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Transmission Model of Partial Discharges on
Medium Voltage Cables

Martin Fritsch , Student Member, IEEE, and Martin Wolter , Senior Member, IEEE

Abstract—Medium voltage cables are poor transmitters of sig-
nals with high frequency spectrum such as partial discharges. The
propagating signals are strongly attenuated and distorted depend-
ing on the transmitted distance. In order to understand this process,
this article provides a model to simulate the transmission of such
signals on medium voltage cables. Compared to earlier approaches,
this model does not neglect the wave character of the high fre-
quency signals. Therefore, to describe the signal transmission, a
comprehensible solution of the telegrapher’s equations is provided.
To work with this solution, the propagation constant of the medium
voltage cable used must also be known. This propagation constant
is calculated on the basis of the individual cable layers, considering
all ohmic and dielectric losses. In contrast to previous methods, all
primary line constants are modeled frequency dependent. The final
transmission model is able to predict the spectrum of a transmitted
signal at any distance from its origin. Validation measurements
show that prediction and measurement agree with good accuracy.
A possible application of the developed model is the investigation
of the transmission of partial discharges on medium voltage cables.
This model is probably also suitable for high voltage cables.

Index Terms—Attenuation, cable model, high-frequency, partial
discharges, power cables, propagation constant, transmission lines,
transmission model, XLPE.

I. INTRODUCTION

PARTIAL discharges (PD) are small dielectric breakdowns
within an electrical insulation system. They can occur

localized at any defective points in the insulation. In contrast
to the short circuit, the space between the two conductors is
not completely bridged by the discharge. Thus, PD activity can
last for a while and successively damage the insulation. They
mainly occur on the operating equipment of electrical power
transmission systems under high-voltage stresses. By measuring
the PD, defects can be detected in time and power outages can
be avoided.

The discharge manifests itself as a transient electromagnetic
pulse. The pulse width is usually in the range of a few nanosec-
onds. In the frequency domain, such nanosecond pulses consist
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of a wide spectrum of frequencies from 0 Hz to tens of MHz.
The shorter the pulse duration is, the wider the corresponding
frequency spectrum becomes. The maximum frequency compo-
nent of most PD should be in the range of 3–100 MHz, which
corresponds to the high-frequency (HF) and lower very-high-
frequency (VHF) range. When HF signals are mentioned in the
following article, this frequency range is meant.

The broadband PD pulses usually have to propagate from
their point of origin to a measuring device via a transmission
line (TL), e.g. overhead lines or power cables. This propagation
distorts the initial impulse and reduces the bandwidth of the
measurable spectrum depending on the distance traveled. To
model and simulate this process, a complete understanding of
the propagation behavior of the TL used is necessary. A suitable
model can then describe the transmission of PD, as well as all
other HF signals, on the TL. In this article such a model is
presented, where power cables are used as TL. The investigations
are carried out using a medium-voltage (MV) cable with a
nominal voltage of 20 kV. This cable is representative of all MV
cables of different voltage levels, as their structure is always very
similar.

Most publications on this signal transmission topic have not
considered the TL theory, e.g. [1]–[4]. To correctly model the
transmission of PD or other HF signals on a TL, a solution of
the telegrapher’s equations is required. These wave equations
are not negligible if the wavelength of the transmitted signal
becomes smaller than the length of the TL. This is almost always
the case with signals like PD. To close this research gap, this
article gives a solution of the telegrapher’s equations, which de-
scribes the transmission of a PD along a TL. Similar approaches
were published in [5], [6]. However, both publications have
shortcomings in the derivation of their solution. More precisely,
both solutions show a discrepancy in their right-sided voltage
equation. Furthermore, they are not comprehensible because the
authors do not provide a detailed derivation. These deficiencies
are addressed in this work.

The quality of the signal transmission depends mainly on
the MV cable used or its propagation constant. In contrast to
telecommunication coaxial cables, power cables are optimized
for power transmission at 50 Hz under high voltage conditions.
Therefore, the cable construction contains additional semicon-
ducting layers for field control, which have a significant atten-
uating effect especially on HF signals. These layers must be
considered in order to correctly model the propagation constant
of an power cable. Despite the many publications on this topic,
e.g. [1]–[7], a purely analytical, comprehensive and reproducible
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Fig. 1. Distributed-element model of a TL.

method for calculating the propagation constant of an MV cable
is still missing. Thus, this article aims to provide such a method.
The shown calculation of the propagation constant of an MV
cable is mainly based on the work of [7]–[9] and combines
and extends their results. The frequency dependence of all
electrical parameters is considered. Neglecting these frequency
dependencies is inaccurate for the transmitted HF signals.

The transmission model is derived in three sections and is then
validated. In Section II the solution of the telegrapher’s equations
is derived. Section III deals with the propagation constant of
MV cables. Section IV contains the modeling of PD pulses.
Section V shows how to use the final transmission model and
provides example measurements for its validation.

II. TRANSMISSION MODEL

The shortest wavelengths in the spectrum of PD or sim-
ilar signals with HF spectrum are usually shorter than their
transmitting line, e.g. 30MHz corresponds to a wavelength of
λ ≈ 10m. Therefore, the TL theory with its wave equations must
be applied.

A. Derivation of the Telegrapher’s Equations

It is assumed that the material and structure of a TL are ho-
mogeneous along its length. Therefore, the equivalent circuit of
the TL can be divided into infinitesimal small equal elements of
length Δz, see Fig. 1. Each segment of this distributed-element
model is then characterized as follows:

R′ =
ΔR

Δz
in

Ω

m
L′ =

ΔL

Δz
in

H

m
(1)

G′ =
ΔG

Δz
in

S

m
C ′ =

ΔC

Δz
in

F

m
(2)

These four electrical parameters are called primary line con-
stants. They are sufficient to fully characterize any conductive
TL. Contrary to their name they are not constant, but frequency
dependent R′(ω), L′(ω), C ′(ω) and G′(ω). For better readabil-
ity, the frequency dependence is not marked in the remaining
text.

The telegrapher’s equations are derived from Fig. 1. For
a more detailed derivation see [10], [11]. The application of
Kirchhoff’s voltage law with Δz → 0 leads to:

−∂u(z, t)

∂z
= R′ · i(z, t) + L′ · ∂i(z, t)

∂t
(3)

The application of Kirchhoff’s current law with Δz → 0 leads
to:

−∂i(z, t)

∂z
= G′ · u(z, t) + C ′ · ∂u(z, t)

∂t
(4)

The two coupled, linear partial differential equations (3) and (4)
are the telegrapher’s equations in the time domain.

If only stationary signals are considered, a further simpli-
fication can be achieved by transforming these equations into
the frequency domain. Voltage and current signals are then
represented as a superposition of many sinusoidal signals with
different frequencies. Since all time information in the frequency
domain is lost, this approach is not suitable for the investigation
of transient events. But it can be used if only the transmission
behavior of the TL shall be investigated.

Sine functions can be formulated in the phasor notation with
RMS magnitudes:

u(z, t) =
√
2U(z) cos(ωt+ ϕU) =

√
2 Re

(
U(z) ejωt

)
(5)

i (z, t) =
√
2 I(z) cos(ωt+ ϕI ) =

√
2 Re

(
I (z) ejωt

)
(6)

where U(z) = U(z) ejϕU and I(z) = I(z) ejϕI . The transfor-
mation of (3) and (4) into the frequency domain then yields:

−∂U(z)

∂z
= (R′ + jωL′) I (z) = Z ′(ω) I (z) (7)

−∂I (z)

∂z
= (G′ + jωC ′)U(z) = Y ′(ω)U(z) (8)

Z ′(ω) is the complex series impedance per unit length in Ω
m and

Y ′(ω) is the complex shunt admittance per unit length in S
m . The

frequency dependence of series impedance and shunt admittance
is not marked in the remaining text. The same applies for the later
mentioned secondary line constants γ, α, β, Zc and rz, which
are all frequency dependent too.

Deriving (7) and (8) with respect to z and mutual substitution
leads to the telegrapher’s equations in the frequency domain:

∂2U(z)

∂z2
= Z ′ Y ′ U(z) = γ2 U(z) (9)

∂2I (z)

∂z2
= Z ′ Y ′ I (z) = γ2 I (z) (10)

Two complex wave equations (9) and (10) are obtained, where γ
is the propagation constant of the TL, which can be split into the
attenuation constant α in Np

m and the phase constant β in rad
m :

γ =
√

Z ′ Y ′ =
√

(R′ + jωL′) (G′ + jωC ′) = α+ jβ (11)
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Fig. 2. Terminated TL with PD at any point zs along its length l.

The conversion from neper to decibel is1Np ≈ 8.686 dB. Using
an MV cable as TL, γ can be determined as described in
Section III.

B. General Solution of Telegrapher’s Equations

The general solution of (9) and (10) is:

U(z) = U f e
−γz + Ub e

γz (12)

I(z) = I f e
−γz + Ib eγz (13)

Physically, this solution can be interpreted as the sum of a
forward and a backward traveling wave. The constants U f and
Ub are the phasors of the forward and backward voltage wave
in V. The constants I f and Ib are the phasors of the forward
and backward current wave in A. They are determined by the
boundary conditions of the problem to be solved [10].

C. Relationship Between Individual Waves

Voltage and current waves are related to each other via Zc:

Zc =
U f

I f
= −Ub

Ib
=

√
Z ′

Y ′ (14)

where Zc is the characteristic impedance of the TL in Ω [10].
Backward and forward traveling waves are related to each

other via rz:

Ub e
γz

U f e
−γz

=

U(z)
I(z) − Zc

U(z)
I(z) + Zc

=
Zz − Zc

Zz + Zc

= rz (15)

where rz is the reflection coefficient at the position z. It depends
on the impedanceZz at this location and indicates which portion
of a forward traveling wave is reflected back into the TL [11].

D. Solution for the Transmission of a PD Along a TL

Fig. 2 shows a TL of finite length l with arbitrary termination
impedances Z1 and Z2 at both ends. A PD (or any other signal
with HF spectrum) can occur at any point 0 ≤ zs ≤ l along the
TL. It can be modeled with the following consideration. In the
time domain it is possible to measure either directly the current of
a PD pulse or its voltage. Accordingly, a PD can be considered
in the model as a voltage or current source. To include both
options, the PD is modeled in the frequency domain by both

sources at its point of origin zs. Which representation is used
depends on the available measurement data. The values of U s

or Is for each frequency component are then determined by
the measured voltage or current density spectrum of the initial
PD pulse. Further details on the use of this model follow in
Section IV.

One part of the TL is on the left of the PD z < zs and the other
part on the right z > zs. The general solution of the telegrapher’s
equation in the frequency domain (12) and (13) applies to both
parts individually. Setting up the initial system of equations
under further consideration of (14):

U1(z) = U f,1 e
−γz + Ub,1 e

γz

I1(z) =
U f,1

Zc

e−γz − Ub,1

Zc

eγz

⎫⎪⎬
⎪⎭ z < zs (16)

U2(z) = U f,2 e
−γz + Ub,2 e

γz

I2(z) =
U f,2

Zc

e−γz − Ub,2

Zc

eγz

⎫⎪⎬
⎪⎭ z > zs (17)

Four boundary conditions are required to solve this system. Two
are obtained from the termination impedances of the TL:

U1(0) = −Z1 I1(0) (18)

U2(l) = Z2 I2(l) (19)

The other two are obtained by the transition condition at zs:

I1(zs) + Is = I2 (zs) (20)

U1(zs) + U s = U2(zs) (21)

Now the initial system of equations can be solved for the
given boundary conditions. At first a detailed formulation of
the boundary conditions with (16) and (17) can be given:

U f,1 + Ub,1 = −Z1

(
U f,1

Zc

− Ub,1

Zc

)
(22)

U f,2 e
−γl + Ub,2 e

γl = Z2

(
U f,2

Zc

e−γl − Ub,2

Zc

eγl
)
(23)

U f,1

Zc

e−γzs − Ub,1

Zc

eγzs + Is =
U f,2

Zc

e−γzs − Ub,2

Zc

eγzs

(24)

U f,1 e
−γzs + Ub,1 e

γzs + U s = U f,2 e
−γzs + Ub,2 e

γzs

(25)

Solving (22) for the forward voltage phasor U f,1 of the left TL
section:

U f,1 = Ub,1

(
Z1 − Zc

Z1 + Zc

)
= Ub,1 r1 (26)

Solving (23) for the backward voltage phasor Ub,2 of the right
TL section:

Ub,2 = U f,2

(
Z2 − Zc

Z2 + Zc

)
e−2γl = U f,2 r2 e

−2γl (27)



398 IEEE TRANSACTIONS ON POWER DELIVERY, VOL. 37, NO. 1, FEBRUARY 2022

Solving (24) for the backward voltage phasor Ub,1 of the left
TL section:

Ub,1 = U f,1 e
−2γzs − U f,2 e

−2γzs + Ub,2 + Is Zc e
−γzs

(28)
Solving (25) for the forward voltage phasor U f,2 of the right TL
section:

U f,2 = U f,1 + Ub,1 e
2γzs − Ub,2 e

2γzs + U s e
γzs (29)

Substituting (26) and (27) into (28):

Ub,1 =
U f,2 (r2 e

−2γl − e−2γzs) + Is Zc e
−γzs

1− r1 e
−2γzs

(30)

Substituting (26) and (27) into (29):

U f,2 =
Ub,1 (r1 + e2γzs) + U s e

γzs

1 + r2 e
−2γl e2γzs

(31)

Now substituting (30) into (31) and again solve for U f,2:

U f,2 =
1

2

(U s + Is Zc) e
γzs − (U s − Is Zc) r1 e

−γzs

1− r1 r2 e
−2γl

(32)

And finally substituting (31) into (30) and solve for Ub,1:

Ub,1 =
e−γl

2

(U s + Is Zc) r2 e
−γ(l−zs) − (U s − Is Zc) e

γ(l−zs)

1− r1 r2 e
−2γl

(33)
The four initially unknown phasors of the equation system are
now known for the given boundary conditions. Thus, (26), (27),
(32) and (33) can now be used to write the final solution of the
initial system of equations. For z < zs yields:

U1(z) =
e−γl(eγz + r1e

−γz)

2
(
1− r1r2e

−2γl
) [(

r2e
−γ(l−zs) − eγ(l−zs)

)
U s

+
(
r2e

−γ(l−zs) + eγ(l−zs)
)
IsZc

]

I1(z)=
e−γl(−eγz + r1e

−γz)

2
(
Zc(1− r1r2e

−2γl)
) [(r2e−γ(l−zs) − eγ(l−zs)

)
U s

+
(
r2e

−γ(l−zs) + eγ(l−zs)
)
IsZc

]
(34)

And finally, for the right-side z > zs yields:

U2(z) =
e−γl(eγ(l−z) + r2e

−γ(l−z))

2
(
1− r1r2e

−2γl
) [(

eγzs − r1e
−γzs

)
U s

+
(
eγzs + r1e

−γzs
)
IsZc

]
I2(z) =

e−γl(eγ(l−z) − r2e
−γ(l−z))

2
(
Zc(1− r1r2e

−2γl)
) [(

eγzs − r1e
−γzs

)
U s

+
(
eγzs + r1e

−γzs
)
IsZc

]
(35)

With this solution the voltage and current distribution on both
sides of the PD can be calculated for a known TL. The solution
depends only on the arbitrary source signal U s or Is. Only one
of the two sources is used at a time and the other is set to zero.

Fig. 3. Cross-section through a typical single-phase MV cable.

III. PROPAGATION CONSTANT OF A POWER CABLE

To use the derived solution, the propagation constant γ of the
TL must be known. For the present work, a common cross-linked
polyethylene (XLPE) power cable should be used as TL. In this
section, the calculation of γ for such a cable is derived step by
step. At the end of the section, γ is calculated for an example
cable and validated by measurements. An MV cable is used for
this purpose.

As shown in Fig. 3, power cables typically consist of an
inner conductor with radius r1, an inner semiconducting layer or
conductor screen of thickness dsc1, a dielectric insulation layer
of thickness dins, an outer semiconducting layer or insulation
screen of thickness dsc2, an outer conductor with inner radius
r2 = r1 + dsc1 + dins + dsc2 and an outer protective sheath.
In addition, power cables may have an additional thin, water-
swellable semiconducting tape layer between insulation screen
and outer conductor. However, such a layer is not included in the
example MV cable examined later. The semiconducting layers
are used to provide a smooth interface between the conductors
and the insulating layer. This serves to homogenize the elec-
tric field and avoid highly stressed areas due to small surface
imperfections at the interfaces of the conductors.

To calculate γ, first the primary line constants R′, L′, C ′ and
G′ must be determined. It is assumed that the cable geometry
is constant over the entire length. To simplify the calculations,
the inner conductor is considered as a solid cylinder and the
outer conductor as a solid hollow cylinder. It is also assumed
that the cable is straight over its entire length. This implies a
homogeneous field distribution and allows the calculation of the
primary line constants [8].

A. Conductor Resistance

The resistance per unit length R′ of a copper conductor at DC
is calculated as follows:

R′ =
1

σcoA
(36)

where σco = 58.1395 S
m is the electrical conductivity of the

copper conductor andA is its cross-section inm2. The resistance
increases with frequency f due to the skin effect. The higher the
frequency, the more current flows near the conductor surface.
The thickness of this conductive layer is the skin depth δ in m



FRITSCH AND WOLTER: TRANSMISSION MODEL OF PARTIAL DISCHARGES ON MEDIUM VOLTAGE CABLES 399

and can be calculated for metallic conductors according to:

δ =

√
2

σcoωµ0μco
(37)

where µ0 ≈ 1.25 664 · 10−6 Vs
Am is the vacuum permeability,

μco = 1− 6.4 · 10−6 ≈ 1 is the relative permeability of copper
and ω = 2πf is the angular frequency in rad

s . The skin depth δ

indicates the depth, at which the current density �J has decreased
to 1

e of its amplitude. In the MHz range, the skin depth for copper
is only a few micrometers thick. Thus, the effective cross-section
of the conductor is reduced at HF signals to about Ahf ≈ 2πrδ.
Then the conductor resistance can be calculated as follows [8]:

R′ =
1

σcoAhf
≈ 1

σco2πrδ
=

√
ωμ0μco

2σco

1

2πr
(38)

The total resistance of a power cable is the sum of the resistances
of the inner and outer conductor:

R′ =
√

ωµ0μco

2σco

1

2π

(
1

r1
+

1

r2

)
(39)

B. Conductor Inductance

HF currents generate magnetic fields inside and outside the
cable conductors. These magnetic fields change over time and in-
duce an opposite voltage back into the conductors. This behavior
is described by the conductor inductance per unit length L′. The
influence of the magnetic fields on the conductors themselves,
the so-called inner inductance L′

i, decreases with frequency due
to the skin effect. Therefore, the inner inductance is negligible at
frequencies > 10 kHz. Only the influence of the magnetic field
between the conductors, the outer inductance L′

o, is relevant for
calculating the total inductance of the TL in the HF range [8]:

L′ ≈ L′
o =

µ0μco

2π
ln

r2
r1

(40)

C. Insulator Capacitance

The elements R′ and L′ describe the behavior of the con-
ductors and C ′ and G′ that of the dielectric material between
the conductors. This dielectric consists of the main insulation
layer and thin semiconducting layers on each side. Each of these
layers has a frequency dependent capacitance per unit lengthC ′.
In general, the capacity of a coaxial cable layer can be calculated
as follows [12], [13]:

C ′ =
2πε0ε(ω)

ln
(

r2
r1

) (41)

where ε0 ≈ 8.85 418 · 10−12 As
Vm is the vacuum permittivity and

ε(ω) = ε′(ω) + jε′′(ω) is the permittivity of the dielectric layer.
This permittivity describes the polarizability of the dielectric
and is frequency dependent and complex.

The permittivity of the XLPE insulator layer can be assumed
to be constant εins = 2.26 + j · 10−3 in the frequency range of
interest [7], [9]. The permittivity of the semiconducting layers is
usually not known from the datasheet of the power cable used.

TABLE I
PARAMETERS OF THE PERMITTIVITY MODEL OF THE SEMICONDUCTING

CABLE LAYERS

In [9], researchers made permittivity measurements for single-
phase MV cables. The authors have fitted the following complex
permittivity model to their measurements:

ε(ω) =
A1

1 + (jωτ1)(1−α1)
+

A2

1 + (jωτ2)(1−α2)
+

σDC

jωε0
+ ε∞

(42)
A detailed description of this model and the measurement
method can be found in the referenced article. The various
parameters of the permittivity model are summarized in table I,
separated by conductor screen and insulator screen. If necessary,
the parameters of the optional water-swellable semiconducting
tape layer are also added. With these data and (42) the permit-
tivity of the two semiconducting layers are calculated.

Now the capacitance of each layer can be calculated according
to (41):

C ′
sc1 =

2πε0εsc1(ω)

ln
(

r1+dsc1

r1

) (43)

C ′
ins =

2πε0εins

ln
(

r1+dsc1+dins

r1+dsc1

) (44)

C ′
sc2 =

2πε0εsc2(ω)

ln
(

r1+dsc1+dins+dsc2

r1+dsc1+dins

) (45)

The total insulator capacitance of a power cable results from all
individual capacities in series:

C ′ =
1

1
C ′

sc1
+ 1

C ′
ins

+ 1
C ′

sc2

(46)

If necessary, the capacitance of a possible water-swellable semi-
conducting tape layer is calculated and added in the same way.

D. Insulator Conductance

In XLPE cables, the influence of the insulator conductance per
unit length G′ is small compared to the dielectric losses due to
polarization caused byC ′. The specific conductivity of the XLPE
insulation material σins is close to zero. The conductivities of
the semiconducting layers are already considered in the used
permittivity model. The XLPE conductance can therefore be
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TABLE II
PARAMETERS OF THE MEDIUM VOLTAGE CABLE USED

neglected or, provided σins is known, calculated as follows [13]:

G′ =
2πσins

ln
(

r1+dsc1+dins+dsc2

r1

) (47)

E. Secondary Line Constants

Now all primary line constants are determined for the specific
power cable and the secondary line constants can be calculated.
First the complex impedance of the TL can be calculated:

Z ′ = R′ + jωL′ (48)

The complex admittance of the TL is:

Y ′ = G′ + jωC ′ (49)

The propagation constant γ of the power cable can now be cal-
culated according to (11). Finally, the characteristic impedance
Zc of the TL can be calculated according to (14).

F. Validation of the Calculated Propagation Constant

To validate the calculation method shown, the propagation
constant γ was calculated for an example MV cable. The cable
type is N2XS2Y of Suedkabel GmbH. Some relevant parameters
of this MV cable are listed in table II. The piece of cable used is
l = 10m long. It should be mentioned that the cable length has
no influence on γ. It depends only on the cable geometry and
material.

To validate the calculated γ of the MV cable, it is also mea-
sured with the help of a vector network analyzer (VNA). With the
help of a VNA the scattering (S) parameters of a linear electrical
network can be measured. Each TL can be interpreted as a linear
two-port network. As VNA the model DG8SAQ VNWA 3E of
SDR-Kits is used. With this device the S-parameters of the MV
cable were measured from 0.1 to 250MHz.

For the measurement, the MV cable must be connected to
the transmit and receive SMA input of the VNA, see Fig. 4.
Therefore, an adapter is required. For this purpose, an SMA
cable is connected to each of the two VNA inputs. At the other
cable ends, the inner and outer conductors are separated. They
can now be soldered directly to the inner and outer conductors
of the MV cable. Care must be taken to keep these unshielded

Fig. 4. Connection of the MV cable to the VNA. The MV cable is equipped
with additional shielding at its end terminations to avoid parasitic inductance.
In general, all unshielded sections should be avoided as much as possible.

Fig. 5. Adapter between VNA and MV cable and corresponding calibration
scheme.

cable sections as short as possible to avoid unwanted parasitic
inductance in the network.

Before the measurement a correct SOLT-calibration of the
VNA must be ensured according to Fig. 5. For this purpose,
both adapters are connected to the VNA, but not to the MV cable.
For Short calibration the adapter ends of the transmit input are
soldered together. For Load calibration, a 50Ω SMD resistor
is soldered between the adapter ends of the transmit input. For
Through calibration the adapter cables of both VNA inputs are
soldered together. After successful calibration, the MV cable can
be inserted exactly at the calibration plane according to Fig. 4
and the S-parameter measurement can be performed.

The relationship between the measured S-parameters and the
propagation constant γ for a TL is [14], [15]:

γ =
1

l
cosh−1

(
1− S2

11 + S2
21

2S21

)
(50)

Fig. 6 compares the analytical and measured propagation
constant γ separated into its real part α and imaginary part β.
The attenuation constant is converted to dB

m , see the comment to
(11). Model and measurement of γ are very similar. From this it
can be concluded that the propagation constant of the MV cable
is determined correctly.
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Fig. 6. Calculated and measured propagation constant of the MV cable.

Fig. 7. PD calibrator 100pC impulse in the time and frequency domain.

IV. PARTIAL DISCHARGE MODEL

In section II, a PD pulse was modeled with the help of a voltage
sourceU s and a current source Is at location zs, see Fig. 2. In this
way it was achieved that both voltage or current measurements
of a PD can be used as input of the model. Depending on which
source is selected, the other is set to zero. Since we mainly
measured voltages for this work, the voltage source U s will be
used in the following. Thus, in our case Is = 0.

The modeled PD sources U s or Is represent the initial PD
signal, which is then transmitted on the power cable. They are
the excitation of the system. This section shows, how this input
variables of the transmission model can be determined.

For this work, a Haefely KAL9511 PD generator was used to
produce the required PD pulses. This calibrator can generate
PD pulses with a fixed charge of 1 to 100 pC. To measure
the voltage of such a pulse, the calibrator can be connected
directly to the 50 Ω input channel of an oscilloscope. Then the
circuit is impedance matched and the voltage pulse ucal of the
calibrator can be measured without occurring reflections. The
red dashed line in the time domain of Fig. 7 shows the measured
voltage of the 100 pC pulse, with an amplitude of ûpd ≈ 0.64V
and a pulse duration at half amplitude or full width at half
maximum of tFWHM ≈ 8 ns. The corresponding representation
in the frequency domain shows the voltage spectral density

(VSD) obtained by Fourier transformation ucal
F−→ U cal in V

Hz .
For the figures, the VSD is converted into a logarithmic scale:

Ucal,dB = 20 log10

( |U cal|
max (|U cal|)

)
, in dB (51)

Fig. 8. Measurement setup for the first validation measurement of the trans-
mission model.

The measured pulse consists mainly of frequency components
up to the -6 dB cutoff-frequency f−6dB ≈ 62.72MHz. At this
point the spectral amplitude has decreased by half. The shorter
the pulse, the higher the -6 dB cutoff-frequency.

The measured PD voltage is similar to a symmetrical Gaussian
function. Therefore, a PD in the time domain can be modeled
by a Gaussian function:

ucal,m(t) = ucal,m = ûpd e
− (t−t0)2

2c2 (52)

where t0 = 0 s is the position of the peak center and c describes
the pulse width. The relationship between tFWHM and c is:

c =
tFWHM

2
√
2 ln(2)

≈ 0.42 466 tFWHM (53)

The same PD model pulse in the frequency domain is [8]:

Ucal,m(ω) = Ucal,m = ûpd c
√
2π e−

(cω)2

2 (54)

This obtained VSD can be used as input variable of the trans-
mission model, i. e. as PD voltage source U s. The PD current
source is then set to Is = 0.

Once again as a reminder. Instead of measuring the PD pulse
voltage, the current could also be measured, e.g. with a current
probe. Then Is would be determined in the same way and
U s = 0.

In order to fit this Gaussian pulse model to a specific voltage
pulse measurement, the three free parameters ûpd, t0 and c
must be adjusted. The optimal parameter set is determined using
an optimization algorithm that minimizes the sum of squared
residuals. An example of the result can be seen in Fig. 7 as
blue solid line. The Gaussian PD model can reproduce the
measurement with sufficient accuracy.

V. VALIDATION MEASUREMENTS

To validate the final transmission model, measurements were
made using the MV cable type described in Section III-F. For this
purpose, two example measurements are shown in this section.

A. Measurement Setup With PD At the Beginning of the
MV Cable

The measurement setup is shown in Fig. 8. An MV cable
section with a length of l = 10m is connected on one side to the
PD calibrator and on the other side to an oscilloscope. Thus, a PD
pulse is injected at one end of the cable and the resulting voltage
is measured at the other end. An oscilloscope with a bandwidth
of 2GHz and a sampling rate of 2.5 GS

s is used. The transmitted
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Fig. 9. PD calibrator with adapter cable for connection to the MV cable. Rt1

can be soldered between the separated conductors if necessary. The oscilloscope
was connected in a similar way, with optional R′

t2.

voltage pulse u2 is measured at an input channel with an input
resistance of Rsc = 50Ω. Passive probes on high-impedance
input channels would falsify the HF measurements due to their
capacitive behavior.

Adapters similar to those in Section III-F were used to
connect the MV cable to the other devices, see Fig. 9. This
time the adapters are made of BNC cable with a characteristic
impedance of Rbnc = 50Ω. One end is equipped with a BNC
male connector. At the other end the inner and outer conductors
are separated and can be soldered directly to the MV cable
conductors. These unshielded cable sections of the adapter add a
parasitic inductance to the measuring circuit. This could lead to
unwanted low-pass behavior and thus to a falsified measurement.
However, VNA measurements of the adapter’s S-parameters
show that this low-pass behavior is negligible up to 100MHz if
care is taken to keep the unshielded conductor section as short
as possible (S11 is nearly constant). The adapters can therefore
be considered as loss-free in the relevant frequency range. Thus,
ucal ≈ u1 and usc ≈ u2.

Optional SMD-resistorsRt1 andR′
t2 can be soldered between

the two unshielded wires of the adapters to change the MV cable
termination impedances:

Z1 = Rt1 (55)

Z2 = Rt2 = Rsc ‖ R′
t2 (56)

These impedances determine the reflection coefficients at the
beginning r1 and at the end r2 of the MV cable according to
(26) and (27). If the termination impedance matches the char-
acteristic impedance Zc of the TL, reflections are minimized.
Zc can be calculated with (14) or with the help of the measured
S-parameters. For the MV cable used,Zc ≈ 35.5Ω and is almost
purely ohmic and nearly constant up to 1GHz.

The amplitude of the generated calibrator pulse ucal de-
pends on the termination resistor Rt1 connected to its termi-
nals. In Section IV, the calibrator voltage pulse was measured
directly at a 50 Ω input channel of an oscilloscope. For sim-
plicity, this impedance-matched voltage pulses of the calibrator
were recorded. The following relationship applies between the
impedance-matched voltage pulse ucal,50Ω and the actual pulses
at other Rt1:

ucal = ucal,50Ω
Rt1

Rsc
(57)

Fig. 10. 100pC impulse after propagation on 10m of MV cable in the time
and frequency domain with Rt1 = 35Ω and Rt2 = 50Ω.

Thus, before each validation measurement, the initial cali-
brator PD pulse ucal is calculated for the given Rt1. Then the
Gaussian pulse model parameters are fitted to ucal to get ucal,m.
Subsequently (54) is calculated with these PD model parameters.
The obtained VSD U cal,m is then used as PD source U s of the
transmission model.1 Now (34) or (35) can be solved for the MV
cable used. The resulting VSD U2 can now be transferred back
into the time domain by inverse Fourier transformation in order
to obtain the voltage u2 at the cable end. This voltage can now
be compared with the measurement on the oscilloscope.

Fig. 10 shows an example result. For this example, the ter-
mination resistor Rt1 = 35Ω ≈ Zc was chosen to avoid reflec-
tions. At the other side no additional resistor R′

t2 was used, i. e.
Rt2 = 50Ω. 100 pC pulses were generated by the calibrator.
Furthermore zs = 0, z = l = 10m and Is = 0 applies.

Transmission model and measurement are similar in time and
frequency domain. The remaining deviation can be explained by
minor reflections that occur at the discontinuities between the
MV cable and the BNC adapters. The characteristic impedance
changes at these connections from approximately 35.5Ω to 50Ω
and minor reflections will occur. However, these reflections are
neglected in the transmission model, because Zc and Rbnc do
not differ much. Apart from these minor deviations, the model is
able to predict the transmission behavior of the MV cable well.

B. Measurement Setup With PD in the Middle of the MV Cable

This time the calibrator is connected between two pieces
of the MV cable, each 10m long. The measurement setup is
shown in Fig. 11. The transmission model is only applicable
if both cable sections have a similar characteristic impedance
Zc1 ≈ Zc2. Due to the great similarity in construction, this
assumption should be true for most XLPE power cables.

If the calibrator is connected in series between two MV ca-
bles, then ucal ≈ ucal,50Ω applies. The rest of the measurement
procedure remains the same.

For the example measurement the terminating resistors
Rt1 = Rt2 = 33Ω were chosen, i. e. an additional resistor
R′

t2 = 100Ω was implemented. Then (35) was solved with

1The conversion of a VSD into a logarithmic scale is only done for the
diagrams. Mind the index dB.
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Fig. 11. Measurement setup for the second validation of the transmission
model.

Fig. 12. 100pC impulse in the middle of 20m of MV cable in the time and
frequency domain with Rt1 = Rt2 = 33Ω.

zs = 10m, z = l = 20m and Is = 0. The result is shown in
Fig. 12.

Again, the results of the transmission model and measurement
are similar in both time and frequency domain. Minor reflections
occur at Rt1 and are measured on the oscilloscope after about
120 ns, which corresponds to about 22m propagation distance.
These reflections due to impedance mismatch are low because
the terminating resistors are approximately equal to Zc. In the
frequency domain, the measurement shows a stronger low-pass
behavior compared to the model. This is probably due to longer
unshielded cable sections, which could not be avoided in this
test setup. All unshielded connections should be kept as short as
possible to avoid parasitic inductance. Again, the model is able
to predict the transmission behavior of the MV cable well.

The validation results look very promising. Overall it can
be concluded that the developed transmission model predicts
the propagation behavior of the investigated MV cable with
sufficient accuracy. Theoretically, the model should also be valid
for cables of any length, since the propagation constant does
not change. However, future validation measurements on longer
cable sections should provide additional evidence of this.

VI. CONCLUSION

This article contains an analytical model that describes the
transmission of high frequency signals (f 	 50Hz), such as
PD, on power cables. The model of this transmission process
is based on a derived solution of the telegrapher’s equations. In
addition to knowing this solution, the propagation constant of the
transmission line must also be known. Therefore, a calculation
method for the propagation constant of power cables is shown.
Using an exemplary MV cable, this method is successfully
validated by measurement. The transmission model is then able
to reliably predict the propagation and attenuation of various
input signals. The signal source can be located anywhere along
the cable. This is also confirmed by exemplary measurements
with a piece of MV cable and with the help of a PD generator.

It should be mentioned again that all signals with HF spectrum
must be treated with the help of the telegrapher’s equations.
Otherwise all wave phenomena like reflections are neglected.

For the calculation of the propagation constant of the example
MV cable, the ohmic and dielectric losses of all cable layers were
considered. Compared to previous approaches, the described
method is purely analytical and reproducible and considers the
frequency dependence of all electrical parameters. Presumably,
this calculation method can also be applied to XLPE cables of
higher voltages, but this still needs to be investigated.

The transmission model should also be applicable to transmis-
sion lines other than power cables if their propagation constant
is known.

If multiple XLPE MV cable sections are connected by joints
and their characteristic impedance is similar (this should usually
be the case), the entire section can be treated as a single cable.
Provided that the joints are installed correctly. Minor reflections
may occur at the joints, but these should be negligible. In real
cable systems, the cable end terminations must also be taken
into account. The authors will address these issues in a future
publication.

With the help of this model the attenuation and dispersion of
transmitted signals can now be easily determined. The remaining
spectrum at the measuring point can be simulated accordingly.
The authors will use this model in the future to develop methods
for detecting PD on MV cables.
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