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Abstract: This paper presents a joint optimization policy of pre-
ventive maintenance (PM) and spare ordering for single-unit sys-
tems, which deteriorate subject to the delay-time concept with
three deterioration stages. PM activities that combine a non-
periodic inspection scheme with age-replacement are imple-
mented. When the system is detected to be in the minor defec-
tive stage by an inspection for the first time, place an order and
shorten the inspection interval. If the system has deteriorated to
a severe defective stage, it is either repaired imperfectly or
replaced by a new spare. However, an immediate replacement is
required once the system fails, the maximal number of imperfect
maintenance (IPM) is satisfied or its age reaches to a pre-speci-
fied threshold. In consideration of the spare’s availability as
needed, there are three types of decisions, i.e., an immediate or
a delayed replacement by a regular ordered spare, an imme-
diate replacement by an expedited ordered spare with a relative
higher cost. Then, some mutually independent and exclusive
renewal events at the end of a renewal cycle are discussed, and
the optimization model of such a joint policy is further deve-
loped by minimizing the long-run expected cost rate to find the
optimal inspection and age-replacement intervals, and the maxi-
mum number of IPM. A Monte-Carlo based integration method
is also designed to solve the proposed model. Finally, a numeri-
cal example is given to illustrate the proposed joint optimization
policy and the performance of the Monte-Carlo based integra-
tion method.
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1. Introduction

Two types of maintenance interventions, i.e., time-based
maintenance (TBM) and condition-based maintenance
(CBM), have been widely reported in [1]. As a classical
policy of TBM, age-replacement policy (ARP) is quite
well known due to ease of use and extensively treated
[2,3]. Based on this policy, an operating system is
replaced at a specified age regardless of the operational
condition or the failure time. The inspection-based pre-
ventive maintenance policy is commonly used in CBM,
in which inspection activities are performed to monitor
the health state of the system and identify the hidden
defects. Hence, different maintenance actions that depend
on the health state are taken to prevent from a functional
failure. The most common decisions to be made involve
no action on the functioning system with a minor defect,
imperfect maintenance (IPM) on the major defective sys-
tem to restore it as a condition between “as good as new’
and “as bad as old”, and replacement action by a new
identical one [4—7]. The result for each decision has its
own costs, and has different effects on the deteriorating
process. Among them, replacement leads to a renewal of
the defective or failed system, that is, the deterioration
process restarts after replacement; IPM can improve the
system condition rather than a renewal. To model the
maintenance quality of IPM, Malik [8] introduced the
concept of an age reduction factor (also called as the
improvement factor) in 1979. Pham and Wang [9] sum-
marized various techniques on imperfect maintenance. In
most cases, an IPM action is carried out if a failure for a
binary-state deteriorating system takes place or is
detected; once the number of IPM reaches to a pre-thresh-
old, replacement is performed [10,11]. Considering the
combination of CBM and TBM in the practice [12,13],
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this present work focuses on inspection-based and age-
based preventive maintenance (PM) policy for single-unit
systems that covers non-periodic inspection policy and
ARP policy. Replacement is triggered upon a failure, a
specified age, or the system experiencing a certain num-
ber of IPM activities. From this, it is noted that decision
makers are concerned with the intervals related to inspec-
tion, and age replacement, and the maximal number of
IPM preceding a replacement. In reality, the system can-
not be replaced until the spare is available, and it is obvi-
ous that the demand for spare parts is driven by preven-
tive replacement or failure. However, numerous PM stu-
dies share an assumption that spare parts are unlimitedly
provided for replacement and can be delivered immedi-
ately. Therefore, the spare provisioning strategy needs to
be merged with the PM policy, rather than optimizing
them separately.

Herein, the joint optimization of PM and spare order-
ing policies for single-unit systems in the literature are
only reviewed. Previously in 1976, Osaki and Yamada
[14] optimized an age-replacement policy with random
lead time, but it is assumed that the spare is ordered at the
initial time of the unit operation. Subsequently, it is
extended to the system with two types of failures by Sheu
and Griffith [15]. Various modifications to the model in
[14] have been proposed, such as those in [16—19]. Sheu
and Chien [16] and Sheu et al. [17] delt with a general-
ized ARP of a system subject to shocks, and the expected
cost rate function is developed to determine the optimal
age. Chien et al. [18,19] incorporated a cumulative repair
cost limit policy, which determines whether the system
should be repaired or replaced. The above models based
on an ARP with random lead time all assume that a spare
unit is ordered at time 0, which is quite convenient for
modeling and optimization. However, it could cause the
increase of the holding cost due to keeping the spare in
the inventory too early. To address it, Armstrong and
Atkins [20] relaxed this assumption to make the age-
replacement and ordering decisions jointly. In the afore-
mentioned policies, the demand for spare parts is trig-
gered randomly at failures or the times where the cumula-
tive repair cost limit is reached, but deterministic at the
certain age. However, there are few studies that have
been made to look at the optimization of CBM and spare
ordering policies. Wang et al. [21] proposed a condition-
based order-replacement policy for a single-unit system,
which aims to make condition-based replacement and
spare ordering decisions jointly based on the system dete-
riorating level. Zhou et al. [22] considered a single-unit
system that deteriorates following Gamma process, and
presented the collaborative optimization model of mainte-
nance and spare ordering using a control limit policy. In
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this proposed model, IPM is performed when the deterio-
ration level reaches the PM threshold, and spare is
ordered when the number of IPM exceeds a critical value
and meanwhile the state reaches a spare ordering level,
replacement is however required once the deterioration
level is larger than a predefined failure threshold. There-
fore, it aims to optimize the number of IPM and the spare
ordering level. Since not all systems can be monitored
continuously to obtain data on health state, discrete
inspection activities for systems are regarded as one of
the effective CBM policy currently [23]. It is also noted
that Wang et al. [21] and Zhou et al. [22] treated the sys-
tem as a continuous-state system, but the maintenance
policy for a finite multi-state deteriorating system has
been widely focused on according to a Markovian pro-
cess [24—26], or a delay-time concept [27—30]. However,
Christer et al. [31] demonstrated that the delay-time
maintenance model has a strong robustness to the Markov
assumption by comparing with the semi-Markov mainte-
nance models, and confirmed that the decisions made by
the delay-time models are appropriate.

Numerous delay-time-based models are developed to
capture the relationship between inspection and defect
identification [32]. Motivated by a three-color scheme in
industry, Wang et al. [33] extended the two-stage delay-
time concept with three states into a four-state failure pro-
cess, which is closer to reality and provides more options
for consideration by decision makers. Further, the three-
stage-based models to optimize an inspection policy can
be found in [34,35], in which it is more economical to
shorten the inspection interval after the minor defective
state is identified by inspection for the first time. It is
noted, however, that spare parts can be ordered at the
time window of identifying a minor defective state.
Clearly, this further division for the two-stage delay-time
model shows the potential of joint spare parts and mainte-
nance policies, where the nature of the intermittent
demand for spare parts can be partly explained [32]. The
papers [36—38] studied a joint maintenance and spare
parts policy for complex systems with a number of identi-
cal components using the two-stage delay-time concept.
Based on a three-stage failure process, the joint policy of
inspection-based replacement and spare ordering has
been modeled in our previous work [39,40], in which a
non-repairable single-unit system is considered, thereby
replacement is the only maintenance action. However, we
are interested in a single-unit system that is expensive and
critical in companies; in general, it could require a much
longer lead time for delivery. Once a severe defect is
identified by inspection, IPM rather than replacement is
executed immediately, as the above discussion for the
chimney. Only one spare is generally ordered and stored
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for such a system due to high value, infrequent failure, or
deterioration in storage.

This paper presents a joint policy of inspection-based
and age-based PM and spare ordering for single-unit sys-
tems. The main contributions are summarized as follows:
(1) the failure process is divided into three stages based on
the practical application, leading to four states through
the lifetime process, and different decisions are made
relying on the health state; (i) a PM policy that com-
bines non-periodic inspection and ARP is proposed, by
which the health state can be identified at inspection time
to determine various maintenance actions, and replace-
ment is preventively underdone at the preset age; (iii) at
most one spare part is ordered at the first time of identify-
ing the minor defective state to serve as a replacement
and arrives after a random lead time, which is called as a
regular order. On the other hand, if no spare is ordered as
needed, an emergency order has to be placed; (iv) IPM
actions at the time of identifying the severe defective
state are described by the proportional age reduction
model, and we consider multiple IPMs preceding a
replacement; (v) the long-run expected cost rate function
for the proposed policy is developed to optimize the opti-
mal decision variables, i.e., the initial inspection interval,
the age-replacement interval and the allowable maximum
number of IPM.

The remaining of this paper proceeds as follows. Sec-
tion 2 gives our problem description, and in Section 3, the
optimization model is formulated. In Section 4, a Monte-
Carlo based integration method is given. A numerical
example is given in Section 5 and conclusions are sum-
marized in Section 6.

2. Problem description

The PM policy of integrating inspection and age replace-
ment in our study is motivated from the reality. As a key
process in the steel-making stage, Dust-laden waste gases
from converter plants operating are exhausted by cooling
and washing through chimney to discharge the purified
gases into the open. However, the inner lining of the
chimney will be corroded with usage and time due to
very strong acids from the waste gases and high tempera-
ture, which gradually decreases the thickness of inner lin-
ing and ultimately causes the cracks. Based on our inves-
tigation in a steel making company, the chimney is
detected with a longer period at the early operating stage,
but once there exit the cracks and slight water leakage it
is necessary to detect it more frequently. If it is found that
the leakage caused by cracks is serious at the detection
time, then the welding for the cracks is carried out to
repair it. Commonly, the chimney is replaced with new

and identical one after repeated welding, or a preset age
determined by maintenance personnel’s experience.

2.1 Assumptions and notations

The following represents some modelling assumptions.

(1) A single-unit system deteriorates as a three-stage
failure process, which involves the normal stage, the
minor defective stage and the severe defective stage.
These three stages are mutually independent, and there
exist four conditions, i.e., normal, minor and severe
defective states, failure, denoted by S;(i = 1,2,3,4).

(i1) The system state is acquired at discrete inspection
times, and there exist various measures for different states
with different consequences. An inspection scheme with
interval T is firstly carried out at the initial operation of
the system, and the inspection activities are perfect. If the
system is identified to be in the normal state, no mainte-
nance activity is carried out. Once the minor defective
state is detected for the first time at the inspection time
T,, then shorten the inspection interval to be halved to
monitor the system more frequently for preventing fai-
lure occurring. Meanwhile, one spare is ordered at T, and
arrives in a random lead time /. Repair activity is under-
taken at the time of identifying the severe defective state,
but the system cannot be restored to be a condition as go-
od as new. Then, the effect of IPM on the effective age is
modeled by the proportional age reduction model [4,41].

(iii) Preventive replacement is conducted when the
number of IPM reaches the pre-threshold, or the system
attains a specified age T, whichever comes first. More-
over, the failure of the system is self-announced, and it
has to be replaced correctively and unexpectedly with a
new one at failure. The renewal cycle ends at the replace-
ment point.

(iv) If the spare for replacement is not available and
has not been ordered, an expedited replenishment (ER)
should be done. It costs much more than the regular
order, and it is characterized by a negligible lead time
such that the delivery for the emergency replenishment is
instantaneous. If the spare is not delivered as required, a
delay replacement (DR) will occur till the ordered spare
arrives, and then it generates the shortage cost. Should the
regular ordered spare be available, an immediate replace-
ment (IR) is carried out, and then the holding cost is ge-
nerated.

As mentioned in the introduction, assumptions (i) and
(i1) are initiated based on the real case of the chimney in a
steel-making company, and a various inspection interval
scheme can also be observed in the work [42]. Such a
halved inspection interval is simple for modelling, but the
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inspection interval in the minor defective state can be
optimized simultaneously as a decision variable. How-
ever, it is beyond the scope here in this paper. In terms of
the proportional age reduction model [4], the accumula-
tive age is (1 —p)7; after IPM at 7, where p(0<p < 1) is
an improvement factor representing the maintenance
effect and
1, PM
P :{ 0, minimal maintenance

For t>r7,, the effective age is r—p7,=(1—p)1;+
(t—7;). The system can be restored to the normal state
after IPM, but the accumulative age after [IPM will inf-
luence the instantaneous rates of each stage, resulting in
higher instantaneous rates than a new system. Since a
new spare is used to replace the defective or failed sys-
tem, it is regarded as renewal in assumption (iii). Ob-
viously, ER is prior to a regular order when no spare is
ordered, so the decision in assumption (iv) is reasonable
and closer to the reality. Some notations are given for
developing the optimization model. X,(n=1,2,3) are
random durations of three deterioration stages. fy, y+1(x),
Sxopr10), fx, p+1(2) are probability density functions (PDF)
of X, if the last IPM occurs at 7,,. M is the maximum
number of identifying the severe defective state S;. T
is age-replacement interval, and T, = Nyp-T. T, is the
failure time. T, is the time of the last IPM. C, is average
cost of inspection. C, is average cost of IPM. C is aver-
age cost of the system failure. Cy is replacement cost by
the regular ordered spare. Cg is replacement cost by the
expedited ordered spare, and Cgr > Cr. Cpy is average
cost of an inspection renewal. C,,. is average cost of an
age-replacement renewal at T,,.. C, is penalty cost per
unit time due to shortage. C,, is average cost per unit time
caused by holding the spare.

2.2 Joint policy of maintenance and spare ordering
considering IPM

It is noted from assumption (iii) that there are three
renewal scenarios, i.e., a failure renewal caused by cor-
rective replacement, an age-replacement renewal when
the system age reaches T,., and an inspection renewal
when the severe defective state is detected and there have
been M —1 IPM actions. We aim to minimize the long-
run expected cost per unit time for determining an opti-
mal joint policy (T°,M",T,.), or (T",M",T,,) with

Tyoe = Ny - T*. Depending on whether the minor defec-
tive state S, has been identified before a replacement and
whether the last IPM at 7, has occurred before T,, se-
veral mutually exclusive and exhaustive events are dis-

cussed, as outlined in Table 1.

3. Optimization model formulation

The occurrence probabilities of all possible events in
Table 1 are firstly deduced, and then the expected rene-
wal cost and length over one cycle are obtained.

Table 1 Renewal events of the proposed policy

Whether Availability
Renewal S» has T <T of the Decision-
scenario been P ordered  making
identified spare
No — — ER
No DR
Yes
A failure renewal Yes IR
Yes
No DR
No
Yes IR
No — — ER
The system
is in the v N No DR
tate S es o
State o1 Yes IR
No — — ER
No DR
The system Yes
Anage- isinthe v Yes IR
replacemen state S €s
t renewal No No DR
at Tage Yes IR
No — — ER
No DR
The system Yes
is in the v Yes IR
tate S es
state 93 No DR
No
Yes IR
No — — ER
An inspection renewal No DR
after the number of Yes Y R
IPM reaches the pre- Yes cs
specified threshold No DR
No
Yes IR

3.1 Case I: failure renewal

The system fails at T, before which the minor defective
state is not identified. Consequently, there is ordered
spare for replacement. Meanwhile, the IPM may have
already been performed before 7', as shown in Fig. 1.

A
T, T T; Ty Tge
——: The normal stage X,; ——: The minor defective stage X,;

- - - = The severe defective stage X;; e: A system failure.
Fig. 1 System replaced by the spare through an ER

Then the failure probability of such a case can be given
by
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[ jT T Xjr T “fx piOdadydx (1)

where p=0,1,---,i-1, i=1,2,-- Ny, Ty=T,+x+
Y420 Froi(-) = Frpt - Frp ) Fromn@ P(T,) 1ep-
resents the occurrence probability of the last IPM at
P(T,) and no IPM arises in the case of p = 0. Specially,
the PDFs of X, are derived as follows:

Faopt ()= (X+AT,) -l TS = 4 (x4 AT,) -7 A,

sz pHl (y)z‘,D (y+AT ) . e’fo ¢(s+AT, )ds — QO()H‘AT ) . e*fg,, <p(s)ds

Srp1(@)=1 Z+AT ‘e - Iy n(s+AT, )ds =7 Z+AT e n(r)ds
3P

where AT,=(1-p)T, represents the initial cumulative
age after T, and A(-), ¢(-), n(-) are the hazard rate func-
tions for three stages, respectively.

Considering all associated costs (including inspection,
IPM, failure and replacement by an expedited ordered
spare), we can then formulate the expected renewal cost
EC(T, M, N,,) and the expected renewal length EL (T, M,
N,.) are formulated as

EC, (T, M,N,;,) =

2

age  I—1

D 1G=DCr+ E(T,)C, + Cr + Cee

i=1 p=0
P(T_,—T,<T;<T,~T,), )
Noge i—1
EL, (T, M,Ny) = > > Ty P(Tiei =T, < T; <T,~T,),
i=1 p=0
3)

where E, (T,) represents the average number of IPM until
T,. It is obvious that the allowable maximal number of
IPM up to and including T, is min(M —-1,p). E,(T,) =

min(M-1,p) min(M-1,p)
m-Py(T,), P(T,)= Y Pu(T,), whereP,(T,)
m=0 m=0

can be calculated using the recursive calculation [4].

(1) A system failure occurs at T, after the identifica-
tion of the minor defective state S, at T,(¢=1,2,---,
Nye—1) and the last IPM T,. It is recognized from
assumption (ii) that the spare is ordered at 7, and arrives
at T,+1[; and, a halved inspection scheme is undertaken
after T,. If T, <T,, it indicates the state S, is found for
the ﬁrst time after the last IPM, then p=0,1,---,g—1
and i=g+1/2,g+1,---,Ny, as shown in Fig. 2. The
probability of spare unavailability at T, is given by

P(T_:—T <Ty<T,=T,I<T;~T,) =

j o j o I:-T‘, S fx, pr1(-)dldzdydx.

P(T )f T, 1—T —X
4)

/ I_T

T T T T, T T

P q-1 q
r= ==L The spare is unavailable; o1 The spare is in stock;
X: Inspection activities with the interval 772 after 7.

Fig.2 A failure renewal with T,<T,

Further, we obtain the corresponding expected renewal
cost and length, see (5) and (6).

Nuge=1 g=1  Nge

EC,(T.M.Ny) = Y 3 3 [Culig)

g=1 p=0 i=g+1

P(Toy~T,<T;<T,~T,I<T;~T,)+

Coliq)- P(Tiey =T, < Ty < T,=T, I <T;=T,)| (5

where the first term responds to the unavailability of the
ordered spare, the second term shows that the ordered
spare may be also available at T, with (T,+I<T;);
C(,9)=[q+2(i-q)—11C;+E,(T,)C,+Cr+CrT,+1-T,
Co Cullny) = [q+2i~q)-1ICHE(T,)CrHCit CH(T—T, 1)

Ch-
Nage=1 g—1  Nage
EL. (T, M Ny ) = D, D D 1T, +1]
g=1 p=0 i=g+1

P(Tiy =T, <T;<Ti=T,1>T;~T,)+
T;-P(Tiy =T, <T;<Ti=T,I<T;=T,)].  (6)

(i) The system fails randomly at Tf, but T,<T,

(@=1,--- \Nye—Lip=q+1/2,q+1,--- Ny —1/2), as
depicted in Fig. 3.

h - |

r, T, T T, Try  Ti Ty

Fig.3 A failure renewal with T,<T),

Similar to the derivation of (5) and (6), the correspond-
ing expected cycle cost and length can be obtained as

Nyge=1 Noge— %

7 Nage

EC; (T.M.Nyye) = ) Z > [Csligy

q=1 p=q+ji=p+}
P(Toy =T, <T;<Ti=T,I>T;~T,)+
Ciliq)- P (Toy =T, < T; < T,=T,.I<T;~T,)]. (7

Nage=1 Nyge

EL;(T,M,N,.) = Z Z Z ([T, +1]-

q=1 p= q+ 1p+f
y<T;<Ti=T,1>T;=T,)+
T <Tf<T T],,lng_Tq)]’ (8)

p,

P (Tkz
7P (Tiey
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P(Tis—T,<T;<T;-

Z )l L SO Otz

T, l>T,~T,) =

)
where

Ci(i,q) = (g+2(i—q)— 1)C, + E,(T,)C, + Cr+

Ce+ (T, +1-T))C,,
Ci(i,q) = (q+2(i—q)— )C; + E,(T,)C, + Cp+

Cr+(T,-T,-DC,,

min(M—-1,2p—q-1)
E (T, = m-P,(T),);
m=0

and define the function

_ T,'_]/Z—Tp—x, j=l
o) = { 0, j#i
P(T-T,<T;<T;=T,I<T;-T,) is calculated si-

milar to (9).
3.2 Case II: age-replacement renewal

In such a renewal scenario, the number of IPM over the
renewal cycle is smaller than M. Three different situa-
tions are taken into account in terms of the system state at
T, and for each situation, the availability of a spare is
further discussed.

3.2.1 The system in the normal state S| at T,

The system in the state S, can be replaced in three diffe-
rent ways: immediate renewal with an expedited spare,
delayed renewal till the ordered spare arrives and imme-
diate renewal with the ordered spare in stock.

(i) As shown in Fig. 1, an expedited spare is ordered to
replace the system if no inspection before T,,. identifies
the minor defective state, and then the probability is
given by

fxw Pl (x)dx
(10)

1, thus the expected renewal

P (T) = PO, > Ty, ~T) = P(T,) [

where p=0,1, -+, Ny —
cost is represented as
EC,(T,M,N,g.) =
Nyge—1

[(Nage - ])CI + CER + Em(Tp)Cp + Cage] : P;'I (Tage)

p=0

an
and the expected renewal length is given by
Nyge—1
EL4 (Ta M9 ]Vage) = Z Tage Pl (Tage)- (12)

p=0

(ii) If the spare has been ordered before T, i.e., an
inspection identifies the minor defective state at
T,(g=1,2,---,Ny.—1), then the last IPM must be
accompllshed at T,(p=qg+1/2,-+ Ny —1/2) after T,.
When the ordered spare has not been delivered at
Tyoe(T, +1 > T,y), the replacement has to be delayed, and
then it will result in the shortage cost. Otherwise, an
immediate replacement should be performed.

ECs(T,M,N,g.) =

Nage—=1 Noge— 3

Z Z Lv -1, {jng ,,[(q+2(N"‘ge q)=DCi+Crt
q=1 p=q+}
E,(T,)Cp+ (T, +1=Tyu)C, + Cogel - f(DdI+

m

Tree =Ty
[ @+ 20N = @)= DCy+ e+ E, (T,)C o+

(Tage - Tq - l)Ch + Cage] : f(l)dl} : P(Tp) : fX,,p+1 (-x)d-x

(13)
Nogo—1 Nyge—1 .
ELs(T,M,N,p.) = Z Z fn . {fT L TD
q=1 p=g+}
Thage =Ty
i+ [ T f(l)dl} P(T,) fopn (X)dx
(14)

3.2.2 The system in the minor defective state S, at T

(i) If no minor defective state is identified by inspection
before T,., no spare is ordered for replacement. This
event shown in Fig. 1 occurs with the following probabi-
lity.

PL(T,) =
PE) [ [ B @fpaG)ddy (19)

where p=0,1,---, N, — 1. According to assumption (iv),
it results in an expedited order with the higher cost, but
the lead time can be negligible compared to that of a regu-
lar order. Summing up all associated costs over the age-
replacement cycle [0, 7,.], we can calculate the expected
renewal cost as

EC6 (Tv M’ Nage) =
Noge—1

Z [(]Vagc - 1)611 + CER + Em(Tp)Cp + Cagc] : P;Z(Tagc)

- (16)

Further, the expected renewal length is readily formu-
lated as
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Nige—1

EL6 (T9M9Nage) = Z Tage 'Péz(Tage)- (17)

p=0

(i1)) The minor defective state has been identified at
T,(g=1,2,---,Ny.—1) before T, but after the last IPM
T,(p=0,1,---,g—1). Then, the system is still in the
minor defective state at T,. with the probability
P} (Tygo).

P (T =
T,~T, oo
PO [ ], P @fpmOdds (18)

The replacement must be postponed to T,+! if the
spare is not delivered at T, ; otherwise, one cycle termi-
nates T,,. due to an immediate replacement by the avail-
able spare. Hence, the expected renewal cost and length
are given by

EC7 (Ta Ma Nage) =
Nage—1 g-1 o
Z{L (@ +2(Nyye = @)= 1)Cy + Cir
g=1 p=0 Noge ™

Em(Tp)Cp + (Tq +1- Tage)Cs + Cage] . f(l)dl+

Trage =Ty
J, 1@+ 20N = @)= 1)Cy+ Cot En(T,)Cpt

(Tage - Tq - l)Ch + Cage] : f(l)dl} : Péz(Tage)’ (19)

E‘4]—‘7 (T, M’ Nage) =
Nyl ¢ o Too T
age ™1 q >
Z ; UTT (T, +]) f(l)c11+f0 T e f(l)dl} P2 (Togo).
-

(20)

(iii) The minor defective stage may also be identified
for the first time before the last IPM, ie., T, <T,. It is
clear that after 7, the normal stage may end within a
halved inspection interval (T;_;/,,T;) and the length of the
first two stages must be longer than T, —T,. Therefore,
we have the occurrence probability

p gz(Tage) =
Nest T;-T, 0
2PN ] L, B @f G @D
J=p+3 ?

Using (21), we can obtain the expected cost and length
over a renewal cycle [0, T,,.]. When the ordered spare is
unavailable at T, we have

ECs (T, M,N,.) =
No=IM=b
Z Z {‘L -7, [(q+2(Nye —q) — 1)C; + Cr+
q=1 p:q+% Nage "1 q

E (T,)C,+ (T, +1 =T, )C;+ Cpl- f(DdI+

m

Tgge =Ty ,
jo [(¢+2(Noge —q) — DC1 + Cr+ E,(T,)C,+
(Tage - Tq - l)ch + Cage] : f(l)dl} . P;Q(Tage)s (22)

ELg (T, M,N,) =

T,
0

| (TDfL e f(z)dz] P} (Togo)-

(23)

3.2.3 The system in the severe defective state S5 at T,

Similar to the situation that the state S, is identified at
T, three subcases are considered.

(1) It is noted from Fig. 1 that if no inspection before
T, identifies the minor defective state and the last IPM
is performed at T, the occurrence probability of the sys-
tem in the severe defective stage at T, is given by

Py (Toy) =

Trge =Ty (Togge=Tp=x (0
P(T,) | LN L frpa()dzdydx. (24)

Tyge-1=Tp <0

fage

An expedited order is placed to replace the severe
defective system at T,., and consequently, the expected
renewal cost and length can be obtained as

ECy(T,M,N,.) =

Nyge—1
Z [(Nagc - 1)611 + CER + Em(Tp)Cp + Cagc] : Pé;(Tagc)’
p=0
(25)
Noge—1
EL9 (T9 M: Nage) = Z Tage : P;‘J(Tage)' (26)
p=0

(i1) The minor defective state is identified at an inspec-
tion T, for the first time after the last IPM, ends within

the last halved inspection interval (T, 1,7Ty,.). Then, it
worsens to the severe defective state S 3.2The occurrence
probability of such an event is given by

P§ (Tye) =

Ty=T)  (Tage-Tp=% (o0
P(T,?)qul_n L LT Forn()dzdydr, (27)

-T)—x

It is noted that replacement needs to be delayed till
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T,+1 once the spare ordered at T, has not arrived yet at
T, and the severe defective system is immediately
replaced by the ordered spare on hand. Then, the
expected renewal cost and length are formulated as

EC]O (T7 M7 Nage) =

Nuge—1 -1

Z{j [(g+2(Nee =) -

Tage)C: + Cage] : f(l)dl+

DC;+ Cir+

=1

E. (T,)C,+(T,+1-
Ty
J, @ 2N = ) = DC + Cat En(T,)Cp

(Tage - Tq - l)Ch + Cage] : f(l)dl} : P§‘3(Tage)’ (28)

ELIO (T’ M, Nage) =
Nygel ¢

Z Z[J:o = (Tq+l)'f(l)dl+J;TN“g°’T
o o LY DT

‘ Tagef(bdl} P2 (Toe)-

29

(ii1) The last IPM occurs after identifying the state S,
for the first time, namely, 7, < T,. Moreover, after T,
the minor defective may start within the interval

(T 21,2, T;), and must end within (T
spondmg probability is given by

P (Toge) =

1 ,TNW). The corre-

T-\,g =T,—x
S [ ot
j=p+3 2

(30)
TNAgt:_% - Tp —X ,j ¢ Nage
O:j = Nage ’

Hence, using (30), we can get the total expected
renewal cost and length of the delayed replacement in this
situation, see (31) and (32).

ECll (T’ M’Nagc) =

Z Zz {fTo,:\ﬂc—T(, [(@+2(Nyee —q) = 1)C; + Cr+

E (T,)C,+(T,+1—Ty)Cy+ Cogel- f(DAI+

where ¢§'(x) = {

TNnge_Tq
[ @+ 20N = @)= Cy+ G+ E, (T,)C o+

m

(Tage - Tq - l)Ch + Cage] . f(l)dl} . Pg‘j(Tage)
(31

EL]] (T, M, nge) =
N, —1 N —

U (T, +l)f(l)dl+f e f(l)dl}.sz(Tagc)

‘Flpw

(32)

3.3 Case III: inspection renewal

From assumption (iii), there is an inspection renewal once
the severe defective stage is identified for M times by
inspections.

(1) As shown in Fig. 1, if the system is found to be in
the severe defective state at an inspection 7; (i=
M,M+1,--- Ny —1), before which the IPM has been
performed M 1 times and no inspection identifies the
minor defective state. On the basis of assumption (iv),
spare supply should be conducted from an expedited
order at 7T, and the probability is given by

Py (T) =

T=T¥' Ti=TV'—x  (Ti=TH —x=
rayf
Ty =T 0

where T,’,lH means the time of the (M-1)th IPM and
P(T)"") =Py (T)"). Thus, we get the expected
renewal cost and length as shown below:

A fX,,,p+l ()dZdydx
(33)

EC]2(T’ M’Nage) =

Ne=1 -1
Z [iC)+ Cx + (M = 1)C, + Con] - PL(T)),  (34)
i=M p=M-1
Nuge=1 i1
ELp, (T, M, Ny )= > > TPy (T (35)
i=M p=M-1

(i1) The minor defective state may be also identified for
the first time after the (M-1)th IPM, i.e., T)""' < T,. Sub-
sequently, the severe defective state is identified at T,
which leads to an inspection renewal. The probability
under such an event is expressed as

2
Ps](Ti) =
1—1 T—TM-1—x

e LT LT fx,pe1()dzdydx.
(36)

P(TY" ')j

Then, the total expected renewal cost and length of a
replacement cycle in this situation can be expressed as

Nuge—1 Noge=3 g1

ECy: (T, M, Nyy.) = Z > U Cs(i,q)-

quq+ p=M-1

fodi+ [T Coiy- f0dl|- BTy, GT)

Noge=1 Noge=3 -1

BL.(TM NG = 3 ) 0 [[7 @en

quq+ p=M-1

T'7 q
f(z)d1+j0 T, f(l)dz]-P;(T,.), (38)
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where
Cs(i,q) =(q+2(i—q)-1)C; +Cr+ (M —-1)C,+
(T, +1-T)C;+ Cpy,
Co(i,q) = (q+2(i—q) = DC; + Cp+ (M- 1)C+
(T;—T,—DC), + Cpy.
(ii1) The (M—1)th IPM can be carried out after the first
time of identifying the minor defective state, ie., T, <
. r(q) r(q)+1
T[};‘/ll(qzlaz»""Nage_z;p: +— »""Nage_

2 2

Lg>M-1 _

1; r(q) = . |. Then, the system is recog-
M — g, otherwise

nized in the state S; at an inspection 7;. The probability
in such a case is

P2'3(Ti) =

T (1T
j j Sx,pe1()dzdydx

M
)
-1 J 5 () 0

3 P
J=p+5 T4

(39)
where

Tio—T) ' —x, j#i

6// (x) — 2 ' . .
0, j=i

Further, the expected cost and length summations of

the delayed renewal and the immediate renewal can be

calculated by

Noge=2 Nage =3 Nge—1

EC,(TMN)= > > {LD,O_T’/CS(i,q).

9=l i=p+3 p=q+"P

fats [ g+ 2= )Cr+ Cor

M-1DC,+(T;—T,—DC, + Cpu] 'f(l)dl} : P§3(Ti)’

40)
Nﬂsc*ZNage—% Noge—1 .
- 5SS e
9=l i=p+; p=q+"¢
T,
f(l)dl+j0 Ti'f(l)dl]-Pgs(T,-). @1

Based on the renewal reward theory [43], the long-run
expected cost rate, (42), is calculated as the measure cri-
teria to find the optimal decision.

Min C(T,M,N,.) =

14 14
D BC (T, M, Nyy.) / D BL(T,M,Ny)  (42)

h=1 h=1

4. Monte-Carlo based integration method for
model solution

It is noted from (42) that the calculation for the multiple
integrals is time-consuming. Here, we propose the Monte-
Carlo integration method based on the generation of ran-
dom numbers, which is repeated many times to count the

Journal of Systems Engineering and Electronics Vol. 33, No. 5, October 2022

mean value, but all terms in (42) should be firstly trans-
formed into the forms of definite integral.

Step 1 Without loss of generality, the quadslope
indefinite integral is given by

1= [T fyofmddydr (43)
~Ja a1(x) Jh(xy) Jrxy.) » V2 zdy

where f(x,y,z) is a continuous distribution in the 3-D
domain of integration Q ={(x,y,2)la<x<b,g(x) <y <
g(x),h(x,y) < z< hy(x,y)}. Consider the pair of one-to-

one relationship between (x,y,z,[) and (u,v,w,9)
O<u<l,0<v<1,0<w<1,0<9< 1) with u:Z_a,
—a

e y—g1(x) "= 2= hi(x,y) 1
&) —gi(x)’ hy(x,y) = hy(x,y)’ r(x,y,2)

Then, the unique inverse is derived as x=x(u), y=
yu,v), z=z(u,v,w), I = l(u,v,w,9).
Step 2 Transformation of triple indefinite integral.
The Jacobian operator of the transformation is formu-
a(x,y,z,1)
lated as J= m
Mdudvdwdﬂ. Then, (43) can be expressed as
ou,v,w, %)

and we have dxdydzdl=

I= L' jol Ll fol L0, y(ut, v), 201, v, W), Lty v, w, 9))-

O&y 3D 4 avdwds.
o(u,v,w,) (44)

Step 3  Generate a uniformly distributed random
samples (u,v,w,) with the size H between (0,1), then
the value of g(x,y,z,0) = f(x(w),y(u,v),z(u,v,w),(u,v,

0(x,y,z,1)
W G o 9
we sum all of these values and divide by H to get the
mean value as the approximate value of I, ie., I=

l H
7 8(%)’,2,1)-
A

5. A numerical example

can be determined. Followed by it,

To illustrate the proposed joint policy of PM and spare
ordering, and ensure that the Monte-Carlo based integra-
tion method works to find the optimal solution, a numeri-
cal example is investigated and the results are discussed
and analyzed.

5.1 Modeling parameters

The two-parameter Weibull distribution has been widely
applied to represent the deterioration process, so it is cho-
sen to characterize the duration of three stages with the
failure rate form h(z;a,B) = af(at)’(a > 0,8>0,t > 0).
a and S are the scale parameter and the shape parameter,
respectively. Table 2 gives the initial failure rate parame-
ters, which are determined from experience, and the
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shape parameters are larger than 1, indicating that the
deterioration process for three stages is worn out. These
parameters can also be estimated using the field data in a
case study. The cost incurred by inspection is C; = 20,
the average cost per IPM is a linear function of the
improvement factor (Cp = 100p), the replacement cost by
a regular ordered spare is 150 (Cy =150), the replace-
ment cost by a regular ordered spare is 600 (Cgr > Ci),
Cpv =400, C, =1000, Cr=6000, C,=4, C,=10;
and the delivery time of the regular ordered spare / fol-

lows the normal distribution with the form f(/)=
=’
(1/oV2n)e” 2+ , in which u and o are the mean and

standard deviations and we have u =30, o0 =7.

Table 2 Initial failure rate parameters

Stage o) 10(2)
Ao (x) 0.008 1.3
%0 () 0.013 1.7
70 (2) 0.021 2.3

5.2 Optimal solutions

The Monte-Carlo based integration method is used to
obtain the optimal solutions of the proposed model. The
initial decision variables are set and enumerated by an
increment of 1, and simultaneously the objective func-
tion is calculated to check the minimal expected cost rate.
Fig. 4 shows a 3-D diagram showing the long-term
expected cost rate as a variety of 7 and M at p = 0.5 and
Ny = 6.

9.0
8.5
8.0
7.5
7.0 K

43 30 55 L T4
28 76
24
7 22 90 3

Long-run expected cost rate

Fig. 4 Results from the enumeration algorithm with p = 0.5 and
Nyge =6

It is noted that when the inspection interval T is fixed,
the long-run expected cost per unit time decreases firstly
and then increases with the increase of M. This can be
explained that the system’s availability is improved when
M increases in the initial range, resulting in the decrease
of the objective value. If M is much larger, the system
that have been repaired many times is prone to fail, which
leads to a relatively higher expected cost rate due to the
higher failure cost. On the other hand, as T increases, the

output changes with the same trend as mentioned above.
It is because that much more frequent inspections with a
smaller T increases the cost caused by inspection activi-
ties, and less frequent inspection with a larger 7 could
cause the system failure and costs much more. The mini-
mal expected cost rate is searched under 7" =27 and
M"=9. In order to further analyze the optimal solutions
in the case of the improvement factor p = 0.5, we calcu-
late situations under various N, values and the results
are shown in Fig. 5. It draws the long-run expected cost
rate in terms of the inspection interval T when N
equals 5, 6 and 7, respectively. It shoud be pointed out
specially, that the curve for the given N, in Fig. 5is
solved when the maximum number of identifying the
state S5 is the optimal solution M*. It can be readily seen
that the minimal expected cost rate is C(T*,M*,N;,) =

7.489 with the optimal decision variables (T*,M*,N,j;) =
(27,9,6). This indicates that the optimal interval of the
initial inspection activities 7" is 27, and the system is
preventively replaced at either the 9th time of detecting
the state S; or the age threshold 162. Moreover, when
N, varies from 5 to 7, the optimal inspection interval 7*
is 32, 27 and 23, respectively. Interestingly, the optimal
inspection interval 7* decreases with the increase of Ny ;
also, the corresponding age-replacement intervals T,
(Thye = Ny - T7) are 160, 162 and 161. Obviously, the dif-
ference among T, is slight, which implies that the opti-
mal age-replacement interval 77, is approximately the

age
same.

L
o

A
o v 2 o ®
T T T T T

784

Long-run expected cost rate

o
=N
T

7.4 G
18 20 22 24 26 28 30 32 34 36 38 40
T
----:N_,=5 M*=7, —: N,, =6, M*=9;

age age

= =1 Nyo=7, M=11,

ge

Fig. 5 Long-run expected cost rate in terms of 7' (p = 0.5)

5.3 Discussions of the results from various p

We present various improvement factors p contributing
to the long-run expected cost rate and the corresponding
optimal decisions.

Fig. 6 depicts a 3-D diagram of the long-run expected
cost rate as a function of 7' as well as M when p =0 and
N, = 5. It can be readily seen that the long-run expected
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cost rate in Fig. 6 changes with the same trend in Fig. 4.
Moreover, the minimal expected cost rate 9.316 is found
at (T*,M*) = (27,7).

Long-run expected cost rate

Fig. 6 Expected cost rate in terms of 7 and M with p=0
and Nyge=5

Further, we run the proposed algorithm under different
values N, to search the optimal solutions and draw Fig. 7.
Note that, if a minimal repair (o = 0) is performed once
the system is detected to be in the severe defective state
by an inspection, it gives rise to the minimal expected
cost rate 9.316. Evidently, it is much larger than 7.489 in
case of p =0.5, thereby the decision of a minimal repair
is not economical compared to IPM. In addition, we can
observe that the optimal age-replacement interval
T, =135 at p =0 is shorter than 162 at p = 0.5, which is
as we expect. This is reasonable since the system after
repair would be restored to a better state with the increase
of p, resulting in prolonging the age-replacement interval.

11.0
10.8 1
10.6 ¢
10.4 ¢
10.2 ¢
10.0
9.8 1
9.6

94}
921 X:27
0.0 Y:9.316
16 18 20 22 24 26 28 30 32 34 36
T
===t Ny=4, M*=5; —— N, =5, M*=T,
1 N, =6, M*=9.

Long-run expected cost rate

Fig. 7 Long-run expected cost rate in terms of T (p = 0)

When no repair is performed at the time of identifying
the severe defective state, i.e., replacement is the only
option, renewal is required at an inspection identifying
the state S; preventively, the pre-determined age preven-
tively, or the failure time correctively. It also means that
perfect maintenance is only taken into consideration, nei-
ther IPM or minimal repair. For such a situation, we cal-

culate the long-run expected cost rate with regard to T
and N,., and then obtain the results shown in Fig. 8.
Clearly, the optimal decision variables are T* =46,
Ny, =2, respectively. With them, the minimum of the
objective function is 18.678, which is much larger than
those when p =0 and p =0.5. This is because of the fol-
lowing reasons. The first is that the replacement cost,
regardless of a regular or expedited order, is relatively
higher than the IPM cost C,; and the second is that the
expected length over a renewal is reduced due to an

immediate replacement.
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Fig. 8 Long-run expected cost rate with regard to 7’

In order to demonstrate the effectiveness of IPM to
reduce the long-run expected cost rate, Fig. 9 illustrates
the minimal expected cost rate when the improvement
factor p ranges from 0 to 1. It can be observed that the
long-run expected cost rate firstly decreases and then
increases, with the increase of the improvement factor.
Therefore, it is reasonable for critical or expensive sys-
tems that decision makers give priority to imperfect
maintenance when an inspection detects it being in the
severe defective state.

20

—_ —_ —_ —_ —_
S [\ B (=)} [ee]

Long-run expected cost rate

e <]

60 0.1 02 03 04 05 0.6 0.7 0.8 09 1.0
p

Fig. 9 The minimal expected cost rate under different improve-

ment factors
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6. Conclusions

A joint policy of maintenance and spare ordering along
with imperfect maintenance is proposed herein for single-
unit systems under non-periodic inspection and age-based
replacement. The system deteriorates subject to the three-
stage failure process, and different activities are carried
out depending on the system’s health state. Such a policy
is mainly to derive how to schedule the inspection and
age replacement intervals optimally, and how to choose
the appropriate number of IPM before a renewal to
reduce the long-run expected cost rate. In view of the
assumption that a spare is ordered at the first time of
detecting the minor defect by inspection, as a result, the
optimization for the inspection interval implies selecting
the proper spare ordering policy. The analytical model of
the proposed joint policy is constructed to minimize the
long-run expected cost rate. It is time-consuming to solve
the exact solutions due to multiple integral; consequently,
the Monte-Carlo based integration method is designed.
The analyses for the results of different improvement fac-
tors also show the decision of IPM at the time of identify-
ing the severe defective state is much more economical to
an immediate replacement. A case study will be explored
in the future, and the proposed joint optimization should
be extended to investigate multi-component systems
when components have different importance and deterio-
ration processes.
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