, the argument x € R U {—o0o} of the exp
operation is considered, and exp(—oo) = 0 is defined.
In addition, 0 x 400 = 0 and Olog 0 = limy o xlogx =
0 are set formally, which makes the function xlogx
continuous and convex on [0, +00).

In this article, mathematical operations for matrices
and vectors are defined as elementwise operations, for
example, [exp(A)];; = exp(A; ).

® and @ are the elementwise product and division of
matrices, respectively.

., 811 € "™ is simply denoted
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13) P(A) is the probability of an event A, and P(A|B) is the
conditional probability of A under a condition B. E[X] is
the expectation of the stochastic variable X, and E[X|B]
is the conditional expectation of X under B.

Furthermore, the max operation approximation performed by
the log-sum-exp function is summarized here. The log-sum-
exp function LSE(x, u) = ,ulog(l,T exp(x/w)) for x € R”
and © > 0 (see [31, Example 10.45]) has been used
in various research fields. Based on the definition of the
log-sum-exp function, the extended log-sum-exp function
eLSEX, u,p):(RU {—oo})"” x Rog x S* — R is defined as

eLSE(x, u,p) = MIOg(pT eXp(x/u)).

Furthermore, the extended softmax function
esoftmax(x, u,p) : (R U {—oco})" x Rog x §" — §"
is defined by

p ©exp(x/n)  0eLSE(x, i,p)
plexplx/p) ox

where a simple calculation provides the second equality, thus
indicating that esoftmax(x, u, p) is the partial derivative of
eLSE(x, u, p) with respect to the variable x on R”.

Theorem 1: The extended log-sum-exp function eL.SE sat-
isfies the following inequalities.

1) For an arbitrary x, x’ € R”

esoftmax(x, u,p) =

eLSE(x, u,p) > eLSE(x, i, p)
. deLSE(x, u,p)

oxT (o

—x) (D
and

eLSE(x’, ,u,p) < eLSE(x, i, p)
n deLSE(x, u,p)
axT

1 ’ 2
—|X — X|[5.
+ W I B3

2) If min(p) > 0, for an arbitrary x € R”

(x" =)
)

eLSE(x, u,p) < max(x)
< eLSE(x, i, p) + plog(1/ min(p)).
3)

3) For an arbitrary x € R”
g <,
eLSE(x7 H’P) 2 ||x||2 Ep X E eLSE(x7 l‘(*ap)
i
“)

Proof: Item 1): The inequalities are obtained by evaluating
the Hessian of eLSE(x, i, p) with respect to x directly. That is

d 0JeLSE(x, u,p) _ desoftmax(x, u,p)
ox T ox N ox T
=y~ ! [Diag(esoftmax(x, 1, p))

—esoftmax(x, u,p)esoftmaxT
@, w.p)]. 5)

For the arbitrary vector &€ € R”, the quadratic form is
calculated as

¢ " [Diag(esoftmax(x, 1, p))

—esoftmax(x, ,u,p)esoftmaxT(x, u,,p)]é'
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2

[esoftmax(x, /L,p)]% OF1

2
—|esoftmaxT(x,/L,p)£|2. (6)

The following Cauchy—Schwarz inequality holds:

lesoftmax ' (x, u, p)&|

= |[esoftmaX(x, M,p)]%’—r[esoftmax(x, p,,p)]% o}

1 1

< |[[esoftmax(x, u,p)]% |l - [I[esoftmax(x, . p)|? O &l
1

= |[esoftmax(, 1, p)]? O£l (7)

1/2

where  the I =

\/1;([esoftmax(x,u,p)]]/z)z = 1 is used. On apply-
ing (7) to the quadratic form (6), the quadratic form
becomes non-negative, which indicates that the Hessian
is positive semi-definite. Therefore, the convexity of
eLSE(x, u,p) is demonstrated, and the resulting convex
inequality (1) follows. As the second term (>|<)(>|<)—r of the
Hessian (5) is positive semi-definite, the largest eigen-
value of the Hessian (5) is upper bounded by the largest
eigenvalue of the first diagonal matrix, which means that
pn~ ! max(p ©exp(x/n)/p " exp(x/u)) < u~'; the equivalence
of the largest eigenvalue and Lipschitz smoothness (see [32,
Sec. 2.1]) results in the inequality of (2) of Item 1).

Item 2): The flow is similar to that of the conventional log-
sum-exp function ([31, Example 10.45]). The first inequality
is given by

equality ||[esoftmax(x, u,p)]

eLSE(x, u,p) = Mlog(pT eXp(x/u))
< plog(p” exp(max(x)/)1, ) = max(x)
where the last equality used p"1,, = 1 on recalling p € S". On

using i* € arg max;_; _, X, the following inequality results
in the second inequality:

max(x) = log(p;1 - pie CXP(maX(x)/u))

IA

1t log (pl-‘* 'pTexp(x/ M))

eLSE(x, u,p) + ulog(pijl)
eLSE(x, i, p) 4+ plog(l/ min(p)).

IA

Item 3): Equation (2) of Item 1) is applied with x = 0,,.
The substitution of

eLSE(0y, u,p) = ptlog(p’ exp(0,/1))
= pnlog(p'1,) =0,

= esoftmax(0,, u,p)

_ PO/

T pTexp(0,/p)

into (2) results in the first inequality of (4). On recalling p €
S" and the convexity of exp, the Jensen inequality indicates
that p " exp(x/u) > exp(p ' x/uu), which results in the second
inequality of (4). |
Remark 1: The conventional log-sum-exp function
LSE(x, u) = /LlOg(l; exp(x/@)) is a special case of
the extended log-sum-exp function eLSE(x, u,p) with
p=1,/n€S", where n is the dimension of x.

0eLSE(0,u.p)
ax

III. PROBLEM FORMULATION

This article is focused on BCNs with a dth state update
represented as follows:

®)

The state and control variables are expressed in the STPs as
X =Xk X - X X € AT and up = ug g X - X Uy, €
A" respectively. Although conventional studies on BCNs
have addressed the deterministic control input u; € A%™, this
study takes into consideration the randomized control input
and the corresponding conditional probabilities of u; under a
given state xj at the kth step as follows:

z .
Ch,il = P(uk = & X = 812”::)7

i=1,...,2% I=1,...,2"™

xk-’r],d Zfd(xkauk)v d = 15 ey Ny

An initial state xg € AZ" is deterministically given, and
the design problem of ci;; is addressed. It should be noted
that c¢x; = [ckit,---» Ck’i,znu]—r e S?™, which indicates
that c¢g; should be a point on the unit simplex. Herein,
itk =0,...,N—1,i=1,...,2% [ =1,...,2™) is
referred to as a selection probability in analogy with the prob-
abilistic BCNs, using a similar concept to that of random state
switching [33]. Then, the structure matrix M € L2**2""™ of
the BCNs (8) uniquely exists and satisfies the state equation
Xk+1 = Mugxy [6]. Although x; depends on the design and
stochastic behavior of the randomized control, it is simply
denoted by xj for notational simplicity herein. Next, a desired
transition probability P(xpq1|xr, uy) is given, and the differ-
ence between the desired and actual transition probabilities is

introduced as the KL divergence
P(x'|x
P(x'|x) log( Gl k)>

KL(P(-|xp)|P(-|xx)) = =
(PC-lx) [PC-lxr)) Z B b
X e,
P(x'|x)#0
©))
An objective function is the sum of the objective function
of the conventional optimal control problem and the KL
divergence

N—1
min ¢, .ec;. ELZO 8k (X, u) + h(xn)
e B (10)
+ u Y. KL(P(-x0)|P(lxx)

k=0

subject to the BCNs (8) with xg = Xjnit-

gk and h are bounded, and the KL divergence P(-|x;) depends
on the selection probabilities ¢ ; (i = 1,...,2™) of uy, the
feasible sets of which are Ci ;. Compared with the conventional
KL control [29], the KL divergence is introduced with a weight
coefficient u > 0, and the stage cost function g (x, uy) is also
extended to include the cost of the control input ug, instead
of the conventional form gi(xx). In the case of u = 0 in
Problem (10), which means that Problem (10) ignores the KL
divergence, the problem can be solved using the conventional
DP (see [28]).

As observed in Example 2, the KL divergence quantitatively
evaluates the similarity between P and P, and it has a broader
modeling capability compared with conventional forbidden-
state-based techniques [12], [26]. If it is preferred that the
system be fixed at a target point or in a given set of states
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similar to the stabilization problems (see [15], [18], [22]), the
desired transition probabilities to the target points are set as
large values. Throughout this article, the following simplified
notations of the transition probabilities are used:

; .
Phij = PXit1 = 8 Ik = 8,
pk ij — P Xk+1 = 82":: |xk - 62".( .

Furthermore, the following notations are introduced in this
article:

Lnv(li) = {1=1,.... 278, = M8b, b |
inv* (i, k) € arg min gk<6§,,x, 612,,,,)
leinv(jli)

inv'(jli, k) = inv(jli) \ inv* (i, k). (11)
In summary, inv(jli) is the set of all the indices of the con-
trol inputs uy; = 62,,u driving x; = 62,1x to Xpy1 = 62,,x An
index in inv(j|i) with the minimum stage cost gx (85, , 62,,,,)
is selected as inv™*(j|i, k); the trivial nonoptimal inputs are
in inv'(jli, k) and set as cx;; = 0 if [ € inv'(jli, k) for
J satisfying 62,,x = M612,,u8'2,,x Thus, inv(jli) # @, which
means X = 82,,x can be driven to Xy = 82,,x, up = Szn,,
where [ = inv™*(jli, k) is used. The optimality of inv*(j|i, k)
[equivalently, the nonoptimality of inv'(j|i, k)] can be eas-
ily confirmed and omitted herein owing to space limitations.
From the definition of inv(j|i), the union of inv(j|i) with

respect to j = 1,...,2" is {1, ..., 2™}, indicating that
onx onx
| inv(il) = U(inv*(j|i, k) U invi (i, k))
j=1 j=1

={1,...,2™}

and inv(j|)) Ninv(/|i) =@ if j £ .
Example 1: The following BCNs with a 2-D state and a
single input are considered:

(12)

Xir1,1 = Xk, 1 AUk, Xpp1,2 = Xk 2 A~ (13)

The aforementioned BCNs have a structure matrix M =
84[2,2,4,4,3,4,3,4]. On using the state variable x; =
Xi 1Xk,2 € A* and the control input uy € A2, the state equation
is expressed as xy4+1 = Muyxy. In the example of x; = 3}‘,
equations M(‘ié(‘i}1 = Sﬁ and MS%S}‘ = 63 result in inv(2|1) =
inv*(2|1,k) = 1 and inv(3|1) = inv*(3|1, k) = 2, respec-
tively, without relation to the stage cost g. In the case of x; =
63, because M6§61 = MS%Si = 61, there are multiple inputs
resulting in x4 = 83. For such cases, inv(4|4) = {1, 2}, and
inv*(4]4, k) is a control input minimizing the stage cost. An
inequality gx(84, 8}) < gx(83, 83) results in inv*(4|4,k) = 1
and inv' (4|4, k) = 2, as illustrated in Example 3.
In Problem (10), the following assumption is made.
Assumption 1: In Problem (10):
1) The desired transition probability p;; = [Pg;1----»
Priowl’ € S¥ (k = AN =10 =1,...,2™)
is given as follows:

I_7k,i; F(xk+1 = 62"x Ixi = 62nx>

(constant) € [0,1], (inv(ji) # ?)
(inv(jli) = 9)
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2) The selection probability ¢;; € S** (k=0,...,N — 1,

i=1,...,2") satisfies
=0 (I € inv'(jli, k),
Ckil\ = Pr.i (l = inv*(j|i, k) with Prij € {0, 1}),
[O 1] (l = inv*(j|i, k) with Prij € (O, 1))
forl=1,...,2"™, where j is an index satisfying 6énx =
Mé,, 85, .

Equation (11) indicates that inv*(jli, k) and inv'(j|i, k)
are the disjoint seBaratlon of inv(j|i), which means that
inv (]|z k) U inv'(jli, k) = inv(jli) and inv*(j|i, k) N
inv'(jli, k) = @; therefore, the aforementioned three cases
of c, i, are independent.

Remark 2: The first line of the definition of cg iy,
which means c¢;; = 0( € inv'(jli, k), is consid-
ered. The condition implies the exclusion of a trivial
nonoptimal control input, which results in gi(85n,, 612n,,) >
arg mm,/ L om gk(6’2nx,812/nu) with the same next state
M52,,,, oy = M52,,,, 82,1,” the meaning of which is clear.

Remark 3: The second and third lines of the definition of
ck.i,» which indicate that the case of [ = inv*(j|i, k), are
considered. These two cases are classified using the value of
Pk,ij as follows.

1) ckit = Py (I = inv*(jli, k) with py ; ; € {0, 1}):

a) If p;; =0, then ¢k ;1 = py;; = 0; to avoid the
zero-division issue, a transition probability corre-
sponding to p; ; ; = 0, which means that x;41 =

.....

SJznx is a forbidden state, is excluded in the defini-

tion of the KL divergence (9). Instead, the feasible

set Cx; takes into consideration the forbidden state.

b) If ]_)k,l',j = 1, then Ck,i,l = l_jk,i,j = 1, which

is a redundant condition. Here, an index jfxeq iS

set subject to satisfying py ; ij = = 0 for an arbi-

trary j # Jfixed- Z ome Dy = 1 results in

pkl Jhixed 1. In addmon, the index [ satisfy-

ing | = inv*(fhxedli, k) results in cx;; = 1

on usmg the aforementioned 1-a) case because

Chil = ﬁk” = 0 for arbitrary j # jfxeq and

2t 2w Chil = 1.

2) ckig € [0,11( = inv*(li, k) with py;; € (0,1)). As

discussed subsequently, if neither (I € inv'(j|i, k)) nor

(I = inv*(jli, k) with Pkij € {0, 1}) is satisfied, an
optimal solution ck ;. always lies in ck i1 €0, D).

Example 2: The BCNs having a 2-D state and a single input
of Example 1, the structure matrix of which is given by M =
84[2,2,4,4,3,4, 3, 4], are considered. Equations MSéSi = 842‘
and M§38) = &; (or equivalently inv(2|1) = inv*(2|1, k) =
1 and inv(3|1) = inv*(3|1, k) = 2, respectively) result in
arbitrary design parameters py | , € [0, 1] and p; ; 5 € [0, 1],
subject t0 Py 12 + P13 = 1, while pp | | = P14 =0 1is in
accordance with Assumption 1. That is, the state x; cannot
arrive at either x4+ = 8}1 or Xj4] = 63.

Here, Problem (10) with a simple setting of N = 1, g9 =
0,h = 0,u = 1, and x9 = Si is considered, that is, the
minimization problem of KL(P(~|x0)|ﬁ(-|xo)) is considered.

Case 1): The desired transition probabilities are given by

Po.12=P013=0.5,Po1.1 =DPo14=0.
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The case of x; = §) results in
Cl1,1 = P(uk = 8§‘xk = ai)
= P(Xi41 = 6421‘xk = 5};) = Dk,1,2
) . (14)
k12 = Pluy = 52‘xk = 34)
=P(xp41 = 53‘3% = 341;) = Dk,1,3-

Because the initial value xo = § 411 is deterministic, the objective
function no longer requires the expectation operation and is
given by

- 1,3
KL(P(-x0) |P(-x0)) = po.1.2 log 2 4 po.1,3log 2
,1 Po 1,3
=c lo < —I— co.1.2 1o 0.1, 2
= ¢o,1,1 10g 05 0,1,2 g 05 "
The optimal solution is Co 1= CO 12 = 0.5, and the

optimal objective function value is zero (the detailed deriva-
tion is omitted herein because the problem is a special case of
Problem (26), introduced subsequently). In the conventional
optimal problems, the optimal control is obtained as accord-
ing to a deterministic law, which means that (co,1,1, co,1,2) =
(0, 1) or (1,0). On recalling that 0log0 is formally defined
by limy\ o xlogx = 0 in this article, both the aforementioned
deterministic laws result in KL(P(~|xo)|F(-|xo)) = log2. This
example suggests that the randomized control input is required
to be taken into consideration to minimize the objective
function while including the KL divergence.

Case 2): The following desired transition probabilities are
given:

P0.12=1,P013=0,Po1.1="D0o14=0.

This means that the transition from xo = 8} to x; = &3 is
prohibited. The definition of Co ; in Assumption 1 results in

€0,1,inv*(2/1,0) = €0,1,1 = 1, €0,1,inv*(3/1,0) = €0,1,2 = 0.

Eventually, the feasible set Cp; degenerates to a point
(co,1.1,¢c0,1,2) = (1,0), which is a trivial optimal solution.
The transition probability, which is as desired, results in

=lo

= 0,1,2
KL(P(-1x0) |P(-x0)) = P0,1,210g§ g1 =0.

0,1,2

IV. MAIN RESULTS
A. Reformulation as Optimal Trajectory Planning Problem

This section reformulates the optimal control problem
(Problem (10) with Assumption 1) as an optimal trajectory
planning problem because the latter has a more tractable struc-
ture. If inv(j|i) # ¥ and | = inv*(j|i, k), which means that
there exists a uy = SIznu driving Xp = 8one 10 Xpp1 = 3jznx, the
transition probability from x; = 85, to X341 = 812,,x i8S ck,il

Pk,i,j = P(xk-‘rl = Sznx |xk - 82".\:)

_ fekia = Pu = 8hlxi = 85 ). @nvl) # 0
0, (inv(jli) = 0).
(1s)

An optimal selection probability cf ;, of c ;s can be obtained
from an optimal transition probability pz, i of py,ij. Therefore,

the optimal control Problem (10) is the design problem of
Dk.ij- Here, the consideration of Assumption 1 results in

Prij = ﬁ(ka = 52,1,, Xk = 82,,x>
{ (constant) € [0, 1],  (inv(jli) # 0)

(inv(jli) = 9).
(16)

There are two settings resulting in py ; ; = 0: 1) inv(jli) = ¢
that is, the state x; = Sgnx cannot move to Xgy] = 8]2,,x and
2) inv(jli) # ¥ and inv*(j|i,k) = I. However, a designer
deliberately sets p; ; ; = 0, that is, xi41 = 3]2nx is a forbidden
state. py ; ; = 0 and Assumption 1 result in py ; ; = 0; therefore,
the transition probability py ;; the desired value of which is
set such that py ; ; # 0 is required to be designed, and the
number of such variables is

=1, 2%, # 0} <2

because the number of possible next states xj1, which means
that inv*(j|i, k) = [ in (16), is less than that of u;, € A%"™.
The feasible set of the variable p, ; is denoted as follows:

nx =D, Dy .- 0’1})
P i = .ESZ R i pk.l,] (ek,l,] e{ } 18
¢ [” ki b ”{6[0,1] Feis € 0 1). | ¥

The stage cost function gi(xx, uy) is reformulated in the form
of wr(X, Xr+1) as follows:

) . i inv*(/'li,k)) -
Wik (SIan ) 8'/2,.,‘) = : 8k <82nx ’ 62"" ’ (]jk,z,] > 0) (19)
+OO9 (pksl’/ - 0).
The equivalence of the expectation of gi(xk,ur) and

Wk (Xk, Xr+1) is presented here. The expectation of gi is
calculated as follows:

7)

2% 2w

]E[gk(xk, uk) Z ZP(uk — 82",\:’) k(‘sénx, 612nu)~

i=1 I=1
P(xy = 8énx, up = 812,,u) is expanded as
P X = (S%nxs = P(xk = 6§ﬂx)P(uk = 6121114 |xk = 63”):)
Up = 62)1,4
and P(u; = 812,1,, lxr = 85,.,‘) = cx,i,1- Therefore

2" M

Z Z P(Xk = ‘Sénx)ck,i,lgk <5énx s 612/114 ) .

i=1 I=1

E[gr(ex, up)] =

On recalling (12), which indicates that {1,...,2™} =
UL inv(il)) and inv(ii) N inv(/|i) = @ if j # j. the
sum with respect to [ = 1,...,2"™  as mentioned above, can
be expressed as that with respect toj =1, ..., 2", as follows:

E[gr(ex, up)]
o

=20 )

i=1 j=1 I'einv(jli)

P(xi = 8o )cr.ir 8k (8%, 82,1,,>

In the sum with respect to I’ € inv(jli) = inv*(j|i,k) U
inv'(jli, k) above, the definition of the feasible set Ck,i in
Assumption 1 indicates that ¢y ; y = 0 if I/ # inv*(j|i, k), or
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I' € inv'(jli, k) equivalently. Therefore, the sum is simplified
as follows:

E[grCer, ur)]

onx pnx
; Ay (lik)
= Z ZP(xk = 6l2"x)ck,i,inv*(j|i,k)gk <6’2nx N 521114 )
i=1 j=1
onx pnx
. o
= 3 3 Pl = B (3 )
i=1 j=1
ome gnx

= 22 P (= e xicet = S )i (85, 8 )

i=1 j=I
= E[wi(ex, xi41)

where the second equality uses the relationship between py ; ;
and ¢ ;; in (15) and the definition of wy in (19).

Consequently, the optimal control problem (Problem (10)
with Assumption 1) is reformulated in the following optimal
trajectory planning problem:

N-1
E[Z WXk, Xp11) + h(xy)

m7iDn
Pk.i€/Fonx
K, N k=0
i=1,...,2m
N—1
ey KL(P(‘|xk)|P('|xk)):| (20)
k=0 )
subject to P(xk_H = 8'/2,1x lxp = 6’2,,x) = Pk,ij
(hk=0,...,N—1, i,j=1,...,2™),
X0 = Xinit-

The optimal trajectory planning problem of the state x; is more
tractable because the state variable is directly controlled (see
the maze game in [30, Sec. 8.1]).

Example 3: The BCNs (13) in Example 1 is considered
again. The structure matrix is M = §4[2,2,4,4,3,4,3,4].
X, = 6‘1‘ results in (14) and indicates that the selection
probabilities of the control are equivalent to the transition
probabilities. Because inv(l|l) = inv(4|l1) = @, which
means that there is no control input u; driving x; = Sénx
to either xg+1 = Sénx Or Xpy| = 8§nx, the following transition
probabilities are set as zero, based on the definition of P ;
in (18)

Dr.1.1 = Pk,1,1 = Dr1.4 = Pi1,4 = 0.
Similarly, equations

inv(1]2) = inv(3]2) = @
inv(1]3) = inv(2|3) = ¢
inv(1]4) = inv(2|4) = inv(3|4) = @

result in

Pk2.1 = Pk2.1 = P23 = Pk23 =0
Pr3,1 = Pk3,1 =Pr32 = Pk32= 9
Pk41 = Pkl =DPkao = Pk42 =Pka3 =Pka3 =0

respectively. In the case of x; = 62, because inv(4|4) =
{1,2}, there are multiple inputs resulting in xpy; = 81.
For such cases, a control input minimizing the stage cost
in Problem (20) is selected as inv*(4|4, k). A time-invariant
stage cost [Gkli; = gk(ég, 812) given by
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0.1
G = [0.1 03 05 07
for each k = 0,...,N — 1 is considered. An inequality
2k(85,8)) = 0.4 < gx(85, 83) = 0.7 results in inv* (44, k) =
1 and inv'(4/4,k) = 2, and the resulting problem (20) is
addressed. Here, the desired time-invariant transition prob-
ability py;; = [Pilij for k = 0,...,N — 1 is set as
follows:

02 04 0.4}T

0 05 05 0
p._|0 05 0 05
k=10 0 05 05

0 O 0 1

It should be noted that the transition probability matrices used
in this article are similar to those used in the conventional
MDP. This means that they are the transposed matrices of the
STP-based transition matrices for the probabilistic BCNs [26].
The control variable py ; ; = [Px];; is given as follows:

[0 pri2 Pri3 0
0 pr22 0  proa4
P = 2 2
k 0 0  pi33 pr3a
0 0 0 1
[0 ¢k cki2 0
_ |0 a2 0 22
0 0 Ck32  Ck3,1
0 0 0 1

The second equality shown above claims that the original
control variables, which are the selection probabilities of the
control input, are recovered using the control variable Py.

In addition, the reformulation of the stage cost function
8k(Xk, ur) as wi(xy, xk4+1) is examined here. The stage cost
[Wlij = wk(8, &) for each k =0,...,N — 1, is given by

too & (3;, aé) & (ai, 65) +oo
W | e (83.6)) oo a(87.83
k =
+00 +00 gk(82,8%> gk 62,5;
+00 +00 400 8k 84,6%
+oo 0.1 0.1 +00
|40 02 400 03
T |+ 400 0.5 0.4
| +o0 400 +oo 04

In the equation above, the path from x; = 63 to Xy = 83 uses
the control input uy = §} = S;HV*(4|4’]‘), and the corresponding
cost is [Wilsa = wk(Sj, 81) = gk(84,8%) = 0.4 instead of
2(83,83) =0.7.

For s = 0,...,N — 1, the following optimal trajec-
tory planning subproblem derived from the optimal control
problem (10) with Assumption 1 is considered

KL,
ve o H (ini) =

N-1
E[Z Wi (X, Xg+1) + h(xy)

min
Pr,i€Pr,is —
k=s,....N—1, =S
i=1,...,2"™x
N—1
+ 1Y KL(PCl) [PC ) s = xmit}
k=s
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subject to P(xk+1 = & Ixx = Sénx) = Prij

(k=s,....N—=1,ij=1,..,2"%)
X5 = Xinit- 2n
At's = N, vi©"(8h,) = h(8hy), i = 1,...,2"%. The fol-

lowing theorem provides the Bellman equation of the optimal
trajectory planning problem (20).

Theorem 2: The optimal trajectory planning problem (20)
derived from the optimal control problem (10) with
Assumption 1 is considered. In Problem (20), the Bellman
equation on the value function v?L’“ (s=0 —1)in (21)
is given as

2
KLt { of . D KL,
vyt (6’2,,x) = min Ps.ij [ws (S'an , 8/2,,x) + Vs+1M (3/271;: )]
Ds.i€Ps,i A

Iz
+l/« Z PH/Ing“]>

(22)

S,i,j

Proof: In va’” (6§nx), as defined in (21), the sum of the
stage cost from s + 1 and the terminal cost is rearranged as
follows:

N—-1
E Z Wi (X, X+1) + h(xN)
k=s+1
N—1
+ i) KL(PCo) [PCxw) e = 85
k=s+1
2 N—-1
= iRl D wix xes1) + hixy)
j=1 k=s+1
N—-1 )
+u Y KL(PCo) [PClx) [xog1 = b
k=s+1

(23)

On the right-hand side of the equation above, the minimum
Value and minimizer of the sum of the two expectations
are vs +1 (82,Lx) and the corresponding optimal p; ; (k = s +
1,.. 1,i = 1,...,2"), respectively. The stage cost
function at the sth step is expanded as follows:

nx

IEl}lvj(xs’'xs"'l)|xs = Sé"x] = Zps,i,jws<aénx , 5énx),
=1
E[KL(P(-lx)|PClxo)[xs = 8bu ] = > pyijlog fs,l:x/:.
i=1,...,2m 5.0
/ Py,ij70
(24)

Consequently, the combination of (23) and (24) results in the
claim of the theorem. |

Remark 4: In Theorem 2, especially at s = 0, the value
of vg L. (xinit) is the optimal objective function value of
Problem (20) and the minimizer of ng’“ (%ipit) is an optimal
solution of Problem (20).

The following theorem provides the vectorized expression
of the Bellman equation (22) using the vectorized value and

7
objective functions
-
KL,n _ KL, KL,
Vi = [Vk 1 2o kaznx:l
.
KL, KL
= [ (8 ), o (830)] e R
T
Wki = [Wkl 1s-- Wkl2”x]
. 1; T 7
= [ (80w 84 ). i (8 830) ] € RU (00)?”
(25)

Theorem 3: The optimal trajectory planning problem (20)
derived from the optimal control problem (10) with
Assumption 1 is considered. The value function v, ke =

0,....N—1,i=1,...,2™) satisfies the following iterative
equation:

KL, KL,

Ved "= —Mlog(pk ; exp( [Wk,i + kaM])).

The optimal transition probability is given by

- KL
n l[wk,i +vk+;“])
_ _ KL, ’
p/—cr,i exp(—u 1 [wk,i + Vk+1M:|)

Proof: The basic flow of the proof is similar to that
presented in the original article of the KL control [29]. For
the variable py ; j, a variable transform with dy ; ; € R is intro-
duced as py; j _ﬁk”dk,] The case ofﬁkl i =prij € 10,1}
formally defines dy;; = py ;. For the transformed control
variable vector dy; = [dk,i 1, ..., dk.i o ]T, the feasible set is
denoted as

e

*

Pii =

di; € Ran {=I_7ki' (I_Jk"E{O,l}):|
D . = d .. L] _ - L
a |:Pk vl =1, L) e [0 1/Pr.i ;] (Prij € 0. 1)

Problem (20) results in the equivalent design problem of
dii€Dyik=0,...,N—1,i=1,...,2™). If there exists
J such that py ; i = piij = di,ij € {0, 1}, this variable degen-
erates to a point, and it need not to be considered (especially
if there exists py ;i = pk.ij = dkij = 1, and Dy is a sin-
gle feasible point). The optimal solution is this feasible point
and evidently satisfies the Bellman equation presented subse-
quently; this case is trivial and is excluded from the remainder
of this proof. Thus, Dy ; is convex and has interior feasible
points. On using Theorem 2 and vectorized v,IfL’“ , Wi,iin (25),
the Bellman equation of 82nx e A™ ateachk=0,...,N—1,

is given by
onx
KL,u . — KL,
Vi, = min Zpk’iyjdk,,',j<Wk,j,j + wlogdy;j+ kaJ.).
dyi €Dy i o

On vectorizing the equation above, the following subproblem
is obtained:

KLu — m1n (Pr; ©dy,i)

KL,
Vi (wk,pl—ulogdk,,-—l—ka”).
d]\ le ki
(26)
The Hessian of the objective function Ji;(dk,;)) = @;; ©
di.)) " wii+ plogdy; + kah“) is given as
2 — .
3°Jk,i(d.i) _ {Mpk,i,j/dk,i,j >0, (j=/j.dkij>0)
Ody i j0dk.ij 0, G #J)

which implies that J ;(dk,;) is convex. Here, the following
points are introduced:
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exp(-

pklexp<

_ KL,
M I[Wk,i—i-vkﬂﬂ])

[w’“ + vk+1 ])

KL,

Pri© exp(—u ! [Wk,i + Vkﬂu])

_ KL,

Pri eXp(—lf‘ [Wk,i + ka"])
A= ulog(ﬁkT,,- eXp(—u‘l[Wk,i + vﬁi“])) - K.

(27)

The point (d* H A* "*y is the Karush-Kuhn-Tucker (KKT)
point assomated w1th a Lagrange function with Lagrange
multipliers A; (i = 1,...,2"™) for the equality constraint,
which is introduced as follows:

— T
Li(dri. }i) = (Pr; ©dx.i) [Wk,i + wnlogdy.i + v,ﬁi“]
+ Ai@kTidk,[ . 1).
The optimality condition is

[ 0L (dk, )L,)

o, L
d;; =

P pkl®d*ﬂ_

3, —pk,](wk,,+,ulogdku+vk+lj+)\,+,u> 0,
ﬁzidk,i—l'

Then, 1) the objective function and equality constraint set
are both convex and 2) the feasible set has an interior fea-
sible point, indicating that the Slater condition is satisfied.
Therefore, a point satisfying the optimality condition is an
optimal solution (see [34, Sec. 5 5 3]). Because p;:l“ of the

KKT point (27) indicates 0 < pkl = Pr., ”dk l’j <1 provided
Prij ¢ {0, 1}, the inequality constralnt 0< dk ij < UPbrij

inactive; therefore, the Lagrange multiplier for the mequahty
constraint is omitted here. It should be noted that, on using
W,ij = +00 in (19) and exp( oo) = 0, a case of a feasible

and trivial optimal point p;; ; o =d = Prij € {0, 1} is also

k, l]
covered with the expresswns of d i at the KKT
point (27).

On using the optimality condition wy;; + /Llogdzl’j
v,l;]_‘lu+)»*”+u = 0 for py;; € (0, 1) andpkld =1,
the Value function is rearranged as follows:

and p;'t*

Kot = i (5 0 de)T

wi.i + ulogdy,; vKL‘“)
oD, ( ki +plogdy ;i +v,

_ KL,
)

and all the equations of the theorem have been obtained. W
For efficient code implementation using the transformed
variable [29], a variable z;: is introduced as follows:

KL,
zf=exp<— ~ly, “)

=2t —p= _Mlog(ﬁ;—.i eXp(—

(28)

The following theorem provides an iterative equation in the
matrix form.

Theorem 4: The same condition of Theorem 3 for the
optimal trajectory planning subproblem (21) derived from the
optimal control problem (10) with Assumption 1 is considered.
The variable zfj in (28) satisfies the following matrix equation:

= @ Zpy
-
P = (Diag(lyw @72;) @) © [z Zat |
where ‘I’;:* - Pk*Q exp(—u "W, Pr = [Pry - Proml’s
=[Py - Prone] s and Wie=[wir - wiom] T
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Algorithm 1 DP for Problem (20) With © =0

1: v]]\)/P =h > Initialization
2: fork=N—-1,..., 0 do > Backward calculation on k&
3: fori=1,..., 2"x do P

4: VEF = min(wy ; + kal))P

5: kaf € arg min(wy ; + vk+l)

Proof: The Bellman equation given in Theorem 3 is refor-

mulated as
_ KL
w I[Wk,i + vk+i”])>.

Taking the exponential of both the sides results in the follow-
ing equation:

1 KL, _
— U 1vk’l. g log<p,1jiexp(—

no_ -1 KL\ _ =T
L= exp( Vei ) —I’k,ieXP<_

— —1 T
[Pk,iQeXp(—M Wk,i)] eXD(

-
= [ﬁk,i © eXP(—Mflwk,i)] ZZH.

On vertically stacking the equation above, a vectorized equa-
tion of z;: is obtained. In addition, the optimal transition

_ KL,
M : [wk,i + kaM])

—1. KL,
Vil

probability p;’/* is rearranged as follows:
_ KL,
o1t pk,i © eXP(—M I[Wk’i + Vk+1ﬂ:|)
Pri = KL
L eXP(_M_l[Wk,i + vm“])

- (1/1751.)17,(’[ 0) exp(—u_lwk’i) QZZH'

On transposing and vertlcally stackmg the equation above, the
matrix form of P “ in the theorem is obtained. |

The algorithms of the DP for the optimal trajectory planning
problem (20) with u = 0 (see [28]) and the matrix-valued KL
control in Theorem 4 are presented as Algorithms 1 and 2,
respectively.

Remark 5: The computation complexity of both the algo-
rithms is given by O(N - 2™ . min(2™, 2™*)) if appropriate
implementation is considered. More precisely, in the fourth
and fifth lines of Algorithm 1, because wy ; has elements hav-
ing a value of 400 and the number of the indices j satisfying
Wg,ij < 00 is not more than 2™ [see (17), (19)], the min
and arg min operations need not take into consideration these
elements. In Algorithm 2, the ith row vector of Py, which
is py ;, is a vector with nonzero elements not more than 2"
[see (17), (18)], that is, Py is a sparse matrix if 2" <« 2™ (for
further details of sparse implementation, please refer to the
Appendix). If the theoretical computation time is the same for
the two algorithms, a unified comparison of their computation
time cannot be obtained, and the practical computation time
depends on the implementation.

It should be noted that the conventional DP (Algorithm 1)
and KL control (Algorithm 2) can be used to solve
Problem (20) with w = 0 and u € (0,+o00), respec-
tively; the target problem formulations of these two algorithms
are independent and not overlapped; however, the obtained
Algorithm 2 is consistent with the conventional Algorithm 1
in terms of computation time.

It should be noted that a very small value of wu causes
exp(—u ' wii + v,lfh“ 1) and z;" to become almost zero and
causes the overflow of Diag(1onx @z;: ).
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Algorithm 2 KL Control for Problem (20) With u € (0, +00)

KL, —1,KL,
vy “:h,zk,:exp(—u ]VN )
fork=N-1,..., 0 do

1:

2: =

3 @ =P oexp(—un Wy
4

5

> Initialization
> Backward calculation on k

ey
5 =9z

T
PZ"‘ = (Diag(1pnx @z,’f)‘Pf) © [Z;:-H "'z;:-H }

Remark 6: As the value function v,lfli"“ and the optimal

transition probability pZZM , given in Theorem 3, are inter-
preted as

KL,p KL,u =
Vei = —eLSE(—[wk,;+vk+1 ],M,Pk,i)

" KL, =
pk’f‘ = esoftmax(— [Wk,i + kaM], lhl’k,i)

respectively. In other words, Algorithm 2 is the same as
Algorithm 1 obtained on replacing the min(-) and arg min(-)
operations of the fourth and fifth lines at the kth iteration
step with —eLSE(—(-), i, Py ;) and esoftmax(—(-), U, Py ;)»
respectively. To the best of the authors’ knowledge, the form
of Algorithm 2 has not been studied in the context of BCNs
and related MDPs. It should be noted that the interpretation
above is naturally derived from the theoretical analysis and not
introduced as a heuristic algorithm. The subsequent analysis
of u N\, O implies that the KL control is a generalization of
the conventional DP for u = 0.

Hereafter, the main focus of the remainder of this section
is the convergence behavior of the KL control with respect
to the weight parameter . The convergence behavior of the
aforementioned approximation is summarized in the subse-
quent theorems. As observed in the arg min operation in
Algorithm 1, an optimal solution of the conventional problem
formulation, which is the case of © = 0 of Problem (20),
is not necessarily a point but can be a simplex, which
means that arg min(e) = arg ming.g, 8Ta = (8§ € 88 =
0(a; > min(a),i = 1, ..., n)}. Therefore, the convergence of
a sequence by € S" to arg min(a) C S”", which is denoted as
b — arg min(a), is defined by b ; — 0 for each i such that
a; > min(a).

Theorem 5: Algorithms 1 and 2 for the optimal trajec-
tory planning problem (20) derived from the optimal control
problem (10) with Assumption 1 are considered. In the limit

of u \kO,

1) v,;*“ - WPk =0,...,N).
2) ppik=0,...,N,i=1,...,2") — arg min(wg,; +
v]jP )
k+1)- )
The proof of the theorem above can be referred to in the
Appendix.

In contrast to the limit of u N\ 0, the diverging u —
400 emphasizes the minimization of the KL divergence.
The objective function value obtained with the desired tran-
sition probabilities p;;(k = 0,...,N,i = 1, ..., 2™) s
introduced as

V= ﬁ;I,-(Wk,i +7k+1), (k=0,....N=1)
T | i (k=N).

The limiting behavior of © — +oo is summarized in the
following theorem.

Theorem 6: Algorithm 2 for for the optimal trajectory
planning problem (20) derived from the optimal control
problem (10) with Assumption 1 is considered. In the limit
of u — +o0.

D) " S5 (k=0,...,N).

2) pk:;‘ —=>Prik=0,....,N, i=1,...,2%).

The proof of the theorem above can be referred to in the
Appendix.

Example 4: Here, the control problem of Example 3 for
the BCNs (8) is considered again. The control period is set as
N = 3, and the terminal cost A is set as

h= [h(&l), h(aﬁ), h(si), h(&j)]T —[0.4,0.7,0,0.3]".

The value function and the optimal solution obtained using the
conventional DP for u = 0 (Algorithm 1) and the KL control
for u € (0, +00) (Algorithm 2) are compared. The matrix-
valued value function and the control variable of the DP are
defined as VPP = [vBF, ... wRP)T € RWFDX2" and PPP =
[ka)llj, e ka)];,,x]—r € R¥"*2" "respectively; those of the KL
control, which are denoted as VKL and Pz’“ , respectively,
are similarly defined. As shown in the proof of Theorem 5 in
the Appendix, the difference between kaP and v,IfL’” increases
backwards in k; therefore, this example provides the values of
Py at k = 0 because of the space limitations. In the case of
N =3, VPP and P([))P are given as follows:

09 1 15 15 0 1.0 0

(VO PP 06 08 1 11| [0 1 0 0
7o 01 06 05 0710 o0 pDPvT
0,3,(3,4]

04 07 0 03] |g o o 1

where pg_g (3.4] is an arbitrary vector in S%. The value function
and optimal transition probabilities of the KL control in the
cases of u = 0.01 and u =1 are presented as follows:

KL,0.01 *,0.01
(V P )

(0921 1.021 1.505 1.57] 0 1 0 0
10614 03814 1.014 1.1 0 1 0 0
~ 10107 0607 0507 071°[0 O 02 08

L 04 0.7 0 0.3 | 0 O 0 1

(VKL,I’ Pé,l)
[1.131 1.278 1.548 1.57]
_ 10764 0969 1.098 1.1
~ 1039 0739 0.595 0.7
L 04 07 0 03]
0 0.532 0.468 0
0 0.558 0 0.442
0 0 0.476 0.524
L O 0 0 1
Furthermore, the differences ng’” —vg¥ and ¥ — v(I)(L’“

are depicted in Fig. 1. From the value above and Fig. I,
convergence is observed.

For varying the weight parameter w, the optimal values
without the KL divergence and the values of the KL divergence
are illustrated in Fig. 2. The selected value of u can balance
the stage cost and KL divergence, which are indicated as x-axis
and y-axis of Fig. 1, respectively.

V. APPLICATION EXAMPLES
A. Lac Operon Model

First, the lac operon model proposed in [35] (see [35] for
further details of the model) is presented. The lac operon
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, 210y with

model has the variables M (lac mRNA), B (B-galactosidase,
LacZ), R (repressor protein, Lacl), A (allolactose), L (lac-
tose), P (transport protein, LacY, “lac permease”), and C
(cAMP-CAP protein complex). A variable with a subscript
“e” or “m” represents the extracellular and least medium
concentrations, respectively; the other variables represent the
intracellular concentrations. If a variable takes the values
True or False, it indicates that its concentration is high
or low, respectively. The state and control variables are
given by (x1,...,X10) M,B,R,A,L,P,C,Rn,Am, L)
and (uy, up, u3) = (Le, Lem, Ge), respectively. The Boolean
update functions for the states are given as follows:

f =CA—RA=Rm, fr=M

fB=M fc=—Ge
fr="AA-An, SRy = (FAA—An) VR
fa=LAB, Jan =LV Ly

L =P AL A—Ge, Ji, = (Lem A P) V Le) A —Ge

In this numerical example, as in Example 3, the desired
transition probabilities py ; ; were uniformly set to the reach-
able states of the next state for each k = 0,...,N — 1, with
N = 100, and the staﬁe and terminal cost were randomly
given. The differences v, L1t _yDP and ¥ —vg L1t are depicted
in Fig. 3, and the values of the cost and KL divergence are
illustrated in Fig. 4.
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Fig. 5. Map of the frozen lake and associated desired transition probabilities
and stage cost function. The values */% on the right-hand side of an edge
represents the value of the time-invariant desired transition probability and
the cost, respectively, indicating that p; ;/w; ;.

B. Frozen Lake

As an example of a middle-scaled problem, a frozen
lake [36] in Gymnasium is illustrated here. The detailed game
setting is omitted here owing to space limitations but can be
found in the Web documentation [36]. The frozen lake is not a
Boolean model but a trajectory planning problem in the MDPs,
and the proposed framework can be easily applied by setting
the state space A'® rather than A%™. Because deterministic
systems are discussed in this article, the probabilistic slipping
is ignored here.

In the map of the frozen lake (Fig. 5), a player starts at Start
(S) and arrives at Goal (G) by moving on Frozen (F) ways.
Because the player cannot move anymore after falling into
Hall (H), the desired transition probabilities to the Halls are
set as zero, which means that p; ; os = Prio07 = Pri11 =
Pr.i12 = 0 for any k and i. In addition, an evidently time-
consuming route, such as 04 — 00, is excluded by setting
their desired transition probabilities to zero. The time-invariant
desired transition probabilities and cost are given and indicated
in a map (Fig. 5).

A situation with multiple people, such as an evacuation in
the case of a disaster, is considered. A single optimal route,
which the conventional DP provides, can result in congestion;
therefore, the desired transition probabilities are selected to
separate the flow of people, such as pgg gy = Poo,oa = 0.5,
although route 00 — 04 with cost woo,04 = 1.0 is more rea-
sonable than 00 — 01 with wgp01 = 2.0. In addition, the
buffer area 03 is utilized.

A long control period N = 10 is considered such that
the player can reach the goal. The transition probabilities
obtained are summarized in Table I. For a small value of wu,
the minimization of the cost is emphasized, and the transition
probability obtained of a nonoptimal route, such as pgo.o1,
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TABLE I
OBTAINED OPTIMAL TRANSITION PROBABILITIES

i j p]k?lz.) pz’] T pZ'J 10 P, ;(desired)
00 01 0 0.225 0.453 0.5
00 04 1 0.775 0.547 0.5
02 03 0 0.068 0.417 0.5
02 06 1 0.932  0.583 0.5
09 10 0 0.269 0.475 0.5
09 13 1 0.731  0.525 0.5

takes a small value. In contrast, a large value of u results in a
small value of the KL divergence, indicating that the optimal
transition probabilities are closed to the desired value.

Remark 7: The aforementioned numerical examples illus-
trate the advantages of the extended KL cost: 1) the extended
KL cost can take into consideration the cost of the control
(e.g., the transition costs indicated near the edges in Fig. 5),
whereas the existing KL cost (e.g., [27] and [29]) does not
take it into consideration and 2) using the weight parame-
ter p, the similarity to the desired transition probabilities and
the transition costs can be balanced. Furthermore, the limiting
cases u N\, 0 and u — 400 are theoretically supported by
Theorems 5 and 6.

VI. CONCLUSION

This article addressed the optimal control problem with the
stage cost function depending on the control input and the KL
divergence. The introduced KL divergence can balance the
objective function value and desired state transition probabili-
ties. Furthermore, the convergence behavior of the KL control
with respect to the weight parameter was presented.

In this work, the target system is a deterministic Boolean
network, and thus, probabilistic Boolean networks (PBCNs)
are not considered. The KL control problem for the PBCNs
requires the consideration of innate stochastic behavior in the
PBCNs and results in a more complicated discussion. It can
be further investigated in future studies.

APPENDIX
A. Proof of Theorem 5
For notational simplicity, using a set Ji;, = {j =
L2 prij = 00 = kits - odkitZiat Dri =
G ljkists - i) 7 DT € RWVE™ s used. Tt should be

noted that Dy ;wy ; comprises wy ;; such that py ; > 0, which
means that w ; j = +00 associated with py ; ; = 0 is excluded.
Similarly, Dy ;p; ; comprises py;; > 0. On recalling that a
term exp(—oo) = 0 in eLSE and the +00/ — oo value in the
max / min operations can be ignored, the following equations
hold for an arbitrary vector @ € R**

eLSE(—[wk,,- + al, M’ﬁk,i)
= eLSE(—Dyi[wk +a]. u, Di.ipy.;).
min(w; +a) = min(Dyi[w; + a])
= —max(—[wi; +a]) = — max(—Dyi[w + a]).

The modification using Dy ; above is introduced to exclude
computations, including oo in fundamental inequalities given
by Theorem 1.

1) Proof of Item 1): The difference v,li%’“ kDP is separated
into two parts using the equalities above

11

KL, 1 DP
Vi T Vki
_ . KL, u — . . DP
= —eLSE(—|wri + vy |- . Py ) — min(wgi +vEy)

1 2
o

where
y) = —eLSE(—Dk,i[Wk,i + kahM], M,Dk,iﬁk,i)
+ eLSE(—Dyi[wki + v ] 1 Diib.i)s
v = —eLSE(=Dyi[wii + vt ). tt. Di.iby.)

+ max(—Dk,,-[wk i+ v?fl]).
In this proof, the two terms (1) and y(z) are lower- and upper-
bounded using Theorem 1. More precisely, yk(’l[) is lower- and
upper-bounded using (1) and (2), respectively, and yk(%) is
lower- and upper-bounded using (3).

An inequality v,lfl"” > v?P (k=0,. — 1) is obtained

by induction. First, at k = N — 1, vKL“ = vII\D,P =h =
[(8), .. h(52nx)]T and (3) result in
1 . _
Yy )1 i=00= VN—l,i < plog(1/ min(Dy—1.ipy-1,:))
respectively. Therefore, vIIEL fl P VBP i = )/A(,I)l ; )/1\(,2)1 ;
satisfies the following inequalities:

0< vllél“ f‘l — VBPI i < /Llog(l/min(DN_l,,ﬁN_Li)).

Second, vkh k> v,?fl is assumed. Equations (1) and (2) with

the substitution x’ = —Dy ;[wk,; + v?fl], x = =Dy ilwi; +
v,&i” 1, and p = Dy ;p;. ; bounds y,ili) are obtained as follows:

KL, _
esoftmaxT<—Dk,i[wk,i + vk_H“], M,Dk‘ipk,,-)
KL, u DP
Dy ["k+1 "k+1]

1
ykl

KL _
esoftmaxT<—Dk,,-[wk,,- + vk+i“], w, Dy ipy. i)
KL DP 1 KL
'Dk,i["kﬂ Vk+1] + m ”Dk»l[ka "k+1] H

The bound of an inner product esoftmaxT(—Dk,,-[wk,,- +
KL, . .

vk+] "1, . Dby )Drilvi i — vk+1] is considered. The

esoftmax term always takes a value in SIVil, indicating

that it is a non negative vector, and the induction hypothesis

KL, KL I
Vil = ka indicates that Vi

IA

IA

(29)

Vk+1 > 0o
0 < esoftmax (—Dk,i[wk,i + vk+i“], /L,Dk,iﬁk’i)
KL, DP
'Dk,i["kﬂ "k+1]

For the upper bound, on using the Holder inequality a'h <
lallillblleoc = (1Ta@) max(b) for non-negative vectors a and b
(see [37, Appendix B]), the following upper bound is given:

esoftmax ' (—Dk,,-[wk,,- + vlﬁiﬂ], W, Dk,iﬁk,i)
Dy, l["llc(klﬂ ka-El]
(12nxesoftmax(—Dk ,[wk i+ vk+1 ] W, Dr.ipy, Z))
- max (Dk’l [v,lfh“ Vit ])

KL,u _  DP
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On applying the aforementroned upper and lower bounds
of esoftmax ' (_Dkt[wkl+vk+1 1, w, Dy, ,pkl)Dkl[ka —

ka] the bound of y(])

(1)

in (29) is simplified as follows:

0 =%,
< maX(Dk,z["liLiM kaJ[:l]) + %HDM[V&]M - Vk+1] H
(30)
For Vk(,%)» (3) results in the following inequality:
0 <y < plog(1/ min(Dy iy ;))- @D
Equations (30) and (31) show that vKL H sz J/k(ll) + )/(2)

satisfies the following inequalities:
KL _ DP KL.u _  DP
0 <, Vi = maX(Dk l[vk+1 "k+1])

+ﬂHDk,l[Vﬁl" Vk+1]” + wlog(1/ min(Dypy ;))-

Therefore, the induction concludes that v,IfL’“ > kaP k =
0,...,N—1). On taking the maximum value of both the sides
and using C1 = max;=1,...2n k=0,...N—1 [1/ min(Dyg Py ;)], the
following equation is obtained:

KL, yDPP
max (Vk k )
KL,

1
DP
"k+1> +5- o H"k+1 "k+1H + uCr.

(32)

KL
< max <Vk+i“

The obtained inequality is a recursive equation of max(kaL’“ -

v?P); however, an explicit expression of the solution is dif-
ficult to obtain. Instead, using a sequence ci that does not
depend on u, the remaining part is the proof for an inequality
max(v,IfL’” — vDP) < CkM At N, the definition of vjlf,L’“ =h
indicates VEL " Kb _ vDP) =0 = cyp with
cy = 0. At k + 1, the inequality max(karl v,?fl) < Ck+1M
is assumed. Then, the £, squared norm in (32) is bounded as
KL

—WPP 3 < [max(vk+i“ ka)] 1o |2
2
=2% [max("kKJl:rﬂ - "?fr)] < 2" 1t
and (32) results in the following bound:

kDp) < <0k+1 + 2""7]C/%+1 + Cr)ﬂ

= vN and max(vy

KL,

[

KL,p
max(vk
and the inequality max(kaL“ v,?P) < cgp is obtained
by letting ¢y = cxp1 + 2™ 'ci,, + C1. The inequalities
max(v,IfL’“ —vPP) < o and v,IfL’“ > yPP
]I((L“—>V?P as N\ 0.

2) Proof of Item 2): The jth element of the optimal p; !
S** is given as follows:

’ KL, u
il = [esoftmax<— (Wk,i + vk-HM)’ M’pk’i>]j
~ B KL,
Prijexp(—n”! [W"’” * vk“ﬂ)
Py B KL,
D=1 Prij eXp(—M l[wk’i’j’ " Vk“’j’])

Pkij

KL, p KL, 1 '
i+ ] = s+ )

means that

= 2mx
=1 Prij exp(n
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— —1 KL,
The convergence of py ; » exp(u™" ([wi,ij + kaJ] — Wiy +
KL, 1t
Vit k1)) is summarized as follows.

1) wk,j+vk+lj > Wiif —i—vk+1 ,: There exists ¢ > 0 and
> 0 such that [wy;; + vk+1]] (Wr,ij + Vk+1 K1 >

& > 0 provided 0 < pu < i because of the convergence
([Wk i,j +

Vit1 J] [Wk ij + Vk+1 /])) = pkz/ exp(p™ 8) if 0 <
n=p and diverges to +oo as u N\ 0.

2) Wi,ij +vk+1 i< Wkij +vk+1 Iz Similar to the discussion
above, there exists —¢ < 0 and u > 0 such that [wy; ;+

KL, p . KL, 1
vk+],j] - [Wk,l,]’ + vk+],j/] <
because of the convergence of v

— vkJrl Therefore Pr.ij exp(u™

—e<0for0<u<u
KL,
k+1

0 < Bpiy eXPU ™ (I i iy 51— Wi Vi o)) <
Dk,ij exp(—u~'e) if 0 < < p and converges to zero
as u N\ 0.
3) Wk”—H}kaj = Wy, ,/—i—vk+1 ,: Inequalities v]]f
Lot

—— X +1 Therefore,

L. > VEP

P) < cxp implies that [wy;; +

and max (v,
KL, p DP

KL,

Vil — [Wku’ + Vk+ o= ey = Vil —

L PP e [— c c ]. Therefore,
k+1,7 k+1/ k+1Ms Chr 11

ﬁk,i,j’ exp(u— ([Wk ij + Vk+]]] [wi, g T Vk+1]’])) is

bounded.

Item 1) concludes that p*’“ — 0 if wgij + karljJrl >
min(wg,; + vi +1) The drscussron above does not specrfy
the convergence point, but the convergence of Pki —
arg min(wy ; + ka) is established.

B. Proof of Theorem 6

1) Proof of Item 1): The flow of the Eroof is similar to that
of Theorem 5, that is, the difference v, — Vi is lower- and

upper-bounded. The difference v,lflL * — Vi is separated into
two parts
KL, _ KL, —
Vk,i B Vi = —eLSE(—I:Wk,i + vk+1“i|’ l'lfvpk i)
_ _ 1 2
_P/Z,'(Wk,i +vk+1) = n,(”) + 77( )
where
1 KL, _
;7]((1) = —eLSE(—Dk,,’[wk,i + vk+1ﬂ]’ ", Dk,thj)
+eLSE(—Dyi[Wk.i + Vk+1]. . Dx.iPy.;)
2 _ _
771(”) = —eLSE(—Dyi[Wki + Vis1], i, Di.iPy.;)
_ \T _
+(Dripri) (—Dri[wii +Pes1])-
In the equation above, —ﬁZi(Wk,i +  Vit1) =
(Dr.ipy i)T(—Dk,i[wk,i 4+ Vi4+1]) is used. An inequality
W = v (k= 0, ... N —1) is obtained by induction. First,
atk = N—1, v =¥y = h = [h(8hy), ..., h(83m)]T
and (4) results in
1 2
’7/(\/)1 i =0 __”DN Lifwn- ll+h]”2 = 771(\1)1 =<0
respectively. Therefore, VEI;{L ;= VN1 = ,71(\,1) Lt 771(\%) Li

satisfies the following inequalities:

_E”DNfl,i[WNfl,i + k] H; < VII\(;I:ffi —VN—1,; < 0.
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Second, Vi1 > v,{%” is assumed, and (1) and (2) with the

substitutions x’ = —Dy_ ;[wy. ,+vk+i”] x = =Dy i[wi i +Vit1],
and p = Dy ;py ; provide the following lower and upper bounds

of —n,i’ll.):

esoftmaxT(—Dk,,-[Wk,i + Vk+1]’ “, Dk,iﬁk,i)
Dy, i[‘_’k+1 - Vﬁi“]
i)
= eLSE(—Dk,i[Wk,i + VkKiiﬂ], s Dk,iﬁk,i)
—eLSE(—D,i[wk,i + Vit1]. 1. Di.iby.;)
esoftmax' (=D i[Wki + Vk+1], . Dr.ibr.;)

— KL,
'Dk,i[vk+l - vk+1 ]

IA

IA

1 _ KL, 7|2
+ 5 Pl =]
(33)

The bound of an inner product term

— _ _ KL,
esoftmax ' (=D i[wk.i+Vir1], i, Dy.ipy )DrilVi+1 _vk+1M]
is given using the Holder inequality as follows:

0< esoftmaxT(—Dk,,-[wk,i + Vs s 1o Diiby ;)
.Dk,i[vkﬂ vﬁ“i“]

< (1;;: esoftmax(—Dy,i[Wki + Vit1]. . Dk,iﬁk,i))
. maX(Dk,,-[VkH - VIIS:IM])

= maX(Dk,i[VkH - Vﬁi“])-

On using the inequalities above, the bound of — n(l) in (33) is
simplified as follows:

0<—n)

_ KL, 1
oo 2] o 2]

(34)
Furthermore, (4) results in the following inequalities:
2
——||Dkl[wkl+vk+1]l|2 <) <o0. (35)
KL H_

On comblnmg (34) and (35), the following bounds of Vi
Vk,i = nkl + n is obtained:

KL,
vkt

: KL, 1 a
—maX<Dk,i[Vk+1 - kaM]) - ﬂ||Dk,i[Vk+1 "k+1 ]”2

(36)

0

v

— Vk,i

v

1 _ 2
o |Dw.i[wi.i + Vis1]])5-
By induction, an inequality vy > v,IfL’” is obtained. By using

Cy = max—1,... 2 k=0,...N—1(1/2)IDx ilw,i + Prs1113, (36)
results in

max (ik - v,IfL’“ ) < max (1_"k+1 - v,lg;i“ )
L KLu|? | —
+5Hvk+1 - vk+i“ H2 +u G
(37)

13

Now, an inequality max (Vg —v,lfL’”) < exu”! with a sequence
ex > 0k =0,...,N —1) is derived here. At k + 1, the
inequality max(vy;q — kaii“ ) < exripn” ! with e > 0 is

assumed. The ¢ squared norm is bounded as

2
Lone 15

2
_ KL, 2 — KL,
Vil —Viyr 13 = [maX(Vk+1 — Vi )]

2
<2 [max(‘_’k+1 - Vﬁiu)] = 2nxe%+1ﬂ_2

The equation above applies to (37) and shows that
maX(Vk —~ kaL’“) <en 2 e u T+ G

Because the limit of i — 400 is now considered, =3 < !
is assumed without a loss of generality. Therefore, max(vy —

KL, 1 _ .
v, My < et with e = epy 142" 1e§+1+c2. The inequal-

ities v, > v,IfL“ and max(¥; — v,IfL’“ ) < exu” ! result in
KL I —
vy —> Vi as U — +00.

2) Proof of Item 2): The jth element of I’Z,# is given as

follows:
. KL, _
p:l“] = [esoftmax(— (wk,,‘ + kaM), /J,,pk,i)]j
_ KL,
i iy + 1))

_ KL, )
w ! I:wk,i + vk+lu:|)

In the exponential terms above

Pk,ij eXP(-

e

KL,
exp (= s + {51
_ _ . KL,
= eXP(—M [Wk.i,j + Vk+1,j]) : exp(u l[vk+1,j - vk+1’fj]).
(38)
The first term of the right side of (38), exp(—u’l[wk,,-,j +

Vi+1,]), converges to 1 as u — +o00. The inequalities 0 <
Vi1 — Vi +i’;. < epp1 " result in upper and lower bounds
of the second term of the right side of (38) given by

KL, i -2
— vk+1,j]) < exp(e‘k_HpL )

that is, exp(,u’l[vkﬂ,j — vllfhl;]) also converges to 1.
*, UL — T 4 —
Therefore, Pri = Pi,ij/ @y do) = Py ;j as p — 400,
. *, [ =
which means that p;’;" — py ;-

exp(0) =< eXP(M_l I:Vk—i-l,j

C. Sparse Implementation of Algorithm 2

For practical implementation, the third line <I>§: =P, 0
exp(—u_ka) can consume a significant amount of time
because naive implementation results in a dense matrix
exp(—u ' Wy). In particular, Wy, defined in (19), has many
400 elements, and exp(—M_IWk) is computed in the manner
of the dense matrix computation. Instead, the following sparse
matrix W), can be used:

i gk( - 6;’_;1‘v*(/|i,k)) (I_Jk,i,j > ())7
kij = 0 (ﬁki,j:O)'

Because Pi,i exp(—4~ Wy ;) = Pijexp(—p~ Wiij) = 0
if pr;; = 0, the modified matrix W), of Wy does not affect
the value of <I>“ , which means that Py © exp(— ,u_1W;<) =
Perxp(—u lWk) <I>” However, exp(—u —“w, ) has many
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elements with the value of 1 and is still dense. Therefore,
a common implementation named expml, which computes

expml(x) =

exp(x) — 1, can be used as @ = Py + P; ©

expml(—;f1 W}C); both P, and expml(—/f1 W}C) are sparse,
and @ is efficiently computed.
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