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Abstract: In this paper, a linear/nonlinear switching active dis-
turbance rejection control (SADRC) based decoupling control
approach is proposed to deal with some difficult control prob-
lems in a class of multi-input multi-output (MIMO) systems such
as multi-variables, disturbances, and coupling, etc. Firstly, the
structure and parameter tuning method of SADRC is introduced
into this paper. Followed on this, virtual control variables are ad-
opted into the MIMO systems, making the systems decoupled.
Then the SADRC controller is designed for every subsystem.
After this, a stability analyzed method via the Lyapunov function
is proposed for the whole system. Finally, some simulations are
presented to demonstrate the anti-disturbance and robustness
of SADRC, and results show SADRC has a potential applica-
tions in engineering practice.
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1. Introduction

After proposing the tracking differentiator (TD) [1,2],
non-linear state error feedback (NLSEF) [3] and the ex-
tended state observer (ESO) [4], Han formally advanced
active disturbance rejection control (ADRC) in 1998 [5].
ADRC is an unconventional control technique as it is a sig-
nificant difference from both modern and classical con-
trol theories. It reflects Han’s unique understanding about
the control theory, such as “model analysis approach or a
direct control approach” [6], “linear and nonlinear of feed-
back system” [7], and so on. On the one hand, it takes ad-
vantage of the proportional-integral-derivative (PID) con-
trol law which is almost model free. On the other hand,
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inspired by the state observer technique of modern con-
trol, this theory combines both the internal and external
disturbances as well as uncertainties of the plant as “total
disturbance ” and uses an ESO to estimate and com-
pensate it. It is a big breakthrough of “time invariant and
time varying” and “linear and nonlinear”, since the time-
varying part and the nonlinear part of the system can be
considered as uncertainty. For this reason, ADRC has got
increasing attention and a wide range of engineering ap-
plications in recent years.

The original ADRC proposed by Han contains nonli-
near functions and is mentioned as nonlinear ADRC
(NLADRC) in this study. The nonlinear structures of
NLADRC make it difficult to perform theoretical re-
search and a retarded period is observed during the pre-
liminary development of ADRC. However, some inspir-
ing results about convergence and stabilization have been
achieved recently, laying a good foundation for theoreti-
cal studies of NLADRC. For example, the convergence
of the NLADRC based closed-loop system is proved for a
class of single-input single-output (SISO) systems [8],
multi-input multi-put (MIMO) systems [9] and lower tri-
angular systems with uncertainty [10]. Meanwhile, stabili-
zation works are mainly around the limit cycle analysis,
absolute stability and Lyapunov’s stability. The limit
cycle analysis of the ESO including one or two nonlinear-
ities is established via the describing function method
[11-13]. In some recent published works [14—17], the ab-
solute stability for the nominal satisfying constraint of
norm growth is studied separately. Moreover, the local
asymptotic stability for the NLADRC based closed-loop
system containing multi-nonlinearities is also derived
[18].

In 2003, Gao linearized the ADRC, which was called
ADRC (LADRC) [19], facilitating the theoretical studies
and applications with a splendid advancement of this
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field. Up to now, the ADRC has successfully been ap-
plied in many products [20] and a large number of re-
searches on convergence and stabilization have been
achieved. Yoo et al. [21] and Yang et al. [22] proved that
the estimate error of the linear ESO (LESO) is bounded
on the condition that the “total disturbance” is bounded or
its derivative is bounded. The works of Shao et al. [23],
Yoo et al. [24] and Huang et al. [25] quantitatively dis-
cussed the convergence of the discrete-time LESO. Based
on the works of Zheng et al. [26] and Chen et al. [27], the
estimation ability of the LESO and the stability of the
closed-loop LADRC based system are demonstrated with
and without the plant model. Xue and Huang [28] proved
the stability of LADRC for a class of SISO systems (li-
near or nonlinear, time-varying or time-invariant) with
unknown dynamics and disturbance. While Xue et al.
[29] proposed an LADRC controller for a class of MIMO
block lower-triangular systems and analyzed the dyna-
mic and steady performance of the closed-loop.
Moreover, the performance analysis of ADRC for nonli-
near uncertain systems with unknown dynamics and dis-
continuous disturbances is reported before as well [30].

Though researchers prefer LADRC due to its simple
parameter tuning, clear physical meaning and easy theo-
retical analysis characteristics, NLADRC is potentially
much more effective in tolerance to uncertainties, disturb-
ance and improvement of system dynamics. To combine
the advantages of both systems and make NLADRC easier
for application, we accomplish the following work: ana-
lyzing the stability of NLADRC based nominal continu-
ous systems [13,14,18] and plants with parameter per-
turbation or disturbance satisfying constraint of norm
growth [15], laying a foundation of improving system
stability and optimizing control ability; proposing gene-
ral principles and simple formulas for the parameter tun-
ing of nonlinear ESO (NLESO) and applying them to
general cases [31]; quantitatively studying the advant-
ages and disadvantages of LADRC and NLADRC, and
proposing a new control approach, called linear nonli-
near switching ADRC (SADRC) [31,32], providing a
new pathway for the development of ADRC. Controller
design and stability analysis of the SADRC based on the
SISO system is also achieved and corresponding simula-
tions also verify the effectiveness in anti-disturbance and
tracking accuracy.

Previous work only focused on the SISO systems,
while further investigation should be carried out in
MIMO systems which are common in industry and much
more challenging due to the multi-variables, multi-dis-
turbances and interactions. Therefore, this paper designs
the SADRC based decoupling control approach for a
class of MIMO continuous systems and proposes a stabil-

ity analysis method based on the Lyapunov function
which is easy to understand and use in practice via com-
puter calculation.

This paper is structured as follows: Section 2 describes
the principle and framework of SADRC, then designs the
SADRC based controller for a class of MIMO systems,
followed by the stability analysis. Two cases are studied
to validate the effectiveness of the proposal by simula-
tions in Section 3. Finally, some conclusions are given in
Section 4.

2. Control design and stability analysis
2.1 Framework and algorithm of SADRC

The SADRC aims to combine the advantages of both
LADRC and NLADRC. Therefore, we first take a class
of SISO continuous systems as an example to illustrate
the structure of NLADRC, LADRC and the principle of
SADRC.

ADRC generally consists of TD, ESO and state error
feedback (SEF). TD is mainly used to extract the deriva-
tives of the reference signal and relatively independent in
controller design. ESO is used to estimate the system
states and the total disturbance, which is the core and es-
sence of the ADRC. SEF is used to restrain the residual
error and achieve the desired control goal. For the sake of
facilitating the stability analysis, TD is exempted in the
controller design, and we only introduce the structure of

ESO and SEF here.
2.1.1 Structure of NLADRC/LADRC

Consider a class of n-dimensional SISO continuous sys-
tems described by

jC| =Xy
.).Cz :).C3
: (1
X = fQ1, Xp,0 00 X, W, 1) + bu
y=x
where x,, ‘-, x, are the system states, f(x;, X, ,X,, W,1)

denotes the “total disturbance”, w represents external dis-
turbances, y and u are the output and input of the system,
respectively, and b is a constant control coefficient. The
objective of NLADRC, LADRC or SADRC is to design a
controller to make the output y track a reference input v,
and x; track v; (i = 2,--+, n) provided that the latter exists
in some sense.

For the above plant, take x,,; = f(x, X, -+, x,,w,t) as
the extended state of system (1), then the ESO of system
(1) is designed as follows:
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e=z1—-Yy
21 =2~ Bogi(e)
2
Zn = Zne1 —Bowpu(€) + bout
Zne1 = PowsnPir(€)
where z;(i=1,2,---,n) is the observed value which

provides an estimation of the system state and z,,, pro-
vides an estimation of the “total disturbance”; By (i =
1,2,--- ,n+1) is the observer gain.

If g(e)(i=1,2,--- ,n+1) is a nonlinear function, (2) is
called the NLESO, a common form of ¢;(e)(i=
1,2,---,n+1) is defined as

o lel<s
@i(e) = fal(e,a;,6) = ¢ 0! 3)
le|*'sign(e), le| > ¢

where 0  represents the range of the linearity of
pi(e)(i=1,2,---,n+1) which should be pre-determined
according to the practical applications; o,(i = 1, 2, -+,
n+1) is constant when o; (i = 1, 2, -+, n+1) is constants,
pi(e)i=1,2,---,n+1) has characteristics of relative
small error, big gain, big error, small gain, while when
o=1(i = 1, 2, ---,n + 1), nonlinear function ;(e)
(i=12,---,n+1) turns to be linear and (2) is called
LESO.

The nonlinear SEF (NLSEF) of system (1) is designed
[31] as

Uy = Z kfal,(v; —z;,@';,6";)
i=1 :
u= (MO _Z)Hl)/b
A linear one can be described as

Uy = Zki(vi ) - (5)

“4)

u=(Uy—2u+1)/b

If the ESO and the SEF are both linear, the designed
controller is called LADRC, otherwise, NLADRC.

2.1.2  SADRC principle

As the key component of ADRC, ESO is used to esti-
mate and eliminate the model uncertainties and elucidate
the influence of external disturbances on the system. It
turns out that the accuracy of ESO directly affects the
control performance. Therefore, in this paper, the linear
SEF (LSEF) is chosen here while SADRC represents the
switch between LESO and NLESO based on state error, a
scheme of SADRC is given as follows:

(1) If there are possible initial state errors between the

states of the plant and the ESO, NLESO is adopted dur-
ing a transition time 7 (artificially set) to avoid “peaking
phenomenon”; otherwise, this step is skipped and the sys-
tem directly goes into the following step;

(i1) After step (i), the controller automatically switches
between LESO and NLESO according to the error e.
Choose a specific J,, when e < d;, NLESO starts to work;
otherwise, LESO begins to work. J, is a general bound-
ary of the performance of LESO and NLESO, i.e., when
e < d,, NLESO is superior to LESO, whereas LESO is su-
perior to NLESO. J, can be determined by simulation, ex-
periment or theoretical computation [31].

The above process is also shown in Fig.1. In general,
this scheme of SADRC unites the merits of LADRC and
NLADRC.

No ..
Initial state error?

NLADRC

LADRC

NLADRC

Fig. 1 Scheme of SADRC

The structure of SADRC will be discussed in detail
with the controller design of SADRC based MIMO con-
tinuous system in the next section.

2.1.3 MIMO continuous systems

In this paper, we consider a class of MIMO continuous
systems composed of coupled subsystems with external
disturbances described by

dx;(t) = A, x,(t)dt + B, | fi(t,x(2), wi(1)) + Z cauy(t) | de

=1
yi(t) = Cyxi()

(6)
wherei=1,2,---.m, x(t)=(x," (1), x,, (1)) € R™"(g, =
g="=g,=n), u®)=@, - ,u,())" €R", y@r)=
31T@), -, ym ()T € R™™ represents the state, the con-
trol input and the output of the system (6), respectively;
g1 =8 =+ =g, =n means that every subsystem of sys-



WAN Hui et al.: Stability analysis of linear/nonlinear switching active disturbance rejection control based MIMO continuous... 959

tem (6) is n-dimensional; fi(¢,x(f),w;(t)) denotes the
“total disturbance” of the subsystem x,(¢), and w;(¢) rep-
resents the corresponding external disturbance; c;(i,] =
1,2,---,m) is the control coefficient.

As,:(g I%l) ) BA‘,:(O"" 707 1);X| )
8iXgi

Then the control gain matrix C is described as

Cs,:(lv'“ ,O7O)T

1xg;

Cit Cr2 ot Cim
Cyy Cxp o Copy

c=| . . . N (7
Cml Cm2 Cium

Suppose matrix C is invertible or generalized inverse
matrices exist, and define virtual control input as
w,(1) = (U (1), Uz (1), - , U (H))T € R”, system (6) can be
rewritten as

{ dxi(t) = As,xi(t)dt'i_le [f,-(t,x(t),w(t)) + uiv(t)] dt (8)
Yi() = Cox,(1)

where i =1,2,---,m, u,(t) = Cu(t).

For the subsequent stability analysis, define the follow-
ing vector x,(¢) = (x,7(2), - , X, ()T €R™"(hy = hy = -+
=h, =m), where x,(t) = (X1 (0), -, Xeu(®))T € R™ repre-
sents the same order states of subsystems, then the sys-
tem (8) can be rewritten as

dx, () = Ax,(t)dt + Blu,(t) + f(t,x(1),w(t))]dt
_ ©)
(@) = x,(1)
where
01 0 00
0 01 0O
A: E E -.. E E eRmnan,B:|: (I) :|€Rmn><m’
0 00 I O
0 00 0O
1 0 0 O
01 0 O
I=| . . . eRTMf(x(0,w() = (fix(0),
0 0 0 1

w(t)), fo(t,x(1),w(t)),- -+, fu(t, x(0), w()".
2.1.4 Structure of SADRC

Take one of the subsystems as an example, the SESO is
designed as follows:

€ =Zin—Yi
Zi = Zp — Biorfsi(e;)
(10)

Zi.v, = Z[(.v,+1) _,81'05, fsi.r, (ei) + U,

Zigsi+1) = _ﬂiO(s,H)fSi(s,H)(ei)

where z; (i =1, 2, -=-,m; j =1, 2, ---, 5,+1) is the estima-
tion of x; (i =1, 2, ---,m; j = 1, 2, -+, 5;+1) in x-subsys-
tem, and z,.;, is the estimation of “total disturbance”,
s=n; B ((=1,2, -, m;j=1,2, -, s7+1) is the NLESO’s
gain in SESO, and suppose B, (i =1, 2, ---,m; j =1, 2,
--+, 5;7+1) the LESO’s gain in SESO, is 4; (i =1, 2, -, m;
j=1,2, -, s+1) multiple of the NLESO’ gain, /; is con-
stant. Then the switching function fs,(e) (i =1, 2, -+, m;
j=1,2,, s+1) can be described as

| tL;(e), leid < 6
fS,-j(e,-) - { Aijei, le| > 0;, an

where 0, is the critical value for the switching between
NLESO and LES; fL; (¢) (i=1,2, -=-,m;j=1,2, -, 5, +
1) is the nonlinear function of NLESO, defined as
€;
- leil

i

b e <
fL,’j(E,‘) = fal(e,—,a’.j’5'_) - { 5!_1,-,—| (12)

i

le;|“isign(e;), le;| > o;

where a; < 1.
For the subsequent stability analysis, define

fL;(e;)
+ c€ = §0ij(€i)€i~ (13)
Let
N — Soij(€), lel < oy
AOI/(eI) - { /lij’ |ei| > 6” . (14)
The SESO (10) can be rewritten as
€ =Zi—Yi
Zit = Zio = Bior - Ao (€) - €;
: (15)
Zis, = Zigsy+1) — Bios, - Aois, (€7) - €; + Uy,
Zitsi+1) = _Bi()(sﬁl) : /l()i(,v,+l)(ei) 1€
where i =1,2,---,m;s; = n.
The LESF of SADRC can be described as
Ui = Z kiq : (V[q - Ziq) (16)
g=1

Uiy = Uivo — Zi(s;+1)

where v, (¢ = 1,2,---,n) is the reference input; k; (¢ =
1,2, --,n) is the controller gain.

2.1.5 Decoupling controller design based on SADRC

Consider the engineering application, make the follow-
ing assumptions for the MIMO systems.

Assumption 1 The reference inputs and their all-order
derivatives are assumed to be bounded.

Assumption 2 The changing rate of disturbances are
assumed to be bounded.

Defining the desired values of every state: x,(¢) =

g (0 X0 (0) ER""(hy = hy = -+~ =h, = m), error
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M xXn

vector: 6(7) = (8, (1),,0, () ER""(r,=r, = - =r, =
m)a Where 51’(1) = ( xil(t) - xdil(t) P xim(t) - xdim([) )E Rma
substitute x,(¢) and d(¢) into (9), then we obtain

dé(r) = Ad(r)de + Blu, (1) + f(1,x(1),w(®)) — X, (£)]dz.
17)

Then the objective of the controller will find LESF to
make J(f) converge asymptotically to zero.

SESO is used to estimate the “total disturbance” of the
system, take f(f,x(r),w(?)) as the extended state of sys-
tem(9), define ¢(#) = (¢, (1), -+, 6" (1), Guat ()" = (X1 " (1),

L X (D), f(2,x(8), w(D))T then the state-space model of
system (9) with the extended state can be described as

{ dg(t) = Agg()dt + [Bou, (1) + Eoh(t)]dt
Y =61(2)
where h(t) = f(t,x(f), w(t)), and assume A(f) is bounded;

o I 0 0

0o o I 0 0
I |e
0

(18)

AO — c Rm(n+l)><m(n+|), BO —

0
Rm()H—l)Xm EO — |: 0 c Rm(n+l)><m
> .

1

The SESO for system (18) can be designed as
d¢(t) = Ao(D)dr + [Bou, (1) + LO(s(1) - §(1)]dr - (19)

where &(t) = (§7(2),---, &1 (#),&L, ()" is the estimation of
¢(t), and ¢, (f) is the estimation of the “total dis-
turbance”; and L is the observer gain vector.

T
L= [ (75} Uep Aenyn) ] € Rm(n+])><m’
a’[,g = dlag (a’[,-gh ce 9a¢'gm =
diag(ﬁmg '/101g,"'

Q=[1 0 0 |eRrmreD

3ﬁ»10g'/10mg)’ 8= 1,2,"',”"‘],

The LESF of the system is defined as
u,(f) = —Ké(t) + x,4"(2) —f(t,x(t),w(t))
{ F . x@.w@) = §,,()
where K=| K;, Ky, K, |, and K, = diag (ke Kgn)
(g=1,2,---,n) is the control gain; f(z,x(t),w(t)) is the

estimation of f (¢, x(¢), w()).
Substituting (20) into (19), we have

(20)

do(r) = Ayd(nde + B f (t,x(1),w(t)) —
F(t,x(t),w(®)]dt Q1)

where Ay = A - BK. If parameters of K are chosen to
make Ay Hurwitz, system (21) is globally asymptotic-
ally stable.

2.2 Stability analysis

Define observer error vector &(z) = ¢(t) — §(1).
Let

M(t) = (MIT(I)9 Tt MnT(t)’ Mn+lT(t))T (22)

where M;(1) =§:(1)(i=1,---,n+1).
Combining (18), (19) and (21), we obtain

dM(t) = (Ay— LQ)M(t)dt + Eyh(t)dt. (23)
Then the LESF of (20) can be rewritten as

u,(t) = -K6(t)+| K 0, |50+
R X'Zd([) _é:+1(t) . (24)
J(@x(0),w®) =§,,,)

Substituting (24) into (17), we get
d6() = Awé(ydt+| BK B |&(r)dr. (25)

Combining (23) and (25), we have

d6() = Aué(ndt+| BK B |&()dt 6
dM() = (Ao - LO)M(H)dt + Eoh(Hdt

2.2.1 Observer error system stability analysis

Theorem 1 Consider the observer error dynamics of
(21) under Assumption 2, if the observer gain vector L is
chosen such that (4, — LQ) is stable, then M(¢) exponen-
tially converges to the bounded ball B, =M(t)e
RSO < 2Amax (Po) Py, Where Lo (P ) s the
maximum eigenvalue of P, P, is the solution of the equa-
tion (Ao — LQ)" Py + Po(A¢ — LQ) = —Lustysmins1y > ad Fyy
is the absolute maximum value of A(¢) [33].

Proof Define the Lyapunov function V" as follows:

V(1) = M(t)" PyM (). 27)

Taking the derivative of V, we get

V(1) = M(t)"|(Ag— LQ)" Py + Po(Ay — LQ) | M()+
2M(1)" PoEoh(r) < | M()IP+
2M O < =M TIMOI = 2 (Po) ]
(28)

Thus V(¢) <0, whenever ||M(?)|| > 2 Amax(Po)Fumax . M(2)
exponentially converges to bounded ball B, = M(¢) €
RG] < 2 Amax (Po)nas -

Remark 1 From (19), we can conclude that, if Q con-
verges to zero, ¢ will converge to zero, thus ¢ — ¢.
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2.2.2  Closed-loop system stability analysis

Consider the closed-loop system (26). Define d4(f) =
[6(r), M(£)]", the the system (26) can be rewritten as

d(scl(t) = Acl(scl(t)dt + Bclh(t)dt (29)
| Ay [ BK B o
where Acl_[ 0 Ao—LO ,Bd_[ E, ]

Theorem 2 Consider the closed-loop system (27) un-
der Assumption 2, if the gain vector K and the observer
gain vector L are chosen such that 4, is Hurwitz, then
0.4(f) exponentially converges to the bounded ball
B, = 8u(t) € R X IS (D] < 2Amax (Per) iy, Where
Amax(Py) 1s the maximum eigenvalue of P, P, is the solu-
tion of equation Ag'Pu+PaAa = —Lmemustyxomsminsy»
h.,. is the absolute maximum value of A(%).

Proof Define the Lyapunov function ¥, as follows:

Vl (t) = 6cl(t)TPcl6cl(t)' (30)
Taking the derivative of V (), we obtain

Vi(t) = 6a(n)" [AclTPcl + PclAcl] Oa(t)+
26cl(t)TPcchlh(t) <
=164 + 20184 Pl e <

- ||6cl(t)||(||6cl(t)” - Z/Imax(Pcl)hmax)' (3 1)

Thus V,(r) <0 whenever  [|64()Il > 2 Amax (Pe) Py -
64(#) exponentially converges to the bounded ball B,, =
6cl(t) € R(mn+m(n+1))><1 ’ ”(scl(t)” < 2/lmax(l)cl)hmax- O

3. Case study

In this section, two case studies are used to test the anti-
disturbance and robustness of SADRC, LADRC, and
NLADRC. For a fair comparison, the parameters of most
controllers are transported from the public literatures.

3.1 Binary distillation column system
3.1.1 Binary distillation column modeling

The binary distillation column system without time-delay
is described as follows [34]:

Ky Ky,
[ yi($) }: Tis+1 Tps+1 ug; () } (32)
¥a2($) K Ky ua(s)
Tys+1 Tps+1

where y, and y, are the outputs of the system; uy, and uy,
represent the inputs; K;; = 12.8, K;, = —18.9, K,, = 6.6,
Ky=-194,T,=16.7,T,=21,T,,=109 and 7, = 14.4
are model parameters, where parameter perturbation is
ubiquitous.

Carrying out the Laplace transform to (32), we obtain

{3}1(1) = fi+ Kjug (0)/ T\ Ty + Kpug() /T T, (33)

$o(1) = fo+ Koyugi (1) / Ty Top + Kptp () [ Ty T,

where

fi= K Ty + KTty =y, (T +T1,) =y
| =

T]lTIZ

_ Ko Tty + Ky Togity =31 (T1 + Tia) — 2

f
: TuTy

Introducing virtual control input uy,(f) = Cauy(?),

where  uy(f) = (ug (1), up2 ()", Way(t) = (Wan1 (1), g2 (D))",
KII/TIITIZ KIZ/TIITIZ . . . .
Cs= . Substituting it into
‘| Ka/TuTs Kn/TuTs &

(33), we obtain
V(1) = fi +ugn (t
{)’1() fi dl()' (34)
Vo2 = fo+ uan(?)
Design LADRC, NLADRC and SADRC controllers
for y, channel and y, channel respectively in system (34).
The parameters of these controllers are shown in Table 1.

Table 1 Parameters of LADRC, NLADRC and SADRC controllers

Controller y; channel ¥, channel
LADRC [35] £= 183, w,= 13, w,= L1 b= 10 F=22.w,=2,w,= 168, by=—14
r=10,h,=045,c=0.15,a,=0.5, a,=0.25, r=10,h,=045,¢=0.15a,=0.5, a,=0.25,
NLADRC
0=10.0005, By, =1, B, = 1.11, By3=0.1736 0=10.0005, By, =1, B, = 1.11, B3 =0.1736
a=1,a,=0.50;,=025w.=1.1,w, =10, a,=1,a,=0.5,0;=0.25 w,=1.68, w,= 10,
SADRC Wen = 5, 9, =0.005, 6 = 0.002, by =1, fo; = 3 Wex, w, =35, 0,=0.005,0=10.002, by =1, By, = 3Wex,

S = 3W0N2/5a fos = W0N3/9

B = 3W0N2/55 Bos = W0N3/9

In Table 1, w. represents the controller bandwidth of
LADRC ; w, and w,y represent the observers of LESO
and NLESO, respectively.

In the SADRC based controller for the binary dis-
tillation column system, the observer gain L is described

as

T

ﬂ03 : /103 0
ﬁOZ . /102 0 1303 : /103 '
(35)

L= ﬁOl . /101 O ﬂOZ '102 O
0 BOI '/lOl O
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According to (15), the value of 4,; (i = 1, 2, 3) is corre-
lated with e. Make curves of 4, about e, the characterist-
ics are shown in Fig. 2.

300

|
250} |
\
2000 |
~150 \\

100 | AN

SOk,

0
0 0.002  0.004  0.006

e
R : Aga-

0.008  0.010

g -

Fig.2 Curves of 4 (i=1,2,3) about e

From Fig. 2, we can conclude that although the value
of Ay; (i = 1,2,3) varies with e, it is wobbling within a
range. In the entire interval, set 0.002 as the step size,
solve Lyapunov functions via Matlab: (4, — LQ)TP0 + P,
(A~ LO) =1, Ay Py + Py Ay = I,4.0. We obtain that
there always exist solutions for P, and P, According to
Theorem 1 and Theorem 2, the observer error system and
the closed-loop system of the SADRC based binary distil-
lation column system is stable independently.

3.1.2 Simulation results

(i) Anti-disturbance simulation

Set the initial value of two channels: y,(0) = 0, y,(0) =
0, particularly y, channel has initial state error, letz,, =
0.2. Set the target outputs: y,, = 1,y, =1 atf=0s, and
add the disturbances of the magnitude 0.001 and 0.3, re-
spectively, into the two outputs at¢ = 25 s. The integ-
rated absolute error (IAE) for each channel is calculated
in the whole 50 s. The results are shown in Fig. 3, Fig.4
and Table 2, where [AE =IAE, +IAE, .

From Fig.3, Fig.4 and Table 2, it can be concluded
that: i) All three control methods can realize the decoup-
ling control for the binary distillation column system;
ii) LADRC is sensitive to the initial state error, and the
performance may deteriorate due to the initial error, while
NLADRC and SADRC are insensitive to this; iii) When
the disturbance is relative small, the performances of
LADRC, NLADRC and SADRC are nearly the same,
which means the observer gains of three are all properly
chosen and can estimate the disturbance; iv) When the
disturbance turns big, the performance of LADRC and
SADRC are nearly the same and both superior to NLAD-
RC. Overall, SADRC may be superior to both NLADRC
and LADRC in anti-disturbance and can effectively deal

with complex circumstances.

In fact, the switching threshold J; and the linearity
threshold § can also affect the anti-disturbance perform-
ance of the control system, as both of them have influ-
ences on the observer gains of SADRC. As a footnote, on
the condition that the relationship between the bandwidth
of LESO and the one of NLESO remains the same, let
0,=0.003, 0.005, 0.008, 6=0.0005, 0.002, respectively, re-
peat the above anti-disturbance simulation experiments,
the performances of the SADRC controllers with differ-
ent J; and ¢ are shown in Fig.5 and Fig.6, summarized in
Table 3 and Table 4.

1.2
1.0
08 1.005
1.000
= 0.6 25.0 25.2
04t 04p——
03¢
021" 025554

0 5 10 15 20 25 30 35 40 45 50
t/s
(a) y, channel

o L1p
L.

02l 222426 28 30

0 5 10 15 20 25 30 35 40 45 50
t/s

(b) y, channel
—— :LADRGC; ---- : NLADRGC; : SADRC.
Fig. 3  Tracking performance for the binary distillation column
system

From the above results, it can be concluded that: differ-
ent , and ¢ have little influence on the performance of
the condition that the relationship between the bandwidth
of LESO and the one of NLESO is fixed. This is because
that J; can be determined by theoretical compution [31],
when the relationship between the bandwidth of LESO
and the one of NLESO is fixed, so is the range of J,. The
performances with different J; of the same order of mag-
nitude are similar. J aims to suppress high frequency os-
cillations at zero and though it has influence on the ob-
server gain of NLESO, as < d,, when J; is fixed, J in this
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paper is too small to have a large effect on the perform-

ance of the whole control system.

e e (R R R R0

20

20 25 30 35 40 45
t/s
(a) y, channel

50

15+

10 +

-10

0

Fig. 4
column system

20 25 30 35 40 45

5 10 15
t/s
(b) v, channel
--------- : True disturbance; — : LADRC;
- - :NLADRC; : SADRC.

50

Observed “total disturbance” for the binary distillation

Table 2 Comparison of IAE for the binary distillation column sys-
tem in anti-disturbance simulation

IAE LADRC NLADRC SADRC
IAE, 2.66 2.73 2.73
IAE,, 3.07 3.16 3.10

IAE 5.73 5.89 5.83

1.2 T T T T T T T T T
1.0+ .
0.8 E
= 0.6 -
041/ 1
024 ]
0 0 5 lb 1.5 2.0 2‘5 3.0 3.5 4‘0 4‘5 50

t/s
(a) y, channel (6=0.002)

h2)

h2)

Fig. 5

1.4 : : : : : : : : :
121 |
1.0+ U 'F ......................
08l / |
0.6+ / g
/
04} ;
0.2t g
0 y 1 1 1 1 1 1 1 1 1
0 5 10 15 20 25 30 35 40 45 50
tls
(b) y, channel (6=0.002)
1.2 : : : : : : : : :
10} ]
0.8+ g
06F / ]
0.4}/ :
02l 1
0 S —
0 5 10 15 20 25 30 35 40 45 50
t/s
(¢) y, channel (6=0.000 5)
1.4 : : : : : : : : :
12} .
1.0} . — VL“ |
08t / |
06} / g
/
04} ;
0.2 - g
0 1 1 1 1 1 1 1 1 1
0 5 10 15 20 25 30 35 40 45 50
tls
(d) y, channel (6=0.000 5)
—:6=0.003; - - . : 6=0.005; - : 5.=0.008.

system with a different J; and o

=

2.5

2.0F
1.5}
1.0}
0.5+
0 F

—0.5¢
—-1.0F
—1.5}
—2.0¢
-2.5

0

5

10 15 20 25 30 35 40 45
t/s
(a) y, channel (6=0.002)

50

963

Tracking performance for the binary distillation column
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20 —

15} ; ]

10} ]

bz
W

-5l | ]

710 1 1 1 1 1 1 1 1 1
0 5 10 15 20 25 30 35 40 45 50
t/s
(b) y, channel (6=0.002)

20} ]
15} ]
10} :
0.5 ]

-1.0p 1

—2.0¢ -
-2.5

10 15 20 25 30 35 40 45 50
t/s
(c) y, channel (6=0.000 5)

20 —

15| 3 .

10 + { E

1) — Uukguu,

||

-5t ! .

_10 1 1 1 1 1 1 1 1 1
0 5 10 15 20 25 30 35 40 45 50
t/s
(d) y, channel (6=0.000 5)

- . True disturbance; — : 5520003, -- 6520.005;

: 5.=0.008.

Fig. 6 Observed “total disturbance” for the binary distillation
column system of each channel with a different 6, and 6

Table 3 Comparison of IAE for the binary distillation column sys-
tem in anti-disturbance simulation (6=0.002)

(i1) Robustness simulation

Set the initial value of two channels: y,(0) = 0, y,(0) =
0, and either channel exists state error; set the target out-
puts: v, = 1,y, =1 att = 0 s. Add random perturbation
within a range of +10% to all the parameters in the sys-
tem (33) before the simulation starts and repeat the simu-
lation by 200 times. Every time the IAE for each channel
is calculated in the whole 50 s. The records of overshoot
o and TAE for every experiment are shown in Fig. 7, and
summarized in Table 5, where ¢ =0, +0,,; IAE = IAE,, +
IAE,,.

15 T T T — T T T T

10 ¢ 1

/%
S

-10 ]

715 1 1 1 1 1 1 1 1 1
0

IAE

+: LADRC; x : NLADRC; o : SADRC.

Fig. 7 Robustness performance for the binary distillation column

system

Table 5 Comparison of IAE for the binary distillation column sys-
tem in robustness simulation

Overshoot ¢ and IAE LADRC NLADRC SADRC
i 0 0 0
T 0 0 0
o 0 0 0
IAEyl 1.60 1.65 1.62
IAE,, 2.33 2.47 242
IAE 3.93 4.12 4.04

IAE 6,=0.003 0,=0.005 0,=0.008
IAE, 2.80 2.73 2.80
IAE,, 3.09 3.10 3.00

IAE 5.89 5.83 5.80

Table 4 Comparison of IAE for the binary distillation column sys-
tem in anti-disturbance simulation (6= 0.0005)

IAE 6,=0.003 0,=0.005 0,=0.008
IAE, 2.80 2.73 2.80
IAE, 3.09 3.10 3.00

IAE 5.89 5.83 5.80

From Fig. 7 and Table 5 we can conclude that: i) The
intensity of the points reveals that all three control me-
thods have decent robustness; ii) The robustness of
LADRC is a little better among all three control methods,
and SADRC and NLADRC are nearly the same. That is
caused by the small tracking error, which means that
NLADRC mainly works in the whole simulation in the
SADRC controller, so the performances of the SADRC
controller and the NLADRC one are similar, and the ob-
server gain of LADRC is bigger than that of NLADRC,
leading to that the tracking error converges to zero more
quickly, as a result, the IAE of LADRC is thus smaller.
3.2 Attitude control for 3-DOF Hover
3.2.1 3-DOF Hover model

The attitude model of the 3-DOF Hover system can be
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described [36] as

KAV, = V) + 0], J.)

I R e e ]

K (V= V) + (S = J) ~ Koy )

= dleata—a -],

_ Ky(Vy =V, +V, = V)= K,
J+¢0(J = J)]J.

- Ka.ﬁ\"b)

(36)

where ¢, 0 and y represent the pitch angle, roll angle and
yaw angle of the system, respectively; / = 0.197 m repre-
sents the distance between the propeller motor and the
pivot on the axis; V(i = f, b, I, r) represent the front mo-
tor voltage, the back motor voltage, the left motor voltage
and the right motor voltage; K, = 0.1188 N/V represents
the thrust-force constant; K,, = 0.0036 N-m/V is the
thurst-torque constant; K, = K, = 0.008 N-m/rad/s, K. =
0.009 N-m/rad/s are the drag constants about the x, y, z
axes separately; J, = J. = 0.0552 kg~m2, J,=0.11 kg-m2
represent the moment of inertia about the x, y, z axes re-
spectively.

Introducing virtual control input U,(i = 1,2,3), taking
the coupling interactions among subsystems as “internal
disturbance” of the system and considering the external
disturbance w,(i 1,2,3) of every subsystem, let

=[ ¢ 0 Y ]T, o =1), then the system (36) can be

965
described as

=w

d):U+Fdis (37)

{

whereU=[ Uy U, Uy | =GV V=| V, V, V, V|
IK,
0 0
x IK, o 0 1 -1
C,=| 0 — 0 |, =1 -1 0 0 |;
Iy 1 -1 1 1
Ky
0 0o —
J.
F,, represents the “total disturbance”, and can be de-
scribed as
QW(‘L - J") - 9],7(611 +9,—qr— Qf) - Kaj’x¢)
fiG) = 7
x + Wi
¢¢/(‘Iz - ]x) - ¢J)'z(ql + qr—4qp — qf) - Kafygn
O = j
y + %)
|66, — 1)K,
0= J.+wsn

Design LADRC, NLADRC and SADRC controllers
for ¢ channel, & channel and y channel respectively in
system (37). The parameters of these controllers are
shown in Table 6.

In the SADRC based controller for 3-DOF Hover sys-
tem, the observer gain L is described as

Bor - Ag01 0 0 Booz - Agoa 0 0 Bz Apo3 0 0
L= 0 Boor - Ao 0 0 Booz - Ao 0 0 Boos - Agos 0 (38)
0 0 ﬁwol : /L//Ol 0 0 Bwoz . /lw()z 0 0 ﬂwos . /lw03
Table 6 Parameters of LADRC, NLADRC, SADRC controllers
Controller ¢ channel 6 channel y channel
LADRC [36] w,=28,w,=2.8, by=0.424 w, =30, w,=3, b,=0.424 w,=30,w,=3.2,b,=0.213
ESO: a,=0.75, a, = 0.5, a; = 0.25, ESO: a, =0.75, a, = 0.5, a; = 0.25, ESO: a,=0.75, @, = 0.5, a3 = 0.25,
Por =30, B, =300, fy; = 1000, Lo =30, B, =300, fy; = 1000, by =10.06, 0 =0.004, h=10.0015,
NLADRC [37] by=10.9, 0 =0.006, by=10.9, 9= 0.006, Lo =30, Bo =300, fy; = 1000,
NLESF:0=3,a,=0.5, NLESF: 0=3,a,=0.5, NLESF:0=1,a,=0.5,
a,=0.05, p, =150, , =120 a,=0.05, =150, , =120 a,=0.05, f, =300, 5, =180
a,=1,a,=0.5,0,=0.25w.,=2.8, a=1,a,=0.50,=025 w.=3, a=1,a,=0.50,=0.25 w.=3.2,
SADRC W, =30, wey = 15, 6,=0.005, by =0.424, w, =30, wx =15, 9,=0.005, b, = 0.424, w, =30, wyy =15, 6, =0.005, b, = 0.033,
0=0.002, fo; = 3wy, 0=0.002, fy; = 3wy, 0=0.002, Bo; = 3wy,
Bor = 3Wer 15, Bos = Won /9 Bz = 3Wen 15, Bos = Won 19 Bor = 3Wen 15, Bos = Won /9

Within the entire intervals of 4, 4y, and Ay, set 0.002
as the step size, solve Lyapunov functions via Matlab; (A4,
_LQ)TPO + Py (Ao — LQ) = L, AclTPcl + Py Acl

IISXIS’

and we obtain that there always exist solutions for P, and
P, According to Theorem 1 and Theorem 2, the observ-

er error system and the closed-loop system of the SAD-
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RC based 3-DOF Hover system is stable separately. 00—
. ) 300 1
3.2.2 Simulation results
200 + 1
(i) Anti-disturbance simulation 100 | 1
Set the initial value of three channels: #(0) = 0°, 6(0) = 1 S A S ——
0°, w(0) = 0°, and ¢ channel and & channel have initial ~100 |
state error separately, letz;, = 0.04°,z, = 0.4°. Set the 200+ |
target outputs: ¢, = 3°,0,=3°, w,=3°att=0s. Add the 3001 |
disturbances of the magnitude 0.04°, 0.6°, and 1° into the 400 L
three outputs at ¢ = 25 s for 3 s, respectively. The results 0 5 10 15 20 2/5 30 35 40 45 50
. . . ls
are shown in Fig. 8, Fig. 9 and Table 7. (a) ¢ channel
45 . . . . . . . . . 2 000 T T T T T T T T T
40 1 1500 | 1
35¢ 1
1000 | 1
3.0} ——— ]
sl /S \N———— | 500 | .
< 32t - > ‘
<20t 30 E O freme e g
L/ 28+ e E
15 / 0 |- —500 F ]
Lot/ ggm ik 24 26 282.5302.(’32 1
/ : ~1000 .
0.5 [/ / 20246 1
0 1 1 1 L L L I I I _1 500 1 1 1 1 1 1 1 1
0 5 10 15 20 25 30 35 40 45 50 0 5 10 15 20 25 30 35 40 45 50
t/s t/s
(a) ¢ channel (b) 6 channel
4.5 T T T T T T T T T 3000 T T T T T T T T T
40} ]
2000 - 1
35¢ ] 1
300 1000 1
~25} ;
S T s
S 20 L J 1 0
15} i 30 hk, ] 1 -1 000 | |
Lof/ o3 28k 0 |
/ . 22 24 26 28 30
/ ~2000 | .
0.5 e O |
r/ 02 =51
O s o 2 3000 b——
0 5 10 15 20 25 30 35 40 45 50 0 5 10 15 20 25 30 35 40 45 50
t/s s
(b) 0 channel (c) w channel
AS e : True disturbance; — : LADRC;
4'0 T T - -.:NLADRG; : SADRC.
3'5 : Fig.9 Observed “total disturbance” for the 3-DOF Hover system
304 4 Table 7 Comparison of IAE for the 3-DOF Hover system in anti-
—~ 25l | disturbance simulation
Sool ] IAE LADRC NLADRC SADRC
15t/ 2 ] IAE, 10.54 10.71 10.68
10}/ oo . IAE, 10.61 11.13 10.84
0.5 -;.-' 24 26 28 30 32 i IAE, 1331 13.93 1330
O / 1 1 1 1 1 1 1 1 1
0 5 10 15 20 25 30 35 40 45 50 IAE 34.46 3577 3482
t/s
(c) w channel The performances of SADRC controllers with differ-
— :LADRC; ---- : NLADRC; : SADRC. ent d; and J also have been taken into consideration in

Fig. 8 Tracking performance for the 3-DOF Hover system this part. On the condition that the relationship between
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the bandwidth of LESO and the one of NLESO remains  experiments in Subsection 3.2.2, the performances of the
the same, let 6,=0.003, 0.005, 0.008, =0.0005, 0.002, re- SADRC controllers with different J, and 6 are shown in
spectively, repeat the above anti-disturbance simulation  Fig. 10 and Fig. 11 and summarized in Table 8 and Table 9.

4.5 ————— 4.5 ——
4.0 r 1 40+ .
357 32 T '. 1 35¢1 J
e |
30 B ’»"22. 5 }v 30 B v
~257¢ S | 1 ~25¢ 1
e 2600 , . A &
<207 24 26 28 30 32 ) S 20f 1
151 1 151 1
1.0r 1 1.0r 1
0.5 1f 1 05 h .
0 5 10 15 20 25 30 35 40 45 50 0 5 10 15 20 25 30 35 40 45 50
tls t/s
(a) ¢ channel (6=0.002) (b) 0 channel (6=0.002)
4.5 — 4.5 —_—
4.0 E 4.0+ 1
35+ E 35+ g
_30¢} _30¢ & =
S5t . S5t .
2.0 F E 2.0+ 1
1.5+¢ 1 1.5+¢ 1
1.0+ 1 1.0 r 1
0.5 1 0.5 H 1
0 5 10 15 20 25 30 35 40 45 50 0 5 10 15 20 25 30 35 40 45 50
t/s t/s
(c) w channel (6=0.002) (d) ¢ channel (6=0.000 5)
4.5 — 4.5 I
4.0 E 4.0 + J
35 | - 35 I |
~ 3.0 v I" ~ 3.0+ ¥
%’ 25+ 1 § 2.5F R
20+t 1 2.0 1
1.5¢ 1 1.5¢ 1
1.0+ 1 1.0 r 1
0.5 1 0.5 1
0 5 10 15 20 25 30 35 40 45 50 0 5 10 15 20 25 30 35 40 45 50
t/s t/s
(e) @ channel (0=0.000 5) (f) w channel (6=0.000 5)
— :0~0.003; - - . : 6=0.005; ----. : 6,=0.008.

Fig. 10 Tracking performance for the 3-DOF Hover system with a different J; and o

800 N 2 000 ———————————

600 - ] 1500 1

400 + ] 1000 | ]

200 o E 500 i
-200 | 1 =500 1
400 | o ] ~1000 ]
—600 l E —1500 E
80— 2000 b——

0 5 10 15 20 25 30 35 40 45 50 0 5 10 15 20 25 30 35 40 45 50
t/s t/s

(a) ¢ channel (6=0.002) (b) @ channel (6=0.002)
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3000 L 400 S T S
2000 ] 300 - J
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=2 000 + E 300 L |
=3 000 e —400 R
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t/s t/s
(e) @ channel (6=0.000 5) (f)  channel (6=0.000 5)
......... : True disturbance; ~— :6~0.003; - -.:6=0.005; :10,=0.008.

Fig. 11 Observed “total disturbance” for the 3-DOF Hover system of each channel with a different J; and ¢

Table 8 Comparison of IAE for the 3-DOF Hover system in anti- 0°, y(0) = 0°, and none channel exists has error. Set the
disturbance simulation (6= 0.002) target outputs: ¢, =3°, 0,=3°, w,=3°att=0s. Add ran-
. e o i
IAE 5-0.003 5.-0.005 5.-0.008 dom pe.rturbatlon within a range of il.O Yo tg all the para
meters in the system (37) before the simulation starts and

IAE, 10.68 10.68 10.70 . . . .
repeat the simulation by 200 times. Every time the IAE
IAE, 10.81 10.84 10.82 for each channel is calculated in the whole 50 s. The re-
IAE, 13.30 13.30 13.25 cords of overshoot o and IAE for every experiment are
IAE 34.79 34.82 34.77 shown in Fig. 12, and summarized in Table 10, where ¢ =

0, + 0, + 0,; IAE = IAE, + IAE, + IAE,.
Table 9 Comparison of IAE for the 3-DOF Hover system in anti-

disturbance simulation (6= 0.0005) 15 -
TIAE 0,=0.003 0,=0.005 0,=0.008 10
IAE, 10.68 10.69 10.70
St ]
IAE, 10.82 10.85 10.83
S o} , — .
IAE, 13.31 13.31 13.29 B \
1AE 34.81 34.85 34.82 =St 0.1 1
. . . 1ol 0 preea caox apHERO |
The results once again prove that different 6, and ¢ will 01
influence the performance, but the influences are not ob- e EJL VIR PRI L L L
. . .. 30.030.531.031.532.032.533.033.534.034.535.0
vious under the current experimental condition. IAE
(i1) Robustness simulation +: LADRC; » : NLADRC; © : SADRC.

Set the initial value of three channels: ¢(0) = 0°, 8(0) = Fig. 12 Robustness performance for the 3-DOF Hover system
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Table 10 Comparison of IAE for the 3-DOF Hover system

Overshoot ¢ and IAE LADRC NLADRC SADRC

o, 0 0 0

oy 0 0 0

o, 0 0 0

o 0 0 0
IAE, 10.60 10.85 10.73
IAE, 10.62 10.81 10.71
IAE, 12.42 13.86 13.36
IAE 33.64 35.52 34.80

From the above results, we can conclude that: i) The
proved decoupling control approach can also be applied
to the systems that the number of inputs and outputs is
not equal; ii) The performance of LADRC is sensitive to
the initial state error, when the initial state error is rela-
tively big, its performance may deteriorate due to the
“peaking phenomenon”, while the initial state error has
little influence on the performance of NLADRC and
SADRCGC; iii) The NLADRC is more suitable to deal with
relative small disturbance while LADRC is suitable to
deal with the relative big one. In general, SADRC may be
superior to both NLADRC and LADRC in terms of the
anti-disturbance and robustness in occasions where the
amplitude of the disturbance is unsure or unstable, as it
combines the advantages of both LADRC and NLADRC.

4. Conclusions

In this paper, the SADRC based decoupling control ap-
proach is proposed for a class of MIMO continuous sys-
tems, which can be applied to systems with equal or un-
equal number of inputs or outputs. Stability of the closed-
loop system is also proved. The stability analysis method
is based on the Lyapunov function and does not require
an accurate model, only the number of subsystems, the
order of the subsystem and the parameters of controllers
are needed. It is convenient for engineering applications
and can provide references for parameter tuning. Two
cases also verify that the SADRC may be superior to both
NLADRC and LADRC in the anti-disturbance and ro-
bustness in some occasions as it combines the advant-
ages of both systems. However, the proposed stability
analysis method is achieved by means of computer calcu-
lation and is not rigorous enough in theory to some ex-
tent. Other approaches will be characterized to give strict
theoretical proofs for stability analysis in the near future.
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