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Abstract: Due to the simplicity and flexibility of the power law
process, it is widely used to model the failures of repairable sys-
tems. Although statistical inference on the parameters of the
power law process has been well developed, numerous studies
largely depend on complete failure data. A few methods on in-
complete data are reported to process such data, but they are
limited to their specific cases, especially to that where missing
data occur at the early stage of the failures. No framework to
handle generic scenarios is available. To overcome this problem,
from the point of view of order statistics, the statistical inference
of the power law process with incomplete data is established in
this paper. The theoretical derivation is carried out and the case
studies demonstrate and verify the proposed method. Order
statistics offer an alternative to the statistical inference of the
power law process with incomplete data as they can reformulate
current studies on the left censored failure data and interval cen-
sored data in a unified framework. The results show that the pro-
posed method has more flexibility and more applicability.
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1. Introduction

Reliability is a crucial characteristic for products because
their higher reliability always leads to less loss and great-
er competitiveness. Many efforts have been made to meet
expected specifications of product reliability in practice
[1]. For example, the reliability growth management in-
corporates corrective measures to fix the defects that have
surfaced and the reliability is enhanced gradually by the
implementation of the test—analysis—fix—test cycle for pro-
duct prototypes [2]. In addition to the reliability growth,
sound maintenance policies and procedures also help to
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ensure that product reliability is maintained at the bench-
mark level after it comes into the operation. For both relia-
bility growth and maintenance, failure data collection and
analysis are the primary concerns [3]. Over the past deca-
des, multiple approaches like Bayesian network [4—6], re-
newal process [7], trend-renewal process [8,9], Markov
process [10—12], nonhomogeneous Poisson process [13—
15], and modulated power law process [16], have been
proposed to help analysts to make informed decisions.

Although there are different models, the power law
process (PLP) is commonly used for failure data analysis
due to its flexibility and ease of use. After the Army Ma-
teriel Systems Analysis Activity initially uses it to plan,
track, and project a reliability growth program [17], the
International Electrotechnical Commission recommends
it for reliability growth modeling [18]. Moreover, the
PLP is not restricted to dealing with data produced by the
improvement program and is also suitable for handling
data from other scenarios such as minimal repairs [19].
Although the procedures that deal with parameters estima-
tion, confidence intervals, prediction intervals, and the
goodness-of-fit test of the PLP have been well estab-
lished [20], the PLP still attracts much attention. Mul-
tiple investigations—the PLP model selection taking into
account system heterogeneities [21], Bayesian inference
of'the PLP under different maintenance policies [22], statis-
tical inference of the PLP considering competing risk
[23], the generalized confidence interval of the scale
parameter [24], conjugate prior for Bayesian inference of
the PLP [25], and parametric bootstrap confidence inter-
val method [26]—have been conducted.

Most of the literature use the PLP to perform the data
analysis, which assumes that the failure times are fully
known, that is to say, the successive failure times of the
repairable systems are monitored and accurately recorded.
However, failure data may not be detected or obtained
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due to various uncontrollable reasons. For example, hu-
man error, lack of experience, and malfunction of sensors
may trigger any unobserved or unrecorded failure. Some-
times, the data may be found to be unfaithful or even in-
correct. In practice, it often occurs that the exact failure
times are not recorded and that only the number of fail-
ures occurred within a given period is known. Incom-
plete data can reduce the representativeness of the data
sample and result in a distorted inference in turn [27].
The interest in the incomplete data problem is therefore
growing. Guo et al. [28] proposed a three-parameter
Weibull failure rate for the analysis of incomplete wind
turbine failure data, where a new time parameter was in-
troduced into the Weibull rate function to represent the
past running time.

Statistical inferences of incomplete data have also been
discussed for the PLP. Yu et al. [29] carried out a statisti-
cal inference and prediction analysis of the PLP with left
censored data by using the classical approach in which
the missing data occurred at the early stage of the rese-
arch. This work laid the groundwork for further studies.
Based on the obtained results, Tian et al. [30] established
Bayesian estimation and prediction of the PLP with left
censored data; Chumnaul and Sepehrifar [31] derived a
generalized confidence interval for the scale parameter of
the PLP with left censored failure data; Na and Chang
[32] conducted a trend analysis for tank maintenance
where the left censored data are from multiple machines
and no information on the number of missing data is
available. Besides, some researchers have performed relia-
bility studies that are subject to interval censored data.
For example, Taghipour and Banjevic [33] conducted a
trend analysis of the PLP with interval censored data.
Peng et al. [34] suggested a framework to evaluate the
dynamic reliability of repairable systems with interval
censored failure data in which the imputation method was
used to fill out missing data.

The above-mentioned methods deal with incomplete
data based on their respective assumptions. They are limi-
ted to their specific cases, either left censored data or in-
terval censored data, and no unified framework is available
for handling all situations. In addition, the suggested meth-
ods are complex and lack flexibility since the successive
failure times of the PLP are mutually dependent. Consid-
ering that order statistics can help manipulate the depend-
ent variables into independent variables, it can provide an
alternative viewpoint for dealing with missing data and
simplify the related mathematical derivations. This paper
proposes a generic approach for making statistical infer-
ences of the PLP with incomplete data.

The rest of the paper is organized as follows. Section 2
introduces the preliminaries on order statistics and the

PLP. After the likelihood function of the observed data is
derived from the perspective of order statistics, Bayesian
procedures of estimating unknown parameters of the PLP
are discussed in Section 3. Section 4 provides case stu-
dies to explain and validate the proposed process, where
both simulated and actual failure data are used. Finally,
Section 5 summarizes the conclusions of this study.

2. Preliminaries

In this section, we briefly review some basic properties
that are necessary for later discussion and mathematical
derivation.

2.1 Order statistics

Given any random variable X;,X,,---,X,, the ith order
statistic, X;,,(i=1,2,---,n), is defined by sorting the cor-
responding realizations of these random variables in an
ascending order as X, < Xy, <+ < X,

When the random variable X;,X,,---,X, is sampled
from the same population, its realization x,x,,---,x, is
independent and identically distributed. Let f(x) and F(x)
be the associated probability density function (PDF) and
cumulative distribution function (CDF). The joint PDF of

X1, X, , X, 18 equal to l_[f(x,-). Further, there are n! per-
i=1

mutations of X;.,, X5.,,- -+ , X,.., t0 generate the same sample,

i.e., each of these permutations has an equal chance of be-

ing the same order statistics. Thus, there is an n! to one

map from the observations to the order statistics. The

joint PDF of order statistics X.,, Xo., -+ » X 1S

fl,2;--,n:n(~xlv-x27'” axn) = n‘ l_lf(-xz) (1)

where n! is the factorial of 7.

For any two order statistics X;,, and X;,(1 <i< j<n),
the joint PDF of X, and X, is given without proof as

fi,j(xi,xj) =n! f(xi)f(xj)'
[FO)) ™' [F(x) - F(x)Y "' [1 = F(x)]"’
i-DIG-i-Dln-)!

More details about (2) can be referred to [35]. Three

identities, which are related to the derivation of (2) and

also useful for further theoretical development, are des-
cribed as follows:

e 7 ey - d =
[ fende g [ peadn [ fendn =
|7 redns - 7 fdnFn) =

2
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Xi - F )
fm S(xio)dxiy "~£m f(xg)dx3[ (;3)] _

[Fx)I?  [F(x)]™'
2x3  G=-D!
3)

By integration of order statistics over their domain, (3)
can be easily derived. Similarly, there exist

J:'/ . J‘:lu f(le) . -f(Xjfl)dle .. 'd-xj—l =

[ s s

G-i-Dr @
and
e [ O fln)d -, =
[1-F(x)]"™”’
_ 5
(n—))! ©)

2.2 Power law process

The PLP is a nonhomogeneous Poisson process with a
time-dependent failure intensity that is proportional to a
power of time ¢. Let @ and S denote the scale parameter
and shape parameter separately. The failure intensity of
the PLP, v(¢), is

v(r):c’%(é)ﬁfl, a>0; B>0. )

Because the failure intensity of the PLP has the same
form as the failure rate of Weibull distribution, the PLP is
also known as the Weibull process [36]. If 8> 1, the sys-
tem is deteriorating. If 8 < 1, the system reliability is im-
proving. If B8 =1, the system has a constant failure inten-
sity and the PLP reduces to a homogeneous Poisson pro-
cess.

The mean value function m(t) of the PLP is

m(t) = E[N(1)] = fo y(x)dx = (é)ﬁ %

where N(f) denotes the number of failures observed up to
time ¢. Furthermore, according to the property of the non-
homogeneous Poisson process [37], the probability of
N(@®)=nis

_ Im@e®

P{N(t) = n} P

(®)

Let T=(T,,T,,---,T,) denote the consecutive failure
times of a PLP where 7; is the ith failure time, 7, is the
time at which the data collection ceases. In practice, there
are two types of truncated data: failure truncated and time
truncated. If the data collection process is ceased at the
arrival time of the nth failure, the data collected in this

way are failure truncated. If the data collection process is
terminated at a prefixed time, the collected data are called
time truncated data. Thus, for failure truncated case, ¢, is
equal to #,, and for the time truncated case, ¢. is predeter-
mined.

Given the truncated time ¢. and the observed values
T,=t,T,=t,---,T, =t,, the joint PDF is

[ty 1) =
I:l—l V(fi)] e — l—[ V(l‘,)jl e*.fn" V(i _
i=1

ﬂﬁe’(%)ﬂnz,ﬁ']. )

a”

i==1
The conditional density function of T = (T, 75,---,T,)
given N(t.))=nis
f(t17t29 Tt tn’ tc|N(tc) = n) =

f(tl’tZ’”' 9tmtz‘) _ . V(ti)
sy e | ot (10)

i=1

Equation (10) indicates that on the condition of N(z.) =
n, the successive failure times T = (T, T>,---,T,) are dis-
tributed as order statistics from the distribution with PDF
as

f) =

Comt,) .

B-1
V() _ﬁ(tz) L 0<y<t, (11

and the corresponding CDF is
0, y<0
B
m0) —(X) C0<y<n.  (12)

m(t,) \t,
1, y>t,

Fy(y) =

Equation (12) shows that for the time truncated case,
the successive failure data are that of n order statistics;
while for the failure truncated case, the successive failure
data are that of n— 1 order statistics.

3. Analysis of incomplete data

To deal with the incomplete data, a unified framework
combining the expectation maximization algorithm and
Bayesian inference is proposed in this section.

3.1 Incomplete data

Incomplete failure data are common for repairable systems
in practical situations. Different missing locations lead to
different incompleteness forms. In this paper, the failure
data are classified into two types: complete data and in-
complete data. All failures are gathered and recorded for
complete data. On the other hand, failure data in which
certain elements are missing are classified into incom-
plete data.
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Three types of failure data, complete data, left censor-
ed data, and interval censored data are shown in Fig. 1,
where the symbol X stands for a failure and ¢; is the ith

failure time. If the failure time is unrecorded, a subscript s
is used for indication. For both complete data and incom-
plete data, 7, is the truncated time.

The 1st failure The 2nd failure The 3rd failure The nth failure
Complete data O o>
0 tl t2 t} t/l t(
The 1st The 2nd The (»—1)th  The rth The nth
failure failure failure failure failure
Incomplete data
—X ==X == — = — = X— — o —>
left censored 0 / ‘ £ A A s
The The The The The The The The
Ist (r—1)th  rth (rt)th (rj+Dth  (n—k—1)th (n—k)th nth
failure failure failure failure failure ... failure failure ... failure
Incomplete data e e X P
interval censored . .
tl thl tr t,+/ t/ +j+1 tn k=1 trrl\ t” t(

Fig. 1 Schematics of failure data

When the missing location is at the early stage, we
term the data collected as left censored data. For example,
the first r—1(1 < r <n) failures are assumed missing in
Fig. 1, so the missing data are denoted by Y,, = {#;}Z and
the observed data are Y, = {t,,---,t,}. If the missing oc-
curs at certain periods, the data collected are regarded as
interval censored data. For interval censored data in Fig. 1,
the failures occurring at the interval (0,#,] and [z,.;,1,]
are assumed missing. Thus, the missing data are denoted
by Y, ={t],---,t;_.t; ,t°_._,} and the observed data

(LT LLITS TS R
are denoted as Y, ={t,,- s tujstucgs e, 1)

3.2 Likelihood function

Dempster et al. [38] first presented a general approach to
maximize the likelihood estimation of parameters with in-
complete data. This approach assumes that there is a
many-one mapping from the complete data to the incom-
plete data. Let the observed data and the missing data be
denoted by Y,and Y, respectively. The likelihood of
complete data f (Y,,Y,la,p) is related to the likelihood of
incomplete data f(Y,|a,5) by

fXaf)= [ fE Y lepd,.  (13)

3.2.1 Likelihood of left censored data

For left censored data shown in Fig. 1, Y,, = {#],%,--- ,£"_,}
and Y, ={t,,---,t.}. The likelihood of Y‘, can be derived
by integrating ( 13) with respect to {#;}Z], i.e.,

f(Yola’ﬁ) :f(tr"" Jcla’ﬁ) =
[ [ Yopyds i = PINGO =n)- (14

[ [ £ Y ING) =m0 p)de; -

As proofed in Section 2, the failure times of PLP are
order statistics conditioning on N(t, = n) and its associa-

ted PDF and CDF are given in (11) and (12), respect-
ively. Taking advantage of (2) and (3), and substituting
(8) and (10) into (14), we can easily integrate (14) with
respect to every ¢; and obtain the likelihood of Y, as

S0 o) = "), i"“ﬁ]—[z‘* L)
Equation (16) provides a mathematical proof of (15).
f(Y,la,B) = PIN (t.) = n}-
j--'jf(Ym,YolN(tc) = n,a,ﬂ)dt’{ dr, =
[m (te)]"e”"" ) -

v(t)
nl m(t)j fm(t)dt dr, =

LE@
=Dl

[m(tf)]"e””(") - H v(t:)

n! - m(t)
Bt

e nl e (o]
n! ‘(r—l)!l;[ Zﬁ[(Z)} -
()
(%’)ﬁne‘(%)ﬁ n ﬂtﬁg_l ‘ Blr-1)
r—1D)! 1] £ (t_) B

i=r

P pre(% )ﬁn re1 B '+1)[1_[tﬁ ] D) 1)

(r=1)!

ﬁn r+]e—( ) (r b g
G-I 1—[/; (16)

3.2.2 Likelihood of interval censored data

Similarly, for the interval-censored case where Y, =
{t],,t_.t <t} andY, ={t,,--

=12 r+j+l’”

we can obtain the likelihood of Y, as

’tr+_j9tn—k’ e ,t,,},
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fXola,B) =

Y
e—(;) ﬁj+k+2(tf,k_t

B )nfkfrfjfl tﬁ(r_l)
r

r+j

afrin—k—r—j-DIr-1)!

r+j

[1e

i=r

n

[T

i=n—k

(17

The mathematical proof of (17) can be referred to (18).

f(Yo |a9ﬁ) = f(tr, e str+j7 tn—k’ e 9tn7 tc|a,9ﬁ) =
@) (P

r

fm@)yem

TR 5 VY7 Ty b

{Ft, ) -F@ V""" v

nm—k-r—j-1)

! 'nm(tc)‘

i=n—k

B r-1
VY ey Bt L
(—C) 67(7) r+j ! t
a af ¢
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n!
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—r—j-1

-1
Bt
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l—[ a

! t.\?
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a

Br=1)
t,
e \P i _ —_
et eopr (i)

P A O
n—k—r—j-1
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r+j
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pety PLIT e
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t*ﬁ(»l—k—rfjfl)(t/f 4P )”'k‘"-"l B l_[ti
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(Y n—k—r—j-1 (r—1)
€ (")ﬁﬁhz(tnﬁfk_tﬁj) l‘rﬁr
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i=r i=n—k

(18)

3.3 Bayesian inference

The Bayesian inference provides a useful approach to es-
timate unknown parameters in which the prior informa-
tion and likelihood information are fused and more rea-
sonable information on the unknown parameters can be
yielded from the posterior. Let S stand for the observed
data and P be the unknown parameters of interest. Under
the Bayesian framework, the parameters P are assumed
to be random variables. Assuming the associated prior
PDF of P is f(P) and the likelihood function of S condi-
tional on P is L(S|P), the posterior PDF of P, f(P|S), is
determined by

P)L(S|P
pls)— T DLSIP)

j: F(P)L(S|P)dP

The denominator of (19) is a normalizing constant. By
this mechanism, the prior information f(P) is updated to
the posterior f(P|S).

For the PLP, the scale parameter @ and shape parameter
B are the parameters of interest, i.e., P = (a,(3). If @ and
B are independent mutually, f(P) is equal to f(@)f(B).
The likelihood function of the observed failure data is de-
termined by the failure data type. For complete failure
data, L(S|P) has the form of (9). For the left-censored
data, L(S|P) is defined by (15), and for the interval cen-
sored data, L(S|P) is given in (17).

(19)

4. Case study

In this section, we utilize two examples to illustrate and
validate the proposed method. In the simulation case, all
the data are generated in the same simulation. The Baye-
sian inference for the complete data, left censored data
and interval censored data are conducted, and the infer-
ence results are compared. In the engineering case, real
failure data from a reliability growth testing of a proto-
type vehicle are analyzed.

4.1 Simulation case

According to (10), the successive failure data of the PLP
can be viewed as ordered statistics with the PDF and
CDF as (11) and (12). This property provides a mecha-
nism to simulate the PLP. For a time truncated case, simu-
lation procedures for failure data are listed in Table 1.

Table 1 PLP simulation procedures

Step Content

1 Set the parameters «, 3 and the truncated testing time .

Generate the failure number n from the Poisson distribution with
mean parameter A = (t./a)?

Generate n random numbers u; from the standard uniform
distribution

1
Generate the failure times T', where ¢; is equal to ; = .- (r;)#

Sort #; in an ascending order
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A total of 27 failure times are simulated based on the
procedures listed in Table 1, where the parameters
a =50, B=0.6, and t, = 10*. The successive failure times
simulated are 4.4%, 29.8*, 104.4*, 217.8*%, 656.1, 657.3,
9259, 1 624.8, 1 717.1, 2 043.0, 2 509.4%, 2 524.4%,
2 664.8, 3 470.6, 3 673.4, 3 776.1, 4 599.9, 4 931.4,
5 431.5, 5 437.2, 5 609.5, 6 532.4, 8 202.6, 8 398.9,
9154.4, 9 380.7, 9 969.6. Both the left censored and in-
terval censored data are considered in this study. For the
left censored data, the exact failure times for the first four
failures are assumed unknown and are indicated by *.
That is, n =27 and r =15 for the left censored case. For
the interval censored case, additional failure times are as-
sumed missing besides the first four failures times. All
the missing data are denoted by *. That is, n=27,
r=35, j=35,and k = 14 for the interval censored case.

Under the Bayesian framework, the prior knowledge,
such as statistical data, expert opinions, historical data, or
experiences from similar systems, can help to create a
reasonable prior distribution. Prior elicitation, however,
requires significant effort. Therefore, for the unknown
parameters @ and S in this study, noninformative prior
distributions characterized by uniform distributions are
adopted.

To verify and compare the effency of the proposed ap-
proach, all the cases use the same noninformative prior
distributions where a and g are considered to be mutu-
ally independent. Using the Markov chain Monte Carlo
(MCMC) sampling, the point estimation and 95% credi-
ble intervals are easily obtained from the posterior distri-
bution. The results of the Bayesian inference are listed in
Table 2.

Table 2 Inference results of different data types

Mean estimation

Credible interval

Data type " 5 " 7
Complete data 40.61 0.5915 [21.17, 59.05] [0.505 1, 0.675 9]
Left censored 42.14 0.600 7 [21.55, 59.24] [0.514 9, 0.685 2]

Interval censored 41.91 0.599 8 [21.57,59.20] [0.5117,0.683 0]

As shown in Table 2, the point estimates of @ and S
are similar to each other, and all the point estimates of
are very close to the actual value. The estimate thus cap-
tures the characterization of the system. In addition, all
the credible intervals of @ and B are valid. There is no
significant difference between circumstances. It is verified
that the proposed method is effective.

4.2 Engineering case

Two engineering cases from an aircraft generator and a
prototype vehicle are used to illustrate the proposed
methodology. For the first example, Chumnaul and
Sepehrifar [31] gave the maximum likelihood estimates
(MLE), classical confidence intervals (CCI), and general-
ized confidence intervals (GCI) derived from generalized
pivotal quantity. The same data are used here for the
comparative analysis. For the prototype vehicle data, we

focus on determining whether the system is improving.

4.2.1 Aircraft generator data

The testing of an aircraft generator is ceased at the 13th
failure. The observed failure data are 55*, 166*, 205*,
341, 488, 567, 731, 1 308, 2 050, 2453, 3 115, 4017, and
4 596. For comparative purposes, a mathematical trans-
formation y=a* is performed for consistency, so the fail-
ure intensity reduces to v(r) = yBt#~! and the parameters
of interest in this case are y and S.

We assume r =1, 2, 3, 4, where r—1 is the number of
missing failures at the early stage of testing. Similar to
the left censored data of Subsection 4.1, the noninfor-
mative prior and the MCMC algorithm are used. The
point estimates and credible intervals obtained are tabu-
lated in Table 3, where the MLE, CCI and GCI provided
by Chumnaul and Sepehrifar [31] are also listed.

Table 3 Parameter interval estimates for complete (r = 1) data and incomplete (r > 2) data

¥ B 95% credible interval of ¥ 95% confidence interval of Y 95% confidence interval of ¥
Mean MLE Mean MLE MCMC Width CCI Width GCI Width
1 01315 0.1072 0.5512 0.5690 [0.0606,0.2469]  0.1863 [0.0394,2.104 5] 2.065 1 [0.008 1, 1.424 4] 1.416 4
2 0.1466 0.1238 0.5360 0.5519 [0.0738,0.2572]  0.1834 [0.046 3,2.681 1] 26348 [0.010 3, 1.614 0] 1.603 7
3 01506 0.1676 0.5303 0.5159 [0.0754,0.2623]  0.1869 [0.059 0, 5.265 2] 5.2062 [0.0137,2.074 1] 2.060 5
4 0.1513 0.1835 0.5293 0.5052 [0.0746,0.2651]  0.1905 [0.065 6,7.211 6] 7.146 0 [0.0151,2.343 7] 23286
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Table 3 shows that Sand % decrease slightly as the
value of r increases. The estimates of B obtained from
the proposed method has no significant difference from
the MLE, while there is a discrepancy between the esti-
mates of y. The reason may be that y depends on B, and
B can affect ¥.

When the performances of interval estimates are com-
pared, the interval widths obtained from GCI and CCI in-
crease as r increases, and CCI has a bigger width than
GCI. However, all the widths of credible intervals are
closed to each other and are less than CCI and GCI. It in-
dicates that the proposed method can yields precise res-
ults.

4.2.2  Prototype vehicle data

Reliability growth is an effective way to improve the sys-
tem reliability. The failure data analysis can help identify
whether the fixes are effective and the reliability is impro-
ving. A reliability growth testing for a prototype vehicle
has been conducted where some potential failure modes
are surfaced and corrective actions are incorporated.
However, the exact failure data of the initial testing stage
are not documented, and only the failure number is repor-
ted. The exact failure times recorded are 673.6, 697.4,
796.1, 892.7, 906.3, 967.2, 1 066, 1 108. What is more,
the exact failure times for the first 16 failures are not re-
corded, and the testing is terminated at 1 200 k.

To assess the reliability of the system after this stage of
testing, the PLP is used to fit the data. Obviously, the data
is the left censored type. Using the above methods, the
marginal posterior distribution of S is obtained as shown
in Fig. 2. The posterior mean of S is 0.65, with a 95%
credible interval of (0.37, 1.14). The probability that S is
less than one is quite large. It implies that the failure rate
decreases over time. Therefore, the system performance
is improved and the fixes implemented are effective.
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Fig. 2 Marginal posterior density of

Similarly, it can be derived that the posterior mean of &
is 15.77, with a 95% credible interval of (0.15,78.71).

Taking advantage of the inference results of @ and S, the
system reliability can be tracked and the present or poten-
tial level of reliability can be measured.

5. Conclusions

This paper develops a method for statistical inference of
the PLP with incomplete data from the viewpoint of or-
der statistics. It extends the application scenarios of the
PLP because it can not only handle the left censored fail-
ure data, but also can be used for interval censored fail-
ure data. The mathematical derivation is comprehensive,
and the case studies demonstrate and validate the effency
of this approach.

Further research may focus on developing frequentist
approaches for the interval censored case since frequent-
ist approaches provide alternatives to Bayesian inference.
For the parameters of interest, closed expressions on
maximization likelihood estimators, confidence intervals,
and prediction intervals can also be obtained from the
point of view of order statistics. In addition, since the or-
der statistics can simplify the successive failure times that
are mutually dependent to be independent identically dis-
tributed, other methods such as the bootstrap approach
and the Monte Carlo expectation maximization algorithm
are also worth being studied for the incomplete data ana-
lysis. Comparative studies between different approaches
are also required.

It should be noted that the incomplete data analyzed in
this paper are limited to the situation where the exact time
for failure is missing but the number of failures is known.
Further research should pay attention to the situation
where both the failure number and failure times are
missed.
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