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Abstract: There exist many two-level group consensus problems
with  different  psychological  behaviors  of  decision  makers.  To
deal  with  these  group  consensus  problems  and  reach  a  stable
consensus, based on the principles and methods of grey system,
utility  theory  and  group  consensus,  we  use  grey  utility  function
to describe and reflect  decision makers’  opinion preferences in
different subgroups and different levels, and then we construct a
two-level  group  consensus  method  with  a  moderator,  and
exploit  it  to  solve  the  negotiation  problems  of  the  natural  gas
subsidy.
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1. Introduction
In  some  group  decision  making  (GDM)  problems,  the
level  of  DMs  may  be  different,  and  DMs  (DMs)  may
spontaneously form interest subgroups. The formation of
consensus direction is controlled by DMs with high level.
There exist many two-level group decision making prob-
lems such as trade dispute among states, pollutant emission
reduction  negotiation  [1],  bilateral  auctions  [2],  and
China  urban  demolition  negotiations  [3],  which  take  on
the characteristics of two level. The decision-making en-
vironment is  complex and uncertain,  so it  is  difficult  for
DMs  to  accurately  express  information,  and  they  may
give  opinions  in  the  forms  of  interval  number.  DMs  in
different  levels  often  express  different  psychological
behaviors.  To  reach  a  stable  consensus,  we  must  fully
consider  their  psychological  behavior.  To  describe  and
deal with the two-level group consensus problems with a
moderator,  based  on  the  utility  theory  and  the  minimum

cost consensus method, we construct a two-level maximum
utility consensus approach. On the one hand, we construct
an  interactive  consensus  model  between  the  moderator
and DMs. On the other hand, we construct an interactive
consensus  model  between  DMs  from  different  interest
subgroups.  We hope to show the influence of  the mode-
rator’s compensation strategy on the modification of DM’s
opinions,  and  the  influence  of  the DM’s modification
strategy  on  cost  consensus.  Finally,  we  exploit  a  group
negotiation  problems  of  natural  gas  subsidy  to  test  and
verify the proposed model.

Existing research on GDM rarely considers the interac-
tion mechanism between the moderator and DMs. As the
main participants in GDM, DMs in different interest sub-
groups  may  seeking  different  benefits.  In  view  of  this,
this  paper  will  propose  a  two-level  consensus  modeling
method  with  utility  and  cost  constraints.  The  proposed
models in this paper have the following contributions:

(i)  This  paper  defines  the  nonlinear  grey  utility  func-
tion,  which can reflect  individual  preferences  effectively
and obtain the optimal consensus opinion accurately.

(ii) Consider the different levels of DMs, and meet the
utility preference of the moderator and DMs to construct
the two-level optimization model.

This paper is organized as follows: Section 2 discusses
the related researches.  Section 3 introduces  some conce-
pts  of  grey  utility  function  and  constructs  two  two-level
GDM models. In Section 4, we use the proposed model to
solve  the  problem  of  natural  gas  subsidy.  Section  5
presents  sensitivity  analysis,  and  we  put  forward  some
management  suggestions  to  the  government.  Section  6
concludes this paper and points out the shortcomings and
possible research directions in future. 

2. Literature review
GDM is to find a collective solution based on the prefer-
ences  expressed  by  a  group  of  DMs  [4].  The  consensus
process is the core of GDM. The formation of consensus
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requires the synthesis of the opinions of DMs with differ-
ent knowledge backgrounds, different values,  and differ-
ent positions [5−9].

The  complexity  of  the  real  environment  makes  the
GDM process have two difficulties:  (i)  Due to the diffe-
rent  cultural  and  educational  background  of  DM,  they
usually  express  their  views  in  various  ways.  (ii)  DMs
want their own opinion value to be fully reflected [10], so
it  is  difficult  for  them  to  communicate  with  each  other
spontaneously  and  reach  a  compromise  consensus.  Even
if such a consensus result is obtained, a great price (time,
cost, and other resources) is required.

From the perspective of resource consumption, the mo-
derator tries to keep the total cost (such as time and expen-
ses) of the final consensus as low as possible. DMs are of-
ten hesitant and unable to give precise opinions. For this
kind of decision-making environment, the minimum adju-
stment cost consensus model in hesitant language [11,12]
is proposed. In fact, group consensus may be a two-stage
process  and  different  decision-making  individuals  may
give  a  language term set  with  different  number  of  terms
or  even  a  preference  matrix  with  completely  different
structures  [13,14].  This  requires  assembling  different
preference representation structures into a collective pre-
ference vector through standardization [15]. Different ran-
dom distributions can increase the availability of uncertain
values [16], but when the opinions of DMs are random, it
is difficult to determine the scope of opinions by knowing
their probability distribution, fuzzy language is introduced
to  consensus  model  [17−21].  Also,  The  GDM  problem
needs a feedback mechanism to help multiple inconsistent
experts to reach consensus in GDM by allowing to select
different  feedback  parameters  according  to  individual
consensus degree [22]. The cost chance constraint makes
the model more applicable to real-world decision making
[23].  Based  on  the  above  discussion,  we  know that  cost
and compensation  are  dual  in  cost  consensus.  This  is  an
economic behavior, and there must be a game among par-
ticipants. Therefore, there are some research on cost con-
sensus models based on Stackelberg game [24] and non-
cooperative behaviors [25].

Only considering low cost is not conducive to reaching
a stable consensus. Utility preference [1,3,26,27], consen-
sus fairness  [28,29],  and other  factors  are  also crucial  to
the consensus process and the selection process in GDM
problems.

Consider that the existing consensus model either only
considers the cost of decision-making (difficult to reflect
the value of the DM in GDM), or only discusses the utility
of the DM’s preference (difficult to clarify resource con-
sumption  in  GDM).  How  to  maximize  the  efficiency  of
consensus  decision-making  at  a  limited  cost  is  widely

researched  [26].  A  GDM  model  with  non-linear  utility
preference  constraints  and  limited  consensus  cost  con-
straints can be used to deal with the problem of pollutant
emission reductions among government and manufacturing
companies  [1].  Using  concave,  convex,  S-shaped,
inverted  S-shaped,  inverted  U-shaped and other  types  of
multi-stage volatility utility functions and their combina-
tions to represent the dynamic preferences and consensus
level of negotiators, researchers can solve the problem of
urban  house  demolition  [3].  Compared  with  previous
studies,  this  model  considers  both  the  negotiation  cost
and the DM’s preference structure. This paper constructs
a  stochastic  optimization  group  consensus  model  with
minimum  cost  and  maximum  utility,  which  can  reach  a
stable consensus [27].

Although  these  studies  have  systematically  discussed
the issue of minimum-cost consensus in GDM, but there
are  still  some  issues  that  have  not  been  considered:
(i)  The  existing  models  cannot  reflect  the  interaction
mechanism between the moderator and interest subgroups,
interactions  within  interest  subgroups  well. (ii)  Some
scholars proposed a minimum cost consensus model with
linear cost function and quadratic cost function, but these
models do not consider different interest groups and dif-
ferent levels. In order to reach a consensus more effectiv-
ely and quickly, it is worth to study the two-level consensus
model.

Sometimes  DMs  use  grey  language  to  express  their
preferences,  which  requires  a  utility  function  applicable
to grey language to reflect their opinion preferences. Con-
sensus decision-making needs to fully consider the DMs’
attitudes,  and  the  nonlinear  utility  function  can  simulate
the  DMs’  psychological  preferences.  Therefore,  this
study defines  the  grey nonlinear  utility  function to  solve
the consensus problem with grey information.

Two-level  GDM,  which  refers  to  the  decision-making
process that DMs are in a different level, maybe some are
in  an  upper  level  and  others  are  in  a  lower  level.  The
upper-level DMs consider many complex factors, and the
lower-level has multiple DMs, each factor considered by
the  lower-level  DMs  are  relatively  single  and  specific,
and  there  is  often  only  one  goal  that  needs  to  be  opti-
mized. The GDM model that aims to reach a consensus in
this  decision  environment  is  called  two-level  consensus
model.

The opinions  of  DMs in  different  interest  groups may
differ greatly, and it is difficult to quickly reach a consen-
sus.  Therefore,  this  study  constructs  a  two-level  group
consensus  model.  The  lower-level  consensus  is  the  con-
sensus within each interest group, and each interest group
will  give  a  consensus  opinion,  and  the  coordinator  will
promote the upper-level consensus based on this consensus
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opinion.
This  study  builds  a  model  based  on  the  negotiation

between the government and the villagers on natural gas
subsidies  to  further  explain  the  rationality  and economic
significance  of  the  proposed  model.  The  main  contribu-
tions  are:  (i)  Construct  a  two-level  group  consensus
model,  which  can  more  appropriately  describe  the  level
differences  of  DMs  in  a  complex  decision-making  envi-
ronment.  (ii)  Introduce  the  grey  utility  function  into  the
consensus  model  and  select  the  non-linear  grey  utility
function  to  effectively  reflect  personal  preferences.  (iii)
The  maximum  utility  model  with  limited  compensation
costs  can  not  only  measure  the  utility  level  of  the  entire
group, but also measure the consensus degree. 

3. Two-level  group  consensus  modeling  with
utility and cost constraints

There are many complex consensus problems in real life.
DMs are at different levels, and it is impossible for them
to  negotiate.  This  kind  of  complex  consensus  problems
need to be negotiated level by level. For example, in the
Sino-US trade war, the global consensus needs to consider
the consensus among members of various interest groups,
the consensus within various countries, and the consensus
among  countries.  For  the  stability  of  consensus  results,
the  negotiation  process  must  consider  the  utility  prefer-
ences of DMs at  all  levels.  At the same time, we should
control the negotiation cost.

The negotiation of the natural gas subsidies is a typical
two-level  group  consensus  issue.  In  order  to  reach  a
global  consensus  on  subsidies,  a  consensus  must  be
reached among villagers in each village, that is, reaching
a consensus at the lower-level. Furthermore, consider the
consensus  opinion  within  each  village  as  the  original
opinion  of  the  upper-level  group  consensus  to  reach  the
upper-level  consensus.  In  order  to  solve  the  negotiation
problem of natural gas subsidy, we define the grey utility
function.  We  construct  a  two-level  group  consensus
model  with  grey  utility,  and  compares  the  difference
between the two-level minimum cost group consensus mo-
del  (T-MCCM)  and  the  two-level  maximum  utility  con-
sensus model (T-MUCM). We use the above two models
to  calculate  the  optimal  consensus  opinions  and  achiev-
able utility level of DMs at all levels, and the cost of the
whole consensus process. 

3.1    Definition of grey utility function

Utility refers to the specific value assigned by the DM to
a specific result according to his own preferences [30]. In
different  problems  and  backgrounds,  DMs  often  show
different preference attitudes and satisfaction levels when

giving opinions. Utility functions play a fundamental role
in the research reflecting the preference structure of DMs
because of its  monotonicity and unevenness [31].  In this
paper,  this  kind  of  utility  preference  is  called  the  grey
utility preference, and it is described quantitatively by the
grey  possibility  function.  The  grey  probability  function
describes the possibility of a grey number taking a certain
value,  or  the  possibility  that  a  specific  value  of  a  grey
number  is  the  true  value  [32].  Generally  speaking,  the
distribution  of  the  grey  probability  function  is  greatly
affected  by  the  profit  of  the  DM,  because  under  the
premise  of  the  rational  person’s assumption,  the  DM
always  maximizes  his  own  interests  as  the  purpose  of
decision-making activities.

We can see that grey probability function is similar to
utility function. Based on the definition of the grey proba-
bility  function,  combined  with  the  utility  theory,  we can
define  the  grey  utility  function.  Then,  the  monotonicity,
convexity-concavity, and the gradient of grey utility func-
tion  for  DM’s  grey  opinion  can  reflect  DM’s  psycholo-
gical changes, which can describe the utility preference of
the DM. Therefore, introducing grey utility function into
the group consensus model can satisfy the utility preference
of DMs and ensure the stability of the consensus to a cer-
tain extent.

oi

U(x)
U(x)

0 ⩽ U(x) ⩽ 1 U ′(x)

Suppose  that  the  judgment  interval  of  DM  is .  Any
value belonging to the grey interval can reflect one utility
value  of DM . Without loss of generality, we suppose
that  is  a  single-variable  continuous  function  that
satisfies .  denotes  the  unit  change  of
the DM’s utility level that will be defined as the marginal
utility  of  the  DM’s opinion.  It  means  DM’s utility
changes as a result of their unit change of opinions.
Definition  1　 The  typical  grey  utility  function  is

determined  by  the  starting  point  and  the  end  point,
including  left-up  and  right-down  continuous  functions.
Fig. 1(a) shows the shape of the typical grey utility func-
tion.

The function expression of Fig. 1(a) can be expressed as

f1(x) =


L(x), x ∈ [a1,a2)

1, x ∈ [a2,a3]

R(x), x ∈ (a3,a4]

(1)

L(x), R(x)
[a2,a3)

a1 a4

a2 a3

L(x) R(x)

where  stand for the left increasing function and
the  right  decreasing  function,  respectively.  is  a
peak area.  and are the starting point and the ending
point  respectively.  and   are  the  turning  points.  In
practical application, due to the limitation of programming
and calculation, the  and  are often described as
a straight line, as shown in Fig. 1(b). The function expres-
sion of Fig. 1(b) can be expressed as
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f2(x) =


L(x) =

x−a1

a2−a1
, x ∈ [a1,a2)

1, x ∈ [a2,a3]

R(x) =
a4− x
a4−a3

, x ∈ (a3,a4]

. (2)

  

a3 a4a1 a2

a3 a4a1 a2

0

f1(x)

0

f2(x)

R(x)

R(x)

x

x

L(x)

L(x)

(a) Typical grey utility function

(b) Commonly used grey utility function

1

1

Fig. 1    Grey utility function
  

3.2    Other forms of grey utility function

People  often  can  not  give  accurate  opinions,  and  often
contain some vague and grey information. Therefore, it is
necessary  to  establish  a  utility  function  that  can  reflect
grey information. Consider people’s complex psychologi-
cal  behaviors,  researchers  divide  the  people’s preference
attitudes  into  three  types:  risk  appetite,  risk  averse  and
risk neutral. Non-linear utility function can express the ch-
ange  of  the  DM’s utility  preference  more  flexibly  and
simulate the change process of decision psychology. And
[1,33] pointed out that  the parabolic and the S-shape are
relatively  simple  and  practical.  Therefore,  based  on  the
existing  utility  function,  combined  with  grey  theory,  we
define the parabolic grey utility function and the S-shape
grey utility function based on the sine function.

(i) Parabolic grey utility function
We can divide parabolic grey utility functions into left-

biased parabolic grey utility functions,  interval  parabolic
grey utility  probability  functions,  triangular  parabolic
grey  utility  functions,  and  right-biased  parabolic  func-
tions. Fig.  2 shows the shape of  above grey utility  func-
tions.

 
 

00

1

x x x x

1

(a) Left-biased parabolic
 grey utility function

0

1

(b) Interval parabolic grey 
utility function

(d) Right-biased parabolic
 grey utility function

0

1

(c) Triangular parabolic
 grey utility function

a1 a1 a1 a1a2al al al alar ar ar ar

fa(x) fb(x) fc(x) fd(x)

Fig. 2    Parabolic grey utility function
 

The  function  expression  of Fig.  2 can  be  given  as
follows:

fa(x) =


1, x ∈ [al,a1](

ar − x
ar −a1

)2
, x ∈ (a1,ar]

(3)

fb(x) =



(
x−al

a1−al

)2

, x ∈ [al,a1)

1, x ∈ [a1,a2](
ar − x
ar −a2

)2

, x ∈ (a2,ar]

(4)

fc(x) =



(
x−al

a1−al

)2

, x ∈ [al,a1)

1, x = a1(
ar − x
ar −a1

)2

, x ∈ (a1,ar]

(5)

fd(x) =


(

x−al

a1−al

)2

, x ∈ [al,a1]

1, x ∈ (a1,ar]

(6)

(ii) S-shape grey utility function based on sine function
We  can  divide  the  S-shape  grey  utility  functions  into

the left-biased S-shape grey utility functions, the interval-
type S-shape grey utility functions, and the right-biased S-
shape grey utility functions. Fig. 3 shows the shape of the
above  grey  utility  functions.  The  function  expression  of
Fig. 3 can be expressed as

fe(x) =


1, x ∈ [al,a1]

1
2
− 1

2
sin

π
ar −a1

(x−a2) , x ∈ (a1,ar]
, (7)
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Fig. 3    S-shape grey utility function based on sinusoidal function
 

f f (x) =



1
2
+

1
2

sin
π

a2−al
(x−a1) , x ∈ [al,a2)

1, x ∈ [a2,a3]

1
2
− 1

2
sin

π
ar −a3

(x−a4) , x ∈ (a3,ar]

, (8)

fg(x) =



1
2
+

1
2

sin
π

a2−al
(x−a1) , x ∈ [al,a2)

1, x = a2

1
2
− 1

2
sin

π
ar −a2

(x−a3) , x ∈ (a2,ar]

, (9)

fh(x) =


1
2
+

1
2

sin
π

a2−al
(x−a1) , x ∈ [al,a2]

1, x ∈ (a2,ar]
. (10)

 

3.3    T-MUCM

Ben-Arie et al. [34] first introduced the concepts consensus
level and consensus cost, and used it to build a minimum
cost  consensus  model.  The  practical  significance  is  that
there is a moderator, and the moderator’s opinion can be
regarded  as  the  group  consensus  opinion.  In  order  to
make the DMs change their original opinions, the mode-
rator pays a certain fee to each DM. Of course, he hopes
to reach a consensus with the smallest total cost.

m E = {e1,e2, · · · ,
em} i oi ∈ R o′i

∥o′ i−oi∥

∥·∥
ci

o′

Suppose  there  are  DMs,  denoted  as 
, where the DM  gives an original opinion . 

represents  the  adjusted  opinion  of  the  DM, 
expresses  the  deviation  of  the  original  opinion  and  the
adjusted  opinion.  is  a  certain  distance  measurement
method.  represents  the  moderator’s compensation  for
changes  in  the  opinions  of  DMs.  Ben-Arieh  et  al.  [34]
defined  the  linear  consensus  cost  of  opinion  adjustment.
Let  represent  the  group  consensus  opinion,  then  the
minimum cost consensus model is expressed as

min
m∑

i=1

ci ∥o′i−oi∥

s.t. ∥o′ i−o′∥ ⩽ ε, i = 1,2, · · · ,m (11)

ε

fi(o′i) = ci ∥o′ i−oi∥2

where  is  the  critical  value,  and  the  deviation  between
the adjusted opinion of the DM and the consensus opinion
of  the  group  does  not  exceed  the  critical  value,  which
means  that  the  DM  can  accept  the  consensus  opinion.
Subsequently, Ben-Arieh et al. [35] defined the quadratic
cost  function .  With  the  deepening  of
research, Gong proposed a minimum cost consensus mod-
el  in  which  the  decision  opinion  is  an  interval  number:

min
m∑

i=1

ci |oi−o′|

s.t.

 oi ∈ [ai,bi], i ∈ E

o′ ∈ O
(12)

ai,biwhere  are  the  upper  and  lower  limits  of  the  DM’s
interval opinion respectively.

q
m

D

Definition  2　 Assume  there  are  equal-status  sub-
groups in a social network, and there are  DMs in each
sub-group.  represents the set of all DMs, which can be
expressed as

D =



d11 · · ·d1 j · · ·d1m

...
...

...
di1 · · ·di j · · ·dim

...
...

...
dq1 · · ·dq j · · ·dqm


,

i = 1,2, · · · ,q; j = 1,2, · · · ,m.

{o′∗ ,o1
′ ∗ ,o2

′∗, · · · ,oq
′∗}

q

If  can make the social network
reach a global consensus, then both internal of all equal-
status sub-groups and all sub-groups among  will reach
consensus.

εi ηi

ε,η ∈ [0,1]

Definition 3　Every DM has a tolerable threshold for
opinion adjustment. If the distance of opinion adjustment
lower than this threshold, the DM will change his opinion.
Otherwise, he will keep his own opinion at previous. The
thresholds within and between sub-groups may be differ-
ent,  it  can be  expressed as  and  respectively,  where

.
iThe original opinions of the DMs  in each sub-group
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oi j(i = 1,2, · · · ,q; j = 1,2, · · · ,mq)
i oi

′(i = 1,
2, · · · ,q) o′(i = 1,2, · · · ,q)

q ci(i = 1,2, · · · ,q)

q ci
j(i = 1,2, · · · ,q; j = 1,2, · · · ,

mq)
di j

are .  The  internal  con-
sensus  opinion  of  the  interest  subgroup  are 

.  are  consensus  opinions  of  all
sub-groups  among .  rep resents  the
compensation  provided  by  the  moderator  for opinions
changes  of  sub-groups . 

epresents the compensation provided by the moderator
for the opinion changes of the DM .

In  order  to  reach  a  global  consensus  on  something,
DMs must reach a consensus at the lower-level. Further-
more, view the consensus opinion within the lower-level
as the original opinion of the upper-level group consensus
to reach the upper-level consensus.

Based  on  this,  the  following  two-level  minimum  cost
consensus model can be constructed:

min
{
c1 |o1

′−o′|+ · · ·+ c j

∣∣∣o j
′−o′

∣∣∣+ · · ·+ cq

∣∣∣oq
′−o′

∣∣∣}
min

{
c1

1 |o11−o1
′|+· · ·+c j

1
∣∣∣o1 j−o1

′
∣∣∣+· · ·+ cm1

1
∣∣∣o1m1 −o1

′
∣∣∣}

...

min
{
c1

i |oi1−oi
′|+ · · ·+ c j

i
∣∣∣oi j−oi

′
∣∣∣+ · · ·+ cmi

i
∣∣∣oimi
−oi

′
∣∣∣}

...

min
{
c1

q
∣∣∣oq1−oq

′
∣∣∣+· · ·+c j

q
∣∣∣oq j−oq

′
∣∣∣+ · · ·+cmq

q
∣∣∣oqmq
−oq

′
∣∣∣}

s.t.


|oi
′−o′| ⩽ ηi, i = 1,2, · · · ,q∣∣∣oi j−oi

′
∣∣∣ ⩽ εi, i = 1,2, · · · ,q; j = 1,2, · · · ,mi

oi j ∈ [ai j,bi j], i = 1,2, · · · ,q; j = 1,2, · · · ,mi

oi
′, o′ ∈ O

(13)∣∣∣oi j−oi
′
∣∣∣

oi j di j

oi
′ εi∣∣∣oi j−oi

′
∣∣∣

εi

|oi
′−o′|

oi
′

o′ ηi

|oi
′−o′|

ηi

Among  them,  represents  the  deviation
between  original  opinion  of  DM  and  the  internal
consensus  opinion  of  the  sub-interest  group,  is  a
critical value. The value of  does not exceed the
critical value , which means that the DM can accept the
consensus  opinion.  represents  the  deviation
between the consensus opinions  of interest sub-groups
and  the  global  consensus  opinion ,  is  the  critical
value.  The  value  of  does  not  exceed  the  critical
value , indicating that the moderator can accept the con-
sensus opinion.

T-MCCM  aims  to  obtain  the  best  consensus  opinion
with the lowest cost from the perspective of the modera-
tor. However, this impairs personal interests and perceived
utility of DMs. Therefore, it is necessary to introduce util-
ity functions to reflect each DM’s perceived utility of the
consensus result. That is to say, the goal of T-MUCM not
only  considers  cost  constraint,  but  also  achieving  the
maximum  utility  of  each  DM  and  moderator.  Then,  we
can establish the following model:

maxλ
maxλ1

...

maxλi

...

maxλq

s.t.



c1 |o1
′−o′|+ · · ·+ c j

∣∣∣o j
′−o′

∣∣∣+ · · ·+ cq

∣∣∣oq
′−o′

∣∣∣+
c1

1 |o11−o1
′|+ · · ·+ c j

1
∣∣∣o1 j−o1

′
∣∣∣+ · · ·+

cm1

1
∣∣∣o1m1−o1

′
∣∣∣+c1

i
∣∣∣oi1−o j

′
∣∣∣+ · · ·+c j

i
∣∣∣oi j−oi

′
∣∣∣+· · ·+

cmi

i
∣∣∣oimi
−oi

′
∣∣∣+· · ·c1

q
∣∣∣oq1−oq

′
∣∣∣+· · ·+

c j
q
∣∣∣oq j−oq

′
∣∣∣+ · · ·+ cmq

q
∣∣∣oqmq
−oq

′
∣∣∣ ⩽ B

|oi
′−o′| ⩽ ηi, i = 1,2, · · · ,q∣∣∣oi j−oi

′
∣∣∣ ⩽ εi, i = 1,2, · · · ,q; j = 1,2, · · · ,mi

λi ⩽ f (oi j), i = 1,2, · · · ,q; j = 1,2, · · · ,mi

λ ⩽ f (oi
′), i = 1,2, · · · ,q

oi j ∈ [ai j,bi j], i = 1,2; j = 1,2,3,4
oi
′, o′ ∈ O

.

(14)

B
B λi ⩽ f (oi j)

di j

∣∣∣oi j−oi
′
∣∣∣ ⩽ εi

λ

λi(i = 1,2, · · · ,q)

λ λi

Among  them,  the  compensation  that  the  moderator
willing to provide is , so the cost of the entire consensus
process should be less than or equal to .  indi-
cates  the  utility  constraint  of  the  DM , 
indicates  the utility  constraint  of  the moderator.  The uti-
lity level  can be used to measure the global consensus
level, and the utility level  can be used to
measure  the  consensus  level  of  the  interest  sub-group.
The closer to 1, the higher the utility level  and . 

4. Case study
With  the  rapid  development  of  the  world  economy,
energy consumption continues  to  grow.  In  this  situation,
the  demand  for  clean,  high-calorific  natural  gas  energy
has increased substantially. The global demand for natural
gas is growing at an annual rate of 2.4%, and this growth
rate  is  expected  to  remain  until  2030.  China  has  always
used  coal  and  gasoline  as  main  energy  sources  for  pro-
duction  and  life.  The  massive  use  of  coal  causes  large-
scale environmental pollution, and affects the sustainable
development of environment, economy, and energy. Natu-
ral gas is the cleanest energy source. Substituting natural
gas for coal and oil can effectively solve many problems.
In 2016,  the Ministry of  Industry and Information Tech-
nology  issued  “Industrial  Green  Development  Plan
(2016−2020) ”,  pointing  out  that  resource  and  environ-
mental  issues  are  common  challenges  facing  mankind.
And  promoting  green  growth  and  implementing  Green
New Deal are the common choices of major economies in
the world. In the same period, the State Council of China
issued  relevant  documents  such  as  “Key  Projects  in  the
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12th  Five-Year  Plan  for  Air  Pollution  Prevention  and
Control in Key Areas”, “Air Pollution Prevention Action
Plan”, and “Implementation of ‘Coal to Gas’ and ‘Coal to
Electricity’ Centralized Use of Clean Energy”. Then most
cities  successively  implement  the  “Coal  to  Gas ”  and
“Coal to Electricity” plans. The main measure is to provide
cash subsidies to users.

Jiangsu Province issued the “Implementation Opinions
on  Promoting  the  Coordinated  and  Stable  Development
of Natural Gas”, which provides appropriate subsidies to
low-income villagers  in  rural  areas.  The subsidy amount
can be determined through negotiation between the local
government  and  the  users,  and  the  maximum subsidy  of
per household shall not exceed a certain amount.

The negotiation of the natural gas subsidies is a typical
two-level group consensus issue. In order to reach a glo-
bal consensus on subsidies, a consensus must be reached
among villagers in each village, that is, reach a consensus
at  the lower-level.  Furthermore,  view the consensus opi-
nion  within  each  village  as  the  original  opinion  of  the
upper-level group consensus to reach the upper-level con-
sensus.

Based  on  this  background,  to  study  the  consensus  on
natural  gas  subsidies  in  two  villages  in  Jiangsu.  To  en-
courage  villages  to  reach  a  consensus  subsidies  opinion,
the government acts as a moderator to give one-time sub-
sidies  to  villagers.  The  whole  village  is  the  upper-level
DM and the villagers are the lower-level DMs. Assuming
the  two  villages  have  equal  status,  there  is  no  priority
subsidy.  And  because  of  their  own  cognition,  different
villagers have different requirements for subsidies, which
are given in the form of grey interval numbers.

Based on the above analysis, without loss of generality,
it  is  assumed  that  there  are  two  villages,  each  with  four
villagers. The symbols of the villagers are as follows:

D =
{
d11,d12,d13,d14,d21,d22,d23,d24

}
.

i
j oi j(i = 1,2; j = 1,2,3,4) oi j

The original  opinion  of  villager  in  the  first  village
 is ,  are given in the form of a

grey interval (all the number are in thousands of yuan).
O = [o11 o12 o13 o14 o21 o22 o23 o24] =

[ [6,23] [3,16] [5,18] [4,19]
[5,25] [3,22] [7,24] [2,25] ]

i
oi
′(i = 1,2)

o′ ci(i = 1,2)

i(i = 1,2)

The  internal  consensus  opinion  of  village  is
, that is, the original opinion of the consensus

process  between  two  villages.  The  consensus  opinion
which  government  hopes  to  reach  is  overall  consensus
opinion .  represents  the  government’s com-
pensation  for  changes  in  the  opinions  of  villages

.

c1 = 2,c2 = 3

According  to  the  actual  subsidy  situation  in  Jiangsu
Province  that  can  be  searched,  we  have  appropriately
simplified the subsidy value .

ci
j (i = 1,2; j = 1,2,3,4)

di j

i(i = 1,2)

 represents  the  government’s
compensation for changes in the opinions of villagers 
in the village ,

C =
[
c1

1 c1
2 c1

3 c1
4 c2

1 c2
2 c2

3 c2
4
]
=

[1 2 3 1 1 2 1 3] .

η = 5, ε1 = 10, ε2 = 12.

Based on  the  idea  of  Ben-Arieh  et  al.  [34],  minimum
cost  consensus,  a  two-level  minimum  cost  consensus
model  (T-MCCM)  is  constructed  considering  the  hie-
rarchical  relationship  between  the  government  and  vil-
lagers in real life.

min 2 |o1
′− o′|+3 |o2

′− o′|
min 1 |o11− o1

′|+2 |o12− o1
′|+3 |o13− o1

′|+1 |o14− o1
′|

min 1 |o21− o2
′|+2 |o22− o2

′|+1 |o23− o2
′|+3 |o24− o2

′|

s.t.



|oi
′− o′| ⩽ 15, i = 1,2∣∣∣o1 j− o1

′
∣∣∣ ⩽ 10, j = 1,2,3,4∣∣∣o2 j− o2
′
∣∣∣ ⩽ 12, j = 1,2,3,4

o11 = [6,23], o12 = [3,16], o13 = [5,18], o14 = [4,19]
o21 = [5,25], o22 = [3,22], o23 = [7,24], o24 = [2,25]
oi
′, o′ ∈ O

Solve the above multi-objective programming problem
with  a  linear  weighting method,  and set  priority  weights
for the three goals according to the consensus priority.

In  the  above  two-level  minimum-cost  consensus  mo-
del,  the  consensus  of  the  two  villages  must  be  achieved
firstly.  Therefore,  the  priority  weights  given  to  the  two
villages are both 0.4. Then, the weight to achieve the goal
of global consensus is 0.2. Running Matlab 2016b can get
the optimal solution of the above model.

[o11 o12 o13 o14 o21 o22 o23 o24] =

[6.24 5.58 5.43 5.39 5.29 5.41 7.24 5.41] .

It can be further calculated that the government subsidy
amount for village 1 to reach consensus is 1 150 yuan, the
government  subsidy  amount  for  village  2  to  reach  con-
sensus  is 2 080  yuan,  and  the  government’s consensus
cost to reach global consensus is 3 290 yuan.

Only  controlling  the  cost  of  subsidies  is  difficult  to
reflect the value of villagers in group consensus process.
Therefore,  the  utility  preferences  of  villagers  are  consi-
dered below, and control the total cost of subsidies within
the acceptable range of the government.
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From  the  government’s perspective,  to  achieve  green
development, it is necessary to reach a consensus with the
villagers and realize the “coal to gas” plan. Therefore, the
utility  of  the  government  can  be  described  as  the  right-

biased  S-shaped  utility  function  shown  in Fig.  4.  The
government's  grey  utility  function  is  a  right-biased
S-shape  based  on  complex  risk  attitudes,  as  shown  in
Fig. 4.

 
 

Consensus
reaching

Yes

Yes Yes Yes

No No No
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Fig. 4    Framework of two-level group consensus

 
[al,a1]

[a1,a2]

In  the  lower  subsidy  interval ,  the  governme-
nt coordinates the villagers’ opinions through subsidies to
the  direction  of  global  consensus.  Government’s perfor-
mance will increase and the marginal utility will increase.
The  government  is  a  risk-preference  decision.  To  bear
higher  subsidy  costs  and  diminish  marginal  utility,  the
government  makes  risk-averse  decisions.  In  the  interval

, in order to reach a global consensus, the govern-
ment needs to bear higher subsidy costs, so the marginal
utility  decreases.  Government  makes  risk-averse  deci-
sions.

[al,a1]

a1

The  grey  utility  function  of  villagers  is  right-partial
parabolic,  as  shown in Fig.  5.  In the interval ,  the
utility  of  villagers  increases  with  the  increase  of  the
amount  of  subsidies,  and  the  marginal  utility  of  the  uti-
lity  function  increases.  Then  it  reaches  the  highest  point
at , and maintains the highest level of utility.
  

0

1

f(x)

al a1 ar x

Fig. 5    Grey utility function of the government
 

al = 2,a1 = 16,ar = 30

Based on the above analysis, assuming that the govern-
ment expects to pay 8 000 yuan to reach a consensus, and
the inflection point of the government’s grey utility func-
tion is . The grey utility function of
villagers are shown in Table1. Thus, this paper constructs
T-MUCM as follows.
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Table 1    Grey utility function reference point of villager

oij c1
j al a1 oi j c2

j al a1

o11 111 6 23 o11 1 5 25

o12 2 3 16 o12 2 3 22

o13 3 5 18 o13 1 7 24

o14 1 4 19 o14 3 2 25
 


maxλ
maxλ1

maxλ2

s.t.



2 |o1
′− o′|+3 |o2

′− o′|+1 |o11− o1
′|+2 |o12− o1

′|+
3 |o13− o1

′|+1 |o14− o1
′|+ |o21− o2

′|+2 |o22− o2
′|+

1 |o23− o2
′|+3 |o24− o2

′| ⩽ 8
|oi
′− o′| ⩽ 15, i = 1,2∣∣∣o1 j− oi

′
∣∣∣ ⩽ 10, j = 1,2,3,4∣∣∣o2 j− oi
′
∣∣∣ ⩽ 12, j = 1,2,3,4

λ1 ⩽ (
b1 j− o1 j

b1 j−a1 j
), j = 1,2,3,4

λ2 ⩽ (
b2 j− o1 j

b2 j−a1 j
), j = 1,2,3,4

λ ⩽
1
2
+

1
2

sin
π

ar −al
(o′−a1) , i = 1,2

o11 = [6,23], o12 = [3,16], o13 = [5,18], o14 = [4,19]
o21 = [5,25], o22 = [3,22], o23 = [7,24], o24 = [2,25]
oi
′, o′ ∈ O

|oi
′− o′| ⩽ 15 ∣∣∣o1 j− oi

′
∣∣∣ ⩽ 10∣∣∣o2 j− oi

′
∣∣∣ ⩽ 12

λ1 ⩽ (b1 j−o1 j)/
(b1 j−a1 j) λ2 ⩽ (b2 j−o1 j)/(b2 j−a1 j)

λ ⩽ 1/2+1/2sinπ/(ar −al) (o′−a1)

The  government  expects  that  subsidies  consumed  in
the entire  consensus process will  not  exceed 8 000 yuan.

 represents that  the opinion deviation which
village 1 and village 2 can tolerate is 15, when they nego-
tiate  with  each  other.  means  the  opinions
deviation  which  villagers  in  village  1  can  tolerate  is  10.

 means  the  opinions  deviation  which  vil-
lagers  in  village  2  can  tolerate  is  12. 

 and   represents  that
the  utility  constraint  function  of  villagers  is  right-biased
parabolic.  means that
utility constraint function of the government is the right-
biased S-shaped utility function.

1/3
1/3

1/3

Solve the above multi-objective programming problem
with  a  linear  weighting  method.  Set  priority  weights  for
the three goals according to the consensus priority. In the
above  two-level  minimum  cost  consensus  model,  it  is
assumed  that  the  weight  to  maximize  the  internal  utility
of  village  1  is ,  the  weight  to  maximize  the  internal
utility of village 2 is , and the weight to maximize the
global  utility  is .  Running  Matlab  2016b  can  get  the
optimal solution of the above model.

(o′,o1
′,o2

′) = (6.15,6.14,5.99),

(λ,λ1,λ1) = (0.01,0.85,0.84),

[o11 o12 o13 o14 o21 o22 o23 o24] =

[6.92 6.60 6.21 6.14 6.00 5.45 7.86 5.34].

o24

In this scenario, the subsidy required by the government
to  reach  global  consensus  is 7 320 yuan.  At  this  subsidy
cost,  village  1  can  reach  its  highest  utility  level  of  0.85
and  village  2  can  reach  its  highest  utility  level  of  0.84.
However,  the higher  subsidy decreases  the government's
utility level, and it only reaches 0.01. Constrained by the
total  subsidy  cost  of 8 000 ,  all  villagers ’  willingness  to
subsidize  are  close  to  the  lower  limit  of  their  subsidy
interval.  From  the  perspective  of  economic  benefits,
except  for  the  villagers ,  the  other  seven  villagers  all
obtain a larger subsidy at a higher utility level. However,
the  government  needs  to  pay a  greater  subsidy cost,  and
can only obtain a smaller utility level at 0.01. 

5. Sensitivity analysis
In order to further explore the practical economic meaning
of T-MUCM, and analyze the impact of the government's
expected subsidy on the utility of each subgroup, we ana-
lyze the sensitivity of subsidy cost budget B. Based on the
sensitivity  analysis  results,  we  provide  countermeasures
and suggestions for the government to set reasonable sub-
sidies. Sensitivity analysis is shown in Fig. 6.
  

0

1

f(x)

al a1 ar x

Fig. 6    Grey utility function of the villager
 

As it can be seen from Fig. 7, the global consensus uti-
lity  level  is  “cyclic ”.  When  the  government  subsidy
amount  is  between  5  and  6,  the  global  consensus  utility
level exists a maximum of 0.011 9; When the government
subsidy amount is between 7 and 8, over time, there is a
maximum value of 0.010 4 in the global consensus utility
level; When the government subsidy amount is between 9
and 10, there is a maximum value of 0.011 7 in the global
consensus utility level. We can know that the government
can  determine  the  range  of  subsidy  amount  in  advance
according to the economic level of each village, and then
maximize  the  consensus  effect  within  the  appropriate
subsidy range. 
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Fig. 7    Sensitivity analysis of B 

6. Conclusions
There  exists  lots  of  two-level  group consensus  problems
such  as  the  allocation  of  pollution  reduction  quotas  and
natural gas subsidies in real life. Due to the complexity of
the  environment,  it  is  difficult  for  DMs  to  express  their
opinions with a specific value. Based on this, we construct
a hierarchical consensus model, where the government is
the moderator, villagers are the lower-level DMs, and the
whole villages are upper-level DMs. All decision-makers
express their opinions in grey interval numbers.

Firstly,  minimizing  the  subsidy  as  the  objective  func-
tion, we calculate the consumed cost in consensus process
and  the  optimal  consensus  opinion  of  each  interest  sub-
group. Further, we construct a maximum utility consensus
model, and introduces a grey utility function to characte-
rize the opinion preferences of DMs at all levels. We use
the  right-biased  S-shape  to  describe  the  govern-
ment’s opinion  preference,  and  uses  the  right-biased
parabolic curve to describe the villagers’ opinion prefer-
ence. Under the constraint of government’s expected sub-
sidy budget to calculate utility level (consensus level) and
optimal  consensus  opinion  of  each  village  and  villager.
The T-MUCM not  only considers  the cost  of  consensus,
but also considers the opinions preferences of DMs at all
levels, which greatly meets the psychological expectations
of DMs. The utility goal is a method to measure the con-
sensus level, which can make the consensus level be in a
high stable state.

However,  we  only  analyze  two  forms  of  utility  func-
tions,  and  assume  that  the  DMs  in  each  sub-group  have
the same opinion preference. In fact, different DMs have
different  opinion  preferences.  Therefore,  the  future
research  direction  is  to  obtain  real  utility  functions  that
can  truly  reflect  psychological  preferences  of  DMs,  and
use  the  real  utility  functions  to  reach  the  consensus.  In
addition,  due  to  the  limitation  of  programming  comple-
xity, we only consider a two-level hierarchical consensus
model  and  only  select  four  DMs  at  each  level.  In  the

future, we will try to obtain the real utility function of the
DMs through machine learning and study how to construct
a better applicability multi-level group consensus model.

References
 GONG  Z  W,  XU  X  X,  LI  L  S,  et  al.  Consensus  modeling
with nonlinear utility and cost constraints. Knowledge-Based
Systems, 2015, 88: 210–222.

[1]

 CHOI  J  H,  AHN  H,  HAN  I.  Utility-based  double  auction
mechanism  using  genetic  algorithms.  Expert  Systems  with
Applications, 2008, 34(1): 150–158.

[2]

 GONG  Z  W,  XU  C,  CHICLANA  F,  et  al.  Consensus  mea-
sure with multi-stage fluctuation utility based on China’s ur-
ban demolition negotiation. Group Decision and Negotiation,
2017, 26(2): 379–407.

[3]

 HOCHBAUM D S, LEVIN A. Methodologies and algorithms
for  group-levelings  decision.  Management  Science,  2006,
52(9): 1394–1408.

[4]

 DONG Q X,  COOPER O.  A peer-to-peer  dynamic adaptive
consensus reaching model for the group AHP decision mak-
ing. European Journal of Operational Research, 2016, 250(2):
521–530.

[5]

 HINSZ  V  B.  Cognitive  and  consensus  processes  in  group
recognition memory performance. Journal of Personality and
Social Psychology, 1990, 59(4): 705–718.

[6]

 LI  Y,  ZHANG H J,  DONG Y C.  The  interactive  consensus
reaching  process  with  the  minimum  and  uncertain  cost  in
group  decision  making.  Applied  Soft  Computing,  2017,  60:
202–212.

[7]

 MENG F Y, AN Q X, CHEN X H. A consistency and con-
sensus-based method to group decision making with interval
linguistic  preference  relations.  Journal  of  the  Operational
Research Society, 2016, 67(11): 1419–1437.

[8]

 PARREIRAS R, EKEL P Y, MORAIS D C, et al. Fuzzy set
based  consensus  schemes  for  multicriteria  group  decision
making  applied  to  strategic  planning.  Group  Decision  and
Negotiation, 2012, 21(2): 153–183.

[9]

 ZHANG  F,  IGNATIUS  J,  LIM  C  P,  et  al.  A  two-stage
dynamic group decision making method for processing ordinal
information. Knowledge-Based Systems, 2014, 70: 189–202.

[10]

 DONG  Y  C,  CHEN  X,  HERRERA  F.  Minimizing  adjusted
simple terms in the consensus reaching process with hesitant
linguistic assessments in group decision making. Information
Science, 2015, 297: 95–117.

[11]

 DONG Y C,  XU J  P.  Consensus  building in  group decision
making. Singapore: Springer, 2015.

[12]

 ZHANG H J,  DONG Y C, CHICLANA F, et  al.  Consensus
efficiency in  group decision  making:  a  comprehensive  com-
parative  study  and  its  optimal  design.  European  Journal  of
Operational Research, 2019, 275(2): 580–598.

[13]

 HERRERAVIEDMA  E,  HERRERA  F,  CHICLANA  F.  A
consensus model for multi-person decision making with dif-
ferent  preference  structures.  IEEE  Trans.  on  Systems,  Man
and Cybernetics, 2002, 32(3): 394–402.

[14]

 DONG  Y  C,  ZHANG  H  J.  Multi-person  decision  making
with  different  preference  representation  structures:  a  direct
consensus  framework  and  its  properties.  Knowledge-Based
Systems, 2014, 58: 45–57.

[15]

 ZHANG  N,  GONG  Z  W,  CHICLANA  F.  Minimum  cost
consensus models based on random opinions. Expert Systems
with Applications, 2017, 89: 149–159.

[16]

 LIU J, CHAN F T, LI Y, et al. Short communication: a new
optimal consensus method with minimum cost in fuzzy group

[17]

DIAO Weixue et al.: Two-level consensus modeling with utility and cost constraints 725



decision. Knowledge-Based Systems, 2012, 35: 357–360.
 TANINO  T.  Multi-person  decision  making  models  using
fuzzy  sets  and  possibility  theory  on  group  decision  making
under fuzzy preferences. Dordrecht: Springer, 1990.

[18]

 KACPRZYK  J,  FEDRIZZI  M,  NURMI  H.  Group  decision
making  and  consensus  under  fuzzy  preferences  and  fuzzy
majority. Fuzzy Sets and Systems, 1992, 49(1): 21–31.

[19]

 CELOTTO  A,  LOIA  V,  SENATORE  S.  Fuzzy  linguistic
approach to quality assessment model for electricity network
infrastructure. Information Sciences, 2015, 304: 1–15.

[20]

 ORLOVSKY S A. Decision-making with a fuzzy preference
relation. Fuzzy Sets and Systems, 1978, 1(3): 155–167.

[21]

 CAO M, WU J, CHICLANA F, et al. A personalized consensus
feedback  mechanism  based  on  maximum  harmony  degree.
IEEE Trans. on Systems, 2021, 51(10): 6134–6146.

[22]

 XIAO  T,  GONG  Z  W,  FRANCISCO  C,  et  al.  Consensus
modeling  with  cost  chance  constraint  under  uncertainty  opi-
nions. Applied Soft Computing, 2018, 67: 721–727.

[23]

 ZHANG B W,  DONG Y C,  ZHANG H J,  et  al.  Consensus
mechanism  with  maximum-return  modifications  and  mini-
mum-cost feedback: a perspective of game theory. European
Journal of Operational Research, 2020, 287(2): 546–559.

[24]

 XU  W  J,  CHEN  X,  DONG  Y  C,  et  al.  Impact  of  decision
rules and non-cooperative behaviors on minimum consensus
cost in group decision making. Group Decision and Negotia-
tion, 2021, 30(6): 1239–1260.

[25]

 GONG Z W, XU X X, LU F L. et al.  On consensus models
with  utility  preferences  and  limited  budget.  Applied  Soft
Computing, 2015, 35: 840–849.

[26]

 TAN X, GONG Z W, CHICLANA F,  et  al.  Consensus mo-
deling with cost chance constraint under uncertainty opinions.
Applied Soft Computing. Applied Soft Computing, 2015, 67:
721–727.

[27]

 KACPRZYK J, ZADROZNY S. On a fairness type approach
to  consensus  reaching  support  under  fuzziness  via  linguistic
summaries.  Proc.  of  the  IEEE  International  Conference  on
Fuzzy Systems,  2016.  DOI: 10.1109/FUZZ-IEEE.2016.7737
937.

[28]

 SWIECHOWSKI  M,  KACPRZYK  J,  ZADROZNY  S.  A
novel game playing based approach to the modeling and sup-
port of consensus reaching in a group of agents. Proc. of the
IEEE  Symposium  Series  on  Computational  Intelligence,

[29]

2016:1–8. DOI: 10.1109/SSCI.2016.7850032.
 CASTAGNOLI  E,  CALZI  M  L.  Expected  utility  without
utility. Theory and Decision, 1996, 41(3): 281–301.

[30]

 BECCACECE  F,  BORGONOVO  E.  Functional  ANOVA,
ultramodularity and monotonicity: Applications in multi-attri-
bute utility theory. European Journal of Operational Research,
2011, 210(2): 326–335.

[31]

 LIU S F.  Grey system theory and its  application (the  eighth
edition). Beijing: Science Press, 2016.

[32]

 FENG  B,  LAI  F  J.  Multi-attribute  group  decision  making
with aspirations: a case study. Omega-international Journal of
Management Science, 2014, 44: 136–147.

[33]

 BEN-ARIEH D, EASTON T. Multi-criteria group consensus
under  linear  cost  opinion  elasticity.  Decision  Support  Sys-
tems, 2007, 43(3): 713–721.

[34]

 BEN-ARIEH  D,  EASTON  T， EVANS  B.  Minimum  cost
consensus with quadratic cost functions. IEEE Trans. on Sys-
tems, Man, and Cybernetics - Part A: Systems and Humans,
2009, 39(1): 210–217.

[35]

 Biographies
DIAO Weixue was born in 1996. She is studying
for  her  M.S.  degree  at  Jiangnan  University.  Her
research  interests  are  group  decision  making  and
conflict analysis.
E-mail: 6190903002@stu.jiangnan.edu.cn

LIU Yong was born in 1985. He received his B.S.,
M.S.,  and  Ph.D  degrees  in  mechanical  engineer-
ing, system engineering, and management science
and  engineering  from  Nanjing  University  of
Aeronautics and Astronautics. Currently, he is an
associate professor at the Business School, Jiang-
nan University . His research interests are conflict
analysis, soft computing, and grey system.

E-mail: clly1985528@163.com

726 Journal of Systems Engineering and Electronics Vol. 33, No. 3, June 2022


