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Abstract: This paper focuses on the influence of the disturb-
ance rejection rate (DRR) and parasitic loop parameters on the
stability domain of the roll-pitch seeker’s guidance system. The
DRR models of the roll-pitch seeker caused by different types of
disturbance torques and the scale deviation of different sensors
are established. The optimal DRR model of the roll-pitch seeker,
which contains the scale deviation model, is proposed by for-
mula derivation. The model of the roll-pitch seeker’s guidance
system is established and equivalently simplified by the dimen-
sionless method. The Lyapunov stability criterion for stability
analysis of the guidance system is given by means of the passi-
vity theorem and related definitions and lemmas. A simplified
model of the roll-pitch seeker’s guidance system, which is suit-
able for the Lyapunov stability criterion, is established by for-
mula derivation and equivalent transformation. Three conditions
that satisfy the Lyapunov stability criterion are obtained. Mathe-
matical simulation with Nyquist plots is used to analyze the influ-
ence of different DRR parameters on the stability domain of the
roll-pitch seeker’s guidance system. Simulation results of this
paper can provide reference for the stability analysis of systems
related to the roll-pitch seeker.
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1. Introduction

Nowadays, the infrared air-to-air missile plays an import-
ant role in the air combat environment [1—4]. Improving
the performance of the infrared air-to-air missile is im-
portant to obtain the superiority of air combat [5—7]. In
today’s world, the most advanced air-to-air missile is the
fourth generation air-to-air missile, whose main innova-
tion is to replace the traditional pitch-yaw seeker with the
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roll-pitch seeker. Compared with other air-to-air missiles
equipped with the common pitch-yaw seeker, the air-to-
air missiles equipped with the roll-pitch seeker have bet-
ter application prospects in aspects of searching for tar-
gets and tracking maneuvering targets due to the roll-
pitch seeker’s advantages of a large field of view angle
and a small volume [8,9]. Therefore, to improve the per-
formance of the roll-pitch seeker becomes the key to im-
proving performance of the infrared air-to-air missile in
future air combat.

Due to the semi-strapdown structure, the line-of-sight
(LOS) rate output by the roll-pitch seeker will be af-
fected by the disturbance of the missile body [10—12].
The ratio of the roll-pitch seeker’s LOS rate affected by
the missile body disturbance to the missile body disturb-
ance is defined as the disturbance rejection rate (DRR) of
the roll-pitch seeker. In addition, the scale deviation
among sensors of the roll-pitch seeker will also make the
LOS rate inaccurate and affect the value of DRR [13—16].
The inaccurate LOS rate output caused by the DRR of the
roll-pitch seeker will be continuously expanded through
the guidance law, autopilot and other guidance system
links. This positive feedback loop of the DRR based on
the roll-pitch seeker guidance system is defined as the
DRR parasitic loop of the roll-pitch seeker [17,18]. The
existence of the DRR parasitic loop can seriously inter-
fere with the stability of the guidance system of the roll-
pitch seeker [19]. Therefore, we need to study the influ-
ence law of these parameters on the stability of the guid-
ance system, which can be used to design the parameters
of the guidance air-to-air missile in the next step.

Several researchers have studied the influence of the
seeker DRR and the parasitic loop on the stability of the
guidance system [20—24]. Li et al. [20] established the
mathematical model of the seeker’s DRR and the DRR
parasitic loop, which are used to analyze the stability of
the seeker. Liu et al. [21] established the mathematical
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model of the seeker guidance system and studied the ef-
fects of the seeker DRR and the parasitic loop on the
guidance system. These studies [20,21] only established
the relevant model of the seeker and qualitatively ana-
lyzed the influence of DRR and the parasitic loop on the
stability of the guidance system, but did not use the ap-
propriate criterion for quantitative analysis. Du et al. [22]
studied the stability of the secker guidance system based
on the mathematical model and the Routh criterion. Liu et
al. [23] analyzed the influence of the seeker DRR and the
parasitic loop on the stability of the guidance system
based on the Routh criterion, and further studied the in-
fluence of frame coupling on the guidance system. The
Routh criterion is based on the “frozen time” assumption,
and the “frozen time” assumption is not valid when the
distance between the missile and the target is very short
or the dynamics of the guidance system is very fast [25—
27]. In this case, the Routh criterion will cause a large er-
ror when it is used to quantitatively analyze the influence
of DRR and the parasitic loop on the stability of the guid-
ance system. Therefore, these studies [22,23] should
be further optimized. Chen et al. [24] used a new “Lya-
punov stability criterion ” to analyze the influence of
seeker DRR and parasitic loop on the stability of the
guidance system. This new criterion is based on the finite
time stability theory of the time-varying system, which
can avoid the large error of the final guidance stage
caused by the Routh criterion [28,29]. However, this re-
search [24] takes the platform seeker as the research ob-
ject and the roll-pitch seeker is not involved.

At present, most of the researches on the roll-pitch
seeker focus on the problem of angular velocity extrac-
tion and zenith pass [30—33], but there is lack of related
researches on the stability of the guidance system. In or-
der to fill the research gap in the stability analysis of the
roll-pitch seeker’s guidance system, this paper takes the
roll-pitch seeker as the research object. The Lyapunov
stability criterion is used to analyze the influence of DRR
and parasitic loop parameters on the stability domain of
the roll-pitch seeker’s guidance system in this paper.
First, a complete DRR model of the roll-pitch seeker is
established, which not only considers the influence of dif-
ferent types of disturbance torque on DRR, but also con-
siders the influence of different sensor scale deviations on
DRR. The quantitative influence of scale deviation on
DRR is derived by formulas, and the parasitic loop mo-
del of the roll-pitch seeker containing the DRR caused by
scale deviation is established. Second, based on the ap-
plication of the passivity theorem, related definitions and
lemmas, the equivalent transformation model of the roll-
pitch seeker’s guidance system, which is suitable for the
Lyapunov stability criterion, is established. By applying
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the Lyapunov stability criterion, three conditions for the
guidance system to satisfy the stable state are obtained.
Third, through mathematical simulation and analysis, the
relationship between DRR and parasitic loop parameters
of the roll-pitch seeker and the stability domain of the roll-
pitch seeker’s guidance system is obtained. The relation-
ship between the stability of the guidance system and the
corresponding parameters is simulated and analyzed. Un-
der different conditions, schemes to improve the stability
of the guidance system of the roll-pitch seeker are pro-
posed.

The main contents of each section are as follows. Sec-
tion 1 describes the stability problem of the roll-pitch
seeker’s guidance system, and lists several existing solu-
tions. In Section 2, the complete DRR and parasitic loop
models of the roll-pitch seeker are established, and the
model of the guidance system is simplified by the dimen-
sionless method. In Section 3, the guidance system mo-
del based on the Lyapunov stability criterion is estab-
lished by applying the passivity theorem, and three condi-
tions for the stability of the model are obtained. In Sec-
tion 4, the relationship between different parameters and
the stability domain of the guidance system is simulated
and analyzed, and the scheme to improve the stability of
the guidance system of the roll-pitch seeker is obtained.
Section 5 summarizes the whole paper and gives conclu-
sions and contribution of the research results.

2. Establishment of relevant models
2.1 Model of roll-pitch seeker’s DRR

The roll-pitch seeker can track the target’s motion and
output LOS rate by moving the optical axis. Fig. 1 shows
the optical axis of the roll-pitch seeker tracks the move-
ment of the target in the longitudinal plane.

 Target

Seeker optical boresight

Missile body centerline

» Inertial reference

Fig.1 Motion of roll-pitch seeker’s optical axis
In Fig. 1, & represents the pitch angle of the roll-pitch
seeker. ¢ represents the frame angle of the roll-pitch
seeker. g, represents the real LOS angle, and ¢, repre-
sents the optical axis angle of the roll-pitch seeker. There-
fore, the detector error angle of roll-pitch seeker & can be
calculated as follows:
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—qs=q—¢-0. (1)

The detector error angle £ obtained by the motion of

€={q;

the roll-pitch seeker’s optical axis can be transformed in-

to the frame angular velocity instruction wgc of the roll-
pitch seeker by sensor processing. The transfer process of
instruction information is shown in Fig. 2.
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Fig.2 Model of roll-pitch seeker’s stabilized and tracking loops

In Fig. 2, the roll-pitch seeker model includes the outer
loop (roll loop) and the inner loop (pitch loop). Both of
the roll loop and the pitch loop have a tracking loop, a
stabilized loop, a back eclipse modeling framework
(EMF) loop, and a disturbance torque loop. The tracking
loop is used to trace the target and output the LOS angle
qs. G.(s), G,(s) and k; form the correction network of
the tracking loop. The stabilized loop is used to stabilize
the frame angular velocity and output the LOS rate w,,
and w,,. G,(s) and k, form the correction network of the
stabilized loop. L represents the motor inductance. R repre-
sents motor resistance. K represents torque constant. J,,
represents moment of inertia. Gu(s) and Gyp(s)
represent semi-strapdown calculation link. For the roll
loop, in the case that the sensor scale deviation is not con-
sidered, the disturbance torque loop Gp(s) and the back
EMF loop K will couple missile body disturbance w,, to
the frame angular rate calculation. For the pitch loop, in
the case that the sensor scale deviation is not considered,
the disturbance torque loop Gp(s) and the back EMF loop
K will couple missile body disturbance w,, w,, and roll
frame angle ¢; to the frame angular rate calculation.
Therefore, the existence of roll-pitch seeker’s DRR is re-
lated to the disturbance torque loop and the back EMF
loop.

Consider the case where only the disturbance torque
loop Gp(s) generates the DRR alone. There are two kinds

of common disturbance torque for the roll-pitch seeker:
spring torque and damping torque. Assume that K, rep-
resents the spring torque coefficient, and K, represents
the damping torque coefficient. Therefore, for both of the
roll loop and the pitch loop, the disturbance torque loop
parameter G(s) can be represented as

Gy (s) = K? iK, @)

The roll loop and the pitch loop are both coupled with
the attitude disturbance of the missile body. The only dif-
ference of these two loops is that the pitch loop is also af-
fected by the roll loop. As we can see from Fig. 2, for the
roll loop, the missile body disturbance w,, is coupled to
the stability loop, and the LOS rate w,,, output by the sta-
bility loop is affected by the missile body disturbance
wy,. For the pitch loop, the missile body disturbance wy,,
wy, and roll frame angle ¢ are coupled to the stability
loop, and the LOS rate w,, output by the stability loop is
affected by the missile body disturbance wy,, w,, and roll
frame angle ¢r. Therefore, the DRR of the roll loop and
the pitch loop can be defined as

Wy

x 100%
bx Wy . ( 3)

- x 100%
—Wpy SINPg + Wy, COS Pg

Rroll (S) =

Rpilch (S) =

Although the two loops are affected by different
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coupled disturbances, which means the inputs of disturb-
ances are different. The factors causing the DRR are both
the back EMF loop and the disturbance torque loop. Ac-
cording to Fig. 2 and (3), we find that the DRR transfer
function (DRRTF) of the roll loop and the pitch loop is
the same in the following form [30,32,33]:

GD (S) (LS +R) + KTKE
JoLs2+ (J,R+Gp(s)L) s+ G, (s) Ky + Kr Kg

R(s)= 4)

Consider the case that the disturbance torque is the
spring torque or the damping torque separately, the
DRRTF of the roll-pitch seeker will change into

(K,L+K;Kz)s+K,R
R, (s) = . 5 ., (5)
JWLS +JMRS +(K,1L+KTKE+G2(S)KT)S
K,(Ls+R)+ K;K,
Ro(9)= 2 D B e ©

JLs?2+(J,R+K,L)s+G,(8)Kr + K; Ky

We mainly study the causes of DRR and its influence
on the stability of the guidance system. Since the DRRTF
of both loops are the same in form, the research pro-
cesses of the two loops are the same. For the conveni-
ence of the research, we only consider the roll loop of the
roll-pitch seeker in the following research.

2.2 Influence of scale deviation on DRRTF

Due to the semi-strapdown structure, the roll-pitch seeker
cannot directly output the LOS rate. The roll-pitch seeker
requires two steps to obtain the LOS rate. Firstly, the
LOS angle of the roll-pitch seeker should be reconstruc-
ted by the semi-strapdown calculation. Secondly, the
LOS rate can be estimated by the kalman filter. In the
semi-strapdown calculation, the detector sensor, the
frame angle sensor and the angular rate sensor are used.
The scale of these sensors is different, which will lead to
inaccurate LOS angle by semi-strapdown calculation, and
then lead to inaccurate estimation of the LOS rate. There-
fore, the scale deviation will also cause the DRR prob-
lem for the roll-pitch seeker.

Assume that R, represents the scale deviation between
the detector and the angular rate sensor, R,, represents the
scale deviation between the frame angle sensor and the
angular rate sensor. Then, the DRR caused by the scale
deviation of different sensors of the roll-pitch seeker,
which is recorded as R,, can be calculated as

A/
R, = 3‘1 = (R, +R,) X 100%. (7)

Since R, and R, vary within the range of 0.0001 in a
single flight, which can be ignored, R, can be regarded as
a fixed value in a single flight. Fig. 3 shows the optical
axis motion of the roll-pitch seeker under the DRR effect
caused by the scale deviation.

e Apparent target

Inertial reference

Fig. 3 Motion of roll-pitch seeker’s optical axis affected by scale
deviation

In Fig. 3, ¢* represents the LOS angle detected by the
roll-pitch seeker. &" represents the new detector error
angle affected by R,. Aq represents LOS angle deviation
caused by R;. R; is the DRR caused by scale deviation
among several kinds of sensors in the semi-strawdown
calculation. Since the input and output of the semi-strap-
down calculation of the roll-pitch seeker are quantities
that are related to frame angle ¢, the relationship between
the LOS angle deviation Ag and R, can be assumed as

Aq = Ry¢. @®)

According to the geometric relationship in Fig. 3, (8)
can be transformed into

q =q,+(q,— MR, 9

Assuming that the tracking process of the roll-pitch
seeker to the target is stable, the detector error angle &
can be regarded as a small quantity, which means that

qs =4, (10)

From (10), (9) can be transformed into
q = q,+(q— R = q,(1+Ry) —IR,. (1)

Generally speaking, R, is far less than 1, so (11) can be
transformed into

q" =q,—VUR,. (12)

Equation (12) shows the relationship between the LOS
angle, the attitude angle and the DRR. Considering the
DRR caused by the scale deviation, Fig. 2 can be modi-
fied into Fig. 4.

According to [21,24,27] and typical experimental data,
the range of k, is generally 10 to 100, the range of Kj is
generally 0 to 0.01, and the range of G(s) is generally 0
to 0.01. Therefore, we can obtain that K;K; < k,K;, and
Gp(s)/J, < k,Kr/J,. The back EMF loop and Gp(s)/J,
can be ignored. Fig. 4 will be simplified into Fig. 5.
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Fig. 5 Simplified model of roll-pitch seeker with disturbances

In the stabilized loop of the roll-pitch seeker system,
w,, represents the angular rate of the frame. Since angu-
lar rate gyro is not installed on the frame of the roll-pitch
seeker, w,, cannot be measured directly. We should
firstly calculate the frame angle ¢, by measured quantity,
and then extract the frame angular rate w,,, by a differen-
tiator. This process is called the semi-strapdown calcula-

tion of the roll-pitch seeker. G4(s) represents the calcula-
tion error gain of frame angle ¢r. In the ideal state, the
calculation error of frame angle ¢ is very small, and er-
ror gain Gu(s) =~ 1. The input and output of the whole
semi-strpdown calculation process are the frame angular
rate w,,. For the convenience of subsequent research, the
system can be further simplified into Fig. 6.

Disturbance
torque loop

wx

U Tracking loop

[T]

15 [*

Fig. 6 Simplified model of roll-pitch seeker without semi-strapdown calculation
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For further analysis, the roll-pitch seeker model shown
in Fig. 6 can be simplified. According to common prac-
tices [18,21,30,31] of seeker loop DRR research, we can
assume that L = 0,R = 1[18,31,32,33], and ignore the in-
fluence of the back EMF loop with the reason of K;K; <«
k,K; and ignore the details of semi-strawdown calcula-
tion. Equivalent gain of the tracking loop is recorded as
K, and the equivalent gain of the stabilized loop is recor-
ded as K,. From Fig. 6, we can obtain that

Kl :lesGls (13)
K> = kK Gyl . (14)
Therefore, Fig. 6 can be simplified into Fig. 7.
Disturbance
que loop
Dy

Fig. 7 Simplified model of roll-pitch seeker affected by DRR

From Fig. 7, we can obtain the modified DRRTF with
K, =R;/(1-Ry):
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R(s) = Aq(s) _ K, +s5Gp(s)/ KK,
A(s) (1/K,K»)s* +(Gp(s) + K>) /K Ky)s+ 1
(15)
Compared with (4), (15) increases the DRR caused by
the scale deviation. Because K K, > K, and K,, based
on the basic requirements of the seeker control system,
time delay process, correction network and high fre-
quency dynamics can be ignored for convenient analysis.
Under the combined action of disturbance torque and
scale deviation, the DRRTF R(s) can be simplified into a
first-order model, which is shown in Table 1. T, is an
equivalent time constant.

Table 1 Simplified first-order model of roll-pitch seeker’s DRRTF
Disturbance torque DRRTF Equivalent coefficient
. Ks-K, K,
S t Ru(s) = =
pring torque () Tost1 KK
. sK, — K, K,
Damping torque R, = , =
ping torqu w($) Tos+1 v KK,

O Parasitic loop

1

2.3 Model of guidance system

The inaccurate LOS rate caused by the scale deviation
will generate the wrong control instructions through the
guidance law and autopilot, and then generate additional
attitude movement of the missile body. This kind of vi-
cious circle is defined as the DRR parasitic loop. Fig. 8
shows the model of the roll-pitch seeker guidance system
with a DRR parasitic loop.

Ts+1

Seeker
dynamics

U Guidance loop

DRRTF Aerodynamics
Ts+1
Vs
s S S a,

NV, >

371 " (G741

Kalman Guidance -
law Autopilot

filter

Fig. 8 Guidance system model of roll-pitch seeker with parasitic loop

In Fig. 8, N is the proportional guidance coefficient,
the input of the guidance loop is the target maneuvering
acceleration, and the output is the missile acceleration.V,
represents the relative speed of the missile and the target.
t, = t; —t represents remaining flight time. 7', represents
equivalent time constant. 7, represents guidance time
constant. T, represents angle of attack time constant.
R(s) represents the DRR under the combined action of
the disturbance torque and scale deviation. Simplified
models of seeker dynamics, filters, guidance laws, and
autopilot are all shown in Fig. 8.

Conduct the following dimensionless operation on
each link of the guidance system as shown in Fig. 8:
§s=T,s
t_ f =t f / T
o (16)
T(l = Tzr/ Tg
T,=T,/T,

The roll-pitch seeker guidance system with a parasitic
loop shown in Fig. 8 can be simplified to the dimension-
less guidance system model in Fig. 9.
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Fig. 9 Dimensionless guidance system model

3. Lyapunov stability criterion of roll-pitch
seeker’s guidance system

3.1 Definition of Lyapunov stability

Based on the analysis of Section 2, we obtain the dimen-
sionless simplified model of the roll-pitch seeker’s guid-
ance system with the DRR parasitic loop. Analyzing the
influence of different parameters on the stability of the
guidance system is the key to the next step. Since the
guidance system shown in Fig. 9 is a time-varying sys-
tem, the Nyquist criterion and the Routh criterion, which
are commonly used to analyze the stability of time-invari-
ant systems, are no longer applicable. The Lyapunov sta-
bility criterion is used to analyze the stability of linear
time-varying systems and nonlinear systems. Therefore, it
is appropriate to select the Lyapunov stability criterion to
analyze the stability of the roll-pitch seeker’s guidance
system.

Definition 1 Stability in the sense of Lyapunov

If x=f(t,x) is a time-varying system, and x(0)=
f(t,0)=0,Yr >0, then, x =0 is defined as the equilibri-
um point of the system. This equilibrium point is (i) uni-
formly stable in the sense of Lyapunov if each & > 0 has
60=0(£)>0 independent of 7, such that |lx(f)| <
0= |[x(®)]| <&Vt >ty > 0, and (ii) uniformly asymptotic-
ally stable in the sense of Lyapunov if it is uniformly
stable and has a positive constant ¢ independent of #,, for
each > 0,7 = T(n) > 0 is observed, such that ||x(?)]| <7,
Ytz to+T (@), V|x)l <c.

A time-varying system, which is uniformly stable or
uniformly asymptotically stable in the sense of Lyapu-
nov, can be considered stable in the sense of Lyapunov.
For the guidance system of the roll-pitch seeker, a uni-
formly stable time-varying system cannot guarantee the
stability in practical application, and only a uniformly
asymptotically stable system can meet the requirements
of practical application. Therefore, we need to use the
Lyapunov stability criterion to analyze the range vari-
ation of the uniform asymptotic stability domain of the
roll-pitch seeker’s guidance system under the influence of
different parameters.

3.2 Lyapunov stability criterion represented by
passivity theorems

Usually, the method of using the Lyapunov stability cri-

terion is to construct the Lyapunov function of the time-
varying system, and judge the stability of the system by
the judge properties of the function. However, it is very
difficult to directly construct the Lyapunov function of
the roll-pitch seeker’s guidance system in Fig. 9. There-
fore, we use another indirect method, which requires the
use of the passivity theorem, to apply the Lyapunov sta-
bility criterion. Some relevant definitions and lemmas of
the passivity theorem are given as follows.

Definition 2 Passivity of time-varying memoryless
systems

The system y=h(t,u) is defined as a time-varying
memoryless system if the output of the system is inde-
pendent of state variables. If & satisfies the inequality:
au* < uh(t,u) < pu? for all (t,u), where @ and B are real
numbers with 8 > «, then & belongs to the sector [a,]. If
h belongs to the sector [0, 0], then the system y = A (¢, u)
is defined as passive. If & belongs to the sector (0,c0),
then the system y = h(t,u) is defined as strictly passive.

Definition 3  Strictly positive real transfer function

The single-input-single-output linear system transfer
function G (s) is defined as the strictly positive real func-
tion if and only if: (i) G (c0) > 0, (ii) all poles of G (s) are
in Re[s] <0, and (iii) Re[G (jw)] > 0,Yw > 0.

Lemma 1 Relationship between positive real and
passivity properties[34]

The system x = Ax+ Bu, y=Cx+ Du is a linear time
invariant system. If the transfer function G (s) = C(sI—
A)'B + D is strictly positive real, then the linear time in-
variant system is the strictly passive system. 4, B, C, D
are constant matrices, and I is the unit matrix.

Lemma 2 Lyapunov stability criterion represented
by passivity theorems[35]

Consider the feedback connection of a strictly passive,
time-invariant system Y(s) with a passive, time varying,
memoryless function A(t,u), which is shown in Fig. 10.

“ ha,uwy H Y(s) 4

v

Fig. 10 Feedback connection

Then, the origin of the closed loop system shown in
Fig. 10 is uniformly asymptotic stability in the sense of
Lyapunov.



1516 Journal of Systems Engineering and Electronics Vol. 32, No. 6, December 2021

3.3 Loop transformation for application of
Lyapunov stability criterion

Comparing the roll-pitch seeker’s guidance system in Fig. 9
with the feedback-connected closed-loop system in Fig. 10,
we know that the Lyapunov stability of the roll-pitch
seeker’s guidance system can be analyzed by Lemma 2.
The functions in Fig. 9 can be expressed as h(f,u) and
Y(s):

h(t,u) = —Sr (17
N
Y= —— - . (18)
3[(Z§+1) (TS§+1)_ VmC(‘a§+1)R(s)}

However, A(t,u) and Y(s) in Fig. 9 do not satisfy the
conditions in Lemma 2. In order to apply Lemma 2 for
stability analysis of the roll-pitch seeker’s guidance sys-
tem, A(t,u) and Y(s) in Fig. 9 need to be transformed in-
to equivalent systems that satisfy the conditions in
Lemma 2. If h(t,u) is a time varying, memoryless func-
tion, which belongs to the sector [,], and Y(s) is a time-
invariant system, then h(f,u) and Y(s) can be trans-
formed into Fig. 11.

Yo

Fig. 11 Equivalent feedback connection

Systems shown in Fig. 9 and Fig. 11 are equivalent in
terms of stability. In Fig. 11, A(t,u) and Y(s) are all trans-
formed into equivalent feedback connection A(t,u) and
Y(s). h(t,u) belongs to the sector [a,] in Fig. 10, and
h(t,u) belongs to [0,c0] in Fig. 11. A(t,u) in Fig. 11 is a
passive, time varying, memoryless function. According to
Lemma 2, if ¥(s) is a strictly passive, time-invariant sys-
tem, the origin of closed loop system shown in Fig. 11 is
uniformly asymptotic stability in the sense of Lyapunov.

According to Lemma 1, if the constructed function
G(s)=C(sI-A)'B+D of the time-invariant system
Y(s) is strictly positive real, then the time-invariant sys-
tem Y(s) is the strictly passive system and the origin of
the closed loop system shown in Fig. 11 is uniformly
asymptotic stability in the sense of Lyapunov.

1, represents any moment of the terminal guidance, and
the stability of the guidance system within a certain time
frame 7 € [0,#] is discussed. From (17), we know that

h(t,u) € [l ! ] (19)

iy (1)
The sector of h(z,u) can be expressed as [a,], which

means

: (20)

B 21)

C(H-5)

h(t,u) in (19) is not passive, so Ah(t,u) needs to be
transformed into ﬁ(t, u), which belongs to [0,c0]. The
transformation process is shown in Fig. 11, and Y(s)
needs to be transformed into ¥(s), too. Then, we can ob-

tain the constructed function:

N (L—s;+1)4(TS§+1)—N¥—;R(S)(TJ+1) +ffljfk
G(S) — 4 V. N
. (§+1) (T.5+1) = NgER)(T5+1) tT

(22)

According to the above analysis, we draw a conclu-
sion that if G(s) in (22) is strictly positive real, systems in
Fig. 11 and Fig. 9 are uniformly asymptotic stability in
the sense of Lyapunov within a certain time frame
7 €[0,%.]. From Definition 3, we know that there are three
conditions for G(s) to be strictly positive real:

(1) By substituting DRRTF in Table 1 into (22), for the

spring torque,

5 (§+1)4(TA§+1)—N&(K) K,) (T_”§+1> N
3 Vin (T.5+1)| T
G()=——— o)
5 (%H) (T5§+1)—N§(KA K) 2;:1) +g
m .5 :
(23)

where T, N, V¢, V.., K,, K,, T,,, 7, i are constants. Ac-
cording to the limit calculation rule and L’Hopital’s rule:
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B ¥ T,5+1
A =1lim|{N-(K~K,) ( - ) < (K-K,) =
|V, (TS§+1) s
- 4 _
B=1lim (-+1) (7,5+1)| = o0
N
C= hm — =
§—o0 tf—l‘k tf—tk
. N N
D=1lim—=—
500 fr tr

24

Since A, C, D are constants, according to the limit cal-
culation rule and L’Hopital’s rule, from (24), we can ob-

tain

5 T,5+1 T
lim (f.,_l) (—) &T‘Y
§—00 (sK,-K,) Vo T,
N
C=lim< =—, (28)
§—o0 tf—tk l‘f—tk
D= lim_g = E 29)
§—o0 [f [f

Since C and D are constants, according to the limit
calculation rule and the L’Hopital’s rule, from (26), (27),
(28), and (29) we can obtain

1517
s|B-A]+c
limG (5) = lim —————=1. (25)
— = 5|B-A]+D
For the damping torque,
oo E{(4§+1)4 (TS_H)_N“;_Z (sK,—K,) E;ﬁ:—-i; +%
5) = -
5 (£+1)4(TY§+1)—N&(SK\ K,)( i) N
4 ‘ Vi (T5+1)] T
(26)

where T,,N,Vc,V,,K,,K,,T,.I;,i are constants. Accord-
ing to the limit calculation rule and L’Hopital’s rule, in
(26), we can obtain that

(:+1)4(T +1) NVl ok k) =

§ooo o5 Vm Af—wo v

T 5 4 Ve T

oy (— 1) Y VALCETNNS 27
K, om\2 " VoT, @7

From (25) and (30), we find that G(c0) = 1 > 0 for both
the spring torque and the damping torque. Therefore, the
first condition is satisfied.

(i1) By using the Routh criterion to analyze the poles’
distribution of G(s), substitute DRRTF in Table 1 into

the characteristic equation, the expansion characteristic

tions for the spring ¢t d the damping t
llmG(s)—hm A+C 1 (30) equations for the spring torque and the damping torque
0o o SA + D are

1 29 53 7, 6

®,(G(s)) = Iy ol oo T (K=K,
(GO = 5550 T a00° Ts00° |200 ( )|+
010 6k ke 6T (K —K)|2+11+6(K - K15 +4 31)
_ - S -,
100 100 iy
1 29 6 4
B, (Gs) = ——5+——F+[ 2 - 2 KT\ +[1+6K]5+—
2 (66D =35600" T 5400° +(800 100" ")s FH+OK IS+ 2
76 6 - _ 6 i}
——— K, +—T,K,—-6K,T,|5 —-6K,+—K,+6T,K,|5 32
[200 100" 100 100 100 ]s (32)

Table 2 gives the selection ranges of parameters. 7, is
the dimensionless terminal guidance time, which cannot
be too short for precision attack. According to the calcu-
lation method of Rouse criterion coefficients and the
parameters selection range in Table 2, we can calculate
the coefficients one by one. We can draw conclusions

that the coefficients in the first column of the Rouse cri-
terion coefficient list are almost all greater than zero,
which means that all poles of G(s) are distributed in the
open left-half complex plane. Therefore, the second con-
dition is satisfied.

(iii) The third condition requires that the Nyquist plots



1518

of G(j@) are distributed in the right-half complex plane
for each @. Therefore, the distribution of Nyquist plots of

Journal of Systems Engineering and Electronics Vol. 32, No. 6, December 2021

G(j@) under the influence of different parameters need to
be analyzed in the next section.

Table 2 Parameters that affect the stability of the guidance system

Parameter Physical meaning Parameter type Values range

T, Dimensionless equivalent time constant Constant 0.01

N Proportional guidance coefficient Constant 4

VelVin The ratio of relative velocity to missile velocity Constant 1.5

To Dimensionless angle of attack time constant Variable 1-3
Irls Dimensionless terminal guidance time Variable 6—15

K Spring torque equivalent coefficient Variable 0-0.01
K, Damping torque equivalent coefficient Variable 0-0.01
K, DRR equivalent coefficient Variable —0.03-0.03

4. Simulations and analysis

From the analysis in the previous chapter, we can draw
the conclusion that if the Nyquist plots of G(j@) in (22)
are distributed in the right-half complex plane for each @,
and then systems in Fig. 9 and Fig. 11 are uniformly
asymptotic stability in the sense of Lyapunov within a
certain time frame 7€ [0,7]. From (22), we know that
several parameters may affect the distribution of Nyquist
plots. These parameters and their physical meanings and
values are listed in Table 2.

All the parameters listed in Table 2 will affect the
Nyquist plot distribution of G(j@) and thus affect the
range of the stability domain of the roll-pitch seeker’s
guidance system. We focus on the analysis of the influ-
ence of Tn,t_f,Kr,Kv,K, on the range of the stability do-

main of the roll-pitch seeker’s guidance system. Fig. 12
shows the Nyquist plots of critical stable states with dif-
ferent K, under spring torques. Fig. 13 shows the Nyquist
plots of critical stable states with different K, under
damping torques. Fig. 14 shows the Nyquist plots of cri-
tical stable states with different K, and invariant #, under
spring torques. Fig. 15 shows the Nyquist plots of critical
stable states with different K, and invariant 7, under
damping torques. From Fig. 12 to Fig. 15, we know that
under the action of the spring torque or the damping
torque, when K, is negative, f; that makes the roll-pitch
seeker’s guidance system reach the stable state is larger
than that when K, is positive. This indicates that when
other conditions are the same, the roll-pitch seeker’s
guidance system is more likely to be in a stable state if K,
is negative.

T T T T T T
0.5
0| —AZZ j
2 —05F | | / |
é H " /
S -10l N / |
5 /
g ! ~. *K=0.03,#=6.08, cirtical stable
= 20 K =0.03, 1,=5.8, stable _ $ ;
25} S .
~ " K=0.03,1=7.9, stablg
3.0} SR — " *K=-0.03,1=8.1, unstable-
35 i i TRk =0.03, 1,=7.98, cirtical stable
' 0 1 2 3 4 5 6
Real axis

Fig. 12 Nyquist plot of different K, with spring torque
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251 _— - .
- K,=—0.03, £,=7.9, stable|
—3.01 u “> K=—0.03, #,=8.1, unstable-
35 . : | *K=-0.03, 4,=7.96, cirtical stable
' 0 1 2 3 4 5 6
Real axis
Fig. 13 Nyquist plot of different K. with damping torque
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s
£ 20k ' \_»K =0, 4,=7.98, unstable 1
25} N .
-3.0 |- §
-35 i . - —_— s i
-1 0 1 2 3 4 5
Real axis
Fig. 14 Nyquist plot of invariant ¢, with spring torque
1.0 T T T T T
05 # k=-0.03, 1,=6.12, stable
il /" 4k=0, 1=6.12, stable ]
}k,‘:0.03, ,=6.12, cirtical stable
5 05F B A
o :
< A
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Fig. 15 Nyquist plot of invariant ¢, with spring torque

Under the condition that the final guidance time #; is 7 s,
10 s and 15 s respectively, the relationship between the
unstable state time interval of the roll-pitch seeker’s guid-
ance system and the spring torque coefficient or damping
torque coefficient is considered in Figs. 16—19. f,,, = f;—
f, represents the time interval of the unstable state. With-

in the same terminal guidance time, the larger the time in-
terval of the unstable state 7,, is, the shorter the time in-
terval of the stable state of the guidance system is, and
the more severe the condition that satisfies the stable state
requirements of the guidance system will be. Fig. 16 and
Fig. 17 show the relationship between the time interval of
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unstable state f,,, and spring torque coefficient K, with
different K,. Fig. 18 and Fig. 19 show the relationship
between unstable state time interval %, and damping
torque coefficient K, with different K.

0.004  0.006  0.008

0 0.002

0.010
— =TS, - — :t;-:IOS; —-—:t=15s.

Fig. 16
(K;=0.03)

Relationship between the unstable interval and K

2.35 . . . ;
230} — =1
225 — =T i 1
220F
2.15F

2210f -

~205f ==
2.00F
195
190}
1.85

1 1

0 0.002  0.004
K,

— =Ty — = =108, —-— =155,

1 1
0.006  0.008 0.010

Fig. 17
(K,=—0.03)

Relationship between the unstable interval and K

0.004  0.006  0.008

0 0.002

0.010
— =TS, - - ,?/'.:1() $; —-—:t=15s.
Fig. 18 Relationship between the unstable interval and K,
(K=0.03)
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[
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1.8

1.7

1.6
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0.004  0.006  0.008

K,

- - 14=10s;

1
0 0.002 0.010

— =T s —-—:t=15s.

Fig. 19
(K,=—0.03)

Relationship between the unstable interval and K,

From Fig. 16 and Fig. 17, we know that under the ac-
tion of the spring torque, the time interval of the unstable
state 7,,, increases with the increase of the torque coeffi-
cient. If the final guidance time 7; increases, the time in-
terval of unstable state 7,,, will also increase correspond-
ingly. When K, is positive, the time interval of unstable
state f,,, is greater than that when K, is negative.

From Fig. 18 and Fig. 19, we know that under the ac-
tion of the damping torque, the time interval of unstable
state f,,, decreases with the increase of the torque coeffi-
cient. If the final guidance time f; increases, the time in-
terval of unstable state #,,, will also increase correspond-
ingly. When K, is positive, the time interval of unstable
state 7., is greater than that when K, is negative.

When the final guidance time f; is a constant, the rela-
tionship between the unstable state time interval 7., of
the roll-pitch seeker’s guidance system and K, under the
action of the spring torque or the damping torque is con-
sidered in Fig. 20.

11 ; . . ;
10
9
8
7
26
Ts
4
3
2
1 1 1 1 1 1 1 1
~0.03-0.02-0.01 0.00 0.01 0.02 0.03 0.04 0.0
S K;O.Ol;KZ —:K=0.01.

Fig. 20 Relationship between unstable interval and K, (¢£=10 s)

From Fig. 20, we know that when the final guidance
time 7, and the torque coefficient are fixed, whether un-
der the action of the spring torque or the damping torque,
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the time interval of unstable state 7,,, will increase with
the increase of K,. When K, increases from —0.03 to
0.03, the time interval of unstable state 7, increases
slowly. When K, exceeds a certain range, with the in-
crease of K,, the time interval of unstable state 7, be-
gins to increase rapidly.

T, represents the time constant of the attack angle,
which is an important parameter in the DRR parasitic
loop of the roll-pitch seeker’s guidance system. The DRR
parasitic loop parameter T, will also affect the stability of
the guidance system. From Fig. 21, we know that under
the action of the spring torque, with the increase of T,,
the suitable spring torque coefficient K, which makes the
roll-pitch seeker’s guidance system critical stable, will
decrease first quickly and then slowly. With the increase
of K., the suitable spring torque coefficient K;, which
makes the roll-pitch seeker’s guidance system critical
stable, will increase correspondingly. From Fig. 22, we
know that under the action of the damping torque, with
the increase of T,, the suitable damping torque coeffi-
cient K,, which makes the roll-pitch seeker’s guidance
system critical stable, will decrease first quickly and then
slowly. With the change of K,,K, changes in a small range.

0.12 T T T T

0.10
0.08
X 0.06
0.04

0.02

—— K=0.03; — —:K=0; —-—:K=0.03.
Fig. 21 Relationship between K, and T,

0.045 . . . ;
0.040
0.035
0.030

0025
0.020
0.015
0.010 B S T
0.005 - =]

1 2 3 4 5 6

— K=0.03; - —:K=0; —-—-:K=0.03.

Fig. 22 Relationship between K, and T,

5. Simulation analysis of guidance system with
roll-pitch seeker

From the analysis in Section 4, we can obtain the follow-
ing three conclusions:

Conclusion 1 (From Figs. 12—15 and Fig. 20) When
K,(or K,), T, and t; are the same, the roll-pitch seeker’s
guidance system is more likely to be in a stable state if K,
is negative. The guidance system will become more in-
stable when K, increases.

Conclusion 2 (From Figs. 16—19) Under the action
of the spring torque, the time interval of unstable state 7,
increases with the increase of torque coefficient K. Un-
der the action of the damping torque, the time interval of
unstable state 7,,, decreases with the increase of torque
coefficient K, .

Conclusion 3  (From Fig. 21 and Fig. 22) Under the
action of the spring torque, with the increase of T,, the
suitable spring torque coefficient K, which makes the
roll-pitch seeker’s guidance system critical stable, will
decrease. Under the action of the damping torque, with
the increase of T,, the suitable damping torque coeffi-
cient K,, which makes the roll-pitch seeker’s guidance
system critical stable, will decrease.

These three conclusions are obtained through Lyapu-
nov stability analysis for the guidance system. To show
the effectiveness of the stability analysis of the guidance
system, we choose suitable parameters combinations for
comparison to simulate the model of the complete guid-
ance system.

In Section 2, a complete guidance system model in-
cluding a roll-pitch seeker is presented. The guidance sys-
tem guides the missile to fly to the target through the
guidance information output by the seeker. Therefore, the
accuracy of the guidance information will affect the miss
distance of the guidance system. The instability of the roll-
pitch seeker will cause errors to the guidance information.
Therefore, in the complete guidance system model, the
miss distance can be used to evaluate the stability of the
guidance system.

We choose the same error interference source as the in-
put of the guidance system and get the dimensionless
miss distance of the guidance system under different con-
ditions by simulating different parameter combinations.
The guidance system model is shown in Fig. 23. The roll-
pitch seeker can only output the LOS angle so that we can
choose LOS angle error as the inputs of the guidance sys-
tem. Simulation conditions and parameter combinations
are shown in the following Table 3, in which N =4,
V. =600m/s,V,, =400m/s, t, = 10s.
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DRRTF Aerodynamics
T,s+1
R (: < s
) 7
n Parasitic loop
Miss distance
T T s L a,
AU Tstl e [ NVe = (F Ty g
ki
dsrf::nfilc-:s Kalman Guidance Autopilot
Y filter law
I L 1
U Guidance loop nput LOS angle error
Fig. 23 Guidance system with error inputs
Table 3 Parameters for simulation of guidance system
Figure Torque Parameter Description
Fig. 24 Spring I =3,K;=001, K, €[-0.03,0.03]  Verify Conclusion 1: the influence of K, on
' Damping T, =3,K, =0.01, K, € [-0.03,0.03] the stability of the system
Fig. 25 Spring T, =3,K,=0.03, K, €[0,0.01] Verify Conclusion 2: the influence of K on
’ Spring T, =3,K, = -0.03, K, €[0,0.01] the stability of the system
Fig. 26 Damping T, =3,K,=0.03, K, €[0,0.01] Verify Conclusion 2: the influence of K, on
' Damping Ty =3,K,=-0.03, K, €[0,0.01] the stability of the system
Fig. 27 Spring K, =0.03,K, =001, T, € [1,6] Verify Conclusion 3: the influence of 7, on
Spring K, =-0.03,K,=0.01, T, €[1,3] the stability of the system
Fig. 28 Damping K, =0.03,K, =001, T, €[1,6] Verify Conclusion 3: the influence of T, on
Damping K, =-0.03,K, =0.01, T, €[1,3] the stability of the system

Fig. 24 to Fig. 28 show the simulation results of guid-
ance system’s dimensionless miss distance under differ-
ent parameters conditions. From Fig. 24, we know that
when K, (or K,), T, and 7; are the same, the guidance
system will becomes more instable when K, increases,

which can be shown by the increase of dimensionless
miss distance in Fig. 24. We can also find that the dimen-
sionless miss distance becomes divergent when K,> 0.01
in this simulation. These simulation results can verify
Conclusion 1 in Section 4.

15 15
8 3
=) =]
8 8 -
S0} 510
6 5
= =
S st S 5
2 é
o Q
£ £
=) =)

0 0

0 10 15 0 10 15
Time/s Time/s
(a) Under spring torque (b) Under damping torque
—: K=-0.03; ——: K=-0.02; :K=001; — :K=0; ——:K=0.01;, ——:K=0.02; 1 K=0.03.

Fig. 24 Dimensionless miss distance with different K, under spring and damping torques

Fig. 25 and Fig. 26 show the torque coefficients’ influ-
ence on dimensionless miss distance of the guidance sys-
tem. In Conclusion 2, f,,, represents the time interval of
the unstable state. Therefore, the guidance system will be
more likely to be stable with the decrease of #,,,. From

Fig. 25 and Fig. 26, we know that under the action of the
spring torque, the dimensionless miss distance increases
with the increase of K, and under the action of the damp-
ing torque, the dimensionless miss distance decreases
with the increase of K,. From Fig. 25 and Fig. 26, we can
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obtain that Amiss ~ 100AK, when K, is positive, which  sionless miss distance with K,= —0.03 is approximately

means that when K, increases from 0 to 0.01, the dimen- double of that with K,=0.03. These simulation results
sionless miss distance increases by one unit. The dimen-  can verify Conclusion 2 in Section 4.
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Fig. 25 Dimensionless miss distance with different K, under spring torque
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Fig. 26 Dimensionless miss distance with different K, under damping torque

Fig. 27 and Fig. 28 show that when K, (or K,) is the  increase of T,, which means the guidance system will be-
same, the dimensionless miss distance increases with the come more instable with the increase of T,.
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8 40} g9
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(a) K=0.03 (b) K=-0.03

Fig. 27 Dimensionless miss distance with different T, under damping torque
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Fig. 28 Dimensionless miss distance with different T, under damping torque

Under the action of the spring the torque, the dimen-
sionless miss distance with K,= —0.03 is approximately
double of that with K,=0.03. Under the action of the
damping torque, the increase of the dimensionless miss
distance from K,=0.03 to K,=—0.03 is not as large as
the condition under the spring torque. These simulation
results can verify Conclusion 3 in Section 4.

6. Conclusions

In this paper, the DRR and the parasitic loop model of the
roll-pitch seeker are established. Based on the Lyapunov
stability criterion and the passivity theorem, the relation-
ship between the stability of the guidance system and the
parameters of DRR and DRR parasitic loop is simulated
and analyzed. From the simulation and analysis, we can
draw conclusions as follows:

The stability of the roll-pitch seeker’s guidance system
is affected by the DRR and the DRR parasitic loop of the
roll-pitch seeker. The DRRTF and the model of the DRR
parasitic loop is different under the action of different
types of disturbance torque. The causes of the roll-pitch
seeker’s DRR are analyzed systematically, and the rela-
tionship between DRR caused by scale deviation and
LOS angle is derived for the first time. As a nonlinear
time-varying system, roll-pitch seeker’s guidance system
requires the Lyapunov stability criterion for the stability
analysis. By dimensionless variation, the roll-pitch seeker’
s guidance system can be equivalently simplified, and
then Lyapunov stability analysis can be carried out by ap-
plying the passivity theorem.

According to the Nyquist analysis, we know that the
DRR and DRR parasitic loop parameters T(,,t_f,Ks,Kv,K,
will affect the stability domain range of the roll-pitch
seeker’s guidance system. From simulation of the guid-
ance system, we know that when K, (or K,), T, and ty
are the same, the guidance system will become more in-
stable when K, increases. The dimensionless miss dis-
tance becomes divergent when K,>0.01 in this simula-

tion.

Under the action of the spring torque, the dimension-
less miss distance increases with the increase of K, and
under the action of the damping torque, the dimension-
less miss distance decreases with the increase of K,. We
can obtain that Amiss ~ 100AK, when K, is positive,
which means that when K, increases from 0 to 0.01, the
dimensionless miss distance increases by one unit. The
dimensionless miss distance with K,= —0.03 is approxi-
mately double of that with K,=0.03.

When K; (or K,) is the same, the dimensionless miss
distance increases with the increase of T,, which means
the guidance system will become more instable with the
increase of T,. Under the action of the spring torque, the
dimensionless miss distance with K,=—0.03 is approxi-
mately double of that with K,=0.03. Under the action of
the damping torque, the increase of the dimensionless
miss distance from K,=0.03 to K,=-0.03 is not as large
as the condition under the spring torque.

The results of this paper can provide a reference for the
stability design and analysis of air-to-air missile with a
roll-pitch seeker. At the same time, this paper can also
provide a theoretical basis for the design and analysis of
DRR and DRR parasitic loop parameters of the roll-pitch
seeker and provide a reference for stability analysis of
other types of seeker’s guidance systems.
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