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Abstract: The value range of the failure threshold will generate
an uncertain influence on the prediction results for the remaining
useful life (RUL) of equipment. Most of the existing studies on the
RUL prediction assume that the failure threshold is a fixed value,
as they have difficulty in reflecting the random variation of the fai-
lure threshold. In connection with the inadequacies of the existing
research, an in-depth analysis is carried out to study the effect
of the random failure threshold (RFT) on the prediction results
for the RUL. First, a nonlinear degradation model with unit-to-unit
variability and measurement error is established based on the
nonlinear Wiener process. Second, the expectation-maximization
(EM) algorithm is used to solve the estimated values of the para-
meters of the prior degradation model, and the Bayesian method
is used to iteratively update the posterior distribution of the random
coefficients. Then, the effects of three types of RFT constraint con-
ditions on the prediction results for the RUL are analyzed, and the
probability density function (PDF) of the RUL is derived. Finally,
the degradation data of aero-turbofan engines are used to verify
the correctness and advantages of the method.
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1. Introduction

Engineering practice shows that the prognostics and health
management (PHM) technology can effectively improve
the safety and reliability of the equipment which can also
reduce the maintenance and operating costs, and thus, it
garners extensive application in aviation, aerospace, medi-
cal treatment, electronics, and other high-safety and high-
reliability fields [1 – 5].

The core of the PHM technology is to assess the cur-
rent health status of the equipment and predict its remain-
ing useful life (RUL) through the online monitoring of the
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changing data on its key performance parameters [6]. Two
categories of models are mainly used— the mechanism
model and the data-driven model [7 – 10]. However, as the
complexity degree of the equipment structure and func-
tions continues to increase, it becomes increasingly dif-
ficult to directly build the mechanism model, which in
turn restricts the application of the mechanism model. The
data-driven model uses the characteristic quantity of the
equipment to describe the degradation process, which in
turn achieves the prediction of the equipment RUL. This
method has numerous advantages, such as a simple princi-
ple, good mathematical characteristics, and wide applica-
bility, and it becomes the mainstream method for current
studies on the RUL prediction.

The core of the data-driven model is to assume that the
degradation process of the equipment can be characterized
by its main performance parameters, such as voltage, cur-
rent, resistance, capacitance, and crack length [11 – 15],
and these performance parameters obey specific stochas-
tic processes, such as the inverse Gaussian process, the
Gamma process, and the Wiener process [16 – 20]. How-
ever, the actual degradation process of the equipment is
often not strictly monotonic but has certain nonmonotonic
characteristics; for example, a metalized film capacitor
may cause the amount of capacitance to increase instead
of decrease due to the self-healing mechanism [21 – 24].
Therefore, the inverse Gaussian process, the Gamma pro-
cess, and other strictly monotonic stochastic processes are
unable to accurately reflect the actual degradation charac-
teristics of the equipment. To achieve an accurate descrip-
tion of the nonmonotonic degradation process, the Wiener
process, which has nonmonotonic characteristics, is gradu-
ally applied to the modeling of degradation processes and
obtains good results.

In engineering practice, the working condition, load,
and operating environment will change with time, which
causes the complexity of the degradation process of the
equipment and the difficulty of the traditional Wiener
model to meet the accuracy requirements of the RUL pre-
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diction [25 – 29]. In order to improve the accuracy of the
RUL prediction, researchers propose some improved RUL
prediction methods with the consideration of nonlinear
processes, unit-to-unit variability, and measurement error
[30 – 37], which effectively improve the application range
of the RUL prediction model based on the Wiener process.

All above studies on the RUL prediction are developed
on the basis of an assumption that the failure threshold
(FT) is a fixed value. However, due to the differences
between different equipments, the random impact of the
environment, and other uncertainties, the FT of different
equipments will have randomness, such as deformation of
spring, drifts of gyroscope, and wear in mechanical parts
[38 – 40], which may have an uncertain effect on the RUL
prediction. Therefore, it is necessary to further analyze the
random FT (RFT). Peng et al. [41] first put forward the
concept of an uncertain (random) FT in the degradation
modeling process and analyzed the effect of the uncertain
(random) FT on the estimation of the equipment reliabi-
lity. However, this study does not give the specific distri-
bution type of the FT, nor does it derive an analytical ex-
pression of the probability density function (PDF) for the
RUL. Based on the linear Wiener process, Usynin et al.
[42] discussed the effect of the RFT on the estimation of
the equipment reliability in a cumulative damage model
but still failed to give the specific distribution type of the
FT or an analytical expression for the RUL. Huang et al.
[43] assumed that the FT is a normal-type random variable
and derived an integral expression for the RUL of equip-
ment at different degradation stages with the consideration
of the RFT, but their study gave neither a method for esti-
mating the distribution parameters of the RFT nor an ana-
lytical expression for the distribution of the RUL. Wei et
al. [44] studied the problem of predicting the RUL of the
linearly degraded equipment under the condition that the
RFT satisfies a normal distribution, but this study failed to
take into account the nonnegative requirement of the RFT.
Tang et al. [45] first proposed that the RFT should satisfy
the constraint condition of ω > 0 and further analyzed the
effect of the normal RFT on the prediction of the equip-
ment RUL. However, this study only carries out an analy-
sis in connection with the linear Wiener process, and it
is difficult to apply it to the widely existing used nonlin-
ear Wiener process. Moreover, the constraint condition of
ω > 0 for the RFT is not strict, and it will increase the
uncertainty of the prediction results and decrease the pre-
cision of the RUL prediction.

There are still three deficiencies in the existing studies
on the RUL prediction in connection with the RFT. First,
the research in connection to a nonlinear degradation pro-
cess has not been launched, which restricts the scope of
application of the methodology. Second, a method for es-

timating the distribution parameters of the RFT has not
been put forward, which decreases the completeness of the
methodology. Third, the research in connection with the
nonnegative constraint for the RFT is still imperfect, which
limits the improvements in the prediction precision and ac-
curacy of the methodology. Therefore, in connection with
the existing deficiencies in the research related to the RFT,
the nonlinear Wiener process is used in this paper for mo-
deling the degradation model, the expectation-maximiza-
tion (EM) algorithm is used to estimate the degradation
model parameters, and online updates are carried out on
the model drift coefficient based on the Bayesian princi-
ple. Moreover, based on the historical failure data of the
equipment, a maximum likelihood method (MLE) is pre-
sented to estimate the distribution parameters of the RFT.
On this basis, the effect of the RFT on the prediction results
of the equipment RUL under three constraint conditions is
analyzed.

The main contribution of this paper include: (i) the pro-
posal of a method for estimating the distribution parame-
ters of the RFT based on the MLE; (ii) the derivation of
an analytical expression for the distribution function of
the corresponding equipment RUL under the three con-
straint conditions for the RFT of ω ∈ R, ω > 0, and
ω − xk > 0, and an analysis of the differences in the three
constraint conditions. Through a practical case analysis of
aero-turbofan engines, the proposed method is verified as
being helpful in the further expansion of the scope of ap-
plication in the methods for the RUL prediction, improving
the precision and accuracy of the RUL prediction. The flow
chart for the work in this paper is shown in Fig. 1.

Fig. 1 Flow chart for the work in this paper

The remaining parts of this paper are organized as fol-
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lows. Section 2 develops a nonlinear degradation model.
Section 3 presents two methods to estimate the parameters
of the degradation model and RFT. In Section 4, we up-
date the drift coefficient by using of the Bayesian princi-
ple. In Section 5, we separately derive the PDF of the RUL
under the three constraints of RFT. A practical example is
given to verify the proposed method in Section 6. Section 7
draws the conclusions of this paper.

2. Degradation model

The model of the basic Wiener process for the equipment
degradation can be expressed as follows:

X(t) = X(0) + at+ bW (t) (1)

where X(t) represents the amount of equipment perfor-
mance degradation at time t;X(0) is the amount of equip-
ment performance degradation at the initial time and is
generally deemed as X(0) = 0; a is the drift coefficient
that characterizes the rate at which the equipment perfor-
mance degrades; W (t) is the standard Brownian motion
[W (t) ∼ N(0, t)]; and b is the diffusion coefficient that
characterizes the time-varying uncertainty of the degrada-
tion process.

In consideration of the nonlinearity of the degradation
process and the individual degradation differences between
the same class of the equipment, the following model of the
nonlinear Wiener process is given as

X(t) = X(0) + aτ(t, θ) + bW (t). (2)

In (2), to reflect the unit-to-unit variability of the equip-
ment in the degradation process, the drift coefficient a for
different equipments is deemed to have randomness and
satisfies a ∼ N(μa, σ

2
a); to reflect the nonlinear features

of the degradation process, a nonlinear function of time t,
τ(t, θ) (θ is the parameter), can be used to describe the
nonlinear relationship between the amount of the perfor-
mance degradation and time.

In consideration of the ubiquitous presence of measure-
ment errors and to reflect the errors in the actual measure-
ment process of the equipment, let the measurement error
between the measured value Y (t) and the true value X(t)
for the equipment performance degradation be ε, and then
the equipment degradation process can be expressed as
follows:

Y (t) = X(t) + ε (3)

where ε ∼ N(0, σ2
ε); and the drift coefficient a, the stan-

dard Brownian motionW (t), and the measurement error ε
are often deemed to be mutually independent.

If ω is used to characterize the FT of the equipment per-
formance degradation, then the life of the equipment can

be defined as the time at which the amount of its perfor-
mance degradation first reaches the FT, that is

T = inf{t : X(t) � ω
∣∣X(0) < ω} (4)

where T represents the life of the equipment. In regard to
the model of the nonlinear Wiener process described by
(2), one can know that its life T approximately obeys an
inverse Gaussian distribution, and the PDF is described by
(5) [8].

fT (t) ≈ exp
(
− (ω − aτ(t, θ))2

2b2t

)
·

1√
2πt3b2

(
ω − λτ(t, θ) + at

dτ(t, θ)
dt

)
(5)

3. Estimation of parameters

3.1 Estimation of the degradation model parameters

Since the nonlinear Wiener degradation model with the
measurement error and the proposed unit-to-unit variabi-
lity has complexity and implicitness, the EM algorithm is
used to estimate the unknown parameters in the degrada-
tion model.

Assume that there are performance degradation data
for N pieces of the equipment, wherein the moni-
toring times of the nth equipment are respectively
t1,n, t2,n, . . . , tmn,n, and at the time ti,n, the measured
amount of the performance degradation for the equip-
ment is Yn(ti,n), and the true amount of the performance
degradation for the corresponding equipment is Xn(ti,n).
Then, Yn = [Yn(t1,n), Yn(t2,n), . . . , Yn(tmn,n)]T rep-
resents all monitoring data of the nth equipment, and
then Y1:N = {Y1,Y2, . . . ,YN} can be expressed
as all performance degradation monitoring data of N
pieces of equipment. Let ΔYn(ti,n) = Yn(ti,n) −
Yn(ti−1,n) and ΔTi,n = τ(ti,n, θ) − τ(ti−1,n, θ),
then ΔTn = [ΔT1,n,ΔT2,n, . . . ,ΔTmn,n]T, ΔYn =
[ΔYn(t1,n),ΔYn(t2,n), . . . ,ΔYn(tmn,n)]T, and Δti,n =
ti,n − ti−1,n can be obtained. If the performance degra-
dation process of the equipment is a Wiener process, it is
easy to know that ΔYn obeys a multivariate normal dis-
tribution, that is, ΔYn ∼ N(µn,Λn), wherein µn is the
expectation and Λn is the covariance matrix.

Assume that an is the corresponding drift coefficient of
the nth equipment. Then, it can be known based on the
properties of a multivariate distribution:

µn = anΔTn, (6)

Λn = b2Dn + σ2
εFn (7)

where an is an independent identically distributed normal
random variable, and

Dn = diag(Δt1,n,Δt2,n, . . . ,Δtmn,n), (8)
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Fn =

⎛⎜⎜⎜⎜⎜⎜⎝

1 −1 0 · · · 0

−1 2 −1 · · · ...
0 −1 2 · · · 0
...

...
...

. . . −1
0 0 · · · −1 2

⎞⎟⎟⎟⎟⎟⎟⎠
mn×mn

. (9)

The log-likelihood function of Y1:N is constructed as
follows:

ln p(Y1:N , a
∣∣Θ) =

− ln 2π
2

N∑
n=1

mn − 1
2

N∑
n=1

ln
∣∣Λn

∣∣−
1
2

N∑
n=1

(ΔYn − µn)TΛ−1
n (ΔYn − µn)−

N

2
ln 2π− N

2
lnσ2

a − 1
2σ2

a

N∑
n=1

(an − μa)2. (10)

Set Θ̂(j) = (μ̂a(j), σ̂
2
a(j), θ̂(j), b̂(j), σ̂

2
ε (j)) to represent

the estimated values of the degradation model parameters
obtained after the jth step in the iteration, and then the
(j + 1)th step in the iteration process can be divided into
the following two steps.

Step 1 Calculate the expectation of the log-likelihood
function.

L(Θ
∣∣Θ̂(j)) = Ea|Y1:N , bΘ(j)

(ln p(Y1:N , a
∣∣Θ̂j)) =

− ln 2π
2

N∑
n=1

mn − N

2
ln 2π−

N

2
ln σ̂2

a(j) −
1
2

N∑
n=1

ln
∣∣Λn(̂b(j), σ̂2

ε(j))
∣∣−

1
2

N∑
n=1

[(ΔYn−Ea(an

∣∣Yn, Θ̂(j))ΔTn)TΛn (̂b(j), σ̂2
ε(j))

−1·

(ΔYn − Ea(an

∣∣Yn, Θ̂(j))ΔTn)+

Da(an

∣∣Yn, Θ̂(j))ΔT T
n Λn(̂b(j), σ̂2

ε(j))
−1ΔTn]−

1
2σ̂2

a(j)

N∑
n=1

[(Ea(an

∣∣Yn, Θ̂(j)) − μ̂a(j))2+

Da(an

∣∣Yn, Θ̂(j))] (11)

In a situation in which Θ̂(j) and Yn are known,
according to the Bayesian principle, it can be known
that an

∣∣Yn, Θ̂(j) obeys the normal distribution. Let

an

∣∣Yn, Θ̂(j) ∼ N(Ea(an

∣∣Yn, Θ̂(j)), Da(an

∣∣Yn, Θ̂(j))),
and then one can obtain (12) and (13).

Ea(an

∣∣Yn, Θ̂(j)) =

σ̂2
a(j)ΔT T

n Λn(j)(̂b(j), σ̂2
ε(j))

−1ΔYn + μ̂a(j)

σ̂2
a(j)ΔT T

n Λn(j) (̂b(j), σ̂2
ε(j))

−1ΔTn + 1
(12)

Da(an

∣∣Yn, Θ̂(j)) =

σ̂2
a(j)

σ̂2
a(j)ΔT T

n Λn(j) (̂b(j), σ̂2
ε(j))

−1ΔTn + 1
(13)

Step 2 Maximize L(Θ
∣∣Θ̂(j)).

Θ̂(j+1) = arg max
Θ

L(Θ
∣∣Θ̂(j)) (14)

Find the partial derivatives of μ̂a(j) and σ̂2
a(j) in (11),

respectively, and one can get (15) and (16).

∂L(Θ
∣∣Θ̂(j))

∂μ̂a(j)
=

1
σ̂2

a(j)

N∑
n=1

(Ea(an

∣∣Yn, Θ̂(j)) − μ̂a(j))

(15)
∂L(Θ

∣∣Θ̂(j))
∂σ̂2

a(j)

= − N

2σ̂2
a(j)

+

1
2(σ̂2

a(j))
2

N∑
n=1

[(Ea(an

∣∣Yn, Θ̂(j)) − μ̂a(j))2+

Da(an

∣∣Yn, Θ̂(j))] (16)

By making (15) and (16) equal zero, one can get (17)
and (18).

μ̂a(j+1) =
1
N

N∑
n=1

Ea(an

∣∣Yn, Θ̂(j)) (17)

σ̂2
a(j+1) =

1
N

N∑
n=1

[(Ea(an

∣∣Yn, Θ̂(j)) − μ̂a(j+1))2+

Da(an

∣∣Yn, Θ̂(j))] (18)

Upon further analysis, it can be known that μ̂a(j+1) and
σ̂2

a(j+1) exist and are unique; see [46] for specific details
of the proof. By bringing (17) and (18) into (11), one can
get Y1:N with respect to the profile log-likelihood function
for the unknown parameters θ̂(j), b̂(j), σ̂2

ε(j).

L(Θ
∣∣Θ̂(j), μ̂a(j+1), σ̂

2
a(j+1)) =

− ln 2π
2

N∑
n=1

mn − 1 + ln 2π
2

N−

N

2
ln σ̂2

a(j+1) −
1
2

N∑
n=1

ln
∣∣Λn(j) (̂b(j), σ̂2

ε(j))
∣∣−

1
2

N∑
n=1

[(ΔYn − Ea(an

∣∣Yn, Θ̂(j))ΔTn)T·

Λn(j) (̂b(j), σ̂2
ε(j))

−1(ΔYn − Ea(an

∣∣Yn, Θ̂(j))ΔTn)+

Da(λn

∣∣Yn, Θ̂(j))ΔT T
n Λn(j) (̂b(j), σ̂2

ε(j))
−1ΔTn] (19)
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By maximizing L(Θ
∣∣Θ̂(j), μ̂a(j+1), σ̂

2
a(j+1)), one can

get θ̂(j+1), b̂(j+1), σ̂
2
ε(j+1). Carry out calculation in Step 1

and Step 2 through iterations until ‖Θ̂(j+1) − Θ̂(j)‖ is
less than the specified threshold, and then stop. In general,
the convergence of the EM algorithm is closely related to
the selection of its initial value. To increase the conver-
gence rate of the EM algorithm, the estimated values for
the model parameters obtained by MLE can become the
initial values of the EM algorithm [47].

3.2 Estimation of the RFT distribution parameters

Assuming that the FT for a given class of the equipment
is a random variable that obeys a specific distribution, its
PDF can be expressed as f(ω).

The distribution parameters for the RFT of a single class
of the equipment are solved in this paper based on the
MLE. Using the normal distribution as an example, assume
that the historical degradation data forM equipment of the
same class currently exist, and the amounts of the corre-
sponding performance degradation for this type of equip-
ment at the time of failure are ω1, ω2, . . . , ωk, . . . , ωM .
Then, the log-likelihood function with respect to the RFT
ω can be expressed as follows:

lnL(ω) =
M∑

k=1

ln(f(ωk)) =

M∑
k=1

ln

(
1√

2πσ2
ω

exp
(
− (ωk − μω)2

2σ2
ω

))
=

−M
2

ln(2πσ2
ω) −

M∑
k=1

(ωk − μω)2

2σ2
ω

. (20)

The maximization of (20) can obtain the estimated va-
lues of the corresponding distribution parameters for the
normal RFT as follows:

μ̂ω =
1
M

M∑
k=1

ωk, (21)

σ̂2
ω =

1
M

M∑
k=1

(ωk − μ̂ω)2. (22)

4. Online parameter update

To improve the accuracy of the RUL prediction, the equip-
ment performance degradation data obtained in real time
are often used to carry out online updates of the equipment
degradation model. The specific method is based on the
Bayesian principle to carry out updates of the drift coeffi-
cient for the degradation model.

To update the drift coefficient for the equipment degra-
dation model under the Bayesian framework, the following
Theorem 1 is given in this paper.

Theorem 1 If the priori distribution of the drift coeffi-
cient a in the Wiener process obeys a normal distribution,
then its posteriori distribution also obeys the normal distri-
bution.

If we let the a priori distribution and a posteriori dis-
tribution of a obey N(μa0 , σ

2
a0

) and N(μak
, σ2

ak
), respec-

tively, based on Theorem 1, the update for the drift coeffi-
cients can be obtained as shown in (23) and (24).

μak
=
σ2

a0
Y T

k Λ−1
k ΔTk + μa0

σ2
a0

ΔT T
k Λ−1

k ΔTk + 1
(23)

σ2
ak

=
σ2

a0

σ2
a0

ΔT T
k Λ−1

k ΔTk + 1
(24)

The proof of Theorem 1 was given in [47].

5. RUL prediction with RFT

Assume that lk represents the RUL of the equipment at
time tk, and then T = tk + lk can be obtained. Based on
the definition of (4) for the equipment life, one can derive
the definition for the equipment RUL at time tk as

L = inf{lk : X(tk + lk) � ω
∣∣X(0) < ω}. (25)

Let X̃(lk) = X(tk + lk) − X(tk); if the process of
the equipment performance degradation is as shown in (2),
then

X̃(lk) = aψ(lk) + bB(lk) (26)

where ψ(lk) = τ(tk + lk, θ) − τ(tk, θ). Without loss of
generality, X̃(0) is considered equal to zero.

Based on the aforementioned analysis, it can be known
that the state of the equipment performance degradation
X̃(lk) satisfies the nonlinear Wiener process, and the defi-
nition for the equipment RUL can be further transformed
by (27).

L = inf{lk : X̃(lk) � ω − xk

∣∣X̃(0) < ω − xk} (27)

If ω is given, the PDF for the RUL of the nonlinearly
degraded equipment can be obtained as follows:

f
Lk

∣∣ω,λk,X1:k
(lk
∣∣ω, λk,X1:k) ≈

1√
2πb2l3k

(ω − xk − aβ(lk))·

exp
(
− (ω − xk − aψ(lk))2

2b2lk

)
(28)

where β(lk) = ψ(lk) − (dψ(lk)/dlk)lk.
It can be known from (28) that the PDF of the equipment

RUL is closely related to ω. If the randomness of the FT
is taken into account, then it will generate an effect on the
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randomness of the RUL. It can be found by further analysis
that simply taking into account the randomness of the FT
is not in line with the reality of the equipment performance
degradation. To improve the precision of the RUL predic-
tion, it is also necessary to further consider its nonnegative
constraint. To facilitate the analysis, the randomness of the
FT will be taken into account, and ω ∈ R, ω > 0, and
ω − xk > 0 are recorded as three constraint conditions,
C1, C2, and C3, respectively.

In this paper, RFT that satisfies a normal distribution is
used as an example for illustration, and the derivation pro-
cesses of other distribution types are the same as that of the
normally distributed RFT.

5.1 RUL prediction under C1

If the equipment degradation process satisfies (2) and there
are measurement errors, then xk = yk − ε ∼ N(yk, σ

2
ε)

can be obtained. Usually, ω, xk, and a can be deemed as
mutually independent. To derive the PDF of the RUL under
C1, Theorem 2 is given in this paper.

Theorem 2 IfD1 ∼ N(μ1, σ
2
1),D2 ∼ N(μ2, σ

2
2), and

D3 ∼ N(μ3, σ
2
3), any two ofD1,D2, andD3 are mutually

independent,E,F ∈ R, andG ∈ R+, then

ED1

[
ED2

[
ED3

[
(D1 −D2 − ED3)·

exp
(
− (D1 −D2 − FD3)2

2G

)]]]
=

F 2σ2
3 +G− EFσ2

3

F 2σ2
3 + σ2

2 +G

√
G

F 2σ2
3 + σ2

2 + σ2
1 +G

·
(

(μ2 + Fμ3)σ2
1 + μ1(F 2σ2

3 + σ2
2 +G)

F 2σ2
3 + σ2

2 + σ2
1 +G

−

μ2 + Eμ3

F 2σ2
3 +G− EFσ2

3

(F 2σ2
3 + σ2

2 +G)+

μ2 + Fμ3

F 2σ2
3 +G− EFσ2

3

(EFσ2
3 + σ2

2)
)
·

exp
(
− (μ1 − μ2 − Fμ3)2

2(F 2σ2
3 + σ2

2 + σ2
1 +G)

)
. (29)

Proof To prove Theorem 2, Lemma 1 is given in this
paper.

Lemma 1 If D1 ∼ N(μ1, σ
2
1), D2 ∼ N(μ2, σ

2
2),

D1 and D2 are mutually independent, H,E, F ∈ R, and
G ∈ R+, then

ED1

{
ED2

[
(H −D1 − ED2)·

exp

(
− (H −D1 − FD2)

2

2G

)]}
=

√
G

F 2σ2
2 + σ2

1 +G
exp

(
− (H − μ1 − Fμ2)2

2(F 2σ2
2 + σ2

1 +G)

)
·(

H − μ1 − Eμ2 − H − μ1 − Fμ2

F 2σ2
2 + σ2

1 +G
(EFσ2

2 + σ2
1)
)
.

(30)
The proof of Lemma 1 was given in [33].
Lemma 2 If D ∼ N(μ, σ2), E,F ∈ R and G ∈ R+,

then

ED

[
(D −A) exp

(
− (D −B)2

2C

)]
=

√
C

σ2 + C

(
Bσ2 + Cμ

σ2 + C
−A

)
exp

(
− (μ−B)2

2(σ2 + C)

)
.

(31)
The proof of Lemma 2 was given in [32].
Combining the same items for (30), we can get (32) as

follows:

ED1

{
ED2

[
(H −D1 − ED2)·

exp
(
− (H −D1 − FD2)2

2G

)]}
=

(F 2σ2
2 − Fσ2

2 +G)
F 2σ2

2 + σ2
1 +G

√
G

F 2σ2
2 + σ2

1 +G
·

exp
(
− (H − μ1 − Fμ2)2

2(F 2σ2
2 + σ2

1 +G)

)
·(

H − (μ1 + Eμ2)(F 2σ2
2 + σ2

1 +G)
F 2σ2

2 − EFσ2
2 +G

+

(μ1 + Fμ2)(EFσ2
2 + σ2

1)
F 2σ2

2 − EFσ2
2 +G

)
. (32)

Let
D = H, (33)

A =
(μ1 + Eμ2)(F 2σ2

2 + σ2
1 +G)

F 2σ2
2 − EFσ2

2 +G
−

(μ1 + Fμ2)(EFσ2
2 + σ2

1)
F 2σ2

2 − EFσ2
2 +G

, (34)

B = μ1 + Fμ2, (35)

C = F 2σ2
2 + σ2

1 +G. (36)

By substituting (33), (34), (35) and (36) into (31), the
final result of Theorem 2 can be proved directly. �

Based on the total probability, one can get

fLk|Y1:k(lk
∣∣Y1:k) =

∫+∞

−∞

∫+∞

−∞

∫+∞

−∞
fLk|ω,a,X1:k(lk

∣∣ω, a,X1:k)·

p(ω)p(a|Y1:k)p(X1:k

∣∣Y1:k)dxkdadω =

Eω [Ea[Exk
[fLk|ω,a,X1:k(lk

∣∣ω, a,X1:k)]]]. (37)
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Let ω = D1, xk = D2, a = D3, E = β(lk),
F = ψ(lk), and G = b2lk, and then based on Theorem 2,
the PDF of the RUL under RFT conditions can be derived
as follows:

f
Lk

∣∣Y1:k
(lk
∣∣Y1:k) ≈ ψ(lk)2σ2

ak
+ b2lk − β(lk)ψ(lk)σ2

ak

ψ(lk)2σ2
ak

+ σ2
ε + b2lk

·

√
1

2πl2k(ψ(lk)2σ2
ak

+ σ2
ε + b2lk + σ2

ω)
·

exp
(
− (μω − yk − ψ(lk)μak

)2

2(ψ(lk)2σ2
ak

+ σ2
ε + b2lk + σ2

ω)

)
·

(
(yk + ψ(lk)μak

)σ2
ω + μω(ψ(lk)2σ2

ak
+ σ2

ε + b2lk)
ψ(lk)2σ2

ak
+ σ2

ε + b2lk + σ2
ω

−

(yk + β(lk)μak
)(ψ(lk)2σ2

ak
+ σ2

ε + b2lk)
ψ(lk)2σ2

ak
+ b2lk − β(lk)ψ(lk)σ2

ak

+

(yk + ψ(lk)μak
)(β(lk)ψ(lk)σ2

ak
+ σ2

ε)
ψ(lk)2σ2

ak
+ b2lk − β(lk)ψ(lk)σ2

ak

)
. (38)

5.2 RUL prediction under C2

It can be known from (4) that the RFT of the equipment
should be greater than the initial amount of the perfor-
mance degradation X(0), that is, ω > 0. To accurately
describe the randomness and nonnegativity of ω, the trun-
cated normal distribution is used to characterize the RFT.
The specific definition is shown below.

If the RFT ω satisfies N(μω, σ
2
ω), and ω > 0, then the

RFT obeys a truncated normal distribution and can be ex-
pressed as ω ∼ TN(μω, σ

2
ω). Its PDF is shown as follows

[48]:

f(ω) =
1√

2πσ2
ωΦ(μω/σω)

exp
(
− (ω − μω)2

2σ2
ω

)
. (39)

To derive the PDF of the equipment RUL under C2, the
PDF of the equipment RUL under the fixed FT conditions
is first derived in this paper, and then the PDF of the RUL
under RFT conditions is derived. To obtain the PDF of the
equipment RUL under the fixed FT conditions, Lemma 3
is given.

Lemma 3 [33] If D1 ∼ N(μ1, σ
2
1) and D2 ∼

N(μ2, σ
2
2), where D1 and D2 are mutually independent,

and ω,E, F ∈ R, G ∈ R+, then (40) is obtained.

ED1

{
ED2

[
(ω −D1 − ED2)·

exp
(
− (ω −D1 − FD2)2

2G

)]
=

√
G

F 2σ2
2 + σ2

1 +G
exp

(
− (ω − μ1 − Fμ2)2

2(F 2σ2
2 + σ2

1 +G)

)
·

(
ω−μ1 −Eμ2− ω − μ1 − Fμ2

F 2σ2
2 + σ2

1 +G
(EFσ2

2 +σ2
1)
)

(40)

Then, based on the total probability, one can get (41).

f
Lk

∣∣ω,Y1:k
(lk
∣∣ω,Y1:k) =

∫+∞

−∞

∫+∞

−∞
f

Lk

∣∣ω,a,X1:k
(lk
∣∣ω, a,X1:k)·

p(X1:k

∣∣Y1:k)p(a
∣∣Y1:k)dxkda =

Ea{Exk
[f

Lk

∣∣ω,a,X1:k
(lk
∣∣ω, a,X1:k)]} (41)

Let xk = D1, a = D2, E = β(lk), F = ψ(lk), and
G = b2lk, and then the PDF of the equipment RUL under
the fixed FT conditions can be solved by using Lemma 3
shown as follows:

fLk|ω,Y1:k(lk
∣∣ω,Y1:k) ≈

ψ(lk)2σ2
ak

+ b2lk − β(lk)ψ(lk)σ2
ak

ψ(lk)2σ2
ak

+ b2lk + σ2
ε

·√
1

2πl2k(ψ(lk)2σ2
ak

+ b2lk + σ2
ε)
·

exp
(
− (ω − (yk + μak

ψ(lk)))2

2(ψ(lk)2σ2
ak

+ b2lk + σ2
ε)

)
·[

ω −
(

yk + μak
β(lk)

ψ(lk)2σ2
ak

+ b2lk − β(lk)ψ(lk)σ2
ak

·

(ψ(lk)2σ2
ak

+ b2lk + σ2
ε)−

yk + μak
ψ(lk)

ψ(lk)2σ2
ak

+ b2lk − β(lk)ψ(lk)σ2
ak

·

(β(lk)ψ(lk)σ2
ak

+ σ2
ε)
)]
. (42)

To obtain the PDF of the equipment RUL under RFT
conditions, Theorem 3 is derived.

Theorem 3 If D ∼ TN(μ, σ2), E,F ∈ R, and
G ∈ R+, then one can get

ED

[
(D − E) exp

(
− (D − F )2

2G

)]
=

1√
2πσ2Φ(μ/σ)

exp
(
− (μ− F )2

2(G+ σ2)

)
·

[
Gσ2

G+ σ2
exp

(
− (Fσ2 +Gμ)2

2(G+ σ2)Gσ2

)
+

√
2πGσ2

G+ σ2
·(

Fσ2 +Gμ

G+ σ2
− E

)
Φ
(

Fσ2 +Gμ√
(G+ σ2)Gσ2

)]
. (43)
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Proof Let

ED

[
(D − E) exp

(
− (D − F )2

2G

)]
=

ED

[
D exp

(
− (D − F )2

2G

)]
−

ED

[
E exp

(
− (D − F )2

2G

)]
. (44)

IfD ∼ TN(μ, σ2), based on the nature of the truncated
normal distribution, we can get

ED

[
D exp

(
− (D − F )2

2G

)]
=

1√
2πσ2Φ(μ/σ)

·

∫+∞

0

D exp
(
− (D − F )2

2G

)
exp

(
− (D − μ)2

2Gσ2

)
dD =

1√
2πσ2Φ(μ/σ)

exp
(
− F 2σ2 + μ2G

2σ2G

)
·

exp
(

(Fσ2 + μG)2

2σ2G(σ2 +G)

)
·

∫+∞

0

D exp

⎛⎜⎜⎜⎝−

(
D − Fσ2 + μG

G+ σ2

)2

2Gσ2

G+ σ2

⎞⎟⎟⎟⎠ dD (45)

with A = (Fσ2 + μG)/(G+ σ2) and B =
Gσ2/(G+ σ2). Then, (45) equals (46).

ED

[
D exp

(
− (D − F )2

2G

)]
=

1√
2πσ2Φ(μ/σ)

·

exp
(
− (F − μ)2

2(σ2 +G)

) ∫+∞

0

D exp
(
− (D −A)2

B

)
dD =

1√
2πσ2Φ(μ/σ)

exp
(
− (F − μ)2

2(σ2 +G)

)
(I1 +AI2) (46)

I1 and I2 can be formulated separately as follows:

I1 =
∫+∞

0

(D −A) exp
(
− (D −A)2

B

)
dD =

B exp
(
− A2

2B

)
, (47)

I2 =
∫+∞

0

exp
(
− (D −A)2

B

)
dD =

√
B

∫+∞

− A√
B

exp
(
− x2

2

)
dx =

√
2πBΦ

(
A√
B

)
. (48)

Based on (48), (49) can be derived easily.

ED

[
D exp

(
− (D − F )2

2G

)]
=

1√
2πσ2Φ(μ/σ)

exp
(
− (F − μ)2

2(σ2 +G)

)
·

[
Gσ2

G+ σ2
exp

(
− (Fσ2 + μG)2

2σ2G(σ2 +G)

)
+

Fσ2 + μG

σ2 +G

√
2πσ2G

σ2 +G
Φ
(

(Fσ2 + μG)√
σ2G(σ2 +G)

)]
(49)

By substituting (47) and (48) into (46), (46) can be writ-
ten as follows:

ED

[
E exp

(
− (D − F )2

2G

)]
=

E√
2πσ2Φ(μ/σ)

·

∫+∞

0

exp
(
− (D − F )2

2G

)
exp

(
− (D − μ)2

2Gσ2

)
dD =

E√
2πσ2Φ(μ/σ)

exp
(
− (F − μ)2

2(σ2 +G)

)
·

∫+∞

0

exp
(
− (D −A)2

2B

)
dD =

E√
2πσ2Φ(μ/σ)

·

exp
(
− (F − μ)2

2(σ2 +G)

)√
2πGσ2

G+ σ2
BΦ
(

Fσ2 + μG√
Gσ2(G+ σ2)

)
.

(50)

Then, Theorem 3 can be proved straightforwardly by
subtracting (50) from (49). �

Based on the total probability, under the condition in
which Y1:k is known, the PDF of the equipment RUL un-
der C2 is derived as follows:

f
Lk

∣∣Y1:k
(lk
∣∣Y1:k) =

∫+∞

0

f
Lk

∣∣ω,Y1:k
(lk
∣∣ω,Y1:k)p(ω)dω =

Eω[f
Lk

∣∣ω,Y1:k
(lk
∣∣ω,Y1:k)]. (51)

If we let
ω = D, (52)

G = ψ(lk)2σ2
ak

+ b2lk + σ2
ε , (53)

F = yk + μak
ψ(lk), (54)

E =
(yk + μak

β(lk))(ψ(lk)2σ2
ak

+ b2lk + σ2
ε)

ψ(lk)2σ2
ak

+ b2lk − β(lk)ψ(lk)σ2
ak

−

(yk + μak
ψ(lk))(β(lk)ψ(lk)σ2

ak
+ σ2

ε)
ψ(lk)2σ2

ak
+ b2lk − β(lk)ψ(lk)σ2

ak

, (55)

and then from (42) and (43), the PDF of the equipment
RUL can be derived by using the total probability shown
as follows:
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f
Lk

∣∣Y1:k
(lk
∣∣Y1:k) =

ψ(lk)2σ2
ak

+ b2lk − β(lk)ψ(lk)σ2
ak√

σ2
ω(ψ(lk)2σ2

ak
+ b2lk + σ2

ε)3
1

2πlkΦ(μω/σω)
exp

(
− (μω − yk − μak

ψ(lk))2

2(ψ(lk)2σ2
ak

+ b2lk + σ2
ε + σ2

ω)

)
·

[
(ψ(lk)2σ2

ak
+ b2lk + σ2

ε)σ2
ω

ψ(lk)2σ2
ak

+ b2lk + σ2
ε + σ2

ω

exp
(
− ((yk + μak

ψ(lk))σ2
ω + (ψ(lk)2σ2

ak
+ b2lk + σ2

ε)μω)2

2(ψ(lk)2σ2
ak

+ b2lk + σ2
ε + σ2

ω)(ψ(lk)2σ2
ak

+ b2lk + σ2
ε)σ2

ω

)
+√

2π(ψ(lk)2σ2
ak

+ b2lk + σ2
ε)σ2

ω

ψ(lk)2σ2
ak

+ b2lk + σ2
ε + σ2

ω

(
(yk + μak

ψ(lk))σ2
ω + (ψ(lk)2σ2

ak
+ b2lk + σ2

ε)μω

ψ(lk)2σ2
ak

+ b2lk + σ2
ε + σ2

ω

−

yk + μak
β(lk)

ψ(lk)2σ2
ak

+ b2lk − β(lk)ψ(lk)σ2
ak

(ψ(lk)2σ2
ak

+b2lk+σ2
ε)+

yk + μak
ψ(lk)

ψ(lk)2σ2
ak

+ b2lk − β(lk)ψ(lk)σ2
ak

(β(lk)ψ(lk)σ2
ak

+σ2
ε)
)
·

Φ
(

(yk + μak
ψ(lk))σ2

ω + (ψ(lk)2σ2
ak

+ b2lk + σ2
ε)μω√

(ψ(lk)2σ2
ak

+ b2lk + σ2
ε + σ2

ω)(ψ(lk)2σ2
ak

+ b2lk + σ2
ε)σ2

ω

)]
. (56)

5.3 RUL prediction under C3

It can be known from (27) that the FT of the equip-
ment should be greater than the initial amount of perfor-
mance degradation X̃(0), that is, ω − xk > 0. In gene-
ral, the amount of performance degradation xk and the
RFT ω can be deemed as mutually independent, and then
ω − xk ∼ N(μω − yk, σ

2
ω + σ2

ε) can be obtained. In
this paper, the truncated normal distribution is used to
describe the constraint condition ω − xk > 0, that is,
ω − xk ∼ TN(μω − yk, σ

2
ω + σ2

ε), and then its PDF is

f(ω − xk) =

1√
2π(σ2

ω + σ2
ε)Φ((μω − yk)/(σ2

ω + σ2
ε))

·

exp
(
− ((ω − xk) − (μω − yk))2

2(σ2
ω + σ2

ε)

)
. (57)

Based on the total probability, under the condition in

which Y1:k is known, the PDF of the equipment RUL un-
der C3 is derived as follows:

fLk|Y1:k(lk
∣∣Y1:k) =

∫+∞

0

fLk|ω−xk,a(lk
∣∣ω − xk, a)·

p(ω − xk)p(λk)d(ω − xk)da =
∫+∞

0

fLk|ω,a,X1:k(lk
∣∣ω, a,X1:k)·

p(ω − xk)p(a)d(ω − xk)da =

Eω−xk
[Ea[fLk|ω,a,X1:k(lk

∣∣ω, a,X1:k)]]. (58)

To solve the aforementioned expression, Theorem 4 is
derived.

Theorem 4 If D1 ∼ N(μ1, σ
2
1) and D2 ∼ N(μ2, σ

2
2),

where D1 and D2 are mutually independent, and E,F ∈
R, G ∈ R+, then (59) is obtained.

ED1

[
ED2

[
(D1 − ED2) exp

(
− (D1 − FD2)2

2G

)]]
=
F 2σ2

2 +G− EFσ2
2

F 2σ2
2 +G

√
G

F 2σ2
2 +G

·

1√
2πσ2

1Φ(μ1/σ1)
exp

(
− (μ1 − μ2F )2

2(F 2σ2
2 +G+ σ2

1)

)[
(F 2σ2

2 +G)σ2
1

F 2σ2
2 +G+ σ2

1

exp
(
− (μ2Fσ

2
1 + (F 2σ2

2 +G)μ1)2

2(F 2σ2
2 +G+ σ2

1)(F 2σ2
2 +G)σ2

1

)
+

√
2π(F 2σ2

2 +G)σ2
1

F 2σ2
2 +G+ σ2

1

Φ
(

μ2Fσ
2
1 + (F 2σ2

2 +G)μ1√
(F 2σ2

2 +G+ σ2
1)(F 2σ2

2 +G)σ2
1

)(
μ2Fσ

2
1 + (F 2σ2

2 +G)μ1

F 2σ2
2 +G+ σ2

1

− Eμ2G

F 2σ2
2 +G− EFσ2

2

)]
(59)

Proof To prove Theorem 4, Lemma 4 is given.
Lemma 4 If D1 ∼ N(μ1, σ

2
1), D2 ∼ N(μ2, σ

2
2),

D1 and D2 are mutually independent, E,F ∈ R, and
G ∈ R+, then

ED2

[
(D1 − ED2) exp

(
− (D1 − FD2)2

2G

)]
=

√
G

F 2σ2
2 +G

exp
(
− (D1 − Fμ2)2

2(F 2σ2
2 +G)

)
·

(
D1 − Eμ2 − D1 − Fμ2

F 2σ2
2 +G

EFσ2
2

)
. (60)

The proof of Lemma 4 was given in [32].
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Combining the same items for (60), we can get

ED2

[
(D1 − ED2) exp

(
− (D1 − FD2)2

2G

)]
=

√
G

F 2σ2
2 +G

exp
(
− (D1 − Fμ2)2

2(F 2σ2
2 +G)

)
·

F 2σ2
2 +G− EFσ2

2

F 2σ2
2 +G

(
D1− Eμ2G

F 2σ2
2 +G− EFσ2

2

)
. (61)

Then, Theorem 4 can be proved easily by using Theo-
rem 3. �

If we let ω−xk = D1, a = D2, β(lk) = E, ψ(lk) = F ,
and b2lk = G, then (62), the PDF of the equipment RUL,
is obtained from (58) and (59).

f
Lk

∣∣Y1:k
(lk
∣∣Y1:k) ≈

√
1

(ψ(lk)2σ2
ak

+ b2lk)3
ψ(lk)2σ2

ak
+ b2lk − β(lk)ψ(lk)σ2

ak

2πlk
√

(σ2
ω + σ2

ε)Φ((μω − yk)/
√
σ2

ω + σ2
ε)
·

exp
(
− (μω − yk − μak

ψ(lk))2

2(ψ(lk)2σ2
ak

+ b2lk + σ2
ω + σ2

ε)

)[
(ψ(lk)2σ2

ak
+ b2lk)(σ2

ω + σ2
ε)

ψ(lk)2σ2
ak

+ b2lk + σ2
ω + σ2

ε

·

exp
(
− (μak

ψ(lk)(σ2
ω + σ2

ε) + (ψ(lk)2σ2
ak

+ b2lk)(μω − yk))2

2(ψ(lk)2σ2
ak

+ b2lk + σ2
ω + σ2

ε)(ψ(lk)2σ2
ak

+ b2lk)(σ2
ω + σ2

ε)

)
+

√
2π(ψ(lk)2σ2

ak
+ b2lk)(σ2

ω + σ2
ε)

ψ(lk)2σ2
ak

+ b2lk + σ2
ω + σ2

ε

·

Φ
(

μak
ψ(lk)(σ2

ω + σ2
ε) + (ψ(lk)2σ2

ak
+ b2lk)(μω − yk)√

(ψ(lk)2σ2
ak

+ b2lk + σ2
ω + σ2

ε)(ψ(lk)2σ2
ak

+ b2lk)(σ2
ω + σ2

ε)

)
·

(
μak

ψ(lk)(σ2
ω + σ2

ε) + (ψ(lk)2σ2
ak

+ b2lk)(μω − yk)
ψ(lk)2σ2

ak
+ b2lk + σ2

ω + σ2
ε

− μak
b2lkβ(lk)

ψ(lk)2σ2
ak

+ b2lk − ψ(lk)β(lk)σ2
ak

)]
(62)

The expectation of the equipment RUL can be expressed
as (63) if the randomness of the FT is taken into account.

E(lk
∣∣Y1:k) =

∫+∞

0

lkf
Lk

∣∣Y1:k
(lk
∣∣Y1:k)dlk (63)

6. Practical case analysis

Analysis and verification are launched based on the
commercial modular aero-propulsion system simulation
(C-MAPSS) data set provided by the National Aeronau-
tics and Space Administration (NASA), and the 11 aero-
turbofan engines in the functional description 001 (FD001)
training set are selected as the objects of the analysis [49].
Since the fault mode corresponding to the FD001 data set
is the performance degradation of the high-pressure com-
pressor (HPC) on engine, it indicates that the health status
of the engine is mainly affected by the performance of the
HPC; therefore, the total pressure at the HPC outlet is se-
lected as the main performance indicator for characterizing
the health status of the engine. Data on the total pressure
at the HPC outlet collected through the pressure sensor are
shown in Fig. 2.

It can be known from Fig. 2 that, as the performance
of the engine gradually degrades, the total pressure at the
HPC outlet of the engine shows a decreasing trend over-
all. Since the pressure data collected by the sensor have
many noise signals, to more accurately reflect the health
status level of the engine, the smooth function in MatlAab

is used to carry out filter processing on the raw data (set the
window width to 30). On this basis, the performance degra-
dation data of the 11 engines are shown in Fig. 3 which can
be obtained by subtracting the characteristic state variables
at the initial time.

Fig. 2 Data on the total pressure at HPC outlet

6.1 Estimation of the degradation model parameters

It can be known from Fig. 3 that the performance degra-
dation process of the engines exhibits clear nonmonotoni-
city; therefore, it is appropriate to use the Wiener process
to carry out its degradation modeling. To further verify that
the performance degradation process of the engines is in
line with the Wiener process, the autocorrelation function



WANG Zezhou et al.: Methods for predicting the remaining useful life of equipment in consideration of the random ... 425

method is used to carry out the recognition of the engine
degradation process. Based on the basic properties of the
Wiener process, the autocorrelation function of the Wiener
process shown in (1) can be obtained as follows:

Γs,t = E[X(s)X(t)] = μ2st+ σ2 min(s, t). (64)

Fig. 3 Degradation data of engines

From (64), the curve of the autocorrelation function
for the basic Wiener process can be obtained as shown in
Fig. 4.

Fig. 4 Autocorrelation function for the basic Wiener process

Since the Wiener process shown in (3) obeys the multi-
variate normal distribution, it is difficult to obtain the ana-
lytical form of its autocorrelation function, and only an es-
timated value of its moment can be obtained. Assuming
that the degradation process of the engines is as shown in
(3), then based on the orthogonal invariance of the Wiener
process, Yn can be converted to Zn = EYn, where Zn

obeys the normal distribution and E is an orthogonal ma-
trix. The method to calculate E was given in [50].

The moment estimation of the autocorrelation function
can be written as follows [50]:

Γ̂s,t =
1
N

N∑
n=1

(
Zs,n − 1

N

N∑
n=1

Zs,n

)
·

(
Zt,n − 1

N

N∑
n=1

Zt,n

)
. (65)

Based on the above analysis, we can get the moment es-
timation of the autocorrelation function by using (65) with
the degradation data of engines as shown in Fig. 5.

Fig. 5 Autocorrelation function estimation for the degradation data
of engines

It can be observed by comparing Fig. 4 and Fig. 5
that the moment estimate of the autocorrelation function
is more similar to the autocorrelation function for the basic
Wiener process. Therefore, the performance degradation
process of the engines can be deemed to satisfy the Wiener
process shown in (3).

The historical life data of engines that can be obtained
from Fig. 3 are 180, 195, 181, 158, 188, 170, 150, 202,
163, 156, and 179 cycles. In the distribution hypothesis
test on the historical life data of all engines, the assumption
with an inverse Gaussian distribution is undeniable, which
further proves the reasonableness of using the Wiener pro-
cess to model the performance degradation process of the
engines.

It can be determined from Fig. 3 that the performance
degradation process of the engines has clear nonlinearity.
For this reason, τ(t, θ) = exp(θ · t) − 1 is assumed in this
paper. Then, based on the performance degradation data of
the engines, the EM algorithm put forward in Section 3.1
is used to carry out the parameter estimation on the engine
degradation model, and the estimation results are shown
in Fig. 6, wherein μ̂a = 0.137 1, σ̂2

a = 2.290 4e − 5,
θ̂ = 0.176 7, b̂ = 0.030 4, and σ̂2

ε = 3.980 2e− 9.
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Fig. 6 Estimated parameters by EM algorithm

6.2 Estimation of the RFT distribution parameters

The FT is often defined as the amount of performance
degradation at the time the equipment fails. The FTs of
the 11 engines can be obtained from Fig. 2 and are listed
in Table 1.

To determine the specific distribution type of the RFTs,
the Kolmogorov-Smirnov (K-S) hypothesis test is carried
out on the FTs of engines. The obtained results are listed
in Table 2.

Table 1 FTs of engines

Unit FT Unit FT
Item 01 2.253 2 Item 07 2.034 7
Item 02 2.405 8 Item 08 2.247 9
Item 03 2.867 9 Item 09 2.286 8
Item 04 2.441 6 Item 10 2.173 2
Item 05 2.511 1 Item 11 2.506 8
Item 06 2.493 7

Table 2 K-S test on the distribution of RFTs

Distribution assumption p H0

Normal distribution 0.743 2 0
Weibull distribution 0.509 5 0
Index distribution 0.000 6 1

Poisson distribution 0.000 6 1
Rayleigh distribution 0.003 1 1
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It can be determined from Table 2 that it is more rea-
sonable to use the normal distribution to describe the RFT
of the engine performance degradation. In this paper, the
MLE is used to obtain the distribution parameters of the
RFT. For comparison, the results of the least square esti-
mation (LSE) are given in Table 3.

Table 3 Parameter estimation results

Parameter estimation method bμω bσ2
ω

MLE 2.383 9 0.049 3
LSE1 2.383 9 0.075 8
LSE2 2.383 9 0.062 8
LSE3 2.383 9 0.053 9

In Table 3, LSE1, LSE2, and LSE3 correspond to the
three types of empirical functions in [51], i.e., F (k) =
k/(M + 1), F (k) = (k − 0.3)/(M + 0.4), and F (k) =
(k − 0.5)/M . We can easily find that the result of LSE de-
pends on the type of the empirical function, which is hard
to guarantee the accuracy of the estimation result. How-
ever, the MLE does not have the above problem.

To further compare the accuracies of MLE and LSE, the
quantile plot of RFTs is given as follows.

Two observations can be drawn from Fig. 7. First, the
RFTs are approximately distributed near the datum line,
which means the RFTs satisfy the assumption of the nor-
mal distribution and it is consistent with the K-S test. Se-
cond, the line of the MLE is much closer to the datum
line than LSEs, and this indicates that the parameter es-
timation of the MLE is more accurate than SLEs. In sum-
mary, the MLE is used to estimate the distribution para-
meter of RFTs, which is scientific and reasonable.

Fig. 7 Quantile plot of RFTs

6.3 RUL prediction

To facilitate the analysis, the method of RUL prediction

corresponding to the fixed FT is recorded as M0 in this pa-
per; the method of RUL prediction corresponding to the
RFT under constraint C1 is recorded as M1; the method of
RUL prediction corresponding to the RFT under constraint
C2 is recorded as M2; and the method of RUL prediction
corresponding to the RFT under constraint C3 is recorded
as M3.

In this paper, we randomly select the 1st, 4th, and 11th
engines as the target equipment, and the RUL prediction of
each engine is carried out. Based on the degradation data,
95% confidence intervals (CIs) of the prediction RUL at
different condition monitoring (CM) times under M0, M1,
M2 and M3 are calculated as follows. In the early and mid-
dle stages of the degradation process, the CIs under M0,
M1, M2 and M3 can completely contain the true RUL of
all target equipment, but not all methods are applicable in
the late stages of the degradation process. To facilitate the
analysis, the CIs in the late stages are shown in Table 4.

Table 4 95% CIs of prediction RUL at different CM times

Engine
CM
time

Actual
RUL

M0 M1 M2 M3

155 15 [12.8,22.8] [9.1,24.0] [9.5,30.3] [10.0,29.3]
No.1 160 10 [10.5,19.0] [6.8,27.8] [7.1,26.8] [7.5,25.8]

165 2 [7.8,15.0] [4.1,31.3] [4.3,23.0] [4.5,22.0]

120 28 [31.0,49.3] [21.4,53.85] [22.4,52.8] [23.5,51.8]
No.4 130 18 [23.8,39.3] [14.6,44.3] [15.2,43.3] [16.0,42.3]

140 8 [13.0,25.5] [4.3,31.8] [4.5,30.8] [4.8,29.3]

155 23 [20.0,30.5] [12.1,34.0] [12.6,33.0] [13.3,32.0]
No.11 165 13 [13.1,21.3] [5.5,25.0] [5.7,24.0] [6.0,23.0]

175 3 [7.5,13.8] [1.4,20.0] [1.4,19.0] [1.5,16.0]

It can be determined that 95% CIs of the prediction RUL
at different CM times under M0 is the narrowest, but it can-
not contain the true RUL of all target equipment in each
CM time. The CIs of M1, M2 and M3 are wider than that
of M0, but they can completely contain the true RUL of
the target equipment; the results indicate that the predic-
tion accuracies of M1, M2 and M3 are higher than that
of M0. This is mainly because ignoring the randomness of
the FT will decrease the uncertainty of the prediction RUL,
which in turn causes the CI to be too narrow to contain the
true RUL.

The prediction RUL of the 11th engine under M0, M1,
M2 and M3 are given as an example to take further analy-
sis in Fig. 8. It can be observed that as the run time in-
creases, the PDF of the RUL predicted by M0, M1, M2
and M3 becomes narrow, indicating that as the status mon-
itoring data increase, the uncertainty of the RUL prediction
gradually decreases. In addition, the PDF of the RUL by
M0 is more clearly biased to the right than that by M1, M2
and M3, such that the PDF of M0 cannot contain the true
RUL at all run times.
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Fig. 8 Prediction RUL of the 11th engine

It is shown that ignoring the randomness of the FT may
lead to an overly optimistic estimation of the RUL, which
causes the delayed maintenance and replacement of the
engine and may generate a serious effect on flight safety.
Therefore, it is extremely necessary to consider the effect
of the FT randomness on the RUL prediction process.

To more intuitively reflect the differences among M0,
M1, M2 and M3, the PDF of RUL for the 11th engine
under M0, M1, M2 and M3 at 172 cycles are shown in
Fig. 9.

Fig. 9 PDF of RUL at 172 cycles

It can be known from Fig. 9 that, when the 11th en-
gine runs 172 cycles, the PDF of the RUL predictions ob-
tained by M1, M2 and M3 can all contain the true RUL,
but the PDF of the RUL corresponding to M3 is clearly
narrower than those of M2 and M1, indicating that the pre-
cision of the RUL prediction is higher when constraint C3
is taken into account. The main reason for this is that the
constraint condition of C3 is stricter than those of C2 and
C1, which in turn makes the uncertainty of the RUL predic-
tion smaller, leading to a narrower PDF. In a similar way,
since the constraint condition of C2 is stricter than that of
C1, it causes the PDF of the RUL corresponding to M2 to
be narrower than that of M1. It can be known by a further
analysis of Fig. 9 that the PDF under M2 and M1 are al-
most completely coincident, indicating that there is only a
minute gap between M2 and M1. The reason is mainly that
the distribution parameter of the RFT, μ̂ω >> σ̂ω , causes
the truncated normal distribution to approach the normal
distribution, resulting in (33) and (43) being approximately
equal.

MSE =
∫∞

0

(lk − T + tk)2f
Lk

∣∣Y1:k
(lk
∣∣Y1:k)dlk (66)

Moreover, we also calculate that the MSEs under M0,
M1, M2 and M3 at 172 cycles by using (66) are 37.336 2,
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29.924 4, 29.924 3 and 29.688 3, respectively. Since the
MSE value is inversely proportional to the prediction ac-
curacy of the method, M3 is proved to be better than M0,
M1 and M2. This conclusion is consistent with the analysis
results in Fig. 9.

In summary, in the process of the RUL prediction for an
engine, taking into account the randomness of the FT and
letting it satisfy constraint C3 can effectively improve the
prediction precision and accuracy, which in turn provides
the decision-making support for the formulation of scien-
tifically reasonable maintenance and engine replacement
strategies and helps to improve flight safety and economy.

7. Conclusions

A method for estimating the distribution parameters of the
RFT based on MLE is proposed, which has higher estima-
tion accuracy than the LSE.

An in-depth analysis is carried out in connection with
the effect of the RFT on the RUL prediction. A practical
case analysis shows that the accuracy of the RUL predic-
tion can be effectively improved by taking into account the
randomness of the FT.

Further analysis is carried out in connection with three
constraint conditions (C1, C2, and C3) for the RFT. A prac-
tical case analysis shows that a strict, nonnegative con-
straint is more helpful in improving the precision of the
RUL prediction.

In this paper, a normal distribution is mainly used to de-
scribe the randomness of the FT, and a truncated normal
distribution is used to reflect the nonnegative constraint
condition of the RFT. However, in engineering practice,
the RFT may obey other distribution types. Therefore, the
RUL prediction in connection with conditions in which the
RFT satisfies different distribution types and how to de-
scribe the corresponding nonnegative constraint conditions
are the focus of future research.
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