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Evaluation of fault diagnosability for nonlinear uncertain
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Abstract: Up to present, the problem of the evaluation of fault di-
agnosability for nonlinear systems has been investigated by many
researchers. However, no attempt has been done to evaluate the
diagnosability of multiple faults occurring simultaneously for nonlin-
ear systems. This paper proposes a method based on differential
geometry theories to solve this problem. Then the evaluation of
fault diagnosability for affine nonlinear systems with multiple faults
occurring simultaneously is achieved. To deal with the effect of
control laws on the evaluation results of fault diagnosability, a de-
sign scheme of the evaluation of fault diagnosability is proposed.
Then the influence of uncertainties on the evaluation results of
fault diagnosability for affine nonlinear systems with multiple faults
occurring simultaneously is analyzed. The numerical simulation
results are obtained to show the effectiveness of the proposed
evaluation scheme of fault diagnosability.
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1. Introduction

With the increasing complexity of contemporary techno-
logical systems, ensuring safety and reliability of indus-
trial processes has been increasingly important. During the
last four decades, a huge number of results on fault di-
agnosis, fault-tolerant control, and their applications in a
variety of engineering systems were reported [1—4]. The
main traditional way to improve the system fault diagno-
sis ability is to improve the performance of the diagnosis
algorithm, e.g., improving the diagnosis accuracy of the
algorithm [5] or improving the applicability of the algo-
rithm [6]. However, due to the increasing complexity of
the system structure, the design and improvement of the
diagnosis algorithms become more difficult. When deve-
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loping a diagnosis algorithm, the information of achievable
diagnosability performance given by the system model is
useful. In other words, without such information, it is diffi-
cult to achieve the purpose of fault diagnosis by designing
or improving the diagnosis algorithm.

Fault diagnosability is an attribute that characterizes the
fault diagnosis ability of the control system, which reveals
deep insight into fault diagnosis. Evaluation results of fault
diagnosability can not only answer the necessary questions
such as “whether the fault can be diagnosed”, but also fur-
ther answer the key questions such as “how difficult is it to
diagnose the fault”. The diagnosability of the control sys-
tem is mainly affected by the system structure. Therefore,
for most systems which can be represented by mathemati-
cal models, the relationship between fault and system out-
put can be obtained through the structure of the system, and
the relationship between the two could be used to study the
diagnosability of the system. Patton et al. proposed a quali-
tative evaluation method for the diagnosability of the gene-
ral linear system transfer function considering additive
faults by analyzing the column elements of the fault ma-
trix [7]. To solve the problem of undetectable faults caused
by the influence of uncertainties on the linear time invari-
ant system, a criterion for detectability in the frequency
domain was given in [8], that is, a fault is detectable if
its impact on the output is greater than the uncertainties in
this time period. In fault isolation, an evaluation criterion
of fault isolation based on the binary diagnosis matrix was
proposed in [9], and the evaluation criterion was applied
to the design process of the residual error. Different from
the method in [10] that used distance similarity to evaluate
the system diagnosability, a novel approach to quantitative
evaluation of actual fault diagnosability for dynamic sys-
tems was proposed in [11], which could quantify the dif-
ficulty level to detect and isolate a fault without designing
a diagnosis algorithm. An approach for analyzing the di-
agnosability on a given continuous system was proposed
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in [12]. This approach mainly used the genetic algorithm
to obtain redundancy relations of the system, so as to ana-
lyze the fault diagnosability of a given system and optimize
the sensor placement problem on the given system that did
not fulfill the detectability or isolability properties. Com-
bining signed directed graphs (SDG) with fault temporal
information, by using multiple-valued evaluation of mea-
suring variables in the signature matrix to represent differ-
ent symptoms and time sequences of several typical faults,
Liu et al. proposed an approach for fault diagnosability of
the spacecraft propulsion system [13]. Trave-Massuyes et
al. proposed a model-based method for the fault diagnos-
ability by using the concept of component supported ana-
lytical redundancy relation [14]. According to the analysis
results, the minimum sensor set that met the actual diag-
nostic performance requirements was determined, which
effectively improved the configuration efficiency, and the
method was applied to an industrial smart actuator. Due
to the constraints of actual conditions, the system cannot
achieve the required diagnosable performance by changing
the sensor configuration scheme. An algorithm was pro-
posed in [15] to calculate which sensors could meet the
requirements of fault detectability and isolation in a given
linear differential-algebraic model, then the optimization
algorithm could give the sensor configuration scheme clos-
est to the target, that is, the maximum diagnosable perfor-
mance could be obtained by optimizing the system config-
uration. In order to better meet the actual needs of fault di-
agnosis in semiconductor manufacturing, in addition, Cui
et al. also used the on-line analysis results of fault diag-
nosability to select appropriate diagnosis schemes [16].
Different from the above evaluation of fault diagnosabil-
ity methods which relied on the diagnosis algorithm, Peng
et al. provided the criteria for the detectability and isola-
tion of faults for a class of affine nonlinear systems that
did not rely on any diagnostic algorithm, and quantified
the diagnosability of the system by using the ratio between
the number of faults that could be diagnosed and the total
number of faults [17]. In practice, the control system was
affected by different types of uncertainties inevitably [18],
such as external disturbances and model uncertainties. Un-
certainties directly affect the difficulty of fault diagnosis
of the system [19]. Xing et al. proposed an evaluation and
design scheme of fault diagnosability based on differen-
tial geometry theories for a class of uncertain affine non-
linear systems with unknown inputs [20]. To improve the
effectiveness of both the real-time monitoring of potential
fault components and the cause of the fault, an evaluation
of the fault diagnosability scheme considering the rapid-
ity, isolability and robustness was proposed in [21]. The
performance of different diagnosis schemes was compared
and analyzed with the proposed evaluation criterion, then a

better one was selected and applied to the chip wafer pro-
duction process.

At present, some achievements have been made in the
evaluation of fault diagnosability scheme design [22 —24].
However, most of the research only considers the evalua-
tion of fault diagnosability of the system with a single fault
or multiple faults occurring at different time in the system
design stage, and the research on the evaluation of fault
diagnosability of the system with multiple different faults
occurring simultaneously has not yet been seen in the rel-
evant papers. The study of the evaluation of fault diagnos-
ability of the closed-loop systems mainly focuses on de-
tecting and separating faults with various methods accord-
ing to a certain criterion based on given control laws. How-
ever, compared with fault diagnosability of the open-loop
systems, there is not yet a complete theory of the evalu-
ation of fault diagnosability of the closed-loop system. In
particular, the influence of closed-loop feedback control
laws on the evaluation results of fault diagnosability is still
at the exploratory stage, which needs to be further studied.
The main contributions of this paper are summarized in the
following:

(1) A method based on the differential geometry theorem
is proposed to solve the evaluation of fault diagnosability
for affine nonlinear systems considering multiple faults oc-
curring simultaneously.

(i1) Considering the influence of feedback control laws,
a scheme is presented for the evaluation of fault diagnos-
ability for affine nonlinear close-loop systems.

(iii) The influence of uncertainties on the evaluation re-
sults of fault diagnosability for affine nonlinear systems
with multiple faults occurring simultaneously is analyzed.

This paper is organized as follows. Useful results in re-
lation to the evaluation of fault diagnosability and other
preliminaries are presented in Section 2. In Section 3, a
method based on differential geometry theories for the
evaluation of fault diagnosability for affine nonlinear sys-
tems with multiple faults occurring simultaneously is pro-
posed. The influence of uncertainties on the evaluation re-
sults of fault diagnosability is analyzed in Section 4. Sec-
tion 5 provides a validation example for the evaluation of
fault diagnosability. Finally, some conclusions are drawn
in Section 6.

2. Preliminary definitions and lemmas

Some definitions and theorems are reviewed according to
the principle of differential geometry.

Definition 1 [20] Fault diagnosability is defined as the
ability to detect, isolate and identify a fault on a component
of the system, which is determined by its inherent structure
and actual factors.

Consider the following affine nonlinear system with
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multiple faults:

ey

where z(t) € U® C R" is the state vector, U is
an open set on the manifold N = R", and the vec-
tor functions f(z(t)), p1(z(t)), p2(z(t)), ..., pp(x(t)) are
smooth, which are defined in U°. w1 (t), wa(t), . . ., wy(t)
are system additive faults. y;(t),y2(t), ..., ym(t) are the
system outputs.

Definition 2 [25] Considering system (1), for all x(t)
in a neighborhood of =Y, if

{ Ly, Lshy(a(t)) = 0

J 2
Lo ha(a(t) #0 @

where 0 < k < s7 — 2, Lh;(x(t)) is the kth Lie deriva-
tive of h;(z(t)) (function or form) with respect to f(x(¢)).
Then the fault characteristic index of w;(t) on the output
y;(t)is s7. If

Ly, Lihi(z(t)) =0, k>0 3)

then sf =0.If sg > n, then sg = 0.

Remark 1 The definition of the disturbance character-
istic index in [26] is similar as that of the fault characteris-
tic index.

Definition 3 [27] Consider a mapping

F(z): U= R"

(21,22, ., 20) = ¢lioglzo. ol (a°) = F(z) = a(1)

where U? = z € R" : |z < € and “o” denotes compo-
sition with respect to the argument x(t). If ¢ is sufficiently
small, this mapping has the following properties:

(i) it is defined for all z = (z1,...,2,) € U’ anditis a
diffeomorphism onto its image.

(ii) it is such that, for all z € UO, the first d columns of
the Jacobian matrix

02T

are linearly independent vectors in A(F'(z)). To this end,
let U° denote the image of the mapping F(z), and observe
that U? is indeed an open neighborhood of x°, because x°
is exactly the value of F'(z) at the point z = 0. Since this
mapping is a diffeomorphism onto its image (property (i)),
the inverse F'~1(x(t)) exists and is a smooth mapping, de-
fined in U°. Set

5

¢1(2(t))

P2 (x(t))
z=F"'(x(t) = ¢((t) = : ®)

o (1))

where ¢1(z(t)), p2(x(¢)),. .., Pn(x(t)) are real-valued
functions, defined for all z(t) in U°.

Theorem 1 [27] Let A be a nonsingular involutive dis-
tribution of dimension d, suppose 7 is a vector field of A.
In the new coordinates, this vector field is represented in
the form

Of (x(t))

() = | D rtate) ®

z(t)=¢~1(2)

Since, by construction, the last n — d rows of the Jaco-
bian matrix of ¢ span AL, it is immediately deduced that
the last n—d entries of the vector on the right-hand side are
zero, for all z(¢) in the set where the coordinates transfor-
mation is defined. We conclude from this that any vector
field of A, in the new coordinates, has a representation of
the form

T(z) = [T1(2) Ta(z) 0 - 0. (D

Lemma 1 [27] Let A be a nonsingular involutive dis-
tribution of dimension d and suppose that A is invariant
under the vector field f(z(t)). Then at each point " there
exist a neighborhood U° of z° and a coordinates transfor-
mation z = 7(x(t)) defined in Theorem 1, in which the
vector field f(z(t)) is represented by a vector of the form
as

B f(Zl,. .

')Zdazd+17"')zn)

fd(z_l,...,zd,zd+1,...
fd+1(zd+17 .- .,Zn)

»%n)

®)

L fn(2d+17"'72n) m
Theorem 2 Exact feedback linearization [27]
Suppose a system

&(t) = f(2(t) + g((t))u(t) ©)

where u(t) € R™ is the input vector. The state space exact
feedback linearization problem is solvable near a point ",
i.e., there exists an “output” function h(x(t)) for which the
system has relative degree n at «, if and only if the fol-
lowing conditions are satisfied:

(i) the matrix  [g(x°) adpe)9(x?)
ad’fll@Q(t))g(.wo). qd’fl(;l(t))g(wo)] has rank n.

(ii) the distribution D = Span{g(x(t)), ad ) 9(z(t)),
e ad?(;l(t))g(:c(t))} is involutive near x".

Theorem 3 Partial feedback linearization [26]




LIN Lixiong et al.: Evaluation of fault diagnosability for nonlinear uncertain systems with multiple faults ... 637

Suppose the system (9) is given. If the distribution G, _o
which denotes the involutive closure of GG,._» has constant
rank p, which is less than or equal to n — 1, in a neighbor-
hood U° of xY, and there exists an integer 7, 2 < r < n,
such that

ad} i 9(@()) & Groala(t)) =

inv.cl.Span{g(z(t)),. .. ,ad;}(—gjt))g(z(t))}, v (t) € U.

(10)

Then the state space partial feedback linearization prob-
lem is solvable.

3. Fault diagnosability for nonlinear
systems with multiple faults occurring
simultaneously

3.1 Affine nonlinear systems

Theorem 4 [25] Suppose a system

i(t) = F(a(t) + ple(t)w(t)
{<> h(a(t)) (b

is given, where w(t) is an unknown fault, and y(¢) is the
output. The fault w(¢) can be diagnosed through the output
y(t) if s is strictly less than n, where s is the fault charac-
teristic index of fault w(¢) and n is the relative degree.

Lin et al. used the theory of differential geometry to
evaluate the fault diagnosability of affine nonlinear sys-
tems with only one fault occurring or multiple faults oc-
curring at different time [25]. Based on [25], this paper
further studies the problem of the evaluation of fault diag-
nosability for uncertain affine nonlinear systems with mul-
tiple faults occurring simultaneously. The following the-
orem extends Theorem 4 to the affine nonlinear systems
with multiple faults occurring simultaneously.

Theorem 5 For system (1), the fault w;(t) can be di-
agnosed through the output y;(¢) if the following two con-
ditions are satisfied:

(i) there exists a distribution A, which is nonsingular
and involutive on a neighborhood U of =, such that

pi(z(t)) € A C Ker(hi(z(t))),
I=1,2,...i—1,i+1,i4+2,....p  (12)
where Ker(h;(z(t))) := Span{X|Lxh = (dh, X) = 0}
and h = hy(z(t)), ha(z(¥)), ..., hm(z(¢)).
(ii) the output y;(t) is affected by the fault w;(¢), that is,
Ly, Lhi(=(t)) = 0
i t) e U°.
{Lmv EOETR

Proof Let A be a nonsingular involutive distribution of
dimension d and assume that A is invariant under the vec-

tor fields f(z(t)), pa (£(1)), p2(a(1)), - -, py((t)). More-
over, suppose that the codistribution

Span{p1(x(t)), p2(x(t)), . ..
pit1(x(t)), piya(z(t)),. ..

is contained in A, and

pi(z(t)) € A C Ker(h;(x(t))) (13)
where x(t) € A and Ker(h;(z(t))) is defined as
Ker(h) := SpanX|Lxh| = (dh,X) = 0, the system
(1) is represented by equation of the form

F(2)+ mi(2)wilt). (14)
=1

Assuming that the distribution A satisfies the assumption
of Lemma 1, that is, A is a nonsingular involutive distribu-
tion, and invariant under the vector field f(x(t)). Then the
vector field f(x(t)) is represented by a vector of the form

y Di— 1(.§C(t))

»p(x(t))}

- - F1(¢1,¢2)
TG = | L 15
f(z) = f(¢1,¢2) [ 7o (C) ] (15)
where Cl = (Zl, 22y e ney Zd) and CQ = (Zd+1, Zd+2y -+
The vector fields pi(x(t)), p2(z(t)),...,pi—1(x(t)),

Pit1(x(t)), pig2(x(t)), ..., pp(x(t)) are contained in A,
satisfying the assumptions required by (7). Then, for each
point 20 it is possible to find a local coordinates trans-
formation 2 = ¢(z(t)) defined on UY such that, in the
new coordinates, the vector fields py (z(t)), p2(z(¢)), .. .,
pp(x(t)) are represented by a vector of the form

p;(2) =Pp;(C1,¢2) = {le(CI’CQ)} ;

G=1,2.i—1i41,i42,. . ..p
N _ 7311‘(4“17(2)}
pz(z) _pz(ChC?) |: ﬁ%(cé)
(16)
Substitute the vector fields f(z),7,(2),...,P,(2) into
(14), then we have
p
¢ =f1(¢1,¢2) + ;@(z)wi(t) a7
G2 = F1(C1. C2) + Poi(C2)
Moreover,
(dhi(z(t)),A) =0 (18)

s0 hi(z) = h;(¢2). It is obvious that w;(t) does not affect
y;i(t). Formally we have

Ohi(2)
owy (t)

For system (1), we can formally write the output-fault
mapping as

=0, zeU" (19)
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hi(x(t)) = hi(x®, w1 (t), wa(t), . .., wy(t)). (20)

Now if w;(t) affects y;(t) then there exists at least one
point p € U° such that
Oh;(z)

dw(t) |,

This completes the proof of condition (i).

To avoid complication, we assume throughout that the
system (1) is analytic. In that case, the effect of the fault
w;(t) on the output y; (¢) is determined by the functions

where k > 0,21,...,2, € Span{f(z(¢)),p1(z(¢)),. ..,
pp(z(t))},z(t) € UY. Consider now the subset of func-
tions of (22) given by

Ly Lshi(z(t)) =0, k=>0;2(t)eU°.  (23)
Clearly when all the functions in (23) are identically zero,

Ly, Lkhi(2(t) =0, k>0;2(t) eU°, (24
then also all the functions given in (22) are identically zero,
and in no way the fault w;(t) is going to interact with the
output y; (t). Therefore we assume (24) is not true, that is,
the fault characteristic index s! < oo, and condition (ii)
is true. Using condition (i) and condition (ii), we have the
stth time derivative of y; (t):

() = L hi(a(t) + Ly, LT ha((8))wi (). (25)
The fault w;(¢) instantaneously does influence the output
ygsi) (t), that is, the output y;(t) is affected by fault w;(t).
Thus the fault w; (¢) is diagnosable.

This completes the proof of condition (ii). (]

£0, zeU° 21)

1

3.2 Considering feedback control laws

Considering the following nonlinear affine control system:

@(t) = fp(z(t)) + g(z(t))u(t)+
_Zpi(:c(t))wi(t% 1<i<p, (26

yi(t) = h;(x(t)), 1<j<m

there exists a static state feedback control law

ult) = a(z() + B () @n
The functions «(z(t)) and 3(z(t)) are defined on a suit-
able open set of R", and X is the external reference input.
In fact, the composition of the control law (27) with the
system (26) yields a closed-loop system characterized by
the similar structure

a(t) = f(2(t) + g(x(t))(ale(t) + Bz(t))N)+
Zpi(a?(t))wi(t) = f(2®)) + g(x(t))a(z(t))+

g BN+ Y pila(t)wi(t) =
i=1

f(@(t) + pivr(z(t))wiva () + Zpi (z(t))wi(t) (28)
where

f(@(t) = f2(t)) + g(a(t))alz(t))
pit1(x(t)) = g((t))B(x(t)) - (29
Wi+1 (t) =\
It can be obtained from the system (28), that its form is
the same as the system (1). Therefore, the above results,
Theorem 5, can be used to evaluate the fault diagnosability
of the nonlinear affine control system when multiple faults
occur simultaneously.

4. Influence of uncertainties on evaluation
results of fault diagnosability

4.1 Considering only one fault occurring

Considering the influence of uncertainties such as parame-
ter uncertainties or external disturbances, the uncertain
affine nonlinear system with one fault can be formed:

{ (t) = f(2(t)) +plr)wit) + f(1)0 50
y(t) = h(z(t))

where 6 is the uncertainty parameter of the system (30),
and w; (t) is the actuator fault of the system (30). By ana-
lyzing the relationship between p(x(t)) and f(x(t))0, the
influence of 6 on the evaluation results of diagnosability of
the fault w; (¢) can be clarified. For simplicity, we analyze
it from four cases.

Case 1 Suppose that the disturbance characteristic in-
dex of # is v and v < +o00. The fault characteristic index
of w;(t) is s and s < +o0.

If v > s, it is obvious that @ does not affect the evalua-
tion results of diagnosability of the fault w; (). Derivative
of the output y(¢) produces

s (0 = nia) ) = LA 00
T (0) + plat0)us(0) =
Lyh(x(t)) + Lph(x(t))w;(t) =
Lyh(x(t)) 31

YD) = ha(t) = - = L3h(al

Yy (t) = Lih(z(t)) + L,,ch_lh(x(t))wi(t)

where we see that y(t) cannot be independent from the
fault w; (t). The s derivative of the output y(¢) is first asso-
ciated with the fault w; (¢), and independent from 6. There-
fore, 6 has no influence on the evaluation results of diag-
nosability of the fault w; (t).

If v = s, 6 and the fault w;(¢) occur simultaneously in
y(*)(t), then (31) can be reduced to
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Without loss of generality, from (32), at least one
of LpLyh(x(t)), LapLyh(x(t)), LyLy,Ly 'h(x(t)),
LyLp Ly~ h(x(t)), LapLy Ly~ h(x(t)),
LiLasLy~'h(x(t), LyLagLy " h(x(t)) and
LAfLAfL;_lh(a:(t)) is not identity zero. 0 and w;(t)
can be decoupled by the solution of (32) simultane-
ously. A clear relationship between the fault w;(t)
and the output y®)(t) can be obtained. Therefore,
the fault w;(t) is diagnosable. If all of L,L%h(z(t)),
LagLyh(x(t), LyLyLy~'h(x(t)), LpLyLy h(x(t)),
LagLyLy~ h(x(t)), LiLasLy~'h(x(t),
LyLagLy ' h(x(t)) and LagLayLy~ h(x(t)) are iden-
tity zero, then

y(5+1)(t)

— L h(a(t))
yC (1)

= Ly*h(z(t)) | 33)

As can be seen from (33), no corresponding expression can
be found for simultaneous solution. Therefore, 6 and w; (t)
cannot be decoupled. The addition of ¢ affects the rela-
tionship between the fault w;(¢) and the output y(¢), so
the evaluation results of diagnosability of the fault w;(t) is
affected by the uncertainty parameter 6.

If s < v, it is obvious that there is a clear relationship
between 6 and 3(*)(t). The v derivative of the output y/(t)
is

yW(t) = LYh(x(t) + LagLy ' h(z(t)0,  (34)

it follows that

_ y) () — Lyh(x(t))
LagLy~'h(a(t))

(35)

(f(2(8)) + p(a(t))wi (t)+

Y (1) = Lih(x(t)) + Lag L5 h(@(t))0 + Ly Ly h(x(t))wi(t)
(s+1) (1) = oy’ Ox(t) _ O(L3h(a(t)) + LyLy "h(z()wi(t) + LasLy ' h@(t)0)  du(t)
4 ax(T ot 9z (t)T at
OL%h(z OL, L5 h(x
T )+ pte@)n )+ Araloye) + L)
OLA;LS ' h(x
Af((t)0)wi (1) + — ;t)T( ) (fa(t) + pla(t)wi(t) + Af(2(1))0)0 =
Ly (a(t)) + LpLyh(x(t))w;(t) + LagLyh(x(t)8 + LyLy Ly~ h(x(t) Jw; (t)+
LyLy Ly h(x(t))w () + LafLyLy~ 1h( ()wz()9+LfLAfL” Yh(x(t)0+
L LAJL” 'h(z ())Gwz()+LAfLAfL "h((t))6?

(32)

For the fault w; (t), there is an expression

S N
Yy (t) E< (t)7LAlej}»_lh(x(t)), i(t) (36)

which is an expression of 6, w;(t), and z(t). Therefore,
there is also a clear relationship between the fault w;(t)
and the output y(¢). Thus the fault w; (¢) affects the output
y(t), that is, the fault w; (¢) is diagnosable.

Case2 Ifv = 4o00,s < +00, then

yO(t) = Lih(x(t) + Ly L5~ h(x(t))wi(t).  (37)

There is a clear relationship between the fault w; (¢) and
the output y(*) (t). Therefore, § does not affect the evalua-
tion result of diagnosability of the fault w; (t).

Case3 If s = 400, v < +00, then

y(t) = Lih(x(t) + LagLy ' h(z(t)0.  (38)

The relationship between the fault w;(¢) and the output
y(t) could not be found. The fault w;(t) is still undiag-
nosed. Therefore, § does not affect the evaluation results
of diagnosability of the fault w; ().

Case4 If s = v = 400, 6 and w;(¢) do not affect the
output y(t) simultaneously, the fault w; (¢) is not diagnos-
able. Therefore, @ does not affect the evaluation results of
diagnosability of the fault w; (t).

4.2 Considering multiple faults occurring
simultaneously

Considering the uncertain affine nonlinear system with
multiple faults:

p

(39)
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where 1 < ¢ < p. Without loss of generality, assuming that
the faults w;(¢) and w;(t) can be diagnosed through the
outputs y;(¢) and y;(t) respectively. It can be concluded
that the output y;(¢) is only affected by the fault w; (¢) and
the output y,(t) is only affected by the fault w;(¢). The
influence of Af(x(t))6 on the evaluation results of fault
diagnosability is discussed below. For simplicity, we ana-
lyze it from two cases.

Case 5 The evaluation of fault diagnosability for the
affine nonlinear system under the condition that the out-
puts y;(¢) and y; (t) are not affected by A f(z(t))6.

Define

{1,...,2m} € F(x(t)) :=
{F (@), pr(®)), .- pp(2(D), Af(x() ). (40)

If Af(x(t))0 does not affect the output y;(t), if and only
if for any m > 0, there is

{ LagLay -+ La, hi(z(t)) = 0

LasLe, Lo hi(z@) =0 @D

The proof process can relate to the proof process of Theo-
rem 5. The outputs y;(¢) and y;(¢) are not affected by 6,
that is, 6 cannot be found in any derivative of the outputs
yi(t) and y;(t). Assuming that the faults w;(¢) and w;(t)
are diagnosable before Af(xz(t))0 is added, it indicates
that the fault w; (¢) maintains a one-to-one correspondence
with the output y;(t), and the fault w; (¢) maintains a one-
to-one correspondence with the output y;(¢). And then the
addition of A f(z(t))6 does not affect the relationship be-
tween them. Therefore, the faults w; (t) and w; (¢) can still
be diagnosed through the outputs y;(t) and y;(t) respec-
tively, that is, the faults w; (¢) and w, (t) are diagnosable.

Case 6 The evaluation of fault diagnosability for the
affine nonlinear system under the condition that the out-
puts y;(¢) and y; (¢) are affected by A f(z(¢))6.

Assuming that the disturbance characteristic index of 6
on the output y; (¢) is v;», the disturbance characteristic in-
dex of @ on the output y,(¢) is U'Jj, the fault characteristic
index of the fault w;(t) on the output y;(t) is s%, and the
fault characteristic index of the fault w;(¢) on the output
y;(t) is s; Then the expressions are established:

{ LAfL’;fLil(x(t)) =0, 0<k<uvi—2 @)
LagLy™ hi(x(t)) #0, x(t) eU®
LagLkhj(z(t) =0, 0<k<v)—2
{LAfL?‘lhj(x(t)) 20, ayerr

. . j oo . . .
If v; > si, v; > 85,0 # j, then the following expressions

are established:

i i
i

Y (t) = Ly hi(x(t)) + LpiL;i‘lhi (@()wi(t), (44)

j j i_
Yy () = L7 hy(a() + Ly, L7 hy(w()uwy (). (45)
It indicates that the relationship between the fault w;(t)
and the output y;(t), the fault w;(¢) and the output y;(t)
remains unchanged, and the faults w; (¢) and w; (¢) are still
diagnosable.

From the above analysis, it can be seen that the faults
w;(t) and w;(t) are decoupled, so the influence of § on
the evaluation results of diagnosability of the faults w; (¢)
and w;(t) can be analyzed separately. It can be analyzed
by using the conclusion of Subsection 4.1.

5. Simulation example

Considering an affine nonlinear control system in the fol-
lowing form:

.Z‘l(t) = 1‘2(f) )
i‘g(f) = 1‘1(15)1'421(15) 91352—(15) + 92u1(t)
. Z2(t)xy 2
CC4(t) = — 1 (t) + 92 1 (t) U2 (t) 1 (t) w1 (t)
hi(z(t)) = x3(t)
ha(z(t)) = z4(t)
(46)
where
X9 (t) 1
1 ()23 (t) — 01—
Fa(t) = w0
 22p(t)z4(t)
T (t)
0
)
gi(@(®) =pr(x®) = | 5 |
0
0
0
92(x(t)) = p2(z(t)) = 0 :
0 1
z1(t)

ha(z(t)) z3(t)
t)) = = .
y(a() (hz<x<t>> 24(t)
5.1 Evaluation of fault diagnosability without
the control law

For the system (46), the fault characteristic indexes of the
fault w; (¢) and the fault characteristic indexes of the fault
wa(t) can be calculated respectively. Take the derivative of
the outputs hq (z(t)) and ha(x(t)) respectively:
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th)(CL'(t)) = E = j’:4(t) + w2(t) =
2$2 (t)174 (t) 1
O
02 .
mwl (t) + w2 (t) .
B (a(t)) = 62?5)(?) T = ()=
2 f)@ ® b —alt) + 2 (1)
7)

From (47), it can be concluded that h§2) (x(t)) is affected
by the faults ws(t) and wy(t) simultaneously, and the
fault characteristic index of the fault wy (t) on the output
hi(x(t)) is si = 2. hgl) (x(t)) is obviously affected by the
fault wy (¢), and the fault characteristic index of the fault
w1 (t) on the output ho(x(t)) is s7 = 1. There is a clear re-
lationship between the fault w2 (¢) and the output hq (z(¢)),
and the fault characteristic index of the fault wy(t) on
output hy(z(t)) is s3 = 1. Similarly, the fault charac-
teristic index of the fault wy(¢) on the output ho(z(t)) is
$3 = +00. According to Theorem 35, the fault 21 (¢) is di-
agnosability.

Numerical simulation is carried out for the system (46)
with uy (t) = uz(t) = 0. To get the changes of the outputs
hi(z(t)) and ho(z(t)) before and after the addition of the
fault, the output errors are defined as

{ e1(1) = hn (1) - Bmx(t;; )

where 1 (2(t)) and hy(x(t)) are the outputs of the system
(46) when the faults are free (i.e., w1 (t) = 0, w2 (t) = 0).
Within the time of 30 s to 50 s, only injecting fault wy (¢) =
0.2 into the system (46), the output errors are shown in
Fig. 1 and Fig. 2, respectively.
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— hx(); --: 7115x(t)).
(a) Outputs /;(x(#)) and h;(x(£))
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(b) Error
Fig. 1 Outputs hq(xz(t)), h1 (x(t)) and their errors when
wl(t) = 0.2,11)2(t) =0
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(a) Outputs h,(x(?)) and h,(x(£))

L Il L L L
0 10 20 30 40 5/() 60 70 80 90 100
t/s

(b) Error

0,02t

Fig. 2 Outputs ha(x(t)), hz2(x(t)) and their errors when
wl(t) = 0.2,11)2(t) =0

According to Fig. 1 and Fig. 2, it can be noted that the
fault wy (¢) is diagnosable. When the fault wo(t) = 0.2 is
only injected into the system (46) within the time of 30 s
to 50 s, the output errors are shown in Fig. 3 and Fig. 4, re-
spectively. According to Fig. 3 and Fig. 4, it can be noted
that the fault w2 (t) cannot be diagnosed through the out-
put ho(x(t)). Fig. 5 and Fig. 6 are simulation results of the
output errors when the faults wy (¢) and w(t) are injected
into the system simultaneously within the time of 30 s to
50s. By comparing Fig. 1(b), Fig. 3(b) and Fig. 5(b), it can
be found that the error e; (¢) in Fig. 5(b) is the result of the
superposition of Fig. 1(b) and Fig. 3(b). It can be shown
that the output k4 (x(¢)) is affected by the faults w; () and
wo(t) simultaneously. By comparing Fig. 2(b), Fig. 4(b)
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and Fig. 6(b), it can be found that the error es(¢) in
Fig. 2(b) and that in Fig. 6(b) are exactly the same. It can
be shown that the output ho(z(t)) is only affected by the
fault wy (¢).

T T T T T T T T T

N W R Y

Iy G(), hy(x(2)

O 1 1 1 1 1 1 1 1 1
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(a) Outputs & (x(?)) and h(x(?))
4.0 T T T T T T T T T
3.5r 1
3.0r 1
2.5 E
=201 s
&
1.5F E
1.0F b
0.5- E
0 1 1 1 1 1 1 1 L
0 10 20 30 40 5/0 60 70 80 90 100
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Fig. 3 Outputs hi(x(t)), hi(x(t)) and their errors when
w1 (t) = 0, w2(t) = 0.2
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Fig. 4 Outputs hz(x(t)), ha(x(t)) and their errors when
w1 (t) = 0, w2(t) = 0.2
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Fig. 5 Outputs hi(x(t)), hi(x(t)) and their errors when
w1 (t) = 0.2, w2(t) = 0.2
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Fig. 6 Outputs ha(x(t)), ha2(x(t)) and their errors when
wi (t) = 0.2, wa(t) = 0.2

According to Theorem 5, when the faults wy (¢) and
wa(t) occur simultaneously, only fault w1 (¢) can be diag-

nosed in the system (46), and the simulation results once
again verify the correctness of the theorem.
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5.2 Evaluation of fault diagnosability considering
the control law

We consider the static state feedback linearization of the
system (46). Assume the point 21 (¢) = 0 is not included

Of (x(t))

in any open set, that is, excluding the singular points of
the system (46). Then the system (46) can be linearized by
static state feedback. The relative degree of the system (46)
is {2,2}, then we have

22(t)02 0f (x(t)) 02 Of(x(t))

ady(z(1))9(x(t)) = —2w4(t)02

l9(=(t)), ad s (w ey g(x(t))] =

Due to
[9(x(1)), ad () 9(2(t))] ¢ G1 =

Span{g(x(t))7 adf(m(t))g(x(t))}v (50
the distribution (7 is not an involutional distribution.
Therefore, according to Theorem 2, the system (46) is
not exactly feedback linearized. Moreover, because of
adfc(w(t))g(x(t)) ¢ G and G has constant rank 3, it can
be seen from Theorem 3 that the system (46) is partially
feedback linearized. Actually, choosing new coordinates

1 = 1‘1(t)
zZ9 = l'g(t) 0

_ 2 L, (5D
Z4 = 1‘3(f)

one obtains a system which contains a linear subsystem of
dimension 3. Then the system (46) becomes the following
expression:

21 = 22
?;‘2 = Z3
26 0
23 = —32’2§ + 1322 + 26, = + —§U2(t)+
1 1 1 1
z3 01
2094 = 4+ w1 (t
Nz + 23 1®)
. z3 b1
==+ = t
z4 ) + Z% + wg( )
(52)
Let
1 20
ua(t) = <<3z22—3 - 1322>—
23 01 1 1
2094 | — + )
z1 21
kl (21 — er) — k222 — k323>. (53)

Numerical simulation is carried out for the system (52)
with the controller (53). Simulation results are shown in
Fig. 7, and it can be seen that z; is finally stable at the
given value z1,. The fault characteristic indexes of the
faults wy (t) and wa(t) are calculated respectively by the
same method.

8x2(t)
203 0f(=(t)
.Il(t) 8x2(t)

22(t)  Owalt) x1(t) Oxs(t)

(49)

S —————————

707, P
S -

60 w7»/ L ]

< 50f, L - 1

F k05 10 15 X |

= 30f -7 1

201 i .

0 2 4 6 8 10 12 14 16 18 20
t/s

mmix (0, — ixy(0).

Fig.7 Partial feedback linearization based on the controller (53)

The fault characteristic index of the fault w1 (¢) on the
output hy(x(t)) is s = 1, and the fault characteristic in-
dex of the fault w1 (t) on the output ha(z(t)) is 57 = 2,
and the fault characteristic index of the fault w2 (¢) on the
output hy(x(t)) is s3 = 1, and the fault characteristic in-
dex of the fault wy(¢) on the output ha(z(t)) is s3 = oco.
Due to the fault characteristic index values being changed
after the control law (53) is added, the fault diagnosability

should be reevaluated.

Corresponding to the theoretical analysis in Section 3,
this part mainly focuses on the numerical simulation on
the system (52) with the fault added when wu;(t) = 0,
z1, = 7. Within the time of 30 s to 50 s, only injecting the
fault wq (t) = 200 into the system (52), the output errors
are shown in Fig. 8 and Fig. 9, respectively. According to
Fig. 8(a) and Fig. 9(a), it can be noted that the outputs
hi(z(t)) and he(z(t)) are both affected by the fault w (¢).
Similarly, the simulation results as shown in Fig. 10 and
Fig. 11 can be obtained with wy (¢) = 0 and w2 (t) = 200.
Fig. 12 and Fig. 13 are simulation results of the out-
put errors when the faults wy (¢) and wz(t) are injected
into the system simultaneously within the time of 30 s to
50 s. Comparing Fig. 9(b) and Fig. 11(b), it can be shown
that the output ho(x(¢)) is affected by the faults w; () and
wo(t) simultaneously. Comparing Fig. 8(b) and Fig. 10(b),
it can be shown that the output i1 (z(t)) is only affected by
the fault wq (¢).
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Fig. 10 Outputs hq(z(t)), h1 (x(t)) and their errors when
w1 (t) = 0, w2(t) = 200
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w1 (t) = 0, w2(t) = 200
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Fig. 13 Outputs hz(x(t)), hz(x(t)) and their errors when
w1 (t) = 200, w2 (t) = 200

According to Section 3.2, when the faults wy () and
wa(t) occur simultaneously, only fault wy (t) can be diag-
nosed in the system (53), and the simulation results once
again verify the correctness of Theorem 5.

6. Conclusions

In this paper, we present the evaluation of fault diagnos-
ability for a class of uncertain affine nonlinear systems
with multiple faults occurring simultaneously by the theo-
ry of differential geometry. By using the method of sys-
tem reconfiguration, a design scheme of fault diagnosabil-
ity has been provided, which solves the influence of control
laws on the results of fault diagnosability evaluation. The
effectiveness of the developed evaluation of fault diagnos-
ability has been demonstrated by an illustrative simulation
example. For the future research, the evaluation of fault di-
agnosability for other nonlinear uncertain systems will be
under investigation.
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