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Abstract: Based on the time differences of arrival (TDOA) and fre-
quency differences of arrival (FDOA) measurements of the given
planar stationary radiation source, the joint TDOA/FDOA location
algorithm which solves the location of the target directly is pro-
posed. Compared with weighted least squares (WLS) methods,
the proposed algorithm is also suitable for well-posed conditions,
and gets rid of the dependence on the constraints of Earth’s sur-
face. First of all, the solution formulas are expressed by the radial
range. Then substitute it into the equation of the radial range to
figure out the radial range between the target and the reference
station. Finally use the solution expression of the target location
to estimate the location of the target accurately. The proposed
algorithm solves the problem that WLS methods have a large
positioning error when the number of observation stations is not
over-determined. Simulation results show the effectiveness of the
proposed algorithm, including effectively increasing the positioning
accuracy and reducing the number of observatories.
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1. Introduction

In recent years, the passive localization technology has at-
tracted more and more attention. According to the num-
ber of observing stations, passive localization can be di-
vided into two parts [1]: the first part is the single-station
passive localization, with simple equipment and using less
measured information to locate the target; the other part
is the multi-station passive localization, which is an effec-
tive method to realize fast and high-precision localization
of radiation source [2]. Relative to the single-station pas-
sive location, the multi-station passive localization can al-
ways locate the target with high-precision in short time.
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Compared with the stationary multi-station passive locali-
zation, it is more flexible and able to move to specific areas
according to the needs of the task.

The localization method is usually determined by the
observed measurements, in which the time differences of
arrival (TDOA) information is one of the most basic mea-
surements, and it has a higher localization accuracy under
the current observed conditions [3]. Therefore, it is mean-
ingful to research the passive localization algorithm based
on the TDOA measurement. When there is a relative mo-
tion between the source and the observing stations, the lo-
cation accuracy can be improved by joint TDOA and fre-
quency differences of arrival (FDOA). Moreover, with the
large number of applications of mobile observations and
their maneuvering advantages, estimating the location of
an emitter from a combination of TDOA and FDOA has
been the focus of current research [4 – 11]. The mobile
emitter localization and tracking can be obtained by us-
ing TDOA and FDOA measurements in [5]. At the same
time, He et al. proposed a new method about a mobile tar-
get localization with joint TDOA/FDOA by multidimen-
sional scaling analysis in [6]. Then, in the second stage of
the two stage weighted least squares (TSWLS), the rela-
tionship among the nuisance parameters and the unknown
position and velocity of the source are utilized to refine
the solution and improve the performance of the method
[7]. When the target radiation source is stationary, an itera-
tive algorithm is proposed based on the TDOA and FDOA
united location using moving observations [8]. However,
the joint TDOA/FDOA location method mentioned above
can only be applied when the number of observation sta-
tions is over-determined. If the number of stations is well-
posed, there would be low positioning accuracy which can
not meet the actual needs [4,7,11].

Therefore, a joint TDOA/FDOA algorithm is proposed,
without relying on the Earth constraint equation, to solve
the problem of low positioning accuracy under well-posed
conditions. Based on measured time difference and fre-
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quency difference equations, the proposed method solves
the target location directly. First of all, the solution formu-
las are expressed by the radial range. Then we substitute
the target location expression into the equation of the radial
range to figure out the radial range between the target and
the reference station. Finally use the solution expression of
the target location to obtain the target location accurately.
Simultaneously, the simulation analysis is used to examine
the algorithm’s correctness and performance.

2. Positioning principle

The joint TDOA/FDOA location of dual-station is a com-
bined localization technology. Based on the TDOA and
FDOA united location of stationary source using moving
dual observations, the range difference between observa-
tions and the target is related to TDOA, while the range
difference rate is related to FDOA. First, transform the
TDOA and FDOA equations to a set of linear equations by
introducing nuisance parameters, then use the other con-
straint equations to obtain the nuisance parameters, and fi-
nally estimate the target location parameters by the linear
equations directly.

In a three-dimensional (3-D) scenario, each TDOA
measurement defines a region of possible target locations
around two unique hyperbola. In the same way, a single
FDOA measurement defines an area of possible target lo-
cations, whose shape is two closed semi-elliptic surfaces.
Therefore, at least three moving observations are needed
to achieve the TDOA and FDOA united location for space
targets. However, in practical applications, such as locat-
ing the targets of sea surface and ground, since their alti-
tude information is known, only the longitude and latitude
parameters need to be estimated, namely, the 2-dimens-
ional (2-D) plane localization problem in 3-D space. At
this point, two moving observations can meet the most ba-
sic localization requirements. The dual-station localization
system requires no networking and requires communica-
tion between the two stations. Thus, the system is simple
to implement and the operation is flexible, and it has be-
come the focus of current passive localization research.

As shown in Fig. 1, considering a 3-D scenario where
two moving observations are used to determine the posi-
tion u of a given planar stationary emitter using the TDOA
and FDOA united location. The observation positions
si = (xi, yi, zi)T and velocities ṡi = (ẋi, ẏi, żi)T where
i = 1, 2, are assumed known. If the given target plane is
z = zT , then there is the target position u = (x, y, zT )T.
Assuming that the first observation is a reference receiver,
the TDOA Δt21 and the FDOA Δf21 about signal arriving
at the second station with respect to the reference receiver
can be expressed as

Δt21 =
1
c
(|u − s2| − |u − s1|) =

1
c
(
√

(x − x2)2 + (y − y2)2 + (zT − z2)2−√
(x − x1)2 + (y − y1)2 + (zT − z1)2)

and

Δf21 =
fc

c

(−ṡT
2 (u − s2)
|u − s2| − −ṡT

1 (u − s1)
|u − s1|

)
=

fc

c

(
− ẋ2(x − x2) + ẏ2(y − y2) + ż2(zT − z2)√

(x − x2)2 + (y − y2)2 + (zT − z2)2
+

ẋ1(x − x1) + ẏ1(y − y1) + ż1(zT − z1)√
(x − x1)2 + (y − y1)2 + (zT − z1)2

)
where fc is the center frequency of the signal radiated by
the stationary source, and c represents the speed of signal
propagation.

Fig. 1 3-D dual-station localization geometry diagram

In order to more clearly illustrate the principle of joint
TDOA/FDOA location, the 2-D dual-station localization
is taken as an example and the corresponding localization
principle diagram is shown in Fig. 2. The two localization
equations are determined by TDOA and FDOA measure-
ments from the two observing stations. On a 2-D plane,
these two equations can determine two localization lines,
whose intersection is the source position.

Fig. 2 2-D dual-station localization principle diagram
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3. Proposed solution

According to the previously assumed localization scenario,
the distance between the source and the receiver i is

ri = |u − si| =
√

(u − si)T(u − si), i = 1, 2. (1)

Assuming that the time difference and range difference
of the signal arriving at observing station 2 and station 1
are Δt21 and r21 respectively, the signal propagation speed
is c, then the relationship between r21 and Δt21 is

r21 = cΔt21 = r2 − r1. (2)

Rewrite (2) as r21 + r1 = r2, square both sides, and
substitute (1) for r2

1 and r2
2 , then the TDOA equation is

r2
21 + 2r21r1 = sT

2 s2 − sT
1 s1 − 2(s2 − s1)Tu. (3)

Note that (3) is nonlinear with respect to u since r1 is
related to u through (1).

The time derivative of (1)

ṙi =
(−ṡi)T(u − si)

ri
, i = 1, 2 (4)

gives the relationship between the range rate and target lo-
cation parameters.

The range rate corresponds to the Doppler frequency,
and the range rate difference corresponds to the Doppler
frequency difference. In order to use the frequency differ-
ence information, take the time derivative of (3) and obtain

2(ṙ21r21 + ṙ21r1 + r21ṙ1) =

2(ṡT
2 s2 − ṡT

1 s1 − (ṡ2 − ṡ1)Tu) (5)

where ṙ21 is the range rate difference, which has a defi-
nite relationship with the Doppler frequency difference,
ṙ21 = λΔf21, and λ is the signal wavelength.

The observation equations of TDOA and FDOA united
location⎧⎨⎩

r2
21 − sT

2 s2 + sT
1 s1 = −2(s2 − s1)Tu − 2r21r1

ṙ21r21 − ṡT
2 s2 + ṡT

1 s1 = −(ṡ2 − ṡ1)Tu−
ṙ21r1 − r21ṙ1

(6)

can be got from (3) and (5). For the first equation in (6),
substitute u = (x, y, zT )T and obtain

(x2 − x1)x + (y2 − y1)y = m − r21r1 (7)

where

m = −1
2
[r2

21 − sT
2 s2 + sT

1 s1 + 2(z2 − z1)zT]. (8)

Substituting u = (x, y, zT )T, si = (xi, yi, zi)T ṡi =
(ẋi, ẏi, żi)T(i = 1, 2) and (4) into the second equation in
(6), there is

[r21ẋ1 − (ẋ2 − ẋ1)r1]x + [r21ẏ1 − (ẏ2 − ẏ1)r1]y =

ṙ21r
2
1 + n · r1 + l, (9)

where{
n = ṙ21r21 − ṡT

2 s2 + ṡT
1 s1 + (ż2 − ż1)zT

l = r21[ẋ1x1 + ẏ1y1 − (zT − z1)ż1]
. (10)

For simultaneous (7) and (9), the equations related to
the TDOA and FDOA are⎧⎨⎩

(x2 − x1)x + (y2 − y1)y = m − r21r1

[r21ẋ1 − (ẋ2 − ẋ1)r1]x+
[r21ẏ1 − (ẏ2 − ẏ1)r1]y = ṙ21r

2
1 + n · r1 + l

. (11)

Taking r1 as a nuisance variable, the purpose of intro-
ducing the nuisance variables is to make (11) become a set
of linear equations. Solve the equations⎧⎪⎪⎨⎪⎪⎩

x =
a1r

2
1 + b1r1 + c1

d1r1 + e1

y =
a2r

2
1 + b2r1 + c2

d2r1 + e2

(12)

where⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
a1 = r21(ẏ2 − ẏ1) − ṙ21(y2 − y1)
b1 = −[r2

21ẏ1 + m(ẏ2 − ẏ1) + n(y2 − y1)]
c1 = mr21ẏ1 − l(y2 − y1)
d1 = (y2 − y1)(ẋ2 − ẋ1) − (x2 − x1)(ẏ2 − ẏ1)
e1 = [(x2 − x1)ẏ1 − (y2 − y1)ẋ1]r21

(13)

and⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
a2 = r21(ẋ2 − ẋ1) − ṙ21(x2 − x1)
b2 = −[r2

21ẋ1 + m(ẋ2 − ẋ1) + n(x2 − x1)]
c2 = mr21ẋ1 − l(x2 − x1)
d2 = (x2 − x1)(ẏ2 − ẏ1) − (y2 − y1)(ẋ2 − ẋ1)
e2 = [(y2 − y1)ẋ1 − (x2 − x1)ẏ1]r21

. (14)

When i = 1, rewrite (1) as

r2
1 = (x − x1)2 + (y − y1)2 + (zT − z1)2. (15)

Substituting (12) into (15), we obtain(
a1r

2
1 + b1r1 + c1

d1r1 + e1
− x1

)2

+

(
a2r

2
1 + b2r1 + c2

d2r1 + e2
− y1

)2

+

(zT − z1)2 − r2
1 = 0 (16)

Simplify (16), then we obtain

k6r
6
1 + k5r

5
1 + k4r

4
1 + k3r

3
1 + k2r

2
1 + k1r1 + k0 = 0 (17)
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where

k0 = c2
1e

2
2 + c2

2e
2
1 + e2

1e
2
2[x

2
1 + y2

1 + (zT − z1)2]−

2e1e2(x1c1e2 + y1c2e1), (18)

k1 = 2c2
1d2e2 + 2b1c1e

2
2 + 2c2

2d1e1 + 2b2c2e
2
1+

2e1e2(d1e2 + d2e1)[x2
1 + y2

1 + (zT − z1)2]−
2x1e2(2c1d2e1 + c1d1e2 + b1e1e2)−
2y1e1(2c2d1e2 + c2d2e1 + b2e1e2), (19)

k2 = c2
1d

2
2 + 4b1c1d2e2 + 2a1c1e

2
2 + b2

1e
2
2+

c2
2d

2
1 + 4b2c2d1e1 + 2a2c2e

2
1 + b2

2e
2
1+

[x2
1 +y2

1 +(zT −z1)2](d2
2e

2
1 +4d1d2e1e1 +d2

1e
2
2)−e2

1e
2
2−

2y1(2c2d1d2e1+b2d2e
2
1+c2d

2
1e2+2b2d1e1e2+a2e

2
1e2)−

2x1(2c1d1d2e2 +b1d1e
2
2 +c1d

2
2e1 +2b1d2e1e2 +a1e1e

2
2),

(20)

k3 = 2b2c2d
2
1 + 2(2a2c2 + b2

2)d1e1 + 2a2b2e
2
1+

2b1c1d
2
2 + 2(2a1c1 + b2

1)d2e2 + 2a1b1e
2
2+

2{[x2
1 + y2

1 + (zT − z1)2]d1d2 − e1e2}(d2e1 + d1e2)−
2y1(c2d

2
1d2+2b2d1d2e1+a2d2e

2
1+b2d

2
1e2+2a2d1e1e2)−

2x1(c1d
2
2d1+2b1d1d2e2+a1d1e

2
2+b1d

2
2e1+2a1d2e1e2),

(21)

k4 = (2a1c1 + b2
1)d

2
2 + 4a1b1d2e2 + a2

1e
2
2+

(2a2c2 + b2
2)d

2
1 + 4a2b2d1e1 + a2

2e
2
1+

[x2
1 + y2

1 + (zT − z1)2]d2
1d

2
2 − 4d1d2e1e2 − d2

1e
2
2 − d2

2e
2
1−

2x1b1d1d
2
2 − 2x1a1d

2
2e1 − 4x1a1d1d2e2−

2y1b2d2d
2
1 − 2y1a2d

2
1e2 − 4y1a2d1d2e1, (22)

k5 = 2a1b1d
2
2 + 2a2

1d2e2 + 2a2b2d
2
1 + 2a2

2d1e1−
2d1d

2
2e1 − 2d2

1d2e2 − 2a1d1d
2
2x1 − 2a2d

2
1d2y1 (23)

and
k6 = a2

1d
2
2 + a2

2d
2
1 − d2

1d
2
2. (24)

Let r̂21 and ̂̇r21 be the noisy range difference and range
rate difference respectively. Assuming that the TDOA and
FDOA measurements can be described by the additive
noise model as {

r̂21 = r21 + n̂21̂̇r21 = ṙ21 + ̂̇n21
(25)

where n̂21 and ̂̇n21 are TDOA and FDOA noises. Use the
measured values r̂21 and ̂̇r21 in the noise model of the
above formula to replace the corresponding values r21 and
ṙ21 in (12), then use (16) or (17) with the measured values

to solve the range r1 from reference observation 1 to the
target. Finally, use the solved range to estimate the target
location by (16).

Solving (17) yields six roots, the positive real root is the
value of r1. Therefore, there may be a problem of locali-
zation ambiguity based on the method of solving r1 first
and then solving the target positions x and y, that is, a
fuzzy problem of r1. In this case, it is necessary to judge
according to a priori information and remove the false va-
lues, so as to realize the localization of the radiation source.
The simplest method to solve this problem is to increase
observing times and make cluster analysis. Because the es-
timated values of the target location must be concentrated
near the actual value, fuzzy estimates can be eliminated.

The following summarizes the specific steps for solving
the target position using the proposed algorithm.

Step 1 Use (13) and (14) to obtain the coefficients
a1, b1, c1, d1, e1 and a2, b2, c2, d2, e2 related to the target
positions x and y in the noise environment.

Step 2 Solve the radial distance r1.

(i) Search method

Construct the equation shown in (16), and use the direct
search method to search the solution of the equation that
meets a certain search step and a certain search threshold.

(ii) Root method

i) According to (18) to (24), the corresponding coeffi-
cients k0 − k6 in (17) are solved successively.

ii) Construct (17), and use the direct root method to find
the roots that satisfy the equation.

Step 3 Solve the radial distance r1 ambiguity. Remove
false values based on a priori information.

Step 4 Solve the target position. Substitute the solu-
tion r̂1 into (12) to solve the target positions x̂ and ŷ.

4. Existence of solutions

The joint TDOA/FDOA location algorithm proposed in
this paper is based on the measurement equations of TDOA
and FDOA. First, the solution formula of the target posi-
tion is expressed by the radial range. Then, substitute the
target location expression into the radial range equation to
figure out the radial range between the target and the ref-
erence station. Finally, use the target location expression
to estimate the target position accurately. In order to prove
the correctness and validity of the proposed algorithm, the
following simulations are performed.

The information of two stations and target radiation
source is shown in Table 1.
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Table 1 Positions and velocities of receivers and target (single sce-
nario)

Position/km Velocity/(m/s)Name
x y z vx vy vz

Observation 1 0 0 6 120 180 0
Observation 2 8 10 5 100 150 0

Target 80 120 1 0 0 0

When the TDOA and FDOA measurement errors are
both 10−5 times the size of their true values, the search
method is now used to search for the solution of (16), and
the root of (17) is solved by the root method. The search-
ing range of the search method is 80 − 200 km, the search
step length is 5 km, and the resolution threshold is 25 km2.
Using the two different methods to solve the nuisance vari-
ables r1 related to the position of the far-field target as
shown in Fig. 3.

Fig. 3 Radial range soving by dual-station location

As can be seen from Fig. 3, whether the search method
or the root method is used to solve the nuisance variables,
the two methods will produce multiple solution results,
namely the fuzzy problem of r1. In this case, it is neces-
sary to judge according to a priori information and remove
the false values, so as to realize the localization of the ra-
diation source. The simplest method to solve this problem
is to increase observing times and make cluster analysis.
The estimated values of the target position must be con-
centrated near the actual values. Therefore, fuzzy estimates

can be eliminated. Increasing the number of stations can
also improve the estimates.

When r1 is solved, use the target location expression
(12) to estimate the target position. It can be known from
(12), the condition of the target position solution is that the
denominator in (12) is not zero.

5. Simulation results

According to the joint TDOA/FDOA location principle, it
can be seen that the two observations on the single platform
move in the same direction and velocity, and on a straight
line. No matter using the TDOA localization or the FDOA
localization, the error of the localization curve is always
the smallest on the mid-line perpendicular to the baseline.
Therefore, choose the observations with parallel configu-
ration for analysis, but here the two observations are not
lying on the same line.

Since the two stations are configured in parallel, the ob-
serving stations and the target details are as follows.

Let the TDOA and FDOA measurement errors be 10−5

times the size of their true values, and continuously ob-
serve for 100 s with the observation time interval Δ = 3 s,
then the TDOA and FDOA united method is used to solve
the target location under the following conditions.

Scenario 1 Change the position coordinates of ob-
serving station 2 to observation 2 (Scenario 1) as shown in
Table 2, and observe stations 1 and 2 moving in parallel on
the same horizontal plane. In this scenario, the proposed
algorithm is used to estimate the given planar stationary
target, and the root-mean-square error (RMSE) of the tar-
get position estimation is shown in Fig. 4.

Table 2 Positions and velocities of receivers and target (multiple sce-
narios)

Position/km Velocity/(m/s)Name
x y z vx vy vz

Observation 1 0 0 6 120 180 0
Observation 2 (Scenario I) 8 10 6 100 150 0
Observation 2 (Scenario II) 8 10 5 100 150 0
Observation 2 (Scenario III) 1 1 8 100 150 0

Target 80 120 1 0 0 0
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Fig. 4 RMSE of target position estimates (Scenario 1)

Scenario 2 When observations 1 and 2 (Scenario 2)
neither move in parallel at the same horizontal plane nor in
the vertical plane, the target is stationary. Use the proposed
algorithm to locate the target, and its RMSE is shown in
Fig. 5.

Fig. 5 RMSE of target position estimates (Scenario 2)

Scenario 3 When observations 1 and 2 (Scenario 3)
do not move in parallel on the same horizontal plane, but
move in the same vertical plane, the target is still stationa-
ry. In this scenario, the RMSE of estimates solved by the
algorithm in this paper is shown in Fig. 6.

Fig. 6 RMSE of target position estimates (Scenario 3)

Compare Fig. 4(a), Fig. 5(a) and Fig. 6(a). When using
the search method to solve the radial range r1 and then esti-
mate the target, in Scenario 1, most of the estimates RMSE
float around 10 km, as shown in Fig. 4(a), and the RMSE
is slightly larger. When the two observing stations move in
Scenario 2, it can be seen from Fig. 5(a), that the RMSE is
up to 6 km, which is slightly smaller than that in Scen-
ario 1. When the observations move in Scenario 3, the
RMSE is up to 5 km, as shown in Fig. 6(a), that is slightly
smaller than that in Scenario 2.

Compare Fig. 4(b), Fig. 5(b), and Fig. 6(b). When using
the root method to solve the radial range r1 and then esti-
mate the target, in Scenario 1, the estimates RMSE change
irregularly with the observing time. As shown in Fig. 4(b),
it basically moves up and down at 5 km, and the RMSE is
slightly larger. When the two observing stations move in
Scenario 2, it can be seen from Fig. 5(b) that the RMSE
gradually changes with the observation time from 1 300 m
to 650 m, which is obviously smaller than that in Scen-
ario 1. When the observations move in Scenario 3, the
RMSE fluctuates as the observing time increases, and
shows a downward trend from 700 m to 400 m, as shown
in Fig. 6(b). It is obviously smaller than that in Scenario 2.

In summary, when using the proposed algorithm to es-
timate the location of a given planar stationary source in
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the actual war, the situation in which two observing sta-
tions move in parallel in the same horizontal plane should
be avoided, because in the case of configuration, the lo-
calization error in this case is the greatest compared with
other dual-station configurations. Thus, in order to improve
the localization accuracy, the two observations should not
move in the same horizontal plane, but they are still in pa-
rallel configuration. When the two stations are not in the
same horizontal plane, but they are configured in parallel
in the same vertical plane, the RMSE is the smallest and
the localization effect is the best.

As shown in Table 2, Scenario 2 is selected so that the
two observing stations are neither parallel in the same hori-
zontal plane nor in the same vertical plane. As for the root
method, 1 000 Monte Carlo simulation experiments are
carried out to compare the RMSE and Cramer-Rao lower
bound (CRLB) of the localization, as shown in Fig. 7.
When the error 10 lg(c2σ2

d) < 0, the RMSE is closer to
CRLB, which proves the proposed algorithm positioning
performance is better. If the TDOA and FDOA errors are
smaller, the positioning accuracy is higher.

Fig. 7 CRLB and RMSE source positions comparison

6. Conclusions

When the height of the plane where the stationary ra-
diation source is located is known, based on the joint
TDOA/FDOA location of the source using two moving
observations, the joint TDOA/FDOA location algorithm
which solves the location of the target directly is pro-
posed, which overcomes the difficulty in solving the joint
TDOA/FDOA location algorithm. The time complexity of
the proposedmethod is only one-dimensional searching for
the stationary source or solving the root of a 6th degree
equation in one variable. The method has fast localization
speed, high localization accuracy and certain practicality.
Moreover, when the two observations move in parallel, the
situation that two stations are in the same horizontal plane
should be avoided. When the two stations are not in the
same horizontal plane, but they are configured in paral-
lel in the same vertical plane, the localization error is the

smallest and the localization effect is the best. When the
measurement error is small, the root method can be used
to solve the radial range and then to estimate the target
position. When the measurement error is large, the search
method can be used to estimate the target position.
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