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Hierarchical Decomposition-Based Distributed Full
States Tracking Consensus for High-Order
Nonlinear Multiagent Systems

Yafeng Li

Abstract—This article studies the distributed adaptive
leader-following control for high-order time-varying nonlinear
multiagent systems (MASs) with uncertain parameters. The state
feedback protocol and output feedback protocol are proposed,
respectively, to render all states consensus errors to converge to
zero asymptotically. First, the hierarchical decomposition algo-
rithm is used to construct a refreshed communication graph to
address the mutual dependence problem of controllers. Then, by
introducing a local neighborhood consensus errors-based trans-
formation, the leader-following consensus problem is converted
into the stabilization problem for the consensus error system.
Using the backstepping method and tuning function technique,
the distributed adaptive state feedback controller is designed to
render all followers’ states to track the leader’s ones. Further,
by constructing the reduced-order dynamic gain k-filter to esti-
mate unmeasured states, a distributed adaptive output feedback
controller is designed. In both controller design methods, the tra-
ditional Lipschitz condition need not be satisfied any more for
all time-varying nonlinear functions, and different from most of
the existing results on the high-order nonlinear MASs, full states
consensus can be obtained. Finally, a general numerical example
is given to illustrate the effectiveness of the proposed methods.

Index Terms—Adaptive control, distributed control, leader-
following, multiagent systems (MASs), time-varying systems.

I. INTRODUCTION

N THE past decades, the distributed cooperative con-

trol for multiagent systems (MASs) has attracted lots
of researchers’ attention, due to its broad range of appli-
cations, such as distributed reconfigurable sensor networks,
autonomous vehicles, micro-grid, industrial systems, martial
systems, and so on [1], [2], which can bring many great bene-
fits including high adaptivity, low cost, easy maintenance, and
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so on. Based on the Lyapunov stability theorem and the graph
theory, many kinds of MASs have been investigated, such as
first-order MASs [3]-[5], second-order MASs [6]-[8], high-
order linear MASs [9]-[12], and high-order nonlinear MASs
[13]-[16], and the references therein. Obviously, in terms of
the agent model, the high-order nonlinear MASs are more gen-
eral and practical in nature, where some of the results can
even cover the results in the first three types of MASs, and at
the same time, the distributed control protocol design is more
challenging.

Compared with the results on the first-order MASs, second-
order MASs, and high-order linear MASs mainly focusing
on the full states consensus problem, most of the results
on the high-order nonlinear one mainly focus on the output
consensus problem due to the complexity of its dynam-
ics [14]-[20]. In [14], using the adaptive dynamic surface
control, the distributed containment control problem was
investigated for uncertain nonlinear strict-feedback MASs with
multiple dynamic leaders under a directed graph, but the initial
domain of the states was semi-global. The work [15] investi-
gated the finite-time leader-following consensus problem for
high-order nonlinear MASs under the undirected graph. In [16]
and [17], the effects of unknown parameters were further
considered and the adaptive distributed state feedback con-
trol protocols were proposed. In [18]-[20], the stochastic
disturbance was further considered and the distributed coop-
erative control for stochastic MASs was addressed. There are
also some results on the full states consensus for high-order
nonlinear MASs, such as [21]-[23] and the reference therein.

For the high-order nonlinear MASs, the aforementioned
results mainly focus on the distributed state feedback consen-
sus and most of the results only guarantee the bounded stability
of the MASs. However, the states variables in many practi-
cal engineering systems are usually hard to measure directly
and even can not be measured. The distributed output feed-
back control problem has been always an important topic
in the area of MASs control [24]-[28]. In [24] and [25],
the k-filter-based distributed consensus and the dynamic-gain-
based distributed consensus were studied for lower-triangular
MASs, respectively, but only the output consensus can be guar-
anteed. The work [26] investigated the finite-time control for
the chain MASs. In [27] and [28], the output feedback dis-
tributed full states consensus were further considered for more
general nonlinear MASs, where the restrictive conditions were
more conservative.
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Inspired by the aforementioned results, the distributed adap-
tive state feedback and output feedback control protocols are
designed for lower-triangular time-varying nonlinear MASs
with uncertain parameters, such that all states of followers can
track the leader’s states asymptotically. The main contributions
of our paper list as follows.

1) The distributed adaptive state feedback protocol is
proposed for time-varying nonlinear MASs, where the
conditions on the nonlinear functions are general.
Different from the results studied in [14]—-[20], the full
states consensus can be achieved with mild conditions.

2) The reduced dynamic gain k-filter is constructed to
compensate the unmeasured states, which is more gen-
eral and can be easily extended to relax some existing
results [24], [29]-[33]. Based on the k-filter, the dis-
tributed adaptive output feedback protocol is designed.

3) Both of the proposed main results can guarantee that all
states of the followers track the leader’s ones asymp-
totically. One more general case is also discussed in
Corollary 5.

Notations: R" denotes the n dimensional Euclidean space.
1XI = (TrXTx)H1/? is the norm of a matrix X. 1y =
[1,...,117 € RN. This article considers the system of N+ 1
agents (N followers and one leader). The communication graph
is depicted by G = (v, ¢) with a finite set of N4 1 nodes v =
{vi,i =0,1,...,N}, and a set of edges or arcs ¢ C v X v.
The set of neighbors of a node 7 is N; = {j|(vj, v;) € ¢},
i.e., the set of nodes with arcs incoming to v;. The con-
nectivity matrix is A = [g;] € R"™", and the in-degree
matrix is D = diag{dy, ..., dy}. Define the Laplacian matrix
as L = D — A, and pinning matrix B = diag{by, ..., by}.
The details are not presented here for saving space, referring
to [25].

II. PRELIMINARIES
A. Problem Formulation

Consider the following high-order time-varying nonlinear
MASs, and the dynamic of ith agent is described by:

(D

where for i = 0,1,...,N, s = 1,2,...,0, Xjuxt1) = U
is the input and X := [x;1,X;2,...,xs]? is the state vec-
tor. fs(t, Xis) : RsH — R is smooth function. gs and 6 are
unknown constants. The sign of g5 is known. Without loss of
generality, we assume that g; > 0. Following assumptions and
lemma will be used in the controller design process.

Assumption 1: The graph constructed by N followers and
one leader is directed. Moreover, there exists at least one
directed path from the leader to each follower.

Assumption 2: The norm of the leader’s states |Xpn| is
bounded.

Assumption 3: For s = 1, ..., n, the function f(¢, Xjs) satis-
fies the properties that for r > ty with ¢y be the initial moment,
if ||xis|| < s, where ®; is a positive constant, then f; (2, Xjs)
and all of its first derivative, second derivative, ..., (n—s+1)th
derivative on its variables ¢ and Xjs, are bounded, uniformly
in t.

Xis = 8sXi(s+1) + 0fs(t, Xis)
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TABLE I
HIERARCHICAL DECOMPOSITION ALGORITHM

e  Input: The directed communication graph G = (v, €).
e  QOutput: Partition of the set of subsystems v and the set
of edges maintained from e.

o Initialization: j = 0, v} {empty sequence}, vl <+ v,
- forall v; €, setLabel(v;,UNVISITED).
o while v]. # {empty sequence}
vl {empty sequence}
for all v; € v,
Sfor all (’Ui,’Uk) ce
if getLable(vy,) =UNVISITED
setLable(vy,, VISITED), vi Tt + vy,
setLable((v;, vy) MAINTAINED)
elseif v € ’U37~+1
setLable((v;, vg) MAINTAINED)
J=j+1

Lemma 1 [34]: Let ¢ : R — R be a uniformly continuous
function on (0, oo]. Suppose that lim;_, », fot ¢ (t)dt exists and
is finite. Then, ¢ (f) — 0 as t — oo.

Remark 1: From Assumptions 2 and 3, for all ¢+ >
to and |xi|| < Py, the time-varying nonlinear function
fs(t, Xis) and all of its first derivative, ..., (n — s)th deriva-
tive on the variables ¢ and Xis are uniformly continuous and
satisfy that (fs(z, Xis) — fs(7,%05)) — 0, ([9fs(2, Xis)]/01 —
[fs(t, Xos)1/0) — O, ([0fs(t, Xis)]/0xi1 —[fs (¢, Xo5)1/dx01) — O,
([0%f(1, %is)1/[0x110xi2] — [02f5(2, %os)1/[9x010x02]) — O, ...,
as (xjs — xXos) — 0, which are very general. For example, any
time-invariant smooth function f(Xis) satisfies Assumption 3.
Assumption 2 indicates that all leader’s states are bounded,
and similar assumptions can also be found in [14], [18]-[20],
and [24]. Even though Assumptions 2 and 3 do not hold, the
output consensus results can still be achieved.

B. Hierarchical Decomposition

In [4], [18], [19], and [23] and some existing results, the
proposed distributed protocol of the ith agent contains the
local control inputs information collected from its neighbors,
which is difficult to compute without a prescribed priority. To
address this issue, the original graph G = (v, ¢) is split into a
hierarchical structure based on the hierarchical decomposition
algorithm in Table I, where B <— A means inserting element
A into set B. Then, a refreshed graph G, = (v, &) and con-
nectivity matrix A, = [a;] € R"*" are formed. Refer to [24]
for details. The following lemma is useful.

Lemma 2 [24]: Consider the MASs (1) under Assumption 1.
Based on the hierarchical decomposition algorithm in Table I,
the obtained Laplacian matrix L, satisfies that (L, 4+ B) has full
rank and all eigenvalues of (L, + B) have positive real parts.

Remark 2: Different from the results in [24], the objective
of this article is to construct the state feedback and output
feedback protocols such that all the states of followers can
track the leader’s states asymptotically, and a reduced order
dynamic gain k-filter is also constructed with mild conditions
which makes the studied MASs more general.
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III. MAIN RESULTS
A. Distributed State Feedback Leader-Following Control

In this section, the distributed state-feedback consensus con-
trol method is proposed based on the refreshed graph G,. First,
for s = 1,...,n, define the local neighborhood consensus
error for ith agent as

N

Eis = Y ay(xis — xjs) + bilxis — x0). )
j=1
Then, the derivative of & is éis = gséisr1 + OLF,
where L; is the ith row of the matrix (L + B), and F
[fs(t, X15), - - ., fi(t, Xns)]T — Infs(2, Xos). Choose the following
transformation:

Zis = &is — Qi(s—1) 3)
where ;1) is designed virtual controller and oo = 0.
In the sequel, the controller is designed using the backstep-

ping method and the tuning function technology. Choose the
Lyapunov function as

V=N Y (Vs + Veis—1)) + YL Ve
Vis = 325 + 38501 )
1-2 152
Vgi(s—l) = zgi(s—l)’ Voi = 295 ,
where Sis = g;l _SiSs éi =0 _éi, gis = gs_g'is’ and SiSa éi, g’is
are the estimations of g;l, 0, gs in ith agent. Define gjo = 0.
Step 1: The derivative of V;; is

Vit = zi1 (122 + 11 + OLiF1) + glgilgil- ()

Design the virtual controller «;; and adaptive law §i1 as
ai = —8na (6)
8 = zian (7
where @;1 = é,-L,-F 1 + zi1, which only includes the
states information of neighbors. Using Assumptions 2

and 3,
) =

there exists smooth function fu() such that
B Z 1at](fl (, Olvzllsxll) - fl (@, eh Zil, Xj1)) +
bi(fir (t, i, ziv, xi1) —fir (¢, 61, zin, x01)), satisfying that if x;; —
X01,...,XN1 — xo1 and 6; is bounded, then &;; — 0. 6; is
designed later. It follows from (4)—(7) that:
Vit + Voi = g1z01222 +gl3 1Zindi + fizin LiFy

— Z,l +g18113 1 +949

—Zil + 81zi1zi2 + Oi(rgil - é,-) )

where Tpil = Zile‘F1~
Step s: Assume that at the step (s — 1), there exist virtual

controller «;(;—1) and adaptive law Si(s_l) as follows:
Qi(s—1) = _Si(s—l)&i(s—l) 9
Si(sf]) = Zi(s—)Ai(s—1) (10)

where there exists smooth function fi(s_l)(-) such that

N fis—1) (t’ 6; ‘Si(H)_i’ 8i(s—2) )

_ _ i(s—1)s Xi(s—1)

Gis—1) = ) dj . -

j=1 1, 0;, 8i(s—2), 8i(s—2)
Zis—1)> Xj(s—1)

_]_Ci(s—l)
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fits—1) (t’ Oi> Bits-2), 8its-2) )
Zi(s— Xi(s—
+ bi i(s 1) i(s—1) (11)
1, Qla z(s 2)» gl(s 2)

Zl(S‘ 1) XO(Y 1)

_ﬁ'(s—l)

satisfying that if )?1(5,1) — )_C()(s,]), - ,)_CN(sfl) — )_C()(S,]),
é,- is bounded, and the entries of vectors S[(S_z) =
Bit, 802y - Sis—2)1T, &is—> = [&i1s &is - - -+ Gis—2)1" are
bounded, then a;—1) — 0. At the same time, the derivative
of an;ll(v,-m + Viiim—1)) + Vai satisfies

s—1
Z(Vim + Vgi(m—l)) + Voi
m=1
s—1 .
= - Z z,-zm + 8(s—1)Zi(s—1)is + &i(s—2) (Tgi(sz)l - gi(s72))
m=1
8O‘l(s 2) X
+ | 8is—3) + Zis—1) 2% Tgi(s—3)2 — &i(s—3) ) + -
S—

oo 1 X
(gzl + Z Zim l(f" )> (‘L'gil(s—2) - gil)
s—1 o ) .
+ |6+ Z Zim ) (Tei(s—l) - 9i)
—2 a6;

(12)
4
where the designed functions Tgis—2)1, - .-
have similar properties with a;(—1).
Then, calculate the derivative of Vi,

s Tgil(s—2)s Ti(s—1)

s—1
. a(){~ —1) A
Vis = Zis (gs(zi(erl) + ais) +OLFy — Z #&‘m

im
_ 3011(5 i) ZZ 30!;(; 1

m=1

(gmXjom+1) + Ofin (Xjm))

j=1 m=1
_ 3t>tz'(s—1)t DR 8“:’(5—1)‘[ .
08i—2) 077 agn oeh
00(s—1 0i(s—1 X
- l(i ) Tois +21SL(Tgi(s—2)2 _gi(s—2)>
i 8gl(é
00(s—1 X
+ - +zm#<tgi1(s—1) - gil)

o, 1 A ~ 2
+ 2is o (o = ) + 85518 (13)
20;

Tgi(s—2)1 — Zis Z;-vzl([30£i(s—1)]/[3)6;(‘;—2)])
— Zis g ([Beigs—1)1/071)

— Y o (Bai-n)]/

where Tgi(5—2)2 =
Xj(s—1)s «« o s

Xj2, Tpis =
ax]m)fm(xjm))
Design the virtual controller «js and adaptive law 815 as

Toil(s—1) = Tgil(s—2)
Tgis—1) + Zis(LiF

(14)
15)

Qig = _sis&is
Jis = Zislis
where the designed smooth function ;s is

aat(s 1) A
> e

m=1

N s—1

Z Z daj(s— 0i(s—1)

ax;
j=1 m=1 Jm

QAjs = éiLin
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R N Oai(s—1)  0Q(s—1)
X ZimxXi + Oifin (X ) - T 9%
(gzm (j(m+1) Lfm( ]m) ot 881’(‘?—2)
. 22_.“_8051'@71)_[.1 1 _mw.
8i(s=2) agn  1eh 06

0j(s_2 N
|, . 0%G=2) OdiGs—1)
(Zl(s b 08i(s—3) ) Z

=1 30{'( -1) 80['( —1)
i(m i(s
_ E . E it Gt Yoy
( Zim 921 ) 8j1 Xj2

j=1
y 3axq71> F,
36;

satisfying that under Assumptions 2 and 3 if X, —

i i darj(s— 1) %in)
j=1 m=1 axj

(16)

X0sy -+ » XNs —> Xos and é,-,S,-(S_l),é,-(s_l) are bounded, then
ais — 0. ajs only includes the states information of neighbors.
It follows from (12)—(16) that:

s

Z(Vim + Vgi(m—l)) + Vei

m=1

= — Z 2o + 85%isZits+1) + Bits—1) (Tgi(s—l)l - g’i(s—l))

m=1

oa Uj(s—1) A
+ | 8is—2) + zis Tgi(s—2)2 — &i(s—2)
agt(s—Z)

u Jo 1 X
(gll + Zsz e )><‘Cgil(s—l) - gil)

l

N
~ 00 (m— X
+ (91’ + Z Zim—g’g ! ) (T@i& - 91’)

m=2 l

a7)

Where Tgi(s—1)1 = Zi(s—1)Zis — Zis Zj]\il ([9eti(s—1)1/ 8%j(s—1)) Xjs-
Step n: Through the above recursive design method, if we
design u; and the other adaptive laws as follows:

N
1 _ Ao
=N - Z ajjuj + biug — dincin | (18)
2_j=1Gij + bi j=1
8in = Zin@in (19)
0; = Toin (20)
il = Tgil(n—1) 21
§i(n—1) = Tgin—1)1 (22)

where Qin, Tgin, Tgil(n—1), - - - » Tgi(n—1)1 can be easily obtained
from step s and their details are not given any more, then,
combined with (17), we have

Z Z Vlm + Vgt(m 1) + V9[ = Z Z Ztm

i=1 m=1 i=1 m=1

(23)

Now, we give the first main result of our paper.
Theorem 1: For the high-order time-varying nonlin-
ear MASs (1) satisfying Assumptions 1-3, the distributed
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adaptive state feedback controller (18) with the adaptive
laws (7), (10), (15) and (19)—(22), can render all the tracking
errors (Xin — Xon) to converge to zero asymptotically.

Proof: Due to that (L, + B) is the nonsingular matrix,
combined with Assumption 2, we know that if for i =
1, ,N, s = 1,2,...,n, & are bounded, then xj; are
bounded Combined w1th 3), (23) and Assumptlons and 3,

we obtain that the states xj; and 91, Sm, 8i(n—1) are bounded.

Hence, z; and zjs are bounded. Then, va 1 Z’,’n_l 23, is uni-
formly continuous. Due to that ft (Zl DI zlm(t))dr =

— fto V(t)dt < V(i) is finite, based on the Lemma 1, zjs — 0
as t — oo. Combined with (3), Assumption 1 and the prop-
erties of the virtual controllers «js, we have (Xj, — xo,) — 0O
as t — oo. The proof is completed.

Based on the above controller design method and stability
analysis, the following corollaries can be obtained.

Corollary 1: 1f fi(¢, Xjs) is time invariant, such as f (¢, Xis) =
f5(0, xi5), for the high-order nonlinear MASs (1) satisfying
Assumptions 1 and 2, the distributed adaptive state feedback
controller (18) can render all the tracking errors (X — Xo,) to
converge to zero asymptotically.

Corollary 2: For the high-order time-varying nonlinear
MASs (1) only satisfying Assumption 1, the distributed adap-
tive state feedback controller (18) can render the output
tracking error (xj; — xg1) to converge to zero asymptotically.

Remark 3: In this section, the distributed adaptive state
feedback consensus protocol is proposed for the time-varying
nonlinear MASs (1) with unknown parameters. The conditions
on the nonlinear functions in the MASs are very general, which
makes the proposed protocol be applicable for a wider class
of MASs. The unknown parameters are compensated using an
adaptive method. Different from [14] and [16]-[20], the full
states consensus can be achieved. This method can also be
extended to stochastic MASs.

B. Distributed Output Feedback Leader-Following Control

In this section, the distributed adaptive output feedback
leader-following control method is proposed based on the
refreshed graph G,. Compared to the state feedback method in
the previous section, the reduced order dynamic gain k-filter
is further constructed to estimate the unmeasured states. The
following transformation and assumption are given first.

For the MASs (1), letting Xjs = IT) _,gm—1%is and go := 1

fori=0,1,...,N,s=1,2,...,n, gives
{Xis = Xi(s+1) + Hi,,zlgmflefs(ty Xis) (24)
yi = xi1 = X
where X;11) = pu;, p = I} _,gm and only the output

information y; can be measured. Obviously, (Xi, — Xon) — 0
as t — oo is equivalent to (Xin — Xon) — 0 as t — oo. In this
section, the following assumption is necessary.

Assumption 4: There exist unknown parameters o, known
smooth functions @gs(t, yi), @15(¢,y;) and known bounded
time-varying vector function ¢y,(f) such that

I} gm—10fs(t, Xis)

= @os(t, yi) + 05158, i) + @3 (DX; (25)
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where 21 = 0, ©25(0) = [@252(D), ..., P2ss(2), 0,..., O]T €
R and X; := [Xp2, ..., Xinl". @os(t, yi), @15(t, y;) and all of
their first derivative, ..., (n — s+ 1)th derivative are bounded,
uniformly in ¢, for all t > f9 and |y;|| < ®, where ® is a
positive constant.

Remark 4: If the nonlinearities in (1) only depend on the
output, then (1) can be directly transformed to (24) satis-
fying Assumption 4, such as the single-link robot system
in [35] and [36]. The nonlinear function anzlgm_léfs(t, Xis)
under Assumption 4 containing more states information (i.e.,
gasz(t)X,') is extremely different from the ones in [24] and
[28]-[33], such as the parallel active suspension system, refer-
ring to [29]. Further detailed introductions can refer to the
number example and Remark 7 in Section IV.

1) Reduced Order Dynamic Gain K-Filter Design: Construct
the following reduced order dynamic gain k-filter to estimate
the ith agent’s states:

¢i = xi+ ILogyi )
hi = (A = ILoge")gi + 9o (1, yi) — ILogyi
= IDLoqy; — ILogeor1 (1, yi) + ¢2(D¢;
Eit = (A — lLogc") Ein — ILoger1 (¢, yi)
R Z1O I
Eim = (A — ZLO‘]CT)Eim + @um(t, yi)

+ (O Eim,2 <m=<n
Vi = (A — lLogcT)vi + Eu; + 2 (1)v;

(26)

where ¢, Ai, Bil, Zim, Vi € R To unify the form
of the all introduced variables, define v; = [v;p, . ..,vin]T,
G = o, tinlls A = [hizy...,Ainl?, and By =
[Ei12, -5 Bitals oy Bin = [Bin2s -+ ., Binnl”. 1 > 1 is the
dynamic gain to be designed as (31). Ly = diag{1,/, ..., =2y,
00t yi) = [902(t, y)s - .- on(t, ¥DIT € RN @r(t,yi) =
[0,...,0,01m(t v),0,...,0]" € R*™!, where ¢1,,(t,y) is
the (m — 1)th entry of the vector. E = [0, ..., 0, 117 e RL
D = diag{0,1,...,n —2}. ¢ = [1,0,...,0]7 e R

g=1q2,...,q,]" is designed such that (A — gcT) is Hurwitz.
A € R=Dx0=1 and ¢, € RO=Dx=D are as follows:
[0 1 0 --- 0
o o 1 --- 0
A= L
0 0 O 1
|0 0 0 0
[ @222
Y2 = :
| ¥2n2 P2nn
Then, the state estimate is formed as X; = & +
> OmEBim + pvi. Defining ¢; = X; — X; = [en, ..., eml’,
one has
éi = (A — ILogc" )e; + g2 (t)ey. (27)

Defining €; = [7#L; le; with W a positive design parameter,
we have

& =MLy (A — ILogeT)ei + 7MLy g (e

i
= S+ D)Ly e
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I(ul + D)e;
.

Choosing the Lyapunov function V,; = eiT Pe;, where P is the
positive matrix to be specified later, we have

= l(A — ch)ei + Lal<p2Loei — (28)

Ve < —lel (P(A — ch) +(A- ch)TP)ei

I
— ze,.T(zlup + PD + DP)¢;

+ 2] PLy 02 (1) Lo (29)

Design g and P such that P(A — gcT) + (A — gcD)TP < —I.
Due to [ > 1, there exists the positive bounded time-varying
function ¢(¢) such that

2¢TPLy o2 (D Loei < p (D€l €. (30)
Then, design I as

I=1(=nl+n+@®), 10) = 1. 31)

where n > 0 is a constant, and ¢(#) > 0 is smooth bounded
function to be specified later. Since P is positive, there exist
positive constants (11, iy and large enough w such that

w1l < 2P+ PD + DP < pl. (32)
From (31) and (32), we have
—ée,-T QuP + PD + DP)¢;
< panle] € — pi(n + @(1)e] €. (33)
From (29)—(33), we have
Vei < —(I(1 — pan) + w1 (n + @) — p(D)el €i. (34)

Choose 1 and ¢(¢) such that (1—uon) > (1/2), u1(n+@@))—
¢(t) > 0 and ¢(¢) > 0, then
. 1
Vei < _Elei €;. (35)

Since ¢(#) is bounded, [ is bounded. From (35), e; converges
to zero as t+ — oo. For the reduced order dynamic gain k-
filter (26), we have the following lemma.

Lemma 3: The dynamic systems A;, &, Ei1, ..., Si in (26)
with input y; and states (E;q, ..., Bin, Aj, {;) are input-to-state
stable, and if y; converges to zero asymptotically, then the
states (&1, - .., &in, Ai, i) converge to zero asymptotically.

Proof: From (26), we have

A = (A = lLoge" )i + o2 (hi + i1, 1)y
+ @o(t, yi) — ILogeo1 (¢, yi)

where W;(l, [) = —IDLog—ILog+(A—ILogcT)ILog+¢a (1)ILog.
Similar with (27)—(35), and from (36) the derivative of V;; =
7MLy A)TPA Ly Ay s

(36)

Vi < —%l”l‘“Lglxi " 44| (*Lo)P|?

s [ Wil, )yi + g0t yi) — Logeor (6, y) | (37)

Due to that [ and [ are bounded, (36) is input-to-state stable
with the input y; and state A;, referring to [34, Lemma 4.7]. If
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y; converges to zero asymptotically, then A; converge to zero
asymptotically. So is (E;1, ..., Ein, &).

Remark 5: The constructed reduced-order k-filter can
be easily extended to interconnected nonlinear systems to
improve the results studied in existing works, such as [24] and
[30]-[33], which will further reduce the number of introduced
dynamic variables and allow the nonlinearities to be time vary-
ing. In addition, based on the analysis about Lemma 3, we can
easily obtain that if (y; —yg) — 0, then (E;1 —E¢1) — O, ...,
(Ein — 8o1) > 0, A —A0) = 0, (& — &) — 0.

2) Distributed Output Feedback Controller Design: In this
section, based on the constructed k-filter, the distributed adap-
tive output feedback controller is designed by the backstepping
method and tuning function technique. First, for s =2, ..., n,
define the local neighborhood consensus error of ith agent as

N

&1 = Zﬁij(xz'l —xj1) + bi(xit — x01),
j=1

i N

§is = Zc_lij(vis — vjs) + bi(vis — voy).

j=1

(38)

Choose the following transformation:

Zi =&, Tis = Eis — Qi) (39)
where &;(;—1) is the designed virtual controller.
Choose the Lyapunov function as follows:

V=N 3" (Vs + Vi)
+Qy+1) ZN Vei + ZN 1 (Voi + V)

\/ 12 1~2
Vis = 2%4se Vois = 20-13’ V - 2pl Vi = 2K

(40)

where y is a positive constant. 6is = o5 — Gis, pi = P — Pi»
& = p~ ' —&;, and 6y, p;, K; are the estimations of oy, p, p~ !
in the ith agent.

Step 1: From (38), (39), ¢; = X; — X; and X; =
> 1 OmZim + pvi, the derivative of Vj; is

& +

Vit = Znzi = pZn G + Gin)
N
- _ Lo+ Y omei OmEim2 + €2
i ,=21 U(( +@o1(, yi) + o191, yi)
_ <§j2 + 2 et OmEim2 + €p2 ))
+¢o1 (t, yj) + 01<P11(t, }’j)

+ b L2+ Yome1 OmEim2 + €i2
+@o01(t, yi) + o1911(, yi)

502 + Y me1 Om Eom2 + €02

— . (41
+01(t, yo) + o111 (2, yo)

Using the Young’s inequality, there exists smooth positive
function B;; such that

N
Z ajj(eir — ep2) + bilein — ep2)
=1

< Bz + Z (N — 1)n (42)

1301

Design the virtual controller &;; and adaptive law /éi as
@il = —Kidj1, (43)
Ki = Zid;1 (44)

where

N
@ = Zflij(;“iz — &) + biCi2 — ¢02)
j=1
N

R

(w01 (2, i) — @o1(t. 7)) + bigor (¢, yi)

N
— biwo1 (t, yo) + 611 thij(wn(h y) — o1 (t,yj))
j=1

n
+ ubipni(t, y) — @116, 30) + Y bibin(Zima — Eoma)

m=1

Ejm2) + BirZin + it

N n
+ E E aiiGim (Eim2 —

j=1 m=1

which only includes the information of neighbors. Using

Assumptions 2 and 4, @; satisfies that if x;; —
X015 ---»XN1 —> Xo1, {1 —> §o,--- 0N — o, B2 —
Eo,...» BNa — EBon and &, ..., 6 are bounded, then

&1 — 0. 651 and 67 are designed later. The structure of &;
is similar with &;; in the previous section.
It follows from (41), (44) that:

Vit + 0Viei + Voit + -+ + Voin
N 2
yles .
~2 ~ ~ J ~ A
< —z; +pzizi2 + Z ———— +0il (Tam - Gil)
=0 (V4 Dn

+ e Gin (Toint — i) (45)
where 7511 = Zinbi(e11 (¢, yi) + Bz — @11(t, yo) — Ejoz) +
s N = = -

Zil 2_1 aii(en (6, y) + Bz — en @, y) — Ej12), Tzl =
Zit ZJ 16ij(Bi2 — Ejp2) + Zihi(Bina — Ep22), .. .,
Zil Z i=1 ay(umZ - EjnZ)_“'zilbi(EinZ — Eon2), which have the
similar properties with &;j.

Step 2: The derivative of Vjp is

Toinl =

Vio = ZnZn =1 (Eiz - 551'1)

N o~
- |z a1
=Zp (&3 - Z ax'] (Z omEjmz + 01911 (1, ) + pvjp + e]2>
j

J=0

N

00| 0a;|
- Utm + Wi — lga
SLTRNS o

m=1

x (Z omEjm2 + o111 (1, ) +,0V_/2+€j2>) (46)

m=1

where ¥;» denotes all the other known terms and satisfies that
if x11 — xo1,...,%N1 = Xo1, &1 = $0, -+ -, {N —> L0, E12 —

E02, ..., BNn — Zon and K, 0j2, ..., Ojn are bounded, then
U — 0.
Using  Young’s inequality, there exists smooth

function B; such that

_ZiZ(Zj'V:()(a&i] /9xj1)epn  +
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~ ~ s—1 ~
Yo /3)lgrep) < Bz + XiLo(rle)/((N + D). (T, B
Design the virtual controller &;; as - 90in
N a1 a1 i Ejn Galtal) + XS: 8ic—) do_ (49)
~ 2 2 = —
Aip = —1— 0xj1 +Z Ap -lgo 01 o Ve e
i=0
'ln where the smooth functions Tpi(s—1) =
~ N ~ = N
x Z GimBjm2 + i1 (¢, ) + Hivp Tpié(;?_z) T s Zj=0(gaai(5—1)]/axfl)VJ'Z - T
p— ZQZ%V([aai(s—l)]/aijg)lgf qoVi2, Toils =  Toil(s=1) Vo
+ piZit + BZin + i + i Zis 2_j—o([0ais—n]/0x1)(Ejiz -+ @6, y))  — Zs 2o
S S Y o= ([0Gi—1)1/50)? ' 4o (Bj12 + ¢11(1.y)). and the
L l B ~
+ 5 1770112 +o 35 Toin2 (47) functions Tyi25 = Toia(s—1) — leZ —o([0ai(s—1))/0xj1) Ejp2 —
m ~
o Zis Z —0 ZQ 2([8051(s 1)]/8§/Q)IQ 9o u/227 -« Toins N
where 7512 = Toill — 22 Z;V:O(a&il/ale)(gjlz + Toin(s—1) - Zis Z]:O([aal(s_n]/ax/l)ujnz — Zis ijo

Y oa ([0is—1)1/98jp) P qpEja.  Wis  denotes  all

~ N - -
eu(t,y)) — Z Y iio([0anl/108pDlg2(Ejiz + @ui(t, ), the other known terms. & and W satisfy that if

- N ~ —
IV Gt — 22 o(B0l/dG082  — xS xo.xw = Xon G = G0 v = o
Zi2 Z{v:()([aail]/[agﬂ])lfh Ep2, - Ta]i\?z = Toinl — B2 —> E02,..., BNn = Bons Vis = V05, - - - » VN5 — Vps, and
Zi2 ijo([a&”]/ale)aj,ﬂ - In ijo([a&,-l]/a;jz)@ Ejm2. ki, 02, ..., Ojp are bounded, then &js — 0 and Wi — 0.
ap satisfies that if x;1 —  X01,...,XN1 —  X0l, Then, we have
&= %o, —> Co, Bz — Bo2, -5 ENp —> Eons 2 3 . . . .
V2 = Voo, ..., VN2 — Voo, and K, 62, ..., Gin are bounded, Vit -+ Vis+ pVii + Vi + Voir + -+ + Voin
then ajp — 0 > ~2 S)/léjzz ~ A
It follows from (46), (47) that: <= Gt Niin T pi(’pi@—l) - pi)
. . m=1 j=0
Vit + Vo + oViei + Voi + Voi + -+ + Voin L B L @1 .
N 2yl + ZisZi+1) + | 0it + Z Gm e (Tails - Gil)
~2 ~2 _ j2 ) i
= =% —Ip Tt Wit — m=
= il i2 i2<i3 ]Z(; (N T ])I’l aa( ) .
. 91 . + - (Um + Z Zim f;: )(Tm'ns - ain)~ (50)
+ ﬁi(f,oil - ,51') + <011 + 22 8(; ><Tcri12 - 5i1) "
%a i Step n: Through the above recursive design method, if we
+ o4+ (am +Zn— 0% il ) (Toinz — 5in> (48) design u; and the other adaptive laws as follows:
Oin
L N rae 1 O
where 7,1 = Zi2(zit — ijo([aa,-l]/ale)uiz - u = ZN"——i—b Qin + Za,juj + biug 51
S o([0&1/08)lgavp). j=1%j 7+ Vi j=1
~ Sfepf(-ili s < n—1): Similarly, design the virtual controller 51’ = Thit—1) (52)
ais as follows: ;
* 0il = Tgiln, (53)
N - - 3di(s—1)
s = — | Zis—1) + Biszis + Zis + Wis + Bp' Tpi(s—1) .
l Gin = Toinn (54)
_ Z 9di(s—1) ZZ 3“10 l)le Iy where &in, Tpin—1)> Toilns - - -, Toinn Can be obtained as step
j=0 dxj1 j=0 0=2 (3 <s <n—1) and their details are not given any more. Then
n ki1 the derivative of V is
x| pivp + 2:1 GimEjm2 + S (8, ) | + 36, o . N n N,
" V<- Z —lele;. 55
3&5(5,1) s—1 5 a&i(m—l) N Z Z im ; 2 i~ ( )
+ -+ 36 Toins — Z Zim aﬁi Z 17 i=1 m=1 =
=3 =0 Now, we give the second main result of our paper.
Idis_1) o= 0is_1) o =1 A&im—1) Theorem 2: For the high-order time-varying nonlinear
x ax;1 + Z %o - | X;Zim 361 MASs (1) satisfying Assumptions 1-2 and 4, the distributed

adaptive output feedback controller (51) with the adaptive

0ai(s—1) 0i(s—1) o1 ~ laws (44), (52)—(54), can render all the tracking errors (Xi, —
lQ = Y - .

* Z(( dxj1 QX:; 3Cjo qg)( 12+ oni (1 ))) Xon) to converge to zero asymptotically.

) Proof: Due to that ¢(¢) is bounded, from (31), / is bounded.

Since (L, + B) is nonsingular matrix, from Assumption 2
and inequality (55), we know that for i = 0,1,...,N, y;

. i) (-1 |\~ Iis—1) 4
_ = i(m— g i(s— i(s— o
(Z 961 ) 2= o1 2 Ao 1'70

m=2 0=2
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are bounded. Similar with the Lemma 2, all the variables
Eim>» Ai, &, and v; are bounded. So we can easily obtain
that YN S 2 4+ SN (1/4)e!e is uniformly continu-
ous. Due to that fl;(Zf\lzl Sr 2+ YN (/2 eydr <
—f[; V(t)dt < V(tp) is finite, based on the Lemma 1,
Z11—>0,....Z2vn > 0and ¢g — 0,...,ey — 0 as t — oo.
Since (L,+B) is nonsingular matrix, fori =1,..., N, y; = yo
as t — oo. Based on the Lemma 3, due to (y; —yp) — O
as t —> oo, we have (E;;, — Eom) — 0, (A; — A9) — O,
(& — ) — 0. Combined with the properties of the vir-
tual controllers &;;—1) and Lemma 2, we can obtain that
v; = vy as t —> o0. So, ()A(,'—)A(O) — 0 as t — o0. Since
eg—>0,...,ey = 0as t - o0, Xjn = Xon as t — 00. The
proof is completed.

Based on the above controller design method and stability
analysis, the following corollaries can be obtained.

Corollary 3: If @os(2, ¥i), ¢15(t, ¥i), gasz(t) are time invariant,
such as @og(t, yi) = ¢o5(0, yi), @151, i) = @150, yi), @1 (1) =
gazTS(O), for the nonlinear MASs (1) satisfying Assumptions 1
and 2 and (25), the distributed adaptive output feedback con-
troller (51) can render all the tracking errors (Xi, — Xon) to
converge to zero asymptotically.

Corollary 4: For the high-order time-varying nonlinear
MASs (1) satisfying Assumption 1 and (25), the distributed
adaptive output feedback controller (51) can render the output
tracking error (xj; — xo1) to converge to zero asymptotically.

In Theorem 2, the dynamic gain k-filter-based distributed
output feedback protocol is proposed for the nonlinear MASs,
where the control input appears in the last dynamics X;,. The
results can be further extended to the following nonlinear
MAS:s:

Xit = Xp +0f1(t, xi1)

Xiw = pu; +Xi(zz7+l) + szlgm—lefw(h Xizr) (56)

Xin = ﬁHf;,:ng;hui + anzlgmq@fn(f? Xin)
yi = Xi

where p = TII7_,gm. &1,...,8» are unknown positive
constants and the parameters g1, ..., gy are known.
Assumption 5: For s = w + 1, ..., n, following system:

Xis = Xitst1) + IS, gm—10f5(t, Xis)

+ A 18 (F0 — Xiw+1)) (57)

with inputs yo, X;1, ..., Xiw, and output Xj41) is bounded-
input to bounded-output.

Corollary 5: For the high-order time-varying nonlinear
MASs (56) satisfying Assumptions 1, 2, 4, and 5, the
distributed output feedback controller design method of
Theorem 2 can extend to this case to solve the states
(xi1, - - ., Xiy) leader-following asymptotic consensus problem.

Proof: In this corollary, similar to the design process of con-
troller (51), redesign v; in (26) as v; = (A —lLoch)v,-—l—Eui—i—
@2(t)vi, where E = [0,...,0, 1, gms1, ..., TIh_ . 1gal €
R"=1. Choose the state estimate as )A(i =¢+ 22:1 Om Bim +
pv;. Through @ steps, the controller can be designed
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as u; = [(@j + Z;V:] a;j(uj + Vjw+1)) + bi(uo + vo@+1)))/
(ZJN: 1 aij +b)] — Viw41) and the other adaptive laws is
similar with (44), (52)-(54). Then, similar to the proof of
the Theorem 2, the leader-following consensus of the states
(xi1, - - ., Xizy) can be directly addressed. Combined with (57),
the boundedness of the state variables (Xjim 41y, ..., Xin) can
be guaranteed.

Remark 6: Assumption 5 is given to make the remain-
ing states of the followers be bounded, which is essential to
guarantee the stability of each agent.

IV. NUMERICAL EXAMPLE

To illustrate the effectiveness of the proposed methods, con-
sider following MASs under the directed graph Fig. 1 where
by =1, a13 = a1 = a3z = 1 and the other weight a;; is
zero. By the hierarchical decomposition, we have b; = 1,
a1 = a3 = 1 and the other weight a;; is zero. The dynamic
of the ith agent is as follows:

Xi1 = xi2 + @o1(t, ¥i)
Xip = pui + 02012(, yi) + @202 (H)xi2
Yi = Xi1

(58)

where set o1 (¢, 1) = 0.8sin()yi, ¢12(t,y) = y7, 22 (t) =
0.8sin(¢). p = 0.5 and o = 0.7.

Remark 7: The dynamics of the considered agent (58) is
general. If the functions ¢o1(t,y;)) = 0, o2¢12(¢,y)) = 0
and ¢27(f) is chosen as a constant, then (58) is reduced
to the parallel active suspension system, referring to [29]. If
@01 (2, yi) = ¢222(1) = 0, and @12(2, y;) = sin(y;), then (58) is
reduced to the single-link robot system [35], [36].

Design the reduced order (first order) dynamic gain k-filter
to estimate the ith agent’s states as (26). From (30), setting
P = 1, we have 2¢] PLglgozzz(t)l@ei < 0.8(1 + sin(t))e{ €.
Setting 1 = w2 = w = 0.5 and n = 2, then design [ as
I = [(—nl4+n+0.8(14sin(?))), /(0) = 1. Choosing ¢» = 1, we
have V,; < —(1 /2)leiT €;. In the sequel, use the backstepping
method to construct the distributed controller.

Step 1: Calculate the derivative of Vil

Vit = Zii(x12 — x02 + @01 (¢, 1) — ¢o1(t, ¥0))
= pz11(Z12 + aQ11)
+ 211((C12 + 028122 + €12 + @o1 (¢, y1))
) — (%02 + 02E022 + ez + 901 (2, ¥0))),
Va1 = pZ21(Zo2 + @21)
+ 221((¢22 + 028222 + €22 + o1 (2, y2))
) — 12+ 02B122 + €12 + 901, y1))).
V31 = pZ31(Z32 + @31)
+ 231((832 + 02 E322 + €32 + @01 (2, y3))
— (L2 + 028222 + €22 + @01 (2, ¥2))).

(59)
(60)

(61)

Using the Young’s inequality, there exist 811 = 1, o1 = 1,
B31 = 1 such that 711 (2e12 —e32 —eg2) < /3112% +(1/2)le, +
(1/2)le,, Z21(e2 — e12) < /3215% + (1/2)le3, + (1/2)let,,
Zi(en — en) < Bz, + (1/2)le2, + (1/2)le2,. Design the
virtual controller &;; and adaptive law /éi as

Qi = —kid1, Ki = Z1041

(62)
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where the designed functions 5[11 = ($12 = %o2) + (w01 (2, y1) —
®o1(t, y0)) + Br1Z11 + 211 + 612(B122 — Bo22), @21 = ({22 —
¢12) + @o1(t, y2) — @o1(t, y1) + 622(8222 — E122) + B21221 +
221, and 431 = (&322 — $22) + @o1(t, y3) — @o1(t, y2) +
032(8322 — E222) + B31Z31 + Z31. Obviously, &;; satisfies that
it x;1 — Xxo1,...,%31 —> Xo1, {1 —> $0,---,83 — o,
Ei2 = B, ..., B3 — Ep and 012, . s 03, are bounded,
then &;1 — 0. From (59)~(62), Y7y Vit + Vii + Voo <
- Z?:l Z+ Z?:J pZiZiz + 612(to121 — 612) + 622(T5221 —
620)+632(To321 —032) ey +(1/2)1€3,+(1/2)le3,+(1/2)led,,
where 75121 = Z11(E122 — E022)s To221 = 221(E222 — E122),
To321 = 231(E322 — Eom).
Step 2: The derivative of Vi; is

Vip = Z12<u1 —up — lga1n + pan (t)én

222D (12 — 02)
+lga(e12 — ep2)
+lgap(vi2 — vo2)
+lg202(E122 — Eo22)

— k1011 — K1

612(E122 — Eo22) + 612
X (¢222(1) — lg2)(E122 — Eo22)
+612(e12(1, y1) — 912(2, ¥0))
e1n — ey
+812 — So2
+po(v12 — vo2)
+03(E132 — Eo32)

(63)

—

— k1(B11 + 1 —0.85in(?))

— 0.8k cos(t)le).

Using Young’s inequality, there exists smooth function 1 =
2(R1(Br1+1—0.8sin(1))2+2k2g31% such that —Z12(&1 ((B11+
1 — 0.8sin(t)) + Ig2))(2ern — €3 — e) < Pi2Z3, + 3le?, +
(3/4)le3, + (3/4)le,. Design

ap = —(—l@é]z + o (D€ — K1a1

K1(9222 (1) (S12 — C02))

&1 (012(0222(t) — Ig2) (E122 — Eo22))

— k1612(12(2, y1) — @12(t, Y0))

— k1(B11 + 1 —0.8sin(5)(L12 — L02)

— 0.8k cos(t)Z11 + B12Z12 — K11

(Ig2 + (B11 + 1 = 0.85in(2))) (vi2 — vo2)
+ p1z11 — k1612(lg2 + (B11 + 1 — 0.8sin(?)))
X (E122 — E022) — To122K1

X (B122 — E22) + (B12 + 1)212)

X

(64)

where the designed smooth functions 75120 = T5121 —
Zik1(gy + (B + 1 — 0.8sin(1))(E12 — Ep22). Similar
with (63), (64), design
ax = —(—1112522 + o (DF2 — iad

— R2(p222(0) (522 — ¢12))

— &2(622(9222(t) — Ig2)(B222 — E122))

— 20622(p12(t, y2) — P12, y1))

—k2(B21 + 1 —0.8sin()) (522 — ¢12)

— 0.8k cos(f)z21 + B22Z22 — K22
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Fig. 2. Responses of the states xg; and xqp.

x (Igz + (B21 + 1 — 0.8sin(1))) (v22 — v12)
+ p2221 — K2622(Ig2 + (B21 + 1 — 0.85in(?)))
x (B222 — B122) — To222k2

X (Ex2 — B122) + (B2 + 1)222) (65)

a3y = —(wzzz(t)gsz — @31 — k3 (022 (0832 — £22))
— Ig2&30 — &3(632(0222(t) — 1g2) (B30 — En))
— £2632(@12(t, y3) — @12(t, y2)) — k3(832 — $22)
x (B31 + 1 —0.8sin(r)) — 0.8k3 cos(1)Z31 + B32732
— k3p3(gq2 + (B31 + 1 — 0.85in(1)) (v32 — v22)
+ 3231 — k3632(lg2 + (B31 + 1 — 0.8 sin(?)))
X (B322 — B222) — To322K3

x (B30 — B222) + (B32 + 1)232) (66)

where B2 = 2(R2(Ba1 + 1 — 0.8sin()))? + 2834312, Bz =

2(k3(B31 + 1 — 0.8sin(0))? + 28305, To2220 = To221 —

20k2(lga + (B21 + 1 — 0.85in(1)))(B222 — E122), To322 =

T321 — 232k3(lg2 + (B31 + 1 — 0.8 5in(1))) (E322 — E222).
Design

-1

3 3
j=1 j=1
Pi = Tpil, Oi2 = Toi22 (68)
where the positive smooth functions 7,11 = —Z12k1 g2+ 811+

1 —0.8sin(1) (vi2 — vo2) + 211212, Tp21 = —222K2(lg2 + (B21 +
1-0.8sin(1))) (Va2 —v12)+221222, Tp31 = —Z32k3(Iq2+B31+1—
0.8 sin(7)) (v32 —v22) +231232. From Steps 1 and 2, Z?:l (Vi +
Via + pViei + Voir + Vo) + 7 Yoo Vei < — Y G4 +75) —
3 (/21! €.

Choose the initial values as xo;1 = —1, xgo = 1, x11 = 0.5,
X12 = —0.7, X21 = —0.7, X2 = 0.5, X31 = 0.4, X3 = 0.4,
Ao = 0.6, Egap = 0.6, vpp = 0.6, L1 = 0.4, Eipp = 04,
vig = 04, App = 0.5, Expp = 0.5, vy = 0.5, A3p = 0.4,
Eip =04k =kr=ky=p =p=p3=01p=0n=
032 = 0.3, and set ugy(¢) = —4xg; —4xgo + 2 sin(1.5¢) — 1.4x%1.
There exists xg» in ug, which is a state feedback controller. Of
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Fig. 6. Responses of the dynamics Ejp,.

course, ug can be designed as output feedback controller based
on the constructed k-filter. This simulation mainly illustrates
the effectiveness of the distributed protocol of the followers,
SO we just set up as a simple structure. Due to that the matrix
[0.8 1; —2 — 1.2] is Hurwitz, it is straightforward to prove
that the states of the leader are bounded under ug. Simulation
results are shown in Figs. 2-8. Fig. 2 illustrates that states
of the leader are bounded. From Figs. 3 and 4, the states of
followers can track states of the leader effectively based on the
distributed adaptive output feedback controllers (67). Figs. 5-7
show the estimates can achieve consensus. Fig. 8 shows the
responses of adaptive laws.
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Fig. 7. Responses of the dynamics v;;.
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Fig. 8. Responses of the estimates.

V. CONCLUSION

This article investigates the distributed adaptive leader-
following control for high-order time-varying nonlinear MASs
with uncertain parameters under a directed communica-
tion graph. To avoid the mutually dependent controllers
information produced in the design process, the hierarchical
decomposition algorithm is used. Then, by introducing the
consensus errors-based transformation, using the backstepping
method and tuning function technique, the adaptive state feed-
back protocol is designed to guarantee all states of followers
to track all the corresponding states of the leader asymptoti-
cally with mild conditions on nonlinearities. On the other hand,
when states of the agents are unmeasured, the reduced order
dynamic gain k-filter is constructed, based on which the adap-
tive output feedback protocol is proposed to achieve the full
states consensus. All of the proposed theorems and corollar-
ies can guarantee the global stability of the MASs. A general
numerical example is given to illustrate the effectiveness of
the proposed methods.
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