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Abstract: This paper proposes a time-varying sliding mode con-
trol method to address nonlinear missile body kinematics based
on the suboptimal control theory. The analytical solution of sub-
optimal time-varying sliding surface and the corresponding sub-
optimal control law are obtained by solving the state-dependent
Riccati equation analytically. Then, the Lyapunov method is used
to analyze the motion trend in sliding surface and the asympto-
tic stability of the closed-loop system is validated. The subopti-
mal control law is transformed to the form of pseudo-angle-of-
attack feedback. The simulation results indicate that the satisfac-
tory performance can be obtained and the control law can over-
come the influence of parameter errors.
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1. Introduction

The optimal control method is a well-known method in
the design of the linear time-invariant system. The optimal
solution can be obtained by designing the target function
and solving the corresponding Riccati equation [1-5].
The traditional design of the nonlinear control system is
to select the specific operating points and linearize the
original system, and then design the control law based on
the approximate linear system [6,7]. The suboptimal con-
trol method which evolved from traditional optimal con-
trol has been widely used in the nonlinear control system
design [8—14]. The application of suboptimal control is
based on the pseudo-linear structure constructed from the
original system model. The crux of system design and
analysis is the stability analysis of the closed-loop sys-
tem in the operational range [15].

The traditional way of getting the suboptimal control
law is based on the numerical solution of the state-de-
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pendent Riccati equation, which hinders the stability ana-
lysis and prompts researchers to find the analytical solu-
tion of Riccati equation. In [16,17], the analytical solu-
tion of Riccati equation in the specific form has been
used to design and analyze the nonlinear system with the
particular structure. In [18], the analytical solution of the
two-dimensional state-dependent Riccati equation was
proposed to design the suboptimal control law and ana-
lyze the stability of the closed-loop system. The subop-
timal control law proposed in [18] is composed of the
feedback of acceleration and the pitch rate, ensuring good
performance under the nominal model. However, when
the actual value of the model parameters deviates from
the nominal value, the control effect will quickly deterio-
rate. It is known that in actual application, it is hard to get
the accurate model, indicating that the model bias always
exists [19]. Hence, for the design of missile autopilot, the
robustness of the control system must be considered.

Sliding mode control is a nonlinear control method
widely used in engineering design [20—24]. This control
method shows good robustness by designing appropriate
sliding surface, ensuring satisfactory response perform-
ance in the presence of model parameter deviation [25].
To obtain better control effect, the traditional linear time-
invariant sliding surface has been improved to the time-
varying sliding surface [26—28]. In [29], a kind of sliding
mode control method based on state transition was pro-
posed aimed at the multivariable system, which was com-
bined with the optimization of the indicator function.

In actual engineering, we often encounter time-vary-
ing systems in which the model parameters change with
states, and the design of time-invariant sliding surfaces
may not guarantee the control effect under different sys-
tem states. By using the measurable system state informa-
tion to adjust the parameters of the sliding surface, the
design of the time-varying sliding surface can ensure that
the control effect will not change significantly under dif-
ferent conditions. In [27] and [28], the time-varying slid-
ing mode control law was designed for the inverted pen-
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dulum and the robotic manipulator, and achieved good
control effects. In [30], the design using time-varying
sliding surface overcame the influence caused by the non-
linear aerodynamic parameters.

Aimed at the nonlinear system, designing sliding sur-
face with the suboptimal theory is an approach to im-
prove sliding mode control. In [30], the linear approxi-
mate approach was used to acquire the suboptimal slid-
ing mode control law based on the missile nonlinear mo-
del. However, it is difficult to analyze the stability in the
sliding mode designed in [30], because only the numeri-
cal solution of the sliding surface can be obtained. Al-
though the suboptimal sliding mode control method has
good robustness, further study is needed to analyze the
stability in the nonlinear sliding surface.

In this paper, aimed at the missile nonlinear model, the
state transition is utilized to design the suboptimal slid-
ing surface, and its analytical expression is solved to
design the control law. On the basis of analytical solution,
the stability in the nonlinear time-varying sliding surface
can be acquired, and the control law can be adjusted to
the form of pseudo-angle-of-attack feedback.

2. Missile model

In this paper, the object of study is the missile longitudi-
nal model, and the coordinate system is shown in Fig.1[18].

Fig.1 Missile longitudinal model

Consider the following model:

s
d=w,+ ZW(CM +C0)

(1)

. _q5d

W, = I—y(CM(,a' + C150 + Cig, wy)
where a,w,,6 represent the angle of attack, the pitch rate
and the fin deflection angle, respectively. Q is the opera-
tional range of «, i.e., ¥ € Q. ¢,S,m,d, 1,V represent the
dynamic pressure, the characteristic area, the mass, the
characteristic length, the moment of inertia about the
pitch axis and the total velocity, respectively. Cz,, Czs, Ciras
Cus> Cue, are aerodynamic coefficients. In this coordinate
system, Cz,,Czs,Cus,Cu,, are negative, and the sign of
C. 1s dependent on the static stability of the missile, i.e.,
when the missile is statically stable, C,,, has a negative
value, otherwise Cy, is positive.

Assumption 1  C,,,C,, are functions of angle of at-
tack @, and the values of Cz;,Cuys,Cu,,.m,V are con-
stants.

Remark 1 For a€Q, Assumption 1 is reasonable
because of the approximation of the trigonometric func-
tion, and the application of the sliding mode can com-
pensate the error from the approximation.

The output of the system is acceleration a., and the
output equation is given as

S
a.= L (Crua+ Cu). 2)
m
Define dynamic coefficients as follows:
S
a = anCZ(t
Sd
a = qI_yCMa/
Sd
w=2%c,, . 3)
1,
S
b =Co
Sd
b, = 1 I Cuys

Define e=a.—a., E = je, where a. is acceleration
command. Above-mentioned equations can be rewritten
as follows:

@ a, 1 0 07 b| 0
d)y = a as 0 Wy + b2 0+ 0
E a, Vv 0 0 E b] \% —d,

“)
The states of the denoted by x=

T
[ a w, E ] . To facilitate analysis, redefine the state

system is

variables as follows:

b,
=a—-—w
21 b2 y
by ®)
: E -
T
Z3=E

Define z = [ 2l 2 3 ]T, and (5) can be denoted by

a matrix form z(¢) = Lx(t), where

b
1 —— 0
b,
L= b,
0 1 T
b,V
0 O 1
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Because b, b, are constants, (4) can be represented as follows:

bl bl b% 4] b] a, bl i b2 das
. a——a, —a —-—a -——a; ————t——-—
e TR BYTRETTR Vv v TV o 0 0
. b, a, b, b, b
L | = -—= —a,—a, + ———a,+ |+ O |6+ 2 6
2 a blal zaz a, +as vV bV 1 blVa3 2 b]VaL (6)
; b
s (JIV —laIV a, 23 blV —d.
b,

The system matrix of (6) is denoted as A(a), and
a;;(i=1,2,3, j=1, 2, 3) represents the element of the
matrix.

3. Suboptimal sliding mode control law design

To facilitate the design of the control law, assume that the
acceleration command is 0, i.e., the last term of (6) can be
neglected, and the system response will tend to be 0.

Remark 2 The assumption that acceleration com-
mand is 0 is based on the transition from the reachability
problem to the controllability problem. Although reach-
ability is not equivalent to controllability for the nonli-
near system, the approximate treatment is reasonable in
the engineering design.

Noting that input control term ¢ only exists in the third
line of the matrix of (6), the sliding surface can be defined as

0(z, 1) = ¢, (D)z) + ()22 + 23. 7N

Under sliding mode control, the system motion state
can be divided into two parts: the state variables move
from outside the sliding surface to inside and then con-
verge to origin in the sliding surface. Define u =¢6. The
control term u only directly acts on the third line of the
matrix of (6) to prompt the system states to converge to
the sliding surface. When states arrive, o(z, t) =0, and
the following equation holds:

23 = —¢1(0)z1 — 2(D)2s. ®

At the moment, z; works as a control term for the first
two lines of the matrix of (6).

First, design sliding mode control law u to realize the
state movement in the first part. Take the derivative of the
sliding mode variable o and obtain the following equation:

O=Cz21tC1 21+ e+t =
(cray; +Cray +az; + 1)z +(crap + can+

A + )2 +(C1a13 + Coa03 + az3)z3 + by V. ©

The control law can be designed as

u= {[(c1a11 + o021 + a3y +¢1)zi+

1
b|V
(cra12 + Cram + as, + 63)z, +(craz+

Crly3 + a33)73] + ko) (10)

where k>0 is a constant parameter designed. Substitut-
ing (10) into (9), the following equation can be obtained:

o = —ko. (11)

After the states arrive at the sliding surface, the system
can be denoted as

2 _| an an 2
2 ay axn 2

a
Define A’y =

ay dp

a3

]z3. (12)

((5X]
, ags -
}, A= [ ] Design the
((5X]
quadratic cost function as follows:
1= o
J—EL x"Qxdr (13)

where Q is the positive definite matrix. Define Q' =

o= g §u ] anla o] eue

R>2, and the indicator function can be rewritten as
J= lfm 2'Q'zdt =
2 Jo
1 e ) , ,
5 L (le,zQ 11212 +2z{2Q nZ+0 22z:’;)dt. (14)

Remark 3
control term u is not considered, because the design of

In the indicator function of this paper,

the suboptimal sliding surface is based on (12) that does
not contain u.
Construct the Hamilton function as follows:

_ T ’ T ’ 2
H= (ZI,ZQ nZi2+ 211$2Q/1zz3 +0 2213) +

/IT(A’1121,2+A/1223) (15)

N =

. . o0H
where A is the Lagrange vector. According to P 0,
<3
the following equation is obtained:

3= —Q;z_l(Q,12T21,2 + AllzT/l)- (16)
Assuming that 1 = Pz,,, and neglecting the derivative
. OH
of P, according to A = B the Riccati equation can be

212
derived as follows:
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PA’ |, +A/11TP+Q'“—
(PA'2+0' )0 (@, +A ' P)=0.  (17)
Deﬁning AA/“ = A/1| _A,IZ ,2271 ,12T> QA’U = Q,ll_
0,05, 'Q',", (17) can be rewritten as
PA', +A' | P+0,, —PA' L0, A',"P=0. (18)

The key to obtain the analytical expression of the sub-
optimal sliding surface is to solve matrix P by the analy-
tic method.

Choose
ki 2—2—;k1 0
0= _lb)_;kl %k1+k2 _zbl:_zvkz
—b[T—ZVkZ %kzﬂg

where ki, k,, k; are non-negative constants designed.
Then Q' =diaglk,, k,, ks3], ie., Q' =diaglk,, k],
0, =k, 0',=0, @, =0. Equations (18) and (16) de-
grade into the following equations:

PA' |, +A"\,"P+Q',,-PA',Q,,'A’,"P=0, (19)

3= _lez_lA'lzTPZLz- (20)

Lemma 1 [18] The two-dimensional state dependent
Riccati equation has a positive definite stabilizing solu-
tion P and the analytic solution can be obtained, if the
following three conditions are satisfied on Q:

Condition 1 All matrices in (19) are continuous mat-
rix-valued functions.

Condition 2 (', and G are positive semidefinite,
where G =A",Q), 'A’},".

Condition 3 The matrix pair (A’;, G) is pointwise
controllable, and the matrix pair (A’y,, Q’,,) is point-
wise observable, where G = GG™.

More details about the analytic method of solving (19)

can be found in [18], and there is no more tautology here.
b 3
Assumption 2 b—laz —a, + Za3 is negative on Q.

Remark 4 Note tzhe following equation:

by .
—a,—a —ax =
b2 2 1 4 3
qS CZ(F 3dmV
— | =—Cue—Cze + ——Cpp, |- 21
mV \Cos M z al, Maw, (21)

dmV .
Because —— has a much larger value, the sign of the

third term in parentheses plays a dominant role in most
cases. Then it is reasonable to make Assumption 2.
Theorem 1  Choosing &, >0, k, =0, k3 >0, under

the indicator function (14), the analytical expression of
sliding surface (7) can be represented as follows:

1 apay —dppdy
g =— \/(_i+a11+a23— Z1+
as ax a3z —agnda

(61126121 —dandy ap

+ —)Zz +23 (22)

ay a3 —dapdys  dis

ky
where d = (a;, — ay)* +4anas +“%3k_-

Proof Obviously, the Riccati e&uation (19) satisfies
Condition 1 and Condition 2 in Lemma 1. Verify Condi-
tion 3 as follows.

The controllability matrix is as follows:

a3 anapt+apds
M. = . (23)
Ax3 Ay A13+ Axndos
Noting that a;a, —ana,; =0, the determinant of M,
can be derived as follows:

— 2 2 _
Det(M,) = 1473+ Apnad 3023 — d11Ax3d13 — A1y =

a13(ar Q13 — a11a23). (24)

Because a; <0, under Assumption 2, a;;3>0. x,
X.p» X represent the distances from the nose of the mis-
sile to the aerodynamic center, the center of pressure and
the center of gravity, as shown in Fig.1. Then the follow-
ing equations hold [18]:

Xep = Xeg
7
Xef = Xeg

CM5=CZ5 d . (26)

In this paper, we only study the missile with normal
configuration, i.e., x., < x.,. Using (25) and (26), the fol-
lowing relations hold:

CMa:CZa

(25)

bz qu CMg
—Za="c, -2, |=
a bl a; Iy ( Ma CZ(i Za/)
S
q[_CZa(xcp - xr_/) > 0’ (27)
b b
ax iz —ad)dxy = b]_ZV (az - b_Tal) > 0. (28)

Hence, the matrix-pair (A’ G)is pointwise controllable.
The observability matrix is as follows:

k 0
0 k,
M, = . (29)
kiay,  kap
kaayy  kyax

Because a; <0, b; <0 and b, < 0, under Assumption 2,
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a;, >0and M, is a column full rank matrix. Hence, the
matrix-pair (A’;, Q’,,) is pointwise observable.

P2 P2
of Riccati equation in Lemma 1, the matrix P in (19) can

be represented as follows:

Define P = [ P Pre ] Using the analytical solution

ks

Pr= DetM.)y?

{[2023(ﬂ12021 —aya,)(a)0x3 — A130;,)+

2, 2
a1 (a0 — A13G21)" + AU (A1 Ay — A12051)+

Q1205 Gp3(A11 03 — A13G51)] + ‘/E[(auaﬂ —a;an)’+

a§3(a|2a21 —anflzz)]}, (30)

P2 {[013(012021 —ay1ay)(a;3ay —

~ (Det(M,))*

Ax3a11) — A13(A11Gxp — Q12001 (G230, + A13a21) |+

\/3[—“13423(%26121 —allazz)]}’ (31)

ks

P2 = Dem,))?

2
{[a|3all(alla22 —apdy)+

afzam(a“an —ayag)]+ ‘/3[0%3(012021 —anazz)]}- (32)

Substituting the relation aj;ax, —apa; =0 into (20),
the following equations can be obtained:

1
= k_(ampn +anppi) =
3

1 —
_(@MHMBM (33)

b
a3 a1 a3 —addam3

1 a0, —a,a a
¢ = —(aipn+anpn) = e (34)
ks dy a3 —dpdys  dps
The proof of Theorem 1 is completed. O

Remark 5 In this paper, choosing k, =0 is to sim-
plify calculation. The choice of ki, k,, k3 only needs to
satisfy the conditions that at least one of k;, k, is positive
and k; > 0.

4. Analysis of stability in sliding surface

Substituting (33) and (34) into (8) and (12), the follow-
ing relations hold:
<1
, (35)
22

2
Z

’ ’
A cll A cl2

’ ’
A c21 A 22

b
A= b—laz—al+a3— \/;l, (36)

2

b| b% b]
A, =——a+—=a,— 1 +—as, 37
12 bzal b% a b, as 37

b b a (38)

b
‘= —(b—laz—al +a3). (39)
2

Under Assumption 2, using (27), the following rela-
tions can be obtained: A/,;, <0, A.,, <0,A, >0,A/,, >0.

cl2 21 22

b : b
Assumption 3 (b—laz —a, +a3) - (az - b—zal) is nega-
2 1

tive on Q.
Remark 6 The following equation holds on Q:

b ’ b SV ( Cas
(b_:az—al +a3) —((lz— b_Tal) = (an) (C_;‘;CMQ_

amV ? qSd
Crat —Chuo | - =
S M‘) I

CM6

CMn__ Za |-
( Ca ) (40)

Sd S\ .
Because V hasalarge value, ql > (_q V) holdsinmost
m

y

C dmv .\’
cases. Although the value of (C—Z(SC o — Czo + T—C ij,)

Ms y

. C .
is greater than that of (CMQ—C—WCZQ), Assumption 3
zs

Sd
usually holds on Q because of the amplification of ©e

. ky a%z by . ",
Assumption 4 —3a;+ —— —4|-—a,—a, | is positi-
ks as b,
ve on £.
Remark 7  To keep the tracking error as small as

possible, we choose that k; > k;. Considering V has a
k, @
large value, k_l — has a small value. Under Assumption 2,
3 a3
Assumption 4 usually holds.
Theorem 2  Under Assumptions 2 and 4, the system
(35) is asymptotically stable on Q, if there exists a posi-

tive constant « satisfying the following relations:
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12

1 1
—A i+ A o +24, - \/(A'cu — Ay =243) +8A A

su <k<
aeg 4'14/1,'21
1 12
. oA, AL, A A 245+ (A — Ay = 245) +8A A,
inf{ min| — y——, (41)
e Ao 24 4A’
2
where 4, = (a0 — apnay ). V.= %(Zl +K2) + %Z% (42)

Proof Consider the following Lyapunov candidate

function:

Obviously, V; is positive and bounded. Take the deri-
vative of V; and the following equation can be obtained:

Vi = (21 +K2) (&1 +K22) + K22y = [ i 2 ][(A’z‘ll +KA o1 +KA oy + A 12 + 25 A o1+

KA + KA ey + A iy + 2CA 1 + KA ey + KA 12 + 2K2A,('22)/2:| [ 2 ] = ZT, 2AZ1 (43)

The characteristic polynomial of A, is as follows:
/12 - (A,('ll + KA,C'ZI + KA,C]Z + 2K2A/L.22)ﬁ+
(A ey + KA ) (KA 12+ 26 A 20)—

(KA oy + Aoy + 2CA ) + KA ) 0
4 - (44)

If V, is negative definite, the following inequalities
should be satisfied:

Al +KAL, <0, (45)
KA., +2K7A.,, <0, (46)

(A1 + KA ) (KA 12 + 285 A 2)—
(KA1 + A1+ 26CA 01 + KA 22)”
> 0.

4
A,cll
Ay’
Then, analyze the condition for the establilshment of (47).
Noting the relation A/ A’,, — A/ ,A.,, :AAE/,, the left-hand

side of (47) can be rewritten as follows:

(47)

A,
——”2), (45) and (46) hold.

Wh < min|—
en kK mm( YO

(A1t + KA 21) (KA 12 + 2K2A,c‘22)_

’ ’ ’ 2
(KA 11 + A oy + 2CA 1 + KA 122) _
1 =

1 1
1 [2’(11;1 +2PA o = A+ k(A oy —A'czz)} :
1
[2Kﬁf4 —2CA g + A — k(A o1 —A,czz)] . (48)

Noting that d = a3 +4(a2 - %al) + %a@, the follow-
1 3

ing equation can be obtained:
1 2
(A/cll —A'p+ 2[114\4) +8A" A o1 =

1
(A + A/czz)z +4A" A o +HA g A'czz)Af// =

b b
d+4(b—la2—a1 +a3) ‘/3—4(612—]7—2(11)—

2 1

b 2
4(—la2—a1+a3) +4
b,

b 2
Z(jaz—al +a3)— \/6_11|A:;1 =

2

k b
ag + k—;a% +4(b—;az—a] +a3) Vd-

b 2
4(—1612 —-a +a3) +4
2

b 1
2(—'a2 —a, +a3) - \/c_i]zl;;.
by (49)

b ’ b
Under Assumption 2, —4(b—1a2 —a; + a;) and 4 [Z(b—l

2 2

1
a—a, +ay)— Vd A4 are negative. Noting that Vd > -as,

under Assumption 4, the following equation holds:

k b
a§+—'af3+4 —Lay—a,+as| Vd <
ks b,
k b
a§+ k—;af_3 —4(b—;a2—a1 +a3)a3 =
k @ b
as a3+—lﬁ—4(—la2—a,+a3) <0. (50)
ks as b,

1 2
Then, (A:,ll -A,,+ ZA;;) +8A/,A/, <0. The first term
in the right-hand side of (48) is positive.
Analyze the second term in the right-hand side of (48),
and the following relation holds:
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1\2
(A,cll —A— 211;1) +8A" A o =

1

1
A’y — A,022)2+4A1\24 —4(A o — A/czz)A;} +8A' pA o =

1
|:(A,(‘ll —A'czz)z + 4111.2,1 +4A A oy | +

1
[—4(A,c11 —A,czz)A;; + 4A,L‘12A/£21:| .
(51)

Analyze the first term in the right-hand side of (51),
and the following equation can be derived:

1
(Ao _A/022)2 +4AA24 +4A A o =
(Ao +A' ) =d>0. (52)

Analyze the second term in the right-hand side of (51),
and the following relation can be acquired:

1
(A,CIZA,CZI)Z (A — A,czz)zdla =
1 1
(A" 1A 2 _AAZ/I)Z (A _A,c22)2An24 =

1
(A A ) + Ay — (A,i +A,§2)A1\24 =

b] : bZ
[(b_zaz—a] +a;— \/3) —((lz—b—lth):"
[(Z—;az—al +a3) —(az—%al)]. (53)

Noting the first term in the right-hand side of (53), the

’ b
—a,+as— \/3) _(az_b_2a1)>

1

b,
b,

d_(az— lb)_zal) > 0. (54)

1

2
b, .
a, —a; +a3) —(Clz - _al) 1S
1 bl

Al )y +4AL LA, >0 and

. b
Under Assumption 3, (b_]
2

negative. Then,

(A:n

following equation:

4(Acll
1\2

'y =243 ) +8A/,,Al,, > 0. The solutions of the

1

2k4;,

- 2K2A221 +AL, — KA, —AL) =0 (55)

can be represented as

1 142
—A A 424, £ \/(A,cll Ay =24, ) +8A' Az

44’
and they are positive. Then, V, is negative definite and
bounded.
Therefore, if there exists « satisfying inequality (41),
the system (35) is asymptotically stable on Q. O

5. Control law in the form of pseudo-angle-of-
attack feedback

In the third section, the suboptimal control law has been
designed. In this section, the control law (10) will be
transformed into the form of pseudo-angle-of-attack feed-
back as shown in Fig. 2.

following inequality holds:
Q0

a, -
=t

+ u
+

Missile dynamics

+ +
K,
K, |
(u,V
o
Fig.2 Closed-loop system with pseudo-angle-of-attack feedback control law
Theorem 3  Under Assumption 1, the control law K; = L, (59)
(10) can be rewritten as follows: 3b,V
1 b
u= K]CX+K2(1)),+K3€+K4E (56) K4:—3blv|: b 2‘/ (C|a]2 +(132+kC2)+
where
ciap+as+k)|. 60
Kl = 3b V(C1a11+azl+cl+kcl+6'2a2) (57) ( 1 ? ) ( )
Proof Using (5) and (10), the following equation can
1 be obtained:
Kz:_SblV b2 (C1a11+agl+cl+kcl)+ 1
u= b v [(cian +as +¢)z+
(C1(112+a32 +kC2)+C203 N (58)

(crapn +az +6)z + (C1ai3 +as3)zz+
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(3121 + Q325 + A2373)] +k0'} =

1 . .
- ﬁ{[(clall +as +¢)z + (Capn+axn +6)n+
1

(crai3 +az)zs + 0] + ko’} =

{[(Clan +az +¢)z + (@ +az +6)2+

+k0'}.
(61)

. Under Assumption 1,

bV

by
(C1a13 +a33)23 +c|aa +(130Jy +b2M - ﬁe
1

2bV

Using (34), ¢, is equal to

2
¢, 1s a constant, i.e., ¢; = 0. Equation (56) can be rewrit-
ten as follows:

1 )
u= {[(Clall +az +¢)zi + (crapn +azn)n+

3p,V
+ka’} =

{(Clall +as + & +kep)zy +(cran +an + ko) +

b,
(crai3 +as)z+ ¢ (aza'+ aswy = 3¢
1

S 3bV

( +ay+k)zs+ + —b2
cia a st o |laa+azw, — elr =
1a13 33 23 2|2 3,y bV

1
- W{a(c‘]a“ +as; +él +kC1 +C2a2)+

+

b )
w, [—— (c1ay +az + ¢ +ke))+ (ciap, +az +key) + cra;

b,
o)

b
E[——z (crapn +az +key))+ (ciai; +as +k)

bV o]
(62)
The proof of Theorem 3 is completed. O

6. Simulation results

The model of the missile at the altitude of 6 000 m is as

follows:

a, =0.021 M,[19.373a* - 31.023 |a| -
12.956(1.5-0.25M,)]

a, = 1.237 5 M?[40.4400? — 64.015 |a| -
4.870(4.2-1.6M,)] (63)

a; = 1.2375 M*(-1.719)

b, =0.021 M,(—1.948)

b, =1.2375 M?*(-11.803)

where M, is the mach number and Q ={a e R[n/3 <a <
7/3}. In this section, the simulation results for the mis-
sile at 2M,(static stable) and 3M,(static unstable) are gi-
ven. At 2M,, the following relation holds:

0.0139 <k <0.044 1. (64)
At 3M,, the following relation holds:
0.009 5 <k <0.024 3. (65)
The parameter deviation is as follows:
a'1 = 1.2(11
a,z = 0.902
a,3 = 1.1(11 . (66)
b,l = 085b1
b, =1.12b,

To avoid the overlarge rudder deflection angle, step in-
puts are processed with the transition function.

The simulation results at 2M, are shown in Fig. 3—
Fig. 6. The simulation results at 3M, are shown in Fig. 7—
Fig. 10. As shown in Fig. 3 and Fig. 7, the control laws in
[18] and this paper all have good performance under
nominal models. However, as shown in Fig. 5 and Fig. §,
under real models with parameter deviation, the control
law in [18] will result in steady state error and the con-
trol law proposed in this paper still keeps good tracking
performance. Hence, the suboptimal sliding mode con-
trol law is more robust.

14

—_ =
S N

T T T

Acceleration/g

t/s

: Command; ----: Control law in [18];
— : Proposed control law.

Fig. 3 Simulation results under nominal model at 2/,

Rudder deflection angle/(°)
S W
>

0o 1 2 3 4 5 6 7 8 9 10
t/s
----: Control law in [18]; —— : Proposed control law.

Fig.4 Rudder deflection angle under nominal model at 2M,
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Fig.5 Simulation results under real model at 2M, Fig. 8 Rudder deflection angle under nominal model at 3M,
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Fig. 6 Rudder deflection angle under real model at 2M,,
Fig. 9 Simulation results under real model at 3M,
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Fig. 7 Simulation results under nominal model at 3, Fig. 10 Rudder deflection angle under real model at 3M,,
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7. Conclusions

In this paper, the analytical solution of the suboptimal
sliding surface has been proposed and the stability in the
sliding surface has been proved. The suboptimal sliding
mode control law shows good performance and can over-
come the effect of parameter error.

The control law designed in this paper can be written
in the form of pseudo-angle-of-attack feedback, and each
parameter in the control law is the function of the dyna-
mic coefficient. Given the speed and altitude, the parame-
ters are mainly determined by the angle of attack. The
purpose of designing this control law is to overcome the
influence of aerodynamic nonlinearity by using the angle
of attack information, and to provide the functional rela-
tionship of the control parameters with the angle of at-
tack (dynamic coefficient). In practical applications, the
control parameters can be calculated by substituting the
information of speed, altitude and angle of attack into the
corresponding functions, and the control law in the form
of the continuous function replaces the original control
law in the form of the interpolation table.
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