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many-objective optimization

1,2 1,2,*

WU Tianwei , AN Siguang

1,2 1,2

, HAN Jiangiang , and SHENTU Nanying

1. College of Mechanical and Electrical Engineering, China Jiliang University, Hangzhou 310018, China;
2. Key Laboratory of Intelligent Manufacturing Quality Big Data Tracing and Analysis of Zhejiang Province,
China Jilang University, Hangzhou 310018, China

Abstract: The two-archive 2 algorithm (Two_Arch2) is a many-
objective evolutionary algorithm for balancing the convergence,
diversity, and complexity using diversity archive (DA) and con-
vergence archive (CA). However, the individuals in DA are selec-
ted based on the traditional Pareto dominance which decreases
the selection pressure in the high-dimensional problems. The
traditional algorithm even cannot converge due to the weak se-
lection pressure. Meanwhile, Two_Arch2 adopts DA as the out-
put of the algorithm which is hard to maintain diversity and cov-
erage of the final solutions synchronously and increase the com-
plexity of the algorithm. To increase the evolutionary pressure of
the algorithm and improve distribution and convergence of the
final solutions, an ¢-domination based Two_Arch2 algorithm (s-
Two_Arch2) for many-objective problems (MaOPs) is proposed
in this paper. In e-Two_Arch2, to decrease the computational
complexity and speed up the convergence, a novel evolutionary
framework with a fast update strategy is proposed; to increase
the selection pressure, ¢-domination is assigned to update the
individuals in DA; to guarantee the uniform distribution of the
solution, a boundary protection strategy based on I, indicator is
designated as two steps selection strategies to update individu-
als in CA. To evaluate the performance of the proposed al-
gorithm, a series of benchmark functions with different numbers
of objectives is solved. The results demonstrate that the pro-
posed method is competitive with the state-of-the-art multi-ob-
jective evolutionary algorithms and the efficiency of the al-
gorithm is significantly improved compared with Two_Arch2.
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1. Introduction

Classic multi-objective evolutionary algorithms (MOEAs)
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[1], especially the Pareto dominance based ones, can effi-
ciently handle multi-objective optimization problems
(MOPs) [2], such as nondominated sorting genetic al-
gorithm II (NSGA-II) [3] and strength Pareto evolution-
ary algorithm 2 (SPEA2) [4]. However, it has been found
through experiments that these Pareto-based MOEAs
show decreasing performance when they encounter many-
objective optimization problems (MaOPs) [5,6], a cate-
gory of MOPs with more than three objectives. The main
reason for this phenomenon is that most individuals are in
non-dominated relationship based on Pareto dominance
in high-dimensional objective space. Therefore, the clas-
sic Pareto dominance based evolutionary algorithms can-
not compare the better solutions which should survive in-
to the next generation.

Recently, researchers have proposed a series of algo-
rithms and techniques to deal with MaOPs, which can be
roughly divided mainly into four categories. The first cate-
gory is domination-based approaches that aim to reduce
the number of non-dominated individuals or solutions by
expanding the Pareto dominating area or proposing a new
domination relationship. The ¢-domination is used as-
signed to relax the dominance relationship which can en-
hance the selection pressure [7,8]. Wang et al. [9] studied
the concept of coevolving a family of decision-maker
preferences together with a population of candidate solu-
tions. Li et al. [10] proposed a shift-based density estima-
tion (SDE) strategy which aims to develop a general
modification of density estimation. Dai et al. [11] pro-
posed an improved a-dominance strategy which assigned
a values based on an elliptic function to enhance the con-
vergence pressure. Liu et al. [12] proposed an angle domi-
nance which can provide sufficient selection pressure to-
wards the Pareto front (PF) and can be exempt from the
parameter tuning.

The second category is decomposition-based methods
which decompose the MaOPs into a set of single-objec-
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tive subproblems by weight preference or reference
points. Reference points are used to maintain the di-
versity of the solutions and minimal perpendicular dis-
tance from the current solutions to the reference points
acts as a measure in selection strategy in NSGA-III
[13]. Yang et al. [14] aimed to exploited the potential of
the grid-based approach to strengthen the selection pres-
sure toward the optimal direction while maintaining an
extensive and uniform distribution among solutions.
Asafuddoula et al. [15] proposed uniformly distributed
reference points generated via systematic sampling and a
maintenance that balance between convergence and di-
versity using two independent distance measures. Yuan et
al. [16] exploited perpendicular distance from the indi-
vidual to the weight vector in the objective space to main-
tain the desired diversity of solutions. Lyu et al. [17] pro-
posed a bidirectional decomposition which contains two
searching directions to provide a uniform distribution re-
gardless of the problems’ feature.

The third type of approach is the indicator-based evo-
lutionary algorithm (IBEA) which uses the quality indica-
tor that could compare individuals or solutions to guide
the search towards a PF. Bader et al. [18,19] focused on
the hypervolume indicator which is a metric to evaluate
both convergence and diversity. However, the computa-
tion of the hypervolume indicator is very complex result-
ing in low efficiency. To enhance the efficiency of the in-
dicator calculation, a novel indicator R2 [20] is used in
MOEA [21]. Sun et al. [22] employed the inverted gene-
rational distance (IGD) in each generation to select the
solutions with favorable convergence and diversity.

The last category is an objective reduction-based ap-
proach with the purpose of reducing objective space di-
mension by removing the redundant objectives. In order
to determine redundant objectives, dimension reduction
techniques in machine learning such as principal compo-
nent analysis was also adopted [23]. Freitas et al. [24]
presented a non-parametric harmony-based approach
which can visualize conflict and combine the objective
function based on the conflict. Yuan et al. [25] suggested
viewing objective reduction as a multi-objective search
problem which consists of three multi-objective formula-
tions. A sampling method was used to collect points that
can represent objectives by calculating objectives’ im-
provements and affinity propagation was adopted to
cluster the objectives [26].

With the development and improvement of these al-
gorithms and techniques, the two-archive algorithm
(Two_Arch) [27] firstly proposed a framework that con-
tains two independent archives for convergence and di-
versity respectively. The convergence archive (CA) is up-
dated by Pareto dominance so that the solutions could

pursue to the PF. The diversity archive (DA) contains the
non-dominated solutions without domination and con-
sequently aims for diversity. Two Arch removes
crowded solutions from DA according to their distances
to CA when the total size of two archives overflows.
However, due to the decreasing evolutionary pressure of
the Pareto dominance in high-dimensional objective
space, the number of non-comparable individuals rises
dramatically. Inspired by the idea of the two_arch, sever-
al improved Two_Arch algorithms were proposed. Li et
al. [28] proposed an improved Two_Arch algorithm (IT-
AA) which incorporates a ranking mechanism and a shif-
ted density estimation technique in CA and DA, respect-
ively. Dai [29] presented a multi-search strategy of select-
ing convergent solutions from offspring obtained from
CA and DA as parents to enhance the convergence.

Wang et al. [30] proposed a two-archive 2 algorithm
(Two_Arch2) which develops indicator-based and Pareto-
based selection principles to the two archives. Compared
with the original Two_Arch, Two Arch2 can handle
MaOPs with better performance on convergence and di-
versity of the final solutions in PF. However, Two_Arch2
tends to fall into a premature condition in the high-dimen-
sional problems due to the weak selection pressure. Also,
the distribution of the final solutions searched by
Two_Arch2 is not always uniform, because Two_Arch2
adopts the population in DA as the final output which
suffers with unacceptable quality of environmental selec-
tion. Furthermore, the complexity of the algorithm is in-
creased because of the DA truncation strategy. To en-
hance the convergence ability and promote the conver-
gence speed, an e-domination based Two_ Arch2 al-
gorithm is proposed, namely, e-Two_Arch2. The main
contributions of this paper can be summarized as follows:

(1) A novel evolutionary framework with a fast update
strategy is proposed to decrease the computational com-
plexity.

(i1) e-dominance is assigned to update the DA to en-
hance the quality of selection strategy and the affection of
the vital parameter ¢ is analyzed.

(iii) A boundary protection strategy based on /., indica-
tor is assigned to update the CA which can improve the
diversity of CA.

The rest of this paper is organized as follows. The
Two_Arch2 algorithm is firstly introduced in Section 2.
After that, the proposed algorithm is introduced in details
in Section 3. In Section 4, MOEAs are used to compare
the proposed algorithm with others on a series of bench-
mark functions of different numbers of objectives. Expe-
rimental results and analysis are included in Section 4. Fi-
nally, the conclusions and the future work are provided in
Section 5.
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2. Two_Arch?2 algorithm

The Two_Arch proposes a framework that divides the set
of non-dominated solutions into two separate archives,
which are used for convergence and diversity. Inspired by
Two_Arch, different selection principles and a new Lp-
norm-based diversity maintenance scheme are designed
in Two_Arch2.

2.1 Basic flow

The basic evolutionary process of Two_Arch2 is given in
Fig. 1. The initial non-dominated solution set is divided

into CA and DA. Crossover is operated in both CA and
DA; mutation is only implemented in CA during the re-
production. CA is updated by the quality indicator in
IBEA which aims to guide the population to converge to
the PF quickly. The purpose of DA is to add more di-
versity to the population in the high-dimensional objec-
tive space. Once DA overflows, the new Lp-norm-based
diversity maintenance scheme is assigned to truncate DA.
The sizes of CA and DA are fixed by their updating
strategy respectively. With the less encouraged diversity
of CA, Two_Arch2 uses DA which maintains better bal-
ance on diversity and convergence as the final output.

Sto\f)‘\
criterion
satisfied?

Initialization

Reproduction (cross-

No _Jover between CA and:

DA and mutation on
CA only)

Update DA by J
— Pareto
dominance

Update CA by
quality indicator

Fig. 1 Flow chart of Two_Arch2

2.2 Strengths and drawbacks

Two_Arch2 follows the idea of CA and DA in Two
Arch, and it assigns different selection strategies to up-
date two archives. Two_Arch2 is a hybrid MOEA based
on indicator and Pareto dominance. As a result,
Two_Arch2 has improved the convergence ability by the
quality indicator in CA and maintain approving dive-
rsity by the Pareto-based DA compared with Two
Arch. However, DA is updated by Pareto-dominance
which is known as losing selection pressure in high-
dimensional objective space. Meanwhile, CA cannot
maintain in wide diversity because the environmental
selection encourages convergence so that Two_ Arch2
can only use DA as the final output. Although some indi-
viduals in CA may be selected into DA, DA cannot con-
verge because there is no convergence maintenance with-
in DA, which immediately impacts the performance of
the algorithm. The last drawback is that Two Arch2
needs to assign the third selection strategy in DA when
DA overflows, which leads to more computational com-
plexity. In order to solve these problems, an e-dominance
based Two_Arch2 algorithm is proposed in the following
section.

3. Proposed algorithm

3.1 Framework

Balancing convergence and diversity is the main goal
of an effective many-objective evolutionary algorithm

(MaOEA). It is found that the e-dominance relationship
can encourage a good performance on diversity which is
more effective than Pareto dominance relationship in high-
dimensional objective space. Then, the boundary protec-
tion strategy based on the /., indicator is assigned in up-
dating CA which could guide the population to converge
to the PF and promote a good diversity simultaneously.
Because of the more efficient environmental selection
mechanism in coevolution of two archives, the simulated
binary crossover (SBX) and polynomial mutation (PM)
are both adopted to generate offspring population in re-
production for searching more individuals in the real PF.
With the higher selection pressure of e-dominance rela-
tionship, effective solutions can be selected into DA. As
the iteration progresses, the size of population can ex-
pend in a fast speed which results in increasing of the al-
gorithm complexity.

To solve this problem, a fast-update strategy including
the Two_ Arch algorithm framework is proposed and
shown in Fig. 2. Different from the Two_Arch2, a novel
iteration framework is developed to obtain a well distri-
buted PF. Offspring generated by crossover and mutation
operation in reproduction are firstly added to DA rather
than CA, then the union set of another offspring and the
updated DA selected based on the e-dominance are ad-
ded to CA for strengthening the diversity of CA popula-
tion. In next iteration, the solutions deleted by the selec-
tion strategy in CA will be removed in DA synchro-
nously (the details of selection in DA and CA are shown
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in the following subsections). Therefore, the size of DA is
settled and fixed by fast-update strategy. Because the
more distributional individuals of DA would be added to
CA as parent, CA could maintain better diversity and
coverage. Consequently, e-Two_Arch2 uses CA as the fi-
nal output. The pseudo-code of the framework is shown
in Algorithm 1. With the proposed fast-update strategy, it
is unnecessary to adopt additional environmental selec-
tion methods for population truncation when DA over-
flows, which leads to a better performance of algorithm
efficiency.
Algorithm 1 Pseudo-code of the framework

1: Parameters: [ter-iteration, O-offspring, Ap-DA,
Ac-CA. N-the size of Ap and Ac.

2: Initialize A, and Ac

3:fori=1:Iter

4:  Generate offspring population O by making cros-
sover between A, and A but mutation on A only

5: Ap—ApJO

6: Ap =Updating DA(Ap)

7 Ac — AcJAp

8: (A, Ap) = Updating CA(Ac,Ap,N)

9: end

10: return A¢

Stop Reproduction Update CA by I+
e teri Update DA b P o
Initialization cr1~ter1011) (crossover and "] e—pdominatiog >  with boundary
satisfied? mutation) protection strategy
Fast-update strategy
Output CA > End

Fig.2 Flow chart of &Two_Arch2

3.2 Diversity archive

Since the Pareto-dominance loses the quality of its envi-
ronmental selection on high-dimensional objective space,
the e-dominance in e-MOEA [8] is assigned as the selec-
tion strategy for DA in this paper which could provide
sufficient selection pressure towards the PF. For minimiz-
ation problems, let f,g € R, Vie{l,---,m}, f is said to
e-dominate g (&; > 0, denoted by f>,g) if and only if

(I-&)-fi<g (D
where m is the number of objectives, R*" is the normali-
zed objectives space.

In the step of updating DA in e-Two_Arch2, the off-
spring generated by crossover in reproduction are firstly
added to DA. Then, the proposed algorithm deletes the
extra solutions in DA according to the e-dominance. With
the enhancing quality of the environmental selection,
more solutions would be selected in DA, and the size of
DA would not expend by adopting the fast-update
strategy, which leads to lower complexity. In each itera-
tion, DA is added to CA as parent, and the solutions that
are deleted by selection strategy in CA would also be de-
leted in next iteration. The pseudo-code of the updating
strategy in DA is shown in Algorithm 2.

Algorithm 2 Updating DA(A)p)

Input: Ap,-DA

Output: UAp-updated Ap

1: Set an empty temporary population UA,

2:fori=1:|Ap|

Randomly choose x and y from A,
if x>,y
Add x to UAp
else y>, x
Add y to UAp
: end
9: end
10: return UA)

A

3.3 Convergence archive

To achieve a better performance of the algorithm,
e-Two_Arch2 needs to assign an archive with more bal-
ance on convergence and diversity as final output. In-
spired by the indicator-based MaOEA with boundary pro-
tection MaOEA-IBP [31], a boundary protection strategy
based on I, is assigned as the selection strategy in CA in
this paper, which is expected to ensure convergence of
the population to the PF and promote a better distribution
synchronously.

The pseudo-code of the updating strategy in CA is
shown in Algorithm 3. To be specific, after the updating
in DA which selects individuals by e-dominance, the uni-
on of the offspring generated during reproduction and the
updated DA is added to CA. The individuals in CA are
sorted by nondominated sorting, and the individuals with
the top rank level are selected to a temporary population
T. Then, the quality indicator I, is assigned as the first
selection criterion, the I, indicator value of each two
solutions are calculated as follows:
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L, (x,y) = min,(f; () —e < i € (L-m). ()

By calculating I, indicator value of each two indi-
viduals in T based on (2), the pair of individuals x and y
which have the minimum /,, value are recognized. If
I, (x,y) <0 which means x>y, or I, (y,x) <0 which
means x <y, then the dominated individual y or x is de-
leted from the population 7'. Otherwise, the second selec-
tion strategy should be assigned to select individuals
in CA.

Algorithm 3 Updating CA(Ac,Ap,N)

Input: A--CA, Ap-DA, N-size of A¢

Output: UA-updated Ac, UAp-updated Ap

1: T = ParetoNondominationRank(A)

2: Calculate the Euclidean distance d(x,C) between
each individual in T and the curve or surface C

3: while |Ap| > N

4: Calculate the I, value of each two individuals by
(2) and then find a pair of the individuals with the mini-
mum [, valuein T

5. if L. (x,y) <0

6: Delete y from T

7. elseif I, (y,x) <0

8: Delete x from T

9: else

10: if d(x,C) > d(y,C)

11: Delete y from T

12: else if d(x,C) < d(y,C)
13: Delete x from T

14: else

15: Randomly delete x or y
16: end

17: end

18: UA T

19:  Delete x or y if itis also in Ap

20 UAp < Ap

21: end

22:return UA., UAp

The boundary protection strategy is the second selec-
tion criterion in environmental selection of MaOEA-IBP
which is inspired by the knee point-driven evolutionary
algorithm (KnEA) [32]. The Euclidean distance d(x,C)
between the individuals and a curve or surface C is as-
signed to measure the fitness of the individuals. The
curve or surface C is characterized as follows:

[Z (ﬁ-(x))”] =1 3)

where f;(x)(i€{l1,2,---,m}) is a vector on the curve or
surface C, and P is the curvature of C. Then, the Lp-
norm distance [33] is adopted to approximate d(x,C).

The Lp-norm distance between the points on C and the
origin is 1, and d(x,C) is approximated as follows:

d(x,C) ~ [Z f (x»") -1 )
i=1

The smaller value of d(x,C) means that it is closer
between the individual and the curve or surface C. And
d(x,C) is assigned a negative value for individuals below
C. In the updating process of CA, the individuals with
larger d(x,C) value are removed from temporary popula-
tion 7 if the quality indicator /., cannot judge which is
superior. If both selection strategies cannot distinguish
the pair of individuals, an individual is randomly deleted
from 7. When the size of population T reaches N, the
updating process stops.

4. Experimental design and results

4.1 Test problems and performance indicator

In order to evaluate the performance of e-Two_Arch2 on
MaOPs, DTLZ (proposed by Deb, Thiele, Laumanns, and
Zitzler) benchmark problems [34] and walking fish group
(WFG) benchmark problems [35] are assigned in this pa-
per, which also are the two most widely used tunable
benchmark problems. More specifically, the number of
objectives is set in {4,5,---,10} which satisfies the defini-
tion of MaOPs. Each objective function of m-objective
DTLZ test problem has n =k+m—1 decision variables,
and k is set to be 5 for DTLZ1 and DTLZ3, 10 for
DTLZ2 and DTLZ4. Furthermore, each objective func-
tion of m-objective WFG test problem has n=k+m—1
decision variables, and k is set to 20 based on the suggestion
from [36].

The IGD [36] and hypervolume (HV) [37] both are
widely used as the performance indicators. Because the
computational complexity of the HV indicator is too high
for the MaOPs, the IGD is assigned as the performance
indicators in this paper. IGD evaluates the convergence
and diversity of the algorithm by calculating the minim-
um distance between each individual in the real Pareto
optimal solution set and the optimal solution set obtained
by the algorithm. The smaller IGD values indicate a bet-
ter convergence and diversity performance of the al-
gorithm.

4.2 Compared algorithms and parameter settings

Two_Arch2 and other four state-of-the-art MaOEAs are
selected for comparison to assess the performance of the
proposed e-Two_Arch2. The four state-of-the-art MaOEAs
respectively are NSGA-III, goals-considered preference-
inspired coevolutionary algorithm (PICEA-g) [9], shift-
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based density estimation incorporated in SPEA2
(SPEA2+SDE) [10], and grid-based evolutionary al-
gorithm (GrEA) [14]. Two_Arch?2 is selected as a refer-
ence to show the improvement of e-Two Arch2 on
MaOPs. NSGA-III is the newly-proposed NSGA al-
gorithm with reference point for MaOPs. PICEA-g is a
specific algorithm that coevolves a family of preferences
with candidate solutions. SPEA2+SDE assigns the shift-
based density estimation strategy in the framework of
SPEA2. GrEA exploits the potential of a grid to handle
many-objective optimization problems.

Because of the particularity of the reference point in
NSGA-III, the population sizes of other compared al-
gorithms are set the same as that of NSGA-III. The ter-
mination criterion of all algorithm is appointed as the
maximum generation (GenMax) which is set for 300.
Each algorithm runs 20 times independently on each test
problem. The SBX and PM [38] operators are adopted to
generate offspring population, and its parameter settings
are shown in Table 1. According to [8] and [32], the set-
tings of ¢ in (1) for e-dominance in updating DA and P in
(4) for the boundary protection strategy in updating CA
are also shown in Table 1.

Table 1 Parameter settings of algorithm units

Parameter Value
Crossover probability 1.0
Mutation probability 1/n
ein (1) 0.06
Pin(4) 0.3

4.3 Experimental results and analysis

The experimental results are shown in this section. The
average values of IGD results which are generated by
competing algorithms over DTLZ1-DTLZ4 and WFGI-
WFG9 test problems are listed in following tables. In ad-
dition, the numbers with bold face imply the best average
values over the comparative test problems with a given
objective number. And the numbers in brackets follow-
ing the average values are the ranking numbers of the
performance of competing algorithms.

Table 2 shows the average values of IGD results of
compared algorithms on DTLZ1 test problems. NSGA-III
and SPEA2+SDE show the best performance on DTLZ]1.
PICEA-g and GrEA have the worst IGD values with
more than six objectives. However, GrEA has better IGD
values than ¢-Two_Arch2 with four and five objectives.
Compared with Two_Arch2, e-Two_Arch2 has better
IGD values on DTLZI.

Table2 Average values of IGD results of the compared algorithms on DTLZ1

Problem Number of objectives &-Two_Arch2 Two_Arch2 NSGA-III PICEA-g GrEA SPEA2+SDE
4 0.2615(5) 0.2734(6) 0.0401(1) 0.2608(4) 0.1336(3) 0.0418(2)
5 0.2518(4) 0.2700(5) 0.0620(2) 0.2991(6) 0.1985(3) 0.0619(1)
6 0.2420(3) 0.2662(5) 0.1176(2) 0.3291(6) 0.2521 (4) 0.0793(1)

DTLZ1 7 0.2572(3) 0.2636(4) 0.1078(2) 0.3857 (6) 0.3273(5) 0.0981(1)
8 0.2517(3) 0.2621(4) 0.1304(2) 0.3979(6) 0.3891(5) 0.1068(1)
9 0.2605(3) 0.2677(4) 0.2476(2) 0.4467(6) 0.4012(5) 0.1367(1)
10 0.2732(3) 0.2736(4) 0.1098(1) 0.3697(5) 0.3937(6) 0.1204(2)

Table 3 shows the average values of IGD results of
compared algorithms on DTLZ2 test problems. PICEA-g
has the worst performance on DTLZ2 with four to eight
objectives, and GrEA has the worst IGD values on DTLZ2

with more than eight objectives. e-Two_Arch2 shows the
best performance on all the DTLZ2. NSGA-III has a bet-
ter performance than Two Arch2 on all the DTLZ2
which can prove the improvement of e-Two_Arch2.

Table 3 Average values of IGD results of the compared algorithms on DTLZ2

Problem Number of objectives e-Two_Arch2 Two_Arch2 NSGA-III PICEA-g GrEA SPEA2+SDE
4 0.1055(1) 0.1377(4) 0.1161(2) 0.1880(6) 0.1247 (3) 0.1418(5)
5 0.1394(1) 0.2183(5) 0.1897(2) 0.2583(6) 0.1902(3) 0.2089(4)
6 0.1736(1) 0.2940(5) 0.2572(3) 0.3218(6) 0.2549(2) 0.2665(4)

DTLZ2 7 0.2029(1) 0.3627(5) 0.3318(3) 0.4101(6) 0.3262(2) 0.3331(4)
8 0.2273(1) 0.4248(5) 0.3558(3) 0.4609(6) 0.4015(4) 0.3455(2)
9 0.2331(1) 0.4804(3) 0.4924(4) 0.7169(5) 0.8121(6) 0.4140(2)
10 0.2808(1) 0.5192(5) 0.3806(3) 0.4513(4) 0.9781(6) 0.3561(2)
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Table 4 shows the average values of IGD results of
compared algorithms on DTLZ3 test problems. GrEA and
NSGA-III have the worst performance on DTLZ3, al-
though NSGA-III is in rank 2 with less than six object-
ives. SPEA2+SDE is in rank 2 with more than five ob-

jectives. PICEA-g only has a better performance than
GrEA on DTLZ3. Two_Arch2 has a better performance
than NSGA-III with more than five objectives, and &-
Two_Arch2 shows the best performance on all the
DTLZ3.

Table 4 Average values of IGD results of the compared algorithms on DTLZ3

Problem Number of objectives &-Two_Arch2 Two_Arch2 NSGA-III PICEA-g GrEA SPEA2+SDE
4 0.0958(1) 0.1335(3) 0.1170(2) 0.5167(5) 0.8396(6) 0.1409(4)
5 0.1384(1) 0.2091(3) 0.1927(2) 0.5899(5) 0.8499(6) 0.2071(4)
6 0.1815(1) 0.2827(3) 1.3700(6) 0.7024(4) 1.1058(5) 0.2683(2)

DTLZ3 7 0.2069(1) 0.3481(3) 0.7919(4) 0.8489(5) 1.9463(6) 0.3425(2)
8 0.2200(1) 0.4129(3) 1.8506(5) 0.8660(4) 3.7406(6) 0.3454(2)
9 0.2409(1) 0.4692(3) 8.7805(6) 0.9951(4) 2.5892(5) 0.4314(2)
10 0.2585(1) 0.5175(3) 1.6335(6) 0.9302(5) 1.5928(5) 0.3538(2)

Table 5 shows the average values of IGD results of
compared algorithms on DTLZ4 test problems. PICEA-g
has the worst performance on DTLZ4 with less than 10
objectives and GrEA shows the worst IGD results on
DTLZ4 with 10 objectives. SPEA2+SDE is in rank 2 on
DTLZ4 with more than seven objectives. NSGA-III has

better IGD results than Two_Arch2 on DTLZ4 with four
and five objectives. Two_Arch2 shows a better perform-
ance than NSGA-III on DTLZ4 with more than five ob-
jectives. For DTLZ4 with more than seven objectives, ¢-
Two_Arch2 is the best-performance algorithm on all the
DTLZA4.

Table S Average values of IGD results of the compared algorithms on DTLZ4

Problem Number of objectives e-Two_Arch2 Two_Arch2 NSGA-III PICEA-g GrEA SPEA2+SDE
4 0.1015(1) 0.1388(2) 0.1498(4) 0.2107(6) 0.1932(5) 0.1438(3)
5 0.1309(1) 0.2222(4) 0.1953(3) 0.3015(6) 0.1926(2) 0.2282(5)
6 0.1621(1) 0.3016(4) 0.3032(5) 0.3402(6) 0.2570(2) 0.2811(3)

DTLZ4 7 0.1873(1) 0.3727(5) 0.3647(4) 0.4894(6) 0.3071(2) 0.3408(3)
8 0.1890(1) 0.4360(6) 0.3944(4) 0.426 1(5) 0.3855(3) 0.3499(2)
9 0.2596(1) 0.4997(5) 0.4695(3) 0.5554(6) 0.4862(4) 0.4424(2)
10 0.3079(1) 0.5349(5) 0.4077(3) 0.4107(4) 0.5389(6) 0.3714(2)

Table 6 shows the average values of IGD results of
compared algorithms on WFG1 test problems. WFGI is
the problem that has the most transformation functions
among the WFG benchmark problems, so that perform-
ing a good diversity is a challenge for the MaOEAs.
NSGA-III shows the best performance on all the object-
ives of WFGI test problems. Unexpectedly, SPEA2+SDE

is in rank 2 on WFG1 with four to seven objectives and
nine to ten objectives, PICEA-g is in rank 2 on WFGI
with eight objectives. e-Two_Arch2 has the worst per-
formance on all of the WFGI test problems, and
Two_Arch2 has better IGD values than e-Two_Arch2 on
all of the WFG1 test problems.

Table 6 Average values of IGD results of the compared algorithms on WFG1

Problem Number of objectives e-Two_Arch2 Two_Arch2 NSGA-III PICEA-g GrEA SPEA2+SDE
4 1.9249(6) 1.368 1(5) 0.2915(1) 0.3620(3) 0.426 1(4) 0.3124(2)
5 2.1207(6) 1.6050(5) 0.4355(1) 0.5168(3) 0.5635(4) 0.4803(2)
6 2.3325(6) 1.7400(5) 0.6402(1) 0.7368(3) 0.8636(4) 0.6932(2)

WFG1 7 2.5507(6) 2.0164(5) 0.8739(1) 0.9932(3) 1.2685(4) 0.9732(2)
8 2.8387(6) 2.1617(5) 1.0830(1) 1.3254(2) 1.9771(4) 1.4427(3)
9 3.2123(6) 2.4915(5) 1.2732(1) 2.1385(4) 2.121403) 1.7623(2)
10 3.4066(6) 2.7621(4) 1.3463(1) 2.8271(5) 2.1551(3) 1.8376(2)
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Table 7 shows the average values of IGD results of
compared algorithms on WFG2 test problems. In WFG
benchmark problems, WFG2 is the only disconnected
problem. NSGA-III shows the best performance on
WFQG2 with four objectives. e-Two_Arch2 has the best
IGD values on WFG2 with six, seven and ten objectives.
GrEA shows the best IGD results on WFG2 with five ob-

jectives and Two_Arch2 has the best performance on
WFG2 with eight and nine objectives, followed by e-
Two_Arch2, but Two_Arch2 shows the worst IGD re-
sults on WFG2 with four and five objectives. PICEA-g
shows the worst IGD values on WFG2 with six and eight
to ten objectives, SPEA2+SDE has the worst perform-
ance on WFQG2 with seven objectives.

Table 7 Average values of IGD results of the compared algorithms on WFG2

Problem Number of objectives e-Two_Arch2 Two_Arch2 NSGA-III PICEA-g GrEA SPEA2+SDE
4 0.6035(4) 0.7598(6) 0.3542(1) 0.6799(5) 0.4649(3) 0.4325(2)
5 0.6718(3) 1.0610(6) 0.6269(2) 0.8379(5) 0.6003(1) 0.6908(4)
6 0.8332(1) 1.0692(4) 0.9738(3) 1.1085(6) 0.8967(2) 1.0851(5)

WFG2 7 1.0245(1) 1.1016(2) 1.1326(3) 1.6732(5) 1.3346(4) 1.678 4(6)
8 1.1918(2) 1.0861(1) 1.3148(3) 2.1291(6) 1.4504(4) 1.8792(5)
9 1.4244(2) 1.3746(1) 1.4245(3) 2.6895(6) 1.6641(4) 2.3498(5)
10 1.5496(1) 1.5913(3) 1.5758(2) 2.8271(6) 1.8796(4) 2.4723(5)

Table 8 shows the average values of IGD results of
compared algorithms on WFG3 test problems. WFG3 is
the connected version of WFG2. GrEA shows the best
and outstanding performance than other compared al-
gorithms on WFG3 with more than six objectives, and
PICEA-g has the best performance on WFG3 with fewer

than seven objectives. SPEA2+SDE shows the worst per-
formance on WFG3 with more than four objectives. e-
Two_Arch2 shows the worst performance on WFG3 with
four objectives, but it has better IGD values than
Two_Arch2 on WFG3 with more than six objectives and
e-Two_Arch2 is in rank 2 on WFG3 with seven objectives.

Table 8 Average values of IGD results of the compared algorithms on WFG3

Problem Number of objectives &-Two_Arch2 Two_Arch2 NSGA-III PICEA-g GrEA SPEA2+SDE
4 0.4015(6) 0.2302(3) 0.2595(4) 0.1051(1) 0.1886(2) 0.3917(5)
5 0.4641(4) 0.4368(3) 0.4826(5) 0.1619(1) 0.1750(2) 0.7476(6)
6 0.6939(5) 0.6680(4) 0.4316(3) 0.1367(1) 0.1576(2) 0.9573(6)

WFG3 7 0.7021(2) 0.8558(4) 0.8874(5) 0.8301(3) 0.2385(1) 1.4632(6)
8 1.0605(3) 1.1274(4) 0.9637(2) 1.3544(5) 0.2802(1) 1.7383(6)
9 1.1837(3) 1.3415(4) 0.9674(2) 1.4762(5) 0.3067(1) 1.9325(6)
10 1.2162(3) 1.4811(4) 0.9933(2) 1.9196(5) 0.4649(1) 1.9692(6)

Table 9 shows the average values of IGD results of
compared algorithms on WFG#4 test problems. WFG4 is a
multimodal problem so that aggregation functions cannot
jump out of those local optimal sets, which results in the
worst performance of PICEA-g on all the WFG4 test
problems. SPEA2+SDE and Two Arch2 also show

worse IGD values on all the WFG4 test problems. NSGA-
III has the best performance on WFG4 with ten object-
ives, however, e-Two_Arch2 is the best-performing al-
gorithm on WFG4 with four to nine objectives and per-
forms better than Two_Arch2 and GrEA on all the WFG4
test problems.

Table 9 Average values of IGD results of the compared algorithms on WFG4

Problem Number of objectives &-Two_Arch2 Two_Arch2 NSGA-III PICEA-g GrEA SPEA2+SDE
4 0.5396(1) 0.6539(4) 0.6047(3) 0.777 6(6) 0.5904(2) 0.7050(5)
5 1.0659(1) 1.2381(4) 1.1243(3) 1.3414(6) 1.0675(2) 1.2414(5)
6 1.4878(1) 1.9047(5) 1.7626(3) 3.4694(6) 1.6227(2) 1.8411(4)

WFG4 7 2.1132(1) 2.6881(5) 2.4735(2) 3.9842(6) 2.5321(3) 2.6742(4)
8 2.0494(1) 3.4703(5) 2.9879(3) 4.3705(6) 2.8534(5) 2.9891(4)
9 2.5717(1) 4.3499(5) 2.8734(2) 5.0312(6) 3.1595(3) 3.6849(4)
10 3.0694(2) 5.1960(5) 2.7989(1) 5.2501(6) 3.8251(3) 3.8387(4)
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Table 10 shows the average values of IGD results of
compared algorithms on WFGS5 test problems. WFGS is a
deceptive problem. PICEA-g shows the worst IGD va-
lues on WFGS5 with fewer than eight objectives and Two
Arch2 has the worst performance on WFG5 with more

than seven objectives. SPEA2+SDE also shows a worse
performance on all the WFGS test problems which rank
in 3,4, and 5. e-Two_Arch2 shows the best IGD values on
all the WFGS test problems with significant advantage,
followed by NSGA-III and GrEA which rank in 2 and 3.

Table 10 Average values of IGD results of the compared algorithms on WFG5

Problem Number of objectives &-Two_Arch2 Two_Arch2 NSGA-III PICEA-g GrEA SPEA2+SDE
4 0.2172(1) 0.6619(4) 0.5955(3) 0.8014(6) 0.5940(2) 0.7157(5)
5 0.7704(1) 1.2246(4) 1.1179(3) 1.370 1(6) 1.0834(2) 1.2542(5)
6 0.8705(1) 1.8981(5) 1.7167(3) 2.0773(6) 1.6535(2) 1.8369(4)

WFG5 7 1.3184(1) 2.6287(5) 2.1356(2) 2.8904(6) 2.4573(3) 2.4874(4)
8 1.3281(1) 3.4438(6) 2.9538(4) 3.3167(5) 2.8551(2) 2.9097(3)
9 1.6306(1) 4.2972(6) 2.8381(2) 3.5982(5) 3.3904(3) 3.4928(4)
10 2.1201(1) 5.0838(6) 2.7024(2) 3.8423(4) 3.8612(5) 3.7335(3)

Table 11 shows the average values of IGD results of
compared algorithms on WFG6 test problems. WFG6 is a
nonseparable-reduced problem. PICEA-g and Two_Arch2
both perform badly on this problem and show worse IGD
values on all the WFG®6 test problems. GrEA is in rank 2
on WFG6 with fewer than nine objectives and NSGA-III

is in rank 2 on WFG6 with more than eight objectives.
SPEA2+SDE is in rank 3 on WFG6 with more than six
objectives. e-Two_Arch2 has the best performance on all
the WFG6 test problems with considerable preponder-
ance compared with other algorithms.

Table 11 Average values of IGD results of the compared algorithms on WFG6

Problem Number of objectives e-Two_Arch2 Two_Arch2 NSGA-III PICEA-g GrEA SPEA2+SDE
4 0.3768(1) 0.6751(4) 0.6175(3) 0.8370(6) 0.6159(2) 0.7534(5)
5 0.7905(1) 1.2527(4) 1.1377(3) 1.4275(6) 1.1080(2) 1.3163(5)
6 0.8715(1) 1.9374(4) 1.7318(3) 2.1173(6) 1.6431(2) 1.9203(5)

WFG6 7 1.3695(1) 2.6722(4) 2.6723(5) 2.8952(6) 2.3649(2) 2.4875(3)
8 1.5943(1) 3.4910(5) 3.0176(4) 3.5134(6) 2.8809(2) 2.9825(3)
9 2.0326(1) 4.3084(6) 2.8931(2) 3.7686(5) 3.4784(4) 3.2718(3)
10 2.6002(1) 5.0426(6) 2.7913(2) 3.9433(5) 3.8699(4) 3.6443(3)

Table 12 shows the average values of IGD results of
compared algorithms on WFG7 test problems. WFG7 is
both uni-modal and separable. NSGA-III shows the best
IGD values on WFG7 with four, nine, and ten objectives,
GrEA has the best performance on WFG7 with five, six,
and eight objectives, PICEA-g shows the best IGD re-
sults on WFG7 with seven objectives. SPEA2+SDE also

has well performance that is in rank 3 on WFG7 with
fewer than seven objectives and is in rank 2 on WFG7
with more than six objectives. ¢e-Two_Arch2 shows the
worst IGD values on WFG7 with less than seven object-
ives, and it has a better performance than Two_Arch2 on
WFG7 with more than six objectives.

Table 12 Average values of IGD results of the compared algorithms on WFG7

Problem Number of objectives e-Two_Arch2 Two_Arch2 NSGA-III PICEA-g GrEA SPEA2+SDE
4 1.2137(6) 0.9708(5) 0.5841(1) 0.8554(4) 0.604 8(2) 0.7127(3)
5 2.096 0(6) 1.6853(5) 1.1099(2) 1.4142(4) 1.0844(1) 1.2511(3)
6 2.4758(6) 2.0541(4) 1.6978(2) 2.2881(5) 1.6093(1) 1.8145(3)

WFG7 7 3.4406(5) 3.6137(6) 2.4391(3) 2.3874(1) 2.4639(4) 2.3982(2)
8 3.0700(4) 4.3854(6) 2.9771(03) 3.3989(5) 2.8392(1) 2.8838(2)
9 3.8203(5) 4.6156(6) 2.9010(1) 3.4756(3) 3.5735(4) 3.3873(2)
10 4.6485(5) 5.6048(6) 2.8390(1) 3.7319(3) 3.776 6(4) 3.6307(2)
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Table 13 shows the average values of IGD results of
compared algorithms on WFGS test problems. WFGS8 is a
hard nonseparable problem. GrEA shows the best IGD
values on WFGS8 with four to seven objectives. &-
Two_Arch2 has the worst performance on WFG8 with
four and five objectives, and PICEA-g shows the worst
IGD values on WFG8 with six and eight objectives.

However, e-Two_Arch2 has the best IGD values on
WEFGS8 with eight objectives. And NSGA-III shows the
best performance on WFGS8 with nine and ten objectives.
SPEA2+SDE is in rank 2 on WFGS8 with four to eight
and ten objectives. e-Two_Arch2 shows better IGD va-
lues than Two_Arch2 on WFG8 with more than five ob-
jectives.

Table 13 Average values of IGD results of the compared algorithms on WFG8

Problem Number of objectives e-Two_Arch2 Two_Arch2 NSGA-III PICEA-g GrEA SPEA2+SDE
4 1.4787(6) 1.2511(4) 1.3877(5) 0.8899(3) 0.7625(1) 0.8166(2)
5 2.2789(6) 1.9072(5) 1.8720(4) 1.6071(3) 1.2792(1) 1.4065(2)
6 2.5443(4) 2.6925(5) 2.3222(3) 2.8368(6) 1.7923(1) 2.0318(2)

WFG8 7 3.3274(4) 3.5075(6) 2.8319(3) 3.4892(5) 2.5871(1) 2.6772(2)
8 3.0142(1) 4.1873(5) 3.1872(3) 4.2223(6) 3.2510(4) 3.0696(2)
9 3.5511(2) 5.1911(6) 3.3918(1) 5.1901(5) 3.7893(4) 3.6758(3)
10 4.0284(3) 6.1230(6) 3.7084(1) 5.5757(5) 4.1682(4) 3.9159(2)

Table 14 shows the average values of IGD results of
compared algorithms on WFG9 test problems. WFG9 is a
nonseparable-reduced problem. Two_ Arch2 shows the
worst performance on WFG9 with more than four object-
ives and PICEA-g also shows the worst IGD values on
WFG9 with four objectives. ¢e-Two_ Arch2 has the best

performance on WFG9 with four, six, and seven objec-
tives. Furthermore, NSGA-III shows the best IGD values
on WFQG9 with five, nine, and ten objectives, and GrEA
has the best performance on WFG9 with eight objectives.
However, SPEA2+SDE has a better performance than e-
Two_Arch2 on WFG9 with more than seven objectives.

Table 14 Average values of IGD results of the compared algorithms on WFG9

Problem Number of objectives &e-Two_Arch2 Two_Arch2 NSGA-III PICEA-g GrEA SPEA2+SDE
4 0.5724(1) 0.780 1(5) 0.6156(3) 0.7805(6) 0.5945(2) 0.6912(4)
5 1.1662(2) 1.3915(6) 1.1589(1) 1.2883(5) 1.1222(3) 1.2323(4)
6 1.3845(1) 2.0930(6) 1.8257(3) 1.8978(5) 1.7244(2) 1.8513(4)

WFG9 7 2.1517(1) 2.9322(6) 2.4563(3) 2.7739(4) 2.3448(2) 2.6832(5)
8 3.4532(5) 3.6348(6) 3.0258(3) 3.2877(4) 2.9998(1) 3.0192(2)
9 4.4318(5) 4.5440(6) 3.0321(1) 3.9763(4) 3.4644(2) 3.6470(3)
10 5.2806(5) 5.5981(6) 3.0399(1) 4.1914(4) 3.9301(3) 3.7831(2)

In summary, e-Two_Arch2 and NSGA-III are the two
best-performing algorithms on DTLZ test problems.
NSGA-III has the best IGD values on all the DTLZ1 test
problems, and e-Two_Arch2 shows the best performance
on all the DTLZ2, DTLZ3 and DTLZ4 test problems. The
parallel coordinate plots of the best solutions sets ob-
tained by e-Two_Arch2 and NSGA-III on the DTLZ test
problems with ten problems are shown in Fig. 3. It is
clear to find that e-Two_Arch2 extends more areas of the
entire PF than NSGA-III on DTLZ2-4 test problems. Fur-
thermore, e-Two_Arch2 outperforms Two_Arch2 on IGD

values of all the DTLZ test problems which can demon-
strate the effectiveness of the e¢-dominance and the
boundary protection strategy. Focused on the experi-
ments on the WFG problems, it is harder to maintain the
diversity and convergence for the selected algorithms be-
cause of more transformation functions. Except from the
WFG1 and WFG3 test problems, e-Two_Arch2 has bet-
ter distribution and convergence, and it shows the best
IGD values on all the WFGS5 and WFG6 test problems.
Compared with Two Arch2, ¢-Two Arch2 has better
IGD values except from WFG1.
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4.4 Effectiveness of the fast-update strategy

The purpose of the fast-update strategy is decreasing the
computational complexity which contains the procedure
of updating DA and CA. The proposed e-Two_Arch2 is
mainly composed of three parts: reproduction, updating
DA, and updating CA. In reproduction, the SBX and PM
operators are adopted to generate offspring, which con-
sumes a computational complexity of O(DN), where D
and N are the number of decision variables and the popu-
lation size, respectively. In updating DA, the proce-
dure of e-dominance requires O(NlogN) computations.
In updating CA, the computational complexity of /., (x,y)
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and d(x,C) calculation is O(mN?) and O(mN), respect-
ively. Overall, the computational complexity of the e-
Two_Arch2 is O(mN?*). As a contrast, the complexity of
Two_Arch2 is max{O(Nlog”’"zN),O(mN2 )}. The compu-
tation times comparison between &-Two Arch2,
Two Arch2 and e-Two Arch2 without fast-update

strategy (*e-Two_Arch2) on DTLZ and WFG test prob-
lems is shown in Fig. 4. It can be easily observed that &-
Two_Arch2 costs less computation time than Two_Arch2
and *e-Two_Arch2 on all the DTLZ and WFG test prob-
lems which can demonstrate the effectiveness of the fast-
update strategy.
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Fig. 4 Computation time comparison between s-Two_Arch2, Two_Arch2, and *s-Two_Arch2 on DTLZ and WFG test problems

5. Conclusions

In this paper, an e-dominance based Two Arch2 al-
gorithm is proposed to solve MaOPs, called e-
Two_Arch2. Firstly, e-Two_Arch2 adopts e-dominance
as the selection strategy in DA to decrease the loss of the
individuals on PF and enhance the selection pressure. To
obtain a more balanced archive as final output of the pro-
posed algorithm, a boundary protection strategy based on
I, indicator is assigned to update the CA which can
maintain satisfactory distribution and convergence. In ad-
dition, a fast-update strategy is proposed to preserve the
population size and decrease the computational complex-
ity. Finally, e-Two_Arch2 shows a competitive perform-
ance with the compared MaOEAs through comparative
experiments. However, e-Two_Arch2 has no satisfac-
tory performance on several WFG problems, because the
allocations of ¢ and P are not adaptive. The more effi-
cient and non-parametric environmental selection scheme
would be assigned on two archives in the future work.
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