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Abstract: This paper investigates the problem of distributed co-
operative  guidance  law  design  for  multiple  anti-ship  missiles  in
the  three-dimensional  (3-D)  space  hitting  simultaneously  the
same target  with  considering  the  desired terminal  impact  angle
constraint.  To  address  this  issue,  the  problem  formulation  in-
cluding  3-D  nonlinear  mathematical  model  description,  and
communication  topology  are  built  firstly.  Then  the  consensus
variable  is  constructed  using  the  available  information  and  can
reach  consensus  under  the  proposed  acceleration  command
along the line-of-sight (LOS) which satisfies the impact time con-
straint. However, the normal accelerations are designed to gua-
rantee  the  convergence  of  the  LOS  angular  rate.  Furthermore,
consider  the  terminal  impact  angle  constraints,  a  nonsingular
terminal  sliding mode (NTSM) control  is introduced, and a finite
time convergent control law of normal acceleration is proposed.
The convergence of the proposed guidance law is proved by us-
ing the second Lyapunov stability method, and numerical simu-
lations are also conducted to verify its effectiveness. The results
indicate  that  the  proposed cooperative  guidance law can regu-
late the impact time error and impact angle error in finite time if
the  connecting  time  of  the  communication  topology  is  longer
than the required convergent time.
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ing mode (NTSM) control, finite time convergent.
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1. Introduction
With the urgent demand of modern warfare, most advan-
ced guidance laws aim to drive the missile to intercept a
specific  target  with  zero  miss  distance  and  raise  the  da-
mage effectiveness. The proportional navigation guidance
(PNG) law has  been proven to  be  a  mature  guidance al-
gorithm  for  attacking  the  stationary  or  weak-maneuver-
able target, and got widely applied [1]. The key principle
of PNG is to force the line-of-sight (LOS) angular rate to
converge to zero, and then achieve zero miss distance en-

gagement if neglecting the measurement noise and exter-
nal  perturbation  [2].  However,  with  the  development  of
modern  defense  and  antimissile  technology,  some  ships
have  been  equipped  with  lots  of  self-defense  measures,
such as surface-to-air missile systems, electronic interfer-
ence and so on,  thus single  missile  combat  is  easy to  be
intercepted  and  cannot  effectively  suppress  and  destroy
the  enemy  field  [3,4].  Therefore,  saturation  attack  has
fully  highlighted  its  strategic  advantages,  which  can  in-
crease  the  ability  of  missiles  to  attack  and  penetrate  im-
portant  targets,  and has  attracted  much attention  of  vari-
ous  countries.  Saturation  attack  requires  that  the  firepo-
wer  be  accurately  allocated  to  the  designated  target,  and
that  the  target  be  hit  at  a  specified time with  a  specified
number  of  missiles.  The  saturation  attack  tactic  is  deve-
loped  on  the  basis  of  the  salvo  tactic,  namely  through
launching  a  large  number  of  missiles  and  penetrating
from  multi-direction,  and  then  at  least  one  missile  can
penetrate the enemy firepower and destroy the target. The
salvo  attack  puts  forward  higher  requirements  for  the
missile guidance law, which controls each missile to sati-
sfy  the  desired  impact  time  constraint  individually,  or
builds  a  communication  network  among  all  missiles  to
ensure the coordination of arrival time.
In  the  current  literature,  a  linearized  optimal  impact

time control guidance (ITCG) obtained by a simple com-
bination  of  classical  PNG  term  and  impact  time  error
feedback  term,  was  proposed  in  [4],  which  seems  to  be
the first  paradigm in the area of  salvo attack of  multiple
missiles. After that, the approach of [4] was improved by
using  a  time-varying  navigation  gain  in  [5]  and  general-
ized PNG based on nonlinear formulation in [6]. Besides,
the sliding-mode control [7], Lyapunov-based control [8],
feedback  linearization  [9],  virtual  leader  approach  [10],
and  some  other  advanced  guidance  strategies  [11−14]
have  been  successfully  employed  for  satisfying  the  im-
pact time constraint.
For anti-ship missiles, the impact angle constraint is re-

quired not only to increase lethality of warheads but also
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to  escape  the  limited  defense  zone  of  the  target.  One  of
the  earliest  impact  angle  guidance laws was proposed in
[15],  where  the  impact  angle  constraint  was  satisfied  by
posing a linear quadratic control problem with time-vary-
ing  gains.  Up  to  now,  more  and  more  studies  have  fo-
cused  on  the  impact  angle  control,  from  the  biased  pro-
portional navigation guidance (BPNG) law [16] to the op-
timal control guidance law [17,18] with the impact angle
constraint,  from the  Lyapunov  method  [19]  to  the  back-
stepping  method  [20],  and  even  converting  the  impact
angle control problem into a second-order cone program-
ming problem [21]. By considering both impact time and
angle  constraints  simultaneously,  Lee  et  al.  [22]  expan-
ded the approach from [4] to analysis, and then proposed
a  guidance  law  to  control  the  impact  time  and  impact
angle. Zhang et al. [23] derived a new biased PNG law to
meet  the terminal  impact  time and impact  angle require-
ments.  Hu  et  al.  [24]  proposed  a  two  stages  guidance
strategy, which in the first stage adopts the NTSM guid-
ance  law  to  intercept  the  virtual  target  with  a  specified
impact  angle  in  finite  time,  and  in  the  second  stage  em-
ploys  the  PNG to  keep  the  missile  traveling  with  an  in-
variant flight-path angle.
Note that most previous impact time guidance laws are

dedicated  to  the  two-dimensional  (2-D)  plane,  however,
in  practice,  the  anti-ship  missiles  fly  in  the  three-dimen-
sional  (3-D)  space.  Thus,  the  cross-couplings  effect
between  the  horizontal  and  the  vertical  channels  cannot
be ignored, and the impact angle constraint also needs to
be  considered.  Therefore,  designing  a  3-D  cooperative
guidance  law  with  impact  time  and  impact  angle  con-
straints for anti-ship missiles is very significant. Based on
the aforementioned purposes, this paper aims to propose a
novel distributed cooperative guidance law to make mul-
tiple  missiles  in  the  3-D space  attack the  same target  si-
multaneously  at  the  desired  impact  angles.  The  normal
accelerations are designed to make the LOS angle conver-
ge  to  the  desired  LOS.  Meanwhile,  the  tangential  acce-
leration  is  designed  to  make  the  consensus  variable
defined  by  using  available  information  reach  consensus
based on the graph theory, and hence to achieve the simul-
taneous attack.
The structure  of  this  paper  is  organized as  follows.  In

Section  2,  the  background  and  preliminaries  are  given,
which  include  3-D  mathematical  model  building  and
communication  topology  theory.  Next  the  design  details
of the proposed guidance law are presented in Section 3.
Finally, numerical simulations are conducted in Section 4
and related conclusions are offered in Section 5, respect-
ively. 

2. Problem formulation and preliminaries
The scenario of multiple missiles attacking the same tar-

Mi
(i = 1,2, · · ·) T
get  in  the  3-D  space  is  shown  in  Fig.  1,  where 

  and    denote  the  anti-ship  missiles  and  the
target, respectively. The missiles can exchange the infor-
mation according to the communication topology. There-
fore in this section,  the mathematical  model of 3-D mis-
sile kinematics at the terminal engagement phase is built,
and  some  assumptions  and  lemmas  are  also  shown  for
problem formulation and later guidance law design.
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Fig. 1    Scenario of multiple missiles attacking the target 

2.1    Problem statement

To  perform  the  complete  missile-target  engagement,  the
nonlinear  dynamics  of  3-D  situation  is  introduced  based
on the following basic assumptions [25,26].
(i)  The  missile  and  the  target  are  considered  as  the

ideal point-mass models in the 3-D space.
(ii)  The angle-of-attack of  the missile  is  small  enough

to be neglected.
(iii)  The  seeker  and  autopilot  dynamics  of  the  missile

are fast enough in comparison with the guidance loop.
(iv) The target moves slowly or remains stationary.

O− xIyIzI

OL− xLyLzL

r
λp λy

θ ψ

σ

Under above assumptions, the 3-D engagement geome-
try  of  a  missile  attacking  the  target  is  shown  in  Fig.  2,
where   denotes the inertial reference coordinate
frame  fixed  on  the  ground,  and    denotes  the
LOS coordinate system.   represents the relative distance
between the missile and the target, and   and   denote
the  elevation  and  the  azimuth  angles  of  the  LOS  to  the
inertial  coordinate  system,  respectively.    and    denote
two Euler angles from the LOS coordinate system to the
missile velocity coordinate system.   is the velocity lead-
ing angle.

V = [Vr,Vp,Vy]TDefine    as  the  relative  velocity  vector
between the missile and the target in the LOS coordinate
system, and then according to Fig. 2, it can be obtained as

V =


Vr

Vp

Vy

 =


ṙ

rλ̇p

−rλ̇y cosλp

 . (1)

Differentiating (1) with respect to the time once, then
dV
dt
= wV+

∂V
∂t
= −uM (2)
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dV/dt ∂V/∂t

O− xIyIzI

OL− xLyLzL uM

[ur,up,uy]T w

where    and    denote  the  derivatives  of  the
relative  velocity  vector  to  time  in  the  inertial  coordinate
system    and  the  LOS  coordinate  system

, respectively.   stands for the missile acce-
leration  vector  in  the  LOS  frame,  and  is  defined  as

.   denotes  the  rotation  angular  velocity  vec-
tor of the LOS frame relative to the inertial frame, which
can be expressed as

w =


0 −λ̇p λ̇y cosλp

λ̇p 0 −λ̇y sinλp

−λ̇y cosλp λ̇y sinλp 0

 . (3)

Substituting (1) and (3) into (2), the nonlinear engage-
ment dynamics between the missile  and the target  in the
LOS frame can be written [27] as

r̈ = rλ̇2
p+ rλ̇2

ycos2λp−ur

λ̈p = −
2ṙλ̇p

r
− λ̇2

y sinλp cosλp−
up

r

λ̈y = −
2ṙλ̇y

r
+

2λ̇pλ̇y sinλp

cosλp
+

uy

r cosλp

. (4)

Combined  with  (1),  the  first  expression  of  (4)  can  be
simplified as

V̇r =
V2

p

r
+

V2
y

r
−ur. (5)

tgo

tgo,i ith

Define  the  consensus  variable    represents  the  re-
maining  flight  time  between  the  missile  and  the  target,
which is called as time-to-go. In the real interception pro-
cess,  the  relative  velocity  component  along  the  LOS
between  the  missile  and  the  target  changes  little,  so  the
time-to-go   of the   missile can be approximately ex-
pressed as

tgo,i =
ri

Vr,i
(6)

ri Vr,i

ith
where    and    denote  the  relative  range  and  velocity
component along the LOS of the   missile, respectively.

Differentiating (6) with respect to time yields

ṫgo,i = −1+
V2

p,i

V2
r,i

+
V2

y,i

V2
r,i

− ri

V2
r,i

ur,i. (7)

timp,i

ith

In order to design a cooperative guidance for multiple
missiles  with  considering  the  impact  time constraint,  we
introduce the variable   denoting the predicted impact
time for the   missile, which is defined as

timp,i = t+ tgo,i. (8)

Differentiating (8) and substituting (7) into it results in

ṫimp,i = 1+ ṫgo,i =
V2

p,i

V2
r,i

+
V2

y,i

V2
r,i

− ri

V2
r,i

ur,i. (9)

up uy λ̇p λ̇y

ur

Based  on  the  above-mentioned  process,  it  is  obvious
that the objective of this paper is to design the control law
for    and    to  make  the  LOS  rate    and    of  each
missile  converge  to  zero  in  finite  time,  and  then  use  the
acceleration command   to force all missiles to intercept
the  target  simultaneously.  Furthermore,  without  loss  of
generality, consider the terminal impact angle constraints
for each anti-ship missile during the design procedure. 

2.2    Preliminary of communication topology and
some lemmas

G = (υ,ε,A)
υ = {vi : i = 1,2, · · · ,N}

n ε ⊆ υ×υ

A = [ai j] ∈ Rn×n

ai j ith jth

(
vi,v j

) ∈ ε⇔ ai j > 0(i , j)
aii = 0 i = 1,2, · · · ,n ai j = a ji (i , j)

G

The  cooperative  attack  problem  for  multiple  missiles  is
just  like  the  multi-agent  system  consensus  problem,
which  needs  the  information  exchange  between  the
neighbor  flight  vehicles  through  onboard  sensors.  Here,
we use the undirected graph    to  describe the
communication topology, where   is
the  set  of  vertices  that  represent   missiles,    is
the  set  of  edges  that  stand  for  the  relationship  between
two  neighboring  missiles,  and    is  called
the  weighted  adjacency  matrix  with  nonnegative  adja-
cency elements  .  If  the   missile and the   missile
are  adjacent,  representing  they  can  communicate  with
each  other,  then  .  Moreover,
there exists   for all   and 
because the graph   is undirected.

L =
[
li j
] ∈ Rn×nLemma  1  [28]　Define  the  matrix    as

the Laplacian matrix of the graph, which is given as

li j =


n∑

k=1,k,i

aik, j = i

−ai j, j , i
.

L has the following properties:
L 1 = [1,1, · · · ,1]T ∈ Rn(i) 0 is an eigenvalue of   and   is

the associated eigenvector.

XT LX =
1
2

n∑
i, j=1

ai j
(
x j− xi

)2 X = [x1, x2, · · · ,(ii)    for  any 
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Fig. 2    3-D engagement geometry
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xn] ∈Rn L
L

,  and  therefore    is  semi-positive  definiteness,
which implies that all  eigenvalues of   are not less than
zero.

L
λ2 (L) G
(iii)  The second smallest  eigenvalue of  ,  denoted by

, is larger than zero if the graph   is connected.
1T X = 0 XT LX ⩾ λ2 (L) XTX(iv) If  , then  .

xi > 0(i = 1,2, · · · ,n)

0 < p < 1

 n∑
i=1

xi

P

⩽
n∑

i=1

xi
P

Lemma  2  [29]　  If     and

, then exists  .

V (x) C1

U ⊂ Rn C1

ẋ = f (x, t) V (x)

Lemma 3 [30]　  Suppose    is a   smooth posi-
tive defined function which is denoted on  ,   is a
first-order  derivative  function.  For  a  first-order  system
formulated  as  ,  assume that    satisfies  the
following inequality:

V̇ (x)+βVη (x) ⩽ 0

β > 0 η ∈ (0,1)
U0 ∈ Rn V (x)

V (x) ≡ 0 Treach

where    and    are  positive  constants.  Then,
there exists a region   such that any   starting
from this region can reach   in a finite time  ,
which is given by

Treach ⩽
V1−η (x0)
β (1−η)

V (x0) V (x)where   is the initial value of  .
In summary, the objective of this paper is designing the

guidance law to guide all missiles to reach the target simu-
ltaneously  with  the  desired  terminal  impact  angle  based
on the above background. 

3. Cooperative guidance law design
 

3.1    ITCG law design

In this section, we will firstly propose a novel ITCG law
in the 3-D space and analyze its properties. ∣∣∣Vp,i

∣∣∣≪ ∣∣∣Vr,i

∣∣∣ ,∣∣∣Vy,i

∣∣∣≪ ∣∣∣Vr,i

∣∣∣ ∣∣∣V2
p,i/V

2
r,i

∣∣∣ ≈ 0,
∣∣∣V2

y,i/V
2
r,i

∣∣∣ ≈ 0

During the  practical  terminal  guidance  phase  for  mul-
tiple  missiles  attacking  a  stationary  target, 

,  which  indicates 
and therefore (9) can be simplified as

ṫimp,i = 1+ ṫgo,i = −
ri

V2
r,i

ur,i. (10)

ur,i

Therefore, in terms of (10), it can be observed that the
impact  time for each missile  mainly depends on the tan-
gential  input  ,  which  can  be  designed  to  achieve  the
consensus  of  time-to-go  according  to  the  following  pro-
cedure. 

3.1.1    Tangential design

t∗imp

ur,i

Theorem  1　  Assuming     is  the  desired  interception
time,  and  when  the  communication  topology  is  connec-
ted  between  multiple  missiles,  the  consensus  algorithm
for   can be designed as

ur,i = −
V2

r,i

ri

[ n∑
j=1, j,i

{
ai jsign

(
tgo, j− tgo,i

) ∣∣∣tgo, j− tgo,i

∣∣∣α}−
bisign

(
timp,i− t∗imp

) ∣∣∣timp,i− t∗imp

∣∣∣α] (11)

bi ⩾ 0 and α > 0
bi > 0

ith
t∗imp bi = 0

where   are guidance gains, which are de-
signed to obtain the satisfactory convergence rate. 
denotes the   missile  can obtain the information of  the
designed  impact  time  ,  otherwise  .  The  above
guidance law can guarantee the consensus of impact time
for  all  missiles  during  the  terminal  guidance  phase,  and
next is the proof of its convergence.

δi (t) = timp,i− t∗imp

ith
Proof　Define  that  the  variable    rep-

resents the impact time error of the   missile,  and then
consider the following Lyapunov function candidate:

S 1 =
1
2

n∑
i=1

δ2
i . (12)

The  time  derivative  of  this  Lyapunov  candidate  along
the trajectory of system (11) can be expressed as

Ṡ 1 =

n∑
i=1

δiδ̇i =

n∑
i=1

δi

[ n∑
j=1, j,i

ai jsign
(
tgo. j− tgo,i

) ∣∣∣tgo. j− tgo,i

∣∣∣α−
bisign

(
timp.i− t∗imp

) ∣∣∣timp.i− t∗imp

∣∣∣α] =
n∑

i=1

δi

 n∑
j=1, j,i

ai jsign
(
δ j−δi

) ∣∣∣δ j−δi

∣∣∣α−bisign(δi) |δi|α
 =

1
2

n∑
i=1

δi

n∑
j=1, j,i

ai jsign
(
δ j−δi

) ∣∣∣δ j−δi

∣∣∣α+
1
2

n∑
i=1

δi

n∑
j=1, j,i

ai jsign
(
δ j−δi

) ∣∣∣δ j−δi

∣∣∣α− n∑
i=1

bi|δi|α+1 =

1
2

n∑
i, j=1,i, j

ai j
(
δi−δ j

)
sign

(
δ j−δi

) ∣∣∣δ j−δi

∣∣∣α− n∑
i=1

bi|δi|α+1 =

−1
2

n∑
i, j=1,i, j

ai j

∣∣∣δ j−δi

∣∣∣α+1−
n∑

i=1

bi|δi|α+1 =

−1
2

n∑
i, j=1,i, j

((
ai j

) 2
α+1

∣∣∣δ j−δi

∣∣∣2) α+1
2 −

n∑
i=1

bi|δi|α+1 ⩽ 0.

(13)

Ṡ 1 = 0 δi = 0
timp,i , timp, j(i , j) timp,i , t∗imp

Ṡ 1 = 0 S 1 (t)

The  sufficient  condition  shown in  (13)  is  satisfied  for
  if  and  only  if    for  all  missiles.  However,  if

there  exists    or  ,  the  equality
 will be broken. Consequently, (13) indicates 

can  converge  to  zero  asymptotically,  which  means  that
the  consensus  objective  can  be  satisfied  under  the  pro-
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posed control law.
According to Lemma 2,  inequality (13) can be further

expressed as

Ṡ 1 ⩽ −
1
2

n∑
i, j=1,i, j

((
ai j

) 2
α+1

∣∣∣δ j−δi

∣∣∣2) α+1
2

⩽

− 1
2

 n∑
i, j=1,i, j

(
ai j

) 2
α+1

∣∣∣δ j−δi

∣∣∣2
α+1

2

. (14)

Next, (14) can be transformed equivalently as follows:

Ṡ 1 ⩽ −
1
2



n∑
i, j=1,i, j

(
ai j

) 2
α+1

∣∣∣δ j−δi

∣∣∣2
S 1

S 1



α+1
2

. (15)

Q =
[(

ai j
) 2
α+1

]
∈ Rn×nLet  ,  and  then  according  to  the

second property of Lemma 1, one can note that
n∑

i, j=1,i, j

(
ai j

) 2
α+1

∣∣∣δ j−δi

∣∣∣2 = 2δT L (A)δ. (16)

L (A) [1,1, · · · ,1] ∈ Rn

1Tδ = 0

Furthermore  in  Lemma  1,  zero  is  one  eigenvalue  of
 and   is the associated eigenvector,

so there is  , then
n∑

i, j=1,i, j

(
ai j

) 2
α+1

∣∣∣δ j−δi

∣∣∣2
V1

=
2δT L (A)δ

1
2
δTδ

⩾

2λ2 (L (A))δTδ

1
2
δTδ

= 4λ2 (L (A)) (17)

λ2 (L (A)) G (A)
λ2 (L (A))

G (A)

where    is  the  algebraic  connectivity  of  ,
and    is  larger  than  zero  when  the  undirected
graph   is connected. Substituting inequality (17) in-
to (15) yields

Ṡ 1 ⩽ −
1
2



n∑
i, j=1,i, j

(
ai j

) 2
α+1

∣∣∣δ j−δi

∣∣∣2
S 1

S 1



α+1
2

⩽

− 1
2

(4λ2 (L (A))S 1)
α+1

2 = −2αK
α+1

2 S 1
α+1

2 (18)

K = λ2 (L (A))
S 1→ 0

where  .  In addition, from Lemma 3, it  fol-
lows that   in a finite time can be obtained as

T1 ⩽
21−αS

1−α
2 (0)

(1−α) K α+1
2

. (19)

□
Remark 1　During the terminal  interception process,

the  communication  networks  are  not  always  connected

G
T1

due  to  the  interference  of  the  complex  environment.
Thus,  some missiles  may lose  communication  with  each
other in some times. According to the proof of Theorem 1,
to  guarantee  all  missiles  intercept  the  target  simulta-
neously,  the  connecting  time  of  the  graph    is  longer
than  . 

3.1.2    Normal design

up uy

λ̇p→ 0, λ̇y→ 0

In  this  subsection,  without  considering  the  terminal  im-
pact  angle  limitation,  we  mainly  focus  on  designing  the
control law of normal acceleration   and   to make the
LOS  rate    and  ensure  the  realization  of
simultaneous attack.

ithAccording to (4),  the engagement dynamics of the 
missile can be written as

λ̈p,i = −
2ṙiλ̇p,i

ri
− λ̇2

y,i sinλp,i cosλp,i−
up,i

ri

λ̈y,i = −
2ṙiλ̇y,i

ri
+2λ̇p,iλ̇y,i tanλp,i+

uy,i

ri cosλp,i

. (20)

up,i uy,i

Theorem 2 [31] 　The control law of normal accelera-
tion   and   can be designed as

up,i = −Niṙiλ̇p,i+βi

∣∣∣λ̇p,i

∣∣∣ηi sign
(
λ̇p,i

)
uy,i = Niṙiλ̇y,i−βi

∣∣∣λ̇y,i

∣∣∣ηi sign
(
λ̇y,i

) (21)

Ni > 2, βi > 0 0 ⩽ ηi < 1

ith

ηi βi

where   and   are guidance gains to
be  designed.  Under  the  proposed  guidance  law (21),  the
LOS  rate  of  the    missile  will  converge  to  a  small
neighborhood around zero in a finite time. Moreover, the
smaller    is  and  the  larger    is,  the  faster  the  system
converges.

−1
2
π < λp,i <

1
2
π cosλp,i > 0

Proof　Without  loss  of  generality,  it  is  assumed  that

 and thus   during the terminal
guidance process. Then substituting (21) into (20) gives

λ̈p,i =
(Ni−2) ṙiλ̇p,i

ri
− λ̇2

y,i sinλp,i cosλp,i−

βi

∣∣∣λ̇p,i

∣∣∣ηi sign
(
λ̇p,i

)
ri

λ̈y,i =

(
Ni

cosλp,i
−2

)
ṙiλ̇y,i

ri
+2λ̇p,iλ̇y,i tanλp,i−

βi

∣∣∣λ̇y,i

∣∣∣ηi sign
(
λ̇y,i

)
ri cosλp,i

. (22)

Construct  the  following  smooth  positive  Lyapunov
function candidate:

S 2 = λ̇
2
p,i+ λ̇

2
y,icos2λp,i . (23)
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S 2Taking the time derivative of   yields

1
2

Ṡ 2 = −
(Ni−2) |ṙi|

ri
λ̇2

p,i−
βi

ri

∣∣∣λ̇p,i

∣∣∣ηi+1− βi

ri

∣∣∣λ̇y,i

∣∣∣ηi+1
cosλp,i−[(

Ni

cosλp,i
−2

)
1
ri

]
λ̇2

y,icos2λp,i |ṙi| ⩽

−βi

ri

(∣∣∣λ̇p,i

∣∣∣ηi+1
+

∣∣∣λ̇y,i

∣∣∣ηi+1
cosλp,i

)
⩽

−βi

ri

(∣∣∣λ̇p,i

∣∣∣ηi+1
+

∣∣∣λ̇y,i cosλp,i

∣∣∣ηi+1)
⩽

−βi

ri

[
λ̇2

p,i+
(
λ̇y,i cosλp,i

)2
]
⩽−βi

ri
V

ηi+1
2

2 . (24)

ith

|σi| <
π
2

ri

Assume that the velocity leading angle of the   mis-
sile satisfies  , which implies that   is strictly de-
creasing. Then, (24) can be reformulated as

Ṡ 2 ⩽ −
2βi

ri
S

ηi+1
2

2 ⩽ − 2βi

ri (0)
S

ηi+1
2

2 . (25)

S 2 = 0 t ⩾ T2 T2

Therefore,  according  to  Lemma  3,  it  follows  that
 for   with   given by

T2 =
ri (0)S

1−ηi
2

2 (0)
βi (1−ηi)

S 2 (0) = λ̇2
p,i (0)+ λ̇2

y,i (0)cos2λp,i (0)

. (26)

□ 

3.2    Impact time and angle control guidance law

up uy

In  this  section,  we  consider  both  the  impact  time  con-
straint  and  the  terminal  impact  angle  constraint  perpen-
dicular to the LOS. Under this condition, a novel NTSM
surface is built and a finite time convergent control law of
normal  accelerations    and    is  proposed  to  drive  the
LOS  angular  rate  and  LOS  angle  tracking  error  to  con-
verge to a small neighborhood around zero in finite time
during the whole engagement phase.

x1 =

[
x11

x12

]
=[

λp,i−λimp f

λy,i−λimy f

]
ith

x2 = ẋ1 =

[
x21

x22

]
=

[
λ̇p,i

λ̇y,i

]
λimp f λimy f

For  ease  of  expression,  denote 

 as the LOS angle tracking error for the 

missile and   as the LOS angu-

lar  rate,  where    and    represent  the  desired  im-
pact angle constraints in the elevation and azimuth direc-
tions,  respectively.  Then  from  system  (4),  it  can  be  re-
written  as  the  following  multiple-input-multiple-output
(MIMO) second-order system: ẋ1 = x2

ẋ2 = F (x)+Bu+∆
(27)

where

F (x) =


−

2ṙiλ̇p,i

ri
− λ̇2

y,i sinλp,i cosλp,i

−
2ṙiλ̇y,i

ri
+

2λ̇p,iλ̇y,i sinλp,i

cosλp,i


B =


− 1

ri

1
ri cosλp,i

 , u =
[

up,iuy,i

]
,

∆

w =
[

wp

wy

]

∆ =


wp

ri

−
wy

ri cosλp,i



and  the  term    represents  disturbances  induced  by  the

target acceleration in the LOS frame. Assume 

represents two components of the target acceleration, and

then  .

For  the  system  (27),  the  nonsingular  terminal  sliding
surface is formulated [32] as

s = x2+ k1x1+ k2α (x1) (28)

s = [s1, s2]T ∈ R2

k1 k2

α (x1) = [α (x11) ,α (x12)]T ∈ R2

where   denotes the sliding manifold vec-
tor,    and    are  positive  constants  and  the  term

 is formulated as

α (xi)=

 |x1i|
p
q sign(x1i), s̄i = 0 or s̄i , 0; |x1i| ⩾ ϑi

b1ix1i+b2isign(x1i) x2
1i, s̄i , 0; |x1i| < ϑi

(29)

i = 1,2,
1
2
<

p
q
< 1 ϑ = [ϑ1,ϑ2]T ∈ R2 b1i =(

2− p
q

)
ϑp/(q−1)

i b2i =

(
2− p

q

)
ϑp/(q−2)

i s̄ = x2+ k1x1+

k2|x1|
p
q sign(x1) = [s̄1, s̄2]T ∈ R2

where  ,  , 

,    and 

.
b1i b2i (i = 1,2)

α (xi)
Remark 2 [32] 　The choice of   and   is

to  make  the  term    continuous  and  differentiable.
Moreover,  the  preceding  sliding  manifold  switches  from
the  conventional  fast  terminal  sliding  mode  to  general
sliding manifold to avoid the singularity problem.
Taking  the  derivative  of  (28)  with  respect  to  time

yields
ṡ = ẋ2+ k1x2+ k2α̇ (x1) (30)

α̇ (x1)where the third term   is governed by

α̇ (xi)=


(

p
q

)
|x1i|p/q−1x2i, s̄i=0 or s̄i , 0; |x1i| ⩾ ϑi

b1ix2i+2b2isign(x1i) x1i x2i, s̄i,0; |x1i| < ϑi

(31)

i = 1,2where  .
Substituting the system (27) into (30) yields

ṡ = F (x)+Bu+∆+ k1x2+ k2α̇ (x1) . (32)

up,i uy,i

Theorem 3　Then the control law of normal accelera-
tions   and   can be described as
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
u = −B−1

(
F (x)+∆+ k1x2+ k2α̇ (x1)+

v1|s|1−
1
τ sign(s)− v2ζ

)
ζ̇ = B|s|1− 2

τ sign(s)

(33)

k1,k2,v1 v2

τ = [τ1, τ2]T ∈ R2+, τ1 > 2, τ2 > 2
where    and    are  positive  constants  and

.
Consider  the  system  (27),  the  guidance  law  (33)  with

the  sliding  manifold  (28),  then  the  sliding  surface  will
converge to a small neighborhood around zero in a finite
time.
Proof　Substituting (33) into (32) yields

ṡ = −v1|s|1−
1
τ sign(s)− v2

w
B|s|1− 2

τ sign(s)dt. (34)

w1 = [w11,w12]T ∈ R2 w2 = [w21,w22]T ∈ R2

To  ease  the  following  proof,  introduce  two  auxiliary
vectors    and 
[32] as {

w1 = s
w2 = −v2

r
B|s|1− 2

τ sign(s)dt
. (35)

Taking the derivative of (35) with respect to time yields ẇ1 = w2− v1|s|1−
1
τ sign(s)

ẇ2 = −B|s|1− 2
τ sign(s)

. (36)

Then consider the following Lyapunov function:

V3 =

2∑
i=1

Wi =

2∑
j=1

(
v2τ j

τ j−1

∣∣∣w1 j

∣∣∣2(1−τ j)/τ j
+

1
2

w2
2 j+

1
2

(
v1

∣∣∣w1 j

∣∣∣(1−τ j)/τ j sign
(
w1 j

)−w2 j

)2
)
. (37)

V3

Ω =
{
(w1,w2) ∈ R4 |w1 = 0

}
w1 = 0 w2 , 0 ẇ1 = w2 , 0

Ω

(w1,w2) = (0,0) V3

From (37), one can conclude that   is continuous ex-
cept the region  . However, when

 and  , it follows from (36) that  .
In other words, the trajectory of system (27) will cross the
region   instead of staying within it, apart from the equi-
librium  case  .  Thus,    can  be  used  to
evaluate the stability of the system.

W1Taking the derivative of   with respect to time yields

Ẇ1 =

(
v2τ1

τ1−1
+

1
2

v2
1

)
2τ1−2
τ1
|w11|(τ1−1)/τ1 sign(w11) ẇ11+

2w21ẇ21− v1|w11|(τ1−1)/τ1 sign(w11) ẇ21−

v1
τ1−1
τ1
|w11|−1/τ1 w21ẇ11=

− |w11|−1/τ1

(
v1v2|w11|2(τ1−1)/τ1+

τ1−1
τ1

v3
1|w11|2(τ1−1)/τ1 −

2
τ1−1
τ1

v2
1|w11|(τ1−1)/τ1 sign(w11)w21+

τ1−1
τ1

v1w2
21

)
.

(38)

Rewrite (38) into a matrix form as

Ẇ1 = −|w11|−1/τ1 wT
1 Q1w1. (39)

w1 = [w11,w21]T ∈ R2where   and

Q1 =


v1v2+ v3

1

τ1−1
τ1

−v2
1

τ1−1
τ1

−v2
1

τ1−1
τ1

v1
τ1−1
τ1

 .
v1 > 0,v2 > 0 τ1 > 2 Q1It follows from   and   that   is posi-

tively defined.
W1Rewrite   as the following matrix form:

W1 = wT
1 P1w1 (40)

P1 =
1
2

 v2τ1

τ1−1
+ v2

1 −v1

−v1 2

 v2 > 0

τ1 > 2 P1 W1

with  .  It  follows  from 

and    that    is  positively  defined  and    is  radi-
ally unbounded, so that

λmin (P1)∥w1∥2 ⩽W1 ⩽ λmax (P1)∥w1∥2 (41)

λmin (P1) λmax (P1)

∥w1∥ =
√
|w11|2(τ1−1)/τ1 +w2

21 ⩾ |w11|(τ1−1)/τ1

|w11|1/τ1 ⩾ ∥w1∥−1/(τ1−1)

where    and    are  the  minimum  eigen-
value  and  the  maximum  eigenvalue,  respectively.  Ac-

cording  to  ,  one
can imply that  . Combining (39) and
(41), one can conclude that

Ẇ1 ⩽ −∥w1∥−1/(τ1−1)λmin (Q1)∥w1∥2 ⩽
−λmin (Q1)∥w1∥(2τ1−3)/(τ1−1) ⩽

− λmin (Q1)
[λmax (P1)](2τ1−3)/(2τ1−2) ∥w1∥(2τ1−3)/(2τ1−2). (42)

With similar analysis, the following inequality holds:

Ẇ2 ⩽ −
λmin (Q2)

[λmax (P2)](2τ1−3)/(2τ1−2) ∥w2∥(2τ1−3)/(2τ1−2) (43)

where

P2 =
1
2


v2τ2

τ2−1
+ v2

1 −v1

−v1 2

 ,

Q2 =


v1v2+ v3

1

τ2−1
τ2

−v2
1

τ2−1
τ2

−v2
1

τ2−1
τ2

v1
τ2−1
τ2

 .
2τ1−3
2τ1−2

∈ (0,1)
2τ2−3
2τ2−2

∈ (0,1)Since   and  , according to

Lemma 3, the sliding surface can converge to a small re-
gion around zero in finite time.

□ 

4. Numerical simulations
In this section, the effectiveness of the proposed coopera-
tive  guidance  law is  demonstrated  through  numerical  si-
mulations, in which three missiles are considered to inter-
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cept  a  stationary  target  with  different  initial  conditions.
The  target  is  assumed  to  be  at  the  position  of  (0,0,0)  m
while  the  initial  conditions  for  the  three  missiles  are
shown in Table 1. Additionally, in the simulations, three
different  communication  topologies  are  considered  in
Fig.  3,  where  the  first  two ones  are  connected  while  the
last one is unconnected.
  

Table 1    Initial flight parameters of multiple missiles

Missile Position/km θ/(◦) ψ/(◦) Velocity/(m/s)

M1 (−13,4,−13) 10 10 300

M2 (−10,2,−12) −10 30 300

M3 (−12,6,−10) −20 20 300
  

M1

M2 M3

M1

M3

M2

M2 M3

M1

(a) Case 1 (b) Case 2 (c) Case 3

Fig. 3    Communication topology among three missiles
  

4.1    Simulation results of impact time control

A3

Considering  the  engagement  scenario  topology Fig.  3(c)
firstly,  and  then  the  corresponding  adjacency  matrix 
can be described as

A3 =


0 0 0

0 0 0

0 0 0

 . (44)

It is assumed that only the 1st missile (M1) can obtain
the  desired  impact  time  information,  then  (11)  can  be
simplified as (45) in this condition.

ur,i = −
V2

r,i

ri

[
−bisign

(
timp,i− t∗imp

) ∣∣∣timp,i− t∗imp

∣∣∣α] , i = 1 (45)

α = 0.5,
bi = 1 Ni = 4, βi = 1.0 ηi = 0.5

t∗imp =

65 70 75 s

The  control  law  parameters  are  chosen  as 
 for (45), and   and   for (21).

After  that,  to  verify  the  effectiveness  of  the  proposed
guidance  algorithm,  let  the  desired  impact  time 
 s,    s  and  ,  respectively.  The simulation step is

set  to  be  5  ms,  and the  simulation results  for  M1 in  this
case are shown in Fig. 4.

t∗imp

t∗imp

Fig.  4(a)  shows  the  history  of  the  time-to-go  for  M1
with these three cases of desired impact time  ,  which
reveals  that  the  proposed  guidance  law  satisfies  the  im-
pact  time  constraint  precisely.  The  impact  time  error  of
the proposed guidance law turns out to be less than 0.01 s
in  our  simulations. Fig.  4(b)  indicates  that  the  zero  miss
distance can be achieved as the flight time approaches to
the desired impact time. Furthermore, the missile accelera-
tion command along the LOS produced by the proposed
guidance law with  different    is  provided in Fig.  4(c).

Clearly,  a  longer  convergence  phase  is  required  to  regu-
late  the  impact  time  error  with  a  larger  desired  impact
time under the same initial conditions.

A1

To further investigate the performance of the proposed
impact time guidance law, we next consider the first  en-
gagement scenario Fig. 3(a), and the corresponding adja-
cency matrix   can be obtained as

A1 =


0 1 1
1 0 1
1 1 0

 . (46)
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Fig. 4    Simulation results for M1 with respect to different desired
impact time
 

t∗imp = 65 s

Keep the control law parameters for (11) and (21) con-
sistent  with  the  previousdesign.  In  addition,  the  desired
interception  time  for  all  missiles  is  chosen  as 
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in this case. The simulation is terminated when the maxi-
mum range-to-go is less than 0.5 m, and the correspond-
ing simulation results are shown in Fig. 5.

T1 ≈ 9.427 s

Fig.  5(a)  compares  the  3-D  interception  trajectory  for
these  three  different  initial  conditions,  which  shows  that
the cooperative attack mission is accomplished. Then, the
relative range and time-to-go profiles with respect to fli-
ght  time  are  shown  in  Fig.  5(b).  In  Fig.  5(b),  it  can  be
seen that the time-to-go of these three missiles reaches at
an agreement at about 3.7 s, and the simultaneous attack
is achieved with the desired impact time 65 s. The result
conforms with the proof of Theorem 1, since we can eas-
ily verify that the convergence time under this case is sh-
orter  than  the  required  converge  time  .  Be-
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t∗imp=65 sFig. 5    Simulation results with the desired impact time 
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sides, it can be noted from Fig. 5(c) and Fig. 5(d) that the
elevation  angular  rate  and  the  azimuth  angular  rate  of
LOS converge to zero in finite time. The missile accelera-
tion  commands  produced  by  the  proposed  guidance  law
with  respect  to  flight  time  is  produced  in  Fig.  5(e)  to
Fig. 5(g), which can be found that the convergence rate of
the acceleration along LOS is faster than that of the nor-
mal acceleration and lateral acceleration. 

4.2    Simulation results of impact time and
angle control

α = 0.5, bi = 1 p = 2, q = 3, k1 = 0.5, k2 = 0.1,
v1 = 10, v2 = 10, τ1 = τ2 = 2.1

t∗imp = 65 s
λimp f = −40◦,

−60◦,−80◦ λimy f = −20◦,−40◦,−60◦

In  this  situation,  choose  the  control  law  parameters
 for (11), and 

  for  (33).  The  designated
impact  time  is  set  as  ,  and  the  desired  impact
angle  for  these  three  missiles  are  taken  as 

  and    in  the  elevation
and azimuth directions,  respectively.  The simulation res-
ults are shown as Fig. 6, which implies that the proposed
guidance  law can  satisfy  the  requirements  for  the  desig-
nated impact time and impact angle.
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Fig. 6    Simulation results with different impact angle constraints
 

However,  to  increase  the  damage  performance,  the
large  impact  angle  constraint  usually  needs  to  be  consi-
dered  in  the  actual  combat  process.  Therefore,  the  desi-

λimp f = −80◦ λimy f = −60◦
red impact  angle for these three missiles are all  taken as

  and  ,  respectively,  and  the  cor-
responding  simulation  results  are  presented  in  Fig.  7.  It
can be observed that  the LOS angle for all  missiles tend
to the designated impact angle along with the time-to-go
error going to zero. Both the impact time control and im-
pact angle control are achieved finally, as we expected.
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Fig. 7    Simulation results with the same impact angle constraint
 

λimp f = −80◦ λimy f = −60◦

The  rest  simulation  results,  including  the  interception
trajectories,  relative  range  and  time-to-go  profiles,  LOS
angular  rates,  and  acceleration  commands,  are  present-
ed  in  Fig.  8  with  respect  to  the  desired  impact  angle

  and  .  From Fig.  8(a),  it  can  be
known that the trajectories become more curved than that
without  impact  angle  controlling.  The  time-to-go  index
of  these  three  missiles  reaches  an  agreement  quickly,  as
shown  in  Fig.  8(b).  In  addition,  Fig.  8(c)  to  Fig.  8(g)
show  that  the  LOS  angular  rates  and  acceleration  com-
mands  both  converge  to  a  small  neighborhood  around
zero in a certain time, which illustrates that the proposed
3-D guidance law can regulate the impact time error and
impact  angle  error,  in  accordance  with  the  expectant
design. 
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4.3    Simulation results of switching topology

1 s ⩽
t ⩽ 8 s

G 7 s

In this section, we mainly focus on the situation with the
switching  topology  induced  by  the  communication  fault
during  the  flight.  As  shown  in  Fig.  3,  the  communica-
tion  topology switches  to  topology Fig.3(c) during 

  and  then  switches  to  topology  Fig.3(b),  which
means the graph   maintains disconnecting for  .  The
simulation results for this case are shown in Fig. 9.
It  can  be  seen  from  Fig.  9(a)  that  the  time-to-go  of

these three missiles reaches an agreement at about 13.54 s.
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From  Fig.  9(b),  the  acceleration  along  LOS  of  all  mis-
siles  has  a  jump  when  the  graph  is  reconnected,  and
gradually  converges  to  near  zero  with  respect  to  flight
time. In summary, we can discover that this communica-
tion  topology  may  not  affect  the  finite-time  consensus,
but may deteriorate the consensus time. 

5. Conclusions
In this paper, the cooperative guidance problem for mul-
tiple anti-missiles in the 3-D scenarios to achieve a salvo
attack is discussed with the desired terminal impact angle
constraint  perpendicular  to  the  LOS.  The  proposed  coo-
perative  guidance  scheme  is  divided  into  two  different
parts: the tangential acceleration command is designed to
make the time-to-go variable reach an agreement in finite
time  based  on  the  available  flight  information  and  com-
munication topology theory. The normal accelerations are
designed  to  force  the  LOS  rate  to  converge  to  a  small
neighborhood  around  zero,  and  ensure  the  terminal  im-
pact angle constraint is satisfied with the help of the non-
singular  terminal  sliding mode control  strategy.  Numeri-
cal  simulations strongly demonstrate the effectiveness of
the  proposed  formulation,  the  simultaneous  attack
is  achieved  with  impact  time  error  and  LOS  rate  both
equal to zero. Furthermore, the killing efficiency of mis-

siles can also be significantly improved by satisfying the
terminal impact angle constraint by using the proposed gui-
dance  law.  Finally,  numerical  simulation  results  verify
the effectiveness of the proposed method.
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