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Shape Optimization of Rotating Electric Machines
Using Isogeometric Analysis

Melina Merkel , Peter Gangl , and Sebastian Schöps

Abstract—This work deals with shape optimization of electric
machines using isogeometric analysis. Isogeometric analysis is par-
ticularly well suited for shape optimization as it allows to easily
modify the geometry without remeshing the domain. A 6-pole inte-
rior permanent magnet synchronous machine (IPMSM) is modeled
using a multipatch isogeometric approach and rotation of the ma-
chine is realized by modeling the stator and rotor domain separately
and coupling them at the interface using harmonic basis functions.
Shape sensitivity analysis is used to find the shape derivative of the
optimization goal functional, i.e., the total harmonic distortion of
the electromotive force. This method allows for a freeform shape
optimization which is not restricted by a choice of a set of opti-
mization parameters. This freeform shape optimization is applied
for the first time to an isogeometric model of an IPMSM minimizing
the total harmonic distortion of the electromotive force as a goal
functional, where a reduction of 75 % is achieved.

Index Terms—Electric machines, isogeometric analysis, shape
optimization.

I. INTRODUCTION

A S a result of the energy transition, the simulation of
electromechanical energy converters, in particular electric

machines, is becoming increasingly important to obtain efficient
and robust designs. Commonly, a workflow based on analytical
estimates and the Finite Element Method (FEM) is used for
2D and finally 3D domains. In most classical approaches, the
geometry is only approximated, e.g., with an accuracy that
depends on the mesh refinement. These errors can be avoided
when using Isogeometric Analysis (IGA) [1]–[4] which uses
B-splines and/or Non-Uniform Rational B-splines (NURBS) as
basis for geometry and solution space. In IGA, the geometry can
be easily and smoothly transformed by moving the control points
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of the splines such that there is no need to remesh the domain
when the geometry is modified. This makes IGA very well suited
for shape optimization [5]. Numerical optimization based on
magnetic equivalent circuits or finite element models has lead
to large improvements in the designs of technical applications,
e.g., of permanent magnet synchronous machines. During the
last 30 years there has been a lot of research on finite element
based optimization methods (see, e.g., [6], [7] and the references
therein). Originally, mainly gradient-based optimization meth-
ods were used (see, e.g., [8]–[10]) but stochastic optimization
algorithms became more popular during the last 20 years (see,
e.g., [11], [12]). Most of the proposed algorithms use stochas-
tic or population-based optimization, e.g., genetic algorithms
and particle swarm optimization (see, e.g., [13]) which have
also been extended to multi-objective optimization problems
(see, e.g., [14], [15]). For permanent magnet synchronous ma-
chines, stochastic optimization methods are commonly used
(see, e.g., [16]–[18]).

Recently, promising results have been achieved for the design
optimization of electric machines for single and multi-objective
optimization problems (see, e.g., [19]–[21]). These works use
parameter based optimization methods to improve the design
and behavior of the machines.

This contribution deals for the first time with freeform shape
optimization of a rotating electrical machine discretized with
IGA. We use methods from shape calculus to perform shape
sensitivity analysis and obtain the so-called shape derivative. The
shape derivative represents the local sensitivity of the functional
with respect to changes of the geometry and makes gradient-
based optimization feasible. The rotor and stator domains are
discretized separately and are coupled using harmonic stator-
rotor coupling [22].

The paper is structured as follows: In Section II the model of
the electric machine and its quantities of interest are introduced.
We introduce the shape optimization problem and derive the for-
mula of the shape derivative using shape calculus in Section III.
In Section IV the discretization of the machine and isogeometric
analysis are explained. We conclude the paper by explaining
our gradient-based shape optimization algorithm and present
numerical results for the minimization of the total harmonic
distortion of the electromotive force in Section V.

II. MODEL OF THE ELECTRIC MACHINE

Electromagnetic phenomena are described by Maxwell’s
equations. For many applications it is sufficient to consider the
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Fig. 1. Example for a domain D with coil region Dc, permanent magnet
region Dpm and domain boundary ∂D.

magnetostatic approximation in a working point, i.e., neglecting
displacement and eddy currents and nonlinearity of the mate-
rial laws. In a domain D3D the magnetostatic formulation of
Maxwell’s equations is given by

∇× (ν∇×A) = Jsrc +∇×M, (1)

with the piecewise constant reluctivity ν, the magnetic vector
potentialA, the current densityJsrc =

∑
nχχχnin given by wind-

ing functions χχχn and currents in of the n-th phase [23], the
magnetization of the permanent magnets M and homogeneous
Dirichlet boundary conditions A× n = 0 on ∂D3D, where n
is the normal vector. The source current density Jsrc and the
permanent magnetization M vanish outside the coil (Dc) and
permanent magnet (Dpm) regions, respectively, see Fig. 1.

A common quantity of interest when designing electric ma-
chines is the total harmonic distortion (THD) of the electromo-
tive force (EMF) E .

The EMF of the n-th phase is defined as the voltage

En(A(t)) = ∂tΨn(A(t)), (2)

with the flux linkage

Ψn(A(t)) = Np

∫
D3D

χχχn ·A(t) dD3D, (3)

where Np is the number of pole pairs. The voltage En are
induced by the electromagnetic force in the windings under the
assumption that the coils of the poles are connected in series.

The total harmonic distortion of a functionE = E(t) is defined
as

THDI(E) =
√∑

k∈I,k �=1 |ck|2
|c1| , (4)

where ck are the coefficients of the Fourier series of E(t), i.e.,

E(t) =
∞∑

k=−∞
cke

ıkt, (5)

and I ⊂ N is an index set of frequencies to consider, e.g., one
may disregard frequencies that cannot be diminished by shape
optimization. Alternatively, the expansion (5) can be written as

E(t) = A0

2
+

∞∑
k=1

Ak cos(kt) +Bk sin(kt)

Fig. 2. Multipatch model of one pole of a 6-pole interior permanent magnet
synchronous machine. The magnetic flux densityB is shown which is computed
under no load condition using isogeometric analysis.

with coefficients Ak = ck + c−k for k ≥ 0 and Bk = ı(ck −
c−k) for k ≥ 1. Note that it holds that |ck| =

√
A2

k +B2
k/2.

Using these coefficients, the THD can be written as

THD(E) =
√∑

k∈I,k �=1A
2
k +B2

k

A2
1 +B2

1

. (6)

As we are interested in the THD of the EMF we need to consider
(6) for the voltages (2). Therefore, the amplitudes ck in (4) orAk

and Bk in (6) are obtained by Fourier analysis of the voltages.
In the planar 2D case (1) is considered on a cross section

D ⊂ R2 and reduces to

−∇ · (ν∇u) = Jsrc,z +∇×M · ez, (7)

where u(x, y) is the z-component of the magnetic vector po-
tential A = [0, 0, u]�, Jsrc,z =

∑
n χnin is the z-component of

the current density given by winding functions χn and currents
in of the n-th phase and ez is the unit vector in z-direction.

III. OPTIMIZATION

A. Problem Statement

We want to optimize the 2D shape Ω of the 3-phase interior
permanent magnet synchronous machine (IPMSM) from Fig. 2,
which hasNp = 3 pole pairs, in terms of the total harmonic dis-
tortion (THD) of the electromotive force (EMF) as introduced
in (2). Due to periodicity of the stator windings, we will restrict
ourselves to the optimization of the first voltage and set E := E1
and χ = χ1. Note the dependence of E on the shape Ω via the
solution u to (7), i.e., E = E(u(t,Ω)). Thus, we consider the
optimization problem

min
Ω∈A

J (Ω) := THDI(E(u(t,Ω))), (8)

s.t. c(Ω) = 0, (9)

where c(Ω) are physical constraints and the optimization prob-
lem (8)–(9) is constrained by the machine model (7), which, for
t ∈ [0, T ], reads in its weak form: Find u = u(α(t)) such that∫

D

νΩ(α(t))∇u · ∇v dD︸ ︷︷ ︸
=:a[α(t)](Ω;u,v)

= 〈r(t, α(t)), v〉 (10)
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for all test functions v. Here T = 2π/ω is the (electrical) period
length, α(t) the rotor angle, which may be given by the equation
of motion. We allow all geometries from an admissible set A.
Both u and v satisfy homogeneous Dirichlet boundary condi-
tions on the inner and outer circular parts of the boundary and
periodic boundary conditions on the left and right parts of the
boundary. Finally, the right-hand-side is given by

〈r(t, α(t)), v〉=
∫
Dc

3∑
k=1

χk(x, y)ik(t) v(x, y) dDc

+

∫
Dpm(α(t))

(
−M2

M1

)
·∇v(x, y) dDpm(α(t))

(11)

and contains the excitations due to permanent magnets and the
coils. Here,M1 andM2 are the first and second component of the
magnetization vector M, respectively, Dpm(α(t)) denotes the
permanent magnet region after rotation by the angleα(t) and we
exploit for a more compact notation that the permanent magnets
lie in the rotating part and the coils in the stator. We indicate the
dependence of the reluctivity function on the current shape Ω
which is subject to the shape optimization by writing νΩ.

Moreover, we introduce a temporal discretization
{t1, . . . , tNα

} into Nα points in time and a corresponding
discretization of the range of angular displacements into Nα

rotor positions, α := (α1, . . . , αNα
). For j ∈ {1, . . . , Nα}

and a given shape Ω, let aj(Ω; ·, ·) := a[αj ](Ω; ·, ·)
and rj := r(tj , αj) according to the definitions in
(10) and (11), respectively. Approximating u(t,Ω) for
t ∈ [0, T ] by {u1, . . . , uNα

} and introducing the notation
J (u1, . . . , uNα

) := THDI(E(u1, . . . , uNα
)), problem

(8)–(10) after discretization with respect to rotor positions
can be written as the optimization problem

min
Ω

J (u1, . . . , uNα
) (12)

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

a1(Ω;u1, v1) = 〈r1, v1〉 ∀v1,
...

aNα
(Ω;uNα

, vNα
) = 〈rNα

, vNα
〉 ∀vNα

,
c(Ω) = 0,

(13)

which is constrained by Nα boundary value problems corre-
sponding to the Nα rotor positions under consideration.

B. Shape Sensitivity Analysis

The shape derivative dJ (Ω;W) of a domain-dependent func-
tional J = J (Ω) represents the sensitivity of the functional
with respect to a perturbation of the domain in the direction
of a given vector field W. The shape derivative is defined as

dJ (Ω;W) = lim
δ↘0

J (TW
δ (Ω))− J (Ω)

δ
, (14)

if this limit exists and the mapping W → dJ (Ω;W) is linear
and continuous on the space of smooth vector fields. Here,
TW
δ represents a transformation which moves every point x

a distance δ > 0 in the direction given by the vector field W,
TW
δ (x) = x+ δW(x).
For deriving the shape derivative dJ (Ω;W) for the optimiza-

tion problem (12)–(13), we follow the steps taken in [24]. First,
we introduce the Lagrangian

L(Ω, ϕ1, . . . , ϕNα
, ψ1, . . . , ψNα

) :=

J (ϕ1, . . . , ϕNα
) +

Nα∑
k=1

(ak(ϕk, ψk)− 〈rk, ψk〉) .

For ease of notation, we will use the notationu = (u1, . . . , uNα
)

and similar for other quantities. Note that, for ui satisfying the
i-th equation of (13), it holds that

∂

∂ψi
L(Ω,u,ψ)(qi) = ai(ui, qi)− 〈ri, qi〉 = 0

for any test function qi. Similarly, we introduce the adjoint states
pi, i = 1, . . . , Nα, as the solutions to

0 =
∂

∂ϕi
L(Ω,u,p)(vi) = ∂J

∂ϕi
(u)(vi) + ai(vi, pi) (15)

for all test functions vi.
Let us now consider the functional J = J (u1, . . . , uNα

)
more closely. We will use the representation (6) for the
THD. Let (Ck)k∈I be the Fourier coefficients of the function
Ψ(u1, . . . , uNα

), i.e.,

Ψ(u1, . . . , uNα
) =

�Nα/2�∑
k=−�Nα/2�

Cke
ıkt. (16)

Using the Fourier representation (16) of the flux linkage and (2),
the electromotive force can be written as

E(u1, . . . , uNα
) =

�Nα/2�∑
k=−�Nα/2�

ıkCk︸ ︷︷ ︸
ck

eıkt, (17)

where (ck)k∈I are the Fourier coefficients of the electromotive
force E . This Fourier series can be rewritten as

E(u1, . . . , uNα
) =

A0

2
+

�Nα/2�∑
k=1

Ak cos(kt) +Bk sin(kt).

(18)
The coefficients Ak and Bk of the Fourier representation of
∂tΨ (18) are obtained by time derivation and Fourier transform,
which we will denote by Ak = [F′

a(Ψ(u1, . . . , uNα
))]k and

Bk = [F′
b(Ψ(u1, . . . , uNα

))]k, respectively. Exploiting the lin-
earity of the discrete Fourier transform, the vectors A and B can
also be written in terms of transformation matricesMa = F′

a(I)
and Mb = F′

b(I), where I is the identity matrix, i.e.,

Ak−1(u1, . . . , uNα
) =

Nα∑
j=1

(
(Ma)k,j Nplz

∫
D

χuj dD

)
,

(19)

Bk−1(u1, . . . , uNα
) =

Nα∑
j=1

(
(Mb)k,j Nplz

∫
D

χuj dD

)
,

(20)
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where lz is the length of the machine in z-direction.
In order to solve the adjoint state equation (15), we need to

differentiate the functional J = THD(E(u1, . . . , uNα
)) with

respect to ui for i ∈ {1, . . . , Nα}. Using the relation (6), we
obtain

d THD(E(u))
dui

(u)(vi) =

1√
A2

1 +B2
1

1√∑
k∈I,k �=1A

2
k +B2

k

⎛
⎝ ∑

k∈I,k �=1

AkA
′
k +BkB

′
k

⎞
⎠

− 1

(A2
1 +B2

1)
3/2

⎛
⎝√ ∑

k∈I,k �=1

A2
k +B2

k (A1A
′
1 +B1B

′
1)

⎞
⎠ .

Here, we used the abbreviations A′
k := dAk

dui
(u)(vi) and B′

k :=
dBk

dui
(u)(vi). It can be seen from (19) and (20) that

dAk

dui
(u)(vi) = (Ma)k,iNplz

∫
D

χvi dD,

dBk

dui
(u)(vi) = (Mb)k,iNplz

∫
D

χvi dD.

Given the solutions to the forward problem (10) for all rotor
positions l ∈ {1, . . . Nα}, we obtain for the adjoint problem (15)
defining the adjoint variable at rotor position l ∈ {1, . . . Nα}:
Find pi such that

ai(vi, pi) = −d THD(E(u))
dui

(u)(vi)

for all test functions vi.
Finally, in a similar way as it was proposed in [24], assuming

that the deformation vector field W vanishes on the interface Γ
and on the stator, and that the permanent magnet region remains
unchanged, we obtain the formula for the shape derivative in the
direction of a smooth vector field W ∈ C1(D,R2):

dJ (Ω;W)=

Nα∑
l=1

∫
Dpm

(∇·(W)I−DW�)∇pl·
(
−M2

M1

)
dx

+

Nα∑
l=1

∫
D

ν (∇·WI−DW�−DW)∇ul ·∇pl dx.

(21)

Here, I ∈ R2×2 denotes the two-dimensional identity matrix.

IV. SOLUTION OF THE FORWARD PROBLEM BY IGA

In this section, we will give an overview of Isogeometric
Analysis which is used to discretize the forward problem (7)
allowing for an exact representation of the machine geometry
and straightforward manipulation of the shape. For a flexible
treatment of the rotation we model stator and rotor separately
and use harmonic stator-rotor coupling for the solution of the dis-
cretized problem, obtaining the saddle-point formulation given
in [22], [25].

Fig. 3. Visualization of the modification of the shape of a NURBS curve by
moving one control point.

A. B-Splines and NURBS

Isogeometric analysis is based on the idea of using freeform
curves for an exact geometry representation of CAD models.
This avoids errors in the geometry induced by mesh generation.
For this, the notion of B-splines, i.e., piecewise polynomial func-
tions, is of central importance. B-splines are defined via a knot
vector Ξ = {ξ1, ξ2, . . . , ξn+p+1} where the knots ξi ∈ [0, 1] for
all i ∈ {1, . . . , n+ p+ 1} are coordinates in the parametric
space, p is the degree of the B-spline andnwill be the dimension
of the space. B-splines are defined by the recursive Cox-de Boor
formula [26]

Bi,p(ξ) =
ξ − ξi

ξi+p − ξi
Bi,p−1(ξ) +

ξi+p+1 − ξ

ξi+p+1 − ξi+1
Bi+1,p−1(ξ),

(22)

for all p ≥ 1 and for p = 0 via

Bi,0(ξ) =

{
1 if ξi ≤ ξ < ξi+1,

0 else,
(23)

where 0/0 = 0 is formally assumed. NURBS (Non-Uniform
Rational B-splines) basis functions are then defined by

Ni,p(ξ) =
wiBi,p(ξ)∑n

k=1 wkBk,p(ξ)
, (24)

where wk > 0 for all k = 1, 2, . . . , n are so-called weights.
NURBS curves can then be defined by the NURBS basis func-
tions and control points Pi as

C(ξ) =
n∑

i=1

PiNi,p(ξ). (25)

A NURBS curve can be locally modified by moving the control
points. This is visualized in Fig. 3.

B. Isogeometric Analysis

Using the same functions for the representation of the geome-
try as in CAD software, i.e., NURBS, has the advantage that there
is no need for the construction of a finite element geometry, i.e.,
the mesh. In isogeometric analysis the geometry is represented
by a smooth mapping

F : D̂ → D, (26)
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Fig. 4. Visualization of the mappings Fk from the reference domain D̂ to the
patches Dk of a multipatch geometry.

using NURBS as basis functions, where D̂ is the reference
domain, i.e., in the 2D case the unit square, andD is the physical
domain. The mapping F can be directly obtained from CAD
software. However, not all geometries can be represented by a
regular transformation of the reference domain D̂ = [0, 1]n, e.g.,
domains with a hole. In this case, a multipatch approach can be
used to represent the physical domain. The physical domainD is
subdivided into k patchesDk which can each be represented by
a regular transformation of the reference domainDk = Fk(D̂).
A visualization is given in Fig. 4. The patches have a consistent
discretization with a one-to-one matching of the degrees of
freedom at the interfaces as in the classical FEM, leading to
a C0 smoothness of the solution at the patch interfaces. Thus,
the geometry of the CAD models can be exactly represented by
a multipatch model [27] and there is no need for the generation
of a computational mesh that approximates the geometry, e.g.,
a triangulation. For the analysis, IGA uses the same setting
as the classical finite element analysis with the exception of
using B-splines or NURBS as basis and test functions wj for
j = 1, . . . , Nq .

V. NUMERICAL SHAPE OPTIMIZATION

We solve the optimization problem (8)–(10) by means of a
gradient-based shape optimization algorithm based on the shape
derivative (21) where constraints (9) can be incorporated by
means of the augmented Lagrangian method [28], [29] where
the objective function is augmented by terms involving the
constraint c(Ω) with suitably updated coefficients. By solving
an auxiliary boundary value problem of the form

b(W,Z) = dJ (Ω;Z) ∀Z (27)

with some positive definite bilinear form b(·, ·) satisfying
b(Z,Z) > 0 for all vector fields Z, we can extract a shape gra-
dient W, which satisfies dJ (Ω;W) = b(W,W) > 0. Thus,
moving the control points of the motor geometry a small dis-
tance δ into the direction of W will yield an increase of the
objective function J . Likewise, since dJ (Ω;W) is linear in
W, a decrease can be achieved by moving the control points into
the direction of the negative shape gradient −W. The auxiliary
boundary value problem (27) can be interpreted as finding a
Riesz representative W of the functional dJ (Ω, ·) with respect

Fig. 5. Overview of the unconstrained shape optimization algorithm.

to the metric given by b(·, ·). Of course, here different bilinear
forms b(·, ·) can be chosen which amount to shape gradients in
different metrics. In our algorithm, we choose

b(W,Z) =

∫
D

DW : DZ+W · Z dx (28)

where A : B =
∑n

i,j=1AijBij denotes the Frobenius inner
product for two matrices A,B ∈ Rn and DW, DZ denote
the Jacobians of W, Z, respectively. Our algorithm consists
in iteratively determining a descent vector field W by solving
the auxiliary boundary value problem (27) with the bilinear
form b(·, ·) given by (28) and moving the domain a distance
δ into this direction. The step size δ is chosen as the maximum
of the set {1, 1/2, 1/4, . . . } such that, no intersections of the
patches occur and the objective value is decreased. When no
further improvement can be achieved, the algorithm terminates.
An overview of the shape optimization algorithm is given in
Fig. 5.

VI. OPTIMIZATION RESULTS

The method described in Section V is used to minimize the
total harmonic distortion of the electromotive force by shape
optimizing the rotor of a 6-pole interior permanent magnet
synchronous machine in generator mode under no load condition
without additional constraints. This machine is derived from
a machine that was originally designed as part of a drive for
a tool machine [30, page 124]. The description of geometry
and material coefficients can be found in [31, Chapter V.A].
The shape and position of the permanent magnets in the rotor
are fixed. The machine is discretized by NDoF = 4354 degrees
of freedom using B-splines of degree p = 2 as basis functions
and linearized material laws. The implementation is based on
GeoPDEs [32]. The level of refinement is chosen such that the
relative error in theL2-norm of the magnetic vector potentialu in
the domain is smaller than 10−3. The coupling of stator and rotor
domain is realized using NΓ = 36 harmonic basis functions.
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Fig. 6. Results of shape optimization (8) in generator mode under no load
condition. The shape of the rotor was optimized, minimizing the total harmonic
distortion. Shape and position of the permanent magnet was fixed. The black
line shows the changes in the rotor amplified by a factor of 5.

Fig. 7. Magnitude of the shape gradient in the first iteration of the shape
optimization algorithm. Arrows indicate the direction of the negative shape
gradient.

Fig. 8. Total harmonic distortion of the electromotive force E for each iteration
of the shape optimization (8) in generator mode under no load condition
computed with IGA and with JMAG using linear and nonlinear material relations
as a reference.

The simulation of a rotation of 120◦ withNα = 120 takes about
10 s. The optimization process takes about 2 h and is carried
out in MATLAB R2019a on a 6-core machine (Intel CoreTM

i7-5820 K CPU) with 16 GB RAM. The original and optimized
design of the rotor can be seen in Fig. 6. The sensitivity, i.e., the
shape gradient W during the first iteration of the optimization is
visualized in Fig. 7. The total harmonic distortion is reduced by
more than 75% in 59 iterations. The total harmonic distortion
in the iterations of the shape optimization algorithm and the
electromotive force and its Fourier coefficients of the original
design compared to the electromotive force and its Fourier
coefficients of the optimized design can be seen in Figs. 8, 9.

Fig. 9. Electromotive force for the original design and for the optimized design
after 59 iterations. Computed using linear material laws.

The machine has also been optimized under full load condi-
tion with the physical constraint

c(Ω) = τ(Ω)− τorig = 0, (29)

where τ(Ω) denotes the average torque for the machine design
Ω and τorig denotes the average torque for the original machine.
Thus, the average torque is maintained. The constraint (29)
is incorporated using the well-known augmented Lagrangian
method [28], where the shape derivative of the torque is derived
analogously to Section III-B. In this optimization the THD of
the EMF is reduced by 44% while the torque is maintained. The
resulting geometry of the rotor is shown in Fig. 12 and the CAD
description of the original and optimized machine geometries is
available as an IGES file [33].

VII. VALIDATION

Exploiting the geometry representation which is given di-
rectly in NURBS, i.e., the representation commonly used in
computer-aided design (CAD), the model can be easily imported
into computer-aided-engineering (CAE) software, e.g., using
the IGES (Initial Graphics Exchange Specification) format. The
results of the optimization in Section VI is validated by using
JMAG as reference solution. The JMAG model has 281 198
elements of order 1 and the meshing takes about 15 s. The sim-
ulation of a single rotation of 120◦ with Nα = 120 takes about
30min. The results of the JMAG simulation using linearized
material laws is shown in Figs. 8 and 9. They are in very good
agreement with the results from GeoPDEs for both geometries.
The main characteristics of the original and optimized motor
design are given in Table II. The cogging torque and magnetic
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TABLE I
TOTAL HARMONIC DISTORTION OF THE ELECTROMOTIVE FORCE E FOR

ORIGINAL AND THE OPTIMIZED ROTOR DESIGN COMPUTED WITH IGA AND

WITH JMAG FOR LINEAR AND NONLINEAR MATERIAL LAWS

TABLE II
MAIN CHARACTERISTICS OF THE ORIGINAL AND THE OPTIMIZED ROTOR

DESIGN COMPUTED WITH JMAG

Fig. 10. Cogging torque of the motor for the original design and for the
optimized design after 59 iterations. Computed using linear material laws.

Fig. 11. Radial component Br of the magnetic flux density in the air gap of
the motor for the original design and for the optimized design after 59 iterations.

flux density in the air gap of the original and optimized design are
shown in Figs. 10 and 11, respectively. The CAD description of
the original and optimized machine geometries is also available
as an IGES file [33]. The optimization leads to a very slight
weakening of the torque. At full load, i.e., an excitation current
with effective value Ieff = 10.6A, the original design has a
torque of τiter0 = 11.62Nm. The torque of the optimized design
is τiter59 = 11.34Nm. To investigate the impact of saturation on
the results, the material of the rotor is modeled in JMAG by the
nonlinear material curve M530-50 A for both, the original and
the optimized geometry. The results for the THD of the EMF
can be seen in Fig. 8 and Table I where still a reduction of 68%

Fig. 12. Results of shape optimization (8)–(9) under full load condition. The
shape of the rotor was optimized, minimizing the total harmonic distortion with
the physical constraint (29) maintaining the average torque. Shape and position
of the permanent magnet was fixed.

Fig. 13. Fourier coefficients of the electromotive force for the original design
and for the optimized design after 59 iterations considering nonlinear material
laws in stator and rotor core (i.e. electrical steel M530-50 A), calculated using
JMAG.

is achieved. The comparison of the Fourier coefficients of the
electromotive force for the original and the optimized machine
considering nonlinear material laws is depicted in Fig. 13.
Considering the saturation at partial load of 30%, the torque
is slightly reduced from τiter0 = 1.95Nm (original design) to
τiter59 = 1.90Nm (optimized design). The THD of the EMF
is reduced by 26% from THDiter0 = 0.132 (original design)
to THDiter59 = 0.098 (optimized design). In conclusion, the
consideration of fully nonlinear material laws increases the THD
but the optimization using the linear model is still very effective.

VIII. CONCLUSION

This paper has proposed a freeform shape optimization
methodology based on isogeometric analysis. The method has
been applied to optimize the shape of an interior permanent
magnet synchronous machine. The optimized geometry exhibits
a significantly reduced total harmonic distortion, i.e., up to a
factor of four. It has been demonstrated that the spline-based
geometry representation allows easy integration into existing
workflows using proprietary software.

In future works the optimization method will be extended to
nonlinear material laws, different load scenarios and robustness,
i.e., minimizing the effect small deviations from the nominal
design have on the behavior of the machine. Furthermore, the
method shall be applied to three-dimensional machine models
and extended to take into account nonlinear material relations.
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