
Robust output regulation problem with prescribed
performance for nonlinear strict feedback systems

ZHU Haichao
1,2

 and LAN Weiyao
1,*

1. Department of Automation, Xiamen University, Xiamen 361005, China; 2. Department of Automation, Henan University of
Science and Technology, Luoyang 471000, China

 

 

Abstract: This paper investigates the problem of  robust output
regulation  control  with  prospected  transient  property  for  strict
feedback  systems.  By  employing  the  internal  model  principle,
the  robust  output  regulation  problem  with  a  prospected  pro-
perty can be transformed to a robust stabilization problem with a
new output constraint. Then, by constructing the speed function
and adopting barrier Lyapunov function technique, the dynamic
feedback controller can be designed not only to drive error out-
put of the closed-loop system entering into a prescribed perfor-
mance bound within a given finite time, but also to achieve that
the error output converges to zero asymptotically. The effective-
ness of the results is illustrated by a simulation example.
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 1. Introduction
Robust  output  regulation  (ROR)  control  aims  at  design-
ing a feedback controller for a class of system with uncer-
tain parameters to achieve asymptotic tracking for desired
control  inputs  and/or  asymptotic  rejecting  undesired  sig-
nal. As a fundamental problem in control theory, the sol-
vability  conditions  of  the  ROR  problem  are  extensively
studied in the overviews and monographs on this topic for
details  [1−5].  The key to  tackle  the ROR problem is  the
internal  model  principle.  More  recently,  the  solvability
conditions for cooperative ROR problems of some multi-
agent systems are also investigated by the internal model
method  [6−10].  However,  the  solvability  conditions  for
ROR problem only address the steady state  performance
of  regulation.  To satisfy  the  constraints  on system states
and error outputs, the transient performance of the closed-
loop  system  is  also  an  important  issue  in  the  design  of
controllers for the ROR problem. Thus, the methods and

techniques to guarantee prescribed transient performance
are much more interesting and also more challenging in a
lot of practical system.
In  recent  years,  some  control  approaches  have  been

constructed  to  restrict  error  output  keeping  in  a  pre-
scribed  performance  bound  [11−14].  Prescribed  perfor-
mance  bound  is  adopted  to  classify  the  transient  and
steady state performance. The error output is confined to
a  given  zone  to  satisfy  the  required  limits.  The  barrier
Lyapunov  function  (BLF)  method  is  a  powerful  and
widely used method to  solve these prscribed constraints.
For  example,  in  [15,16],  BLF  was  used  to  constructed
adaptive controllers for tracking control problems of strict-
feedback  systems  with  time-unvarying  and  time-varying
output  constraints  respectively.  Also,  BLF  based  adap-
tive  control  techniques  have  been  applied  to  strict-feed-
back  systems  with  partial  state  constraints  [17]  and  full
state constraints [18]. These BLF methods require that the
initial value of the system should be inside the prescribed
performance  bound.  However,  many  physical  systems,
e.g.,  robot  manipulators,  may  require  that  error  output
converges  to  a  desired  bicompact  zone  in  a  prospected
time  interval  to  perform  complicated  tasks  [19,20].  In
[21],  uncertain  Euler-Lagrange  systems  with  state  con-
straints  were  designed  to  drive  the  error  output  to  con-
verge to a designed bicompact zone in a prospected time
interval  by  constructing  a  speed  function  and  adopting
error transformation technique.
In this paper, the traditional ROR problem is extended

to  an  ROR  problem  with  finite-time  prescribed  perfor-
mance.  Not  only  the  error  of  the  system  is  regulated  to
zero  asymptotically  as  for  the  traditional  ROR problem,
but also the error output is driven into a preset constraint
bound  after  a  given  time  interval  to  achieve  the  desired
transient  performance.  A  framework  to  tackle  the  ROR
with finite-time prescribed performance is established by
combining  the  speed  function  technique  and  the  BLF
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technique. By employing the internal model principle and
adopting a state transformation, the proposed ROR prob-
lem is transformed to a robust stabilization problem with
output constraint. Based on a speed function and a BLF, a
finite  time  prescribed  performance  control  scheme  is
devised  to  deal  with  the  robust  stabilization  problem,
which also solves the ROR problem with finite-time pre-
seted constraint. Under the framework of the ROR prob-
lem,  not  only  tracking  control  problem  but  also  distur-
bance rejection problem can be handled conveniently by
finite  time prescribed performance control.  Compared to
the existing results, the features of this paper can be high-
lighted as follows.
(i)  Prescribed  performance  control  technique  is  intro-

duced  into  the  output  regulation  problem  which  can
tackle  the  tracking  control  problem  and  the  disturbance
rejection  problem  simultaneously.  Comparing  with  most
of the results  on tracking control  with prescribed perfor-
mance which keep the tracking error in a prescribed per-
formance  bound  but  not  converge  to  zero,  the  tracking
error  in  output  regulation  framework  tends  to  zero
asymptotically.
(ii)  The  finite  time  prescribed  performance  control

problem considered in this paper is more general than that
in  [22,23]  by  noting  that  some  practical  systems  are
required  to  follow  the  prospected  paths  with  a  desired
convergence rate in a finite time.
(iii)  The  existing  BLF methods  require  that  the  initial

value of error output  needs to be restricted in prescribed
performance  bound  [11−13].  By  designing  finite  time
feedback controller based on the speed function and BLF,
the  initial  value  of  error  output  can  be  given  arbitrarily,
which enlarges the degree of freedom in the design.
This paper is organized as follows. The ROR problem

with finite time prescribed performance is formulated for
a class of strict feedback nonlinear systems in Section 2.
Section 3 establishes a framework to solve the ROR prob-
lem with finite time prescribed performance. In Section 4,
a  numerical  example  is  presented  to  demonstrate  the
validity  of  our  results.  Section  5  gives  concluding
remarks.

 2. Problem formulation and preliminaries
Consider  a  nonlinear  uncertain  strict  feedback  system
described by

ż = f (z, x̄1,v,ω)
˙̄x1 = f1(z, x̄1,v,ω)+b1(v,ω)x̄2

˙̄xi = fi(z, x̄1, · · · , x̄i,v,ω)+bi(v,ω)x̄i+1, i = 2,3, · · · ,n−1
˙̄xn = fn(z, x̄1, · · · , x̄n,v,ω)+bn(v,ω)u

(1)

z ∈ Rm x̄i ∈ Ri(i = 1,2, · · · ,n),where  ,    is  the  system  state,

ω ∈ Rω u ∈ R
v ∈ Rq

  is  the  uncertain  parameter,    is  the  control
input,   is the exogenous signal representing the dis-
turbance and reference input which is given by

v̇ = Sv. (2)

S

∀i = 1,2, · · · ,n f (z, x̄1,v,ω)
fi(z, x̄1, · · · , x̄i,v,ω) fi(0, · · · ,0,0,ω) = 0

bi(v,ω) > 0

Without loss of generality in the literature of nonlinear
output regulation problem, the exosystem (2) is assumed
to be neutrally  stable,  i.e.,  the eigenvalues of   are  sim-
ple and have zero real parts. Also, it is assumed that, for

,  the  functions    and
  are  smooth  with 

and  . Define the error output of the system as

e = y− yd = x̄1− yd(v). (3)

The  control  objective  is  to  design  a  feedback  control
law 

η̇i = Miηi+Ni x̄i+1, i = 1,2, · · · ,n−1
η̇n = Mnηn+Nnu

u = k(η1, · · · ,ηn, x̄1, · · · , x̄n,e)
(4)

y = x̄1

yd(v)
k(·)

(Mi,Ni)

such that the output of the closed-loop system   will
asymptotically  track  a  reference  trajectory    with
desired  transient  performance,  where    is  a  nonlinear
function and   is a pair of matrices to be designed
later.  The  control  problem  can  be  formulated  as  an  out-
put regulation problem with finite time prescribed perfor-
mance as follows.
Robust  output  regulation  with  finite  time  prescribed

performance  control:  consider  the  uncertain  nonlinear
strict  feedback  system  (1),  the  exosystem  (2),  and  the
error  output  (3),  design  a  feedback  control  law  in  the
form of (4) such that the closed-loop system consisting of
(1), (2), and (4) has the following three properties:

t ⩾ 0
Property  1　The  trajectories  of  the  closed-loop  sys-

tem are bounded for all  .
y = x1

yd(v)
Property 2　The system output    tracks a  refer-

ence trajectory   asymptotically, i.e.,

lim
t→∞

e(t) = lim
t→∞

(y(t)− yd(v)) = 0.

T
e(t)

Property  3　Within  a  given  finite  time  ,  the  tran-
sient performance of the tracking error   satisfies a pre-
scribed performance bound as follows:− cρ(t) < e(t) < cρ(t), ∀t ⩾ T

ρ(t) = (ρ0−ρ∞)exp(−lt)+ρ∞

ρ0 ρ∞ l
0 < c≪ 1
where  ,   and   are strictly positive real numbers, and

 is a design parameter.

e(t)

Remark  1　The  ROR  problem  with  finite  time  pre-
scribed performance is an extension of the traditional out-
put regulation problem by addressing the transient perfor-
mance of the closed-loop output error  .  In fact, with-
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cρ(t)
e(t) T

e(t)

cρ(t) T

out Property 3, it  is exactly a traditional prospected time
interval problem which is extensively investigated in the
literature.  Property  3  defines  a  performance  boundary

 for the transient performance of the closed-loop out-
put error   and a prescribed finite time interval  . The
error  output    is  required to be constrained in a  given
compact  which  is  predefined  by  the  performance  bound
function    in  a  desired time interval   at  the  pre-set
rate of convergence.
The following assumptions are necessary to derive the

main results in this paper.

z(v,ω) z(0,0) = 0 v ∈ Rq

ω ∈ Rω

Assumption  1　 There  exists  a  sufficiently  smooth
function   with    such that,  for  all  ,

,

∂z(v,ω)
∂v

Sv = f (z(v,ω),yd(v),v,ω), ∀v ∈ Rq. (5)

x̄1(v,ω) = yd(v)Under  Assumption  1,  let  ,  and  we  can
define

x̄i+1(v,ω) =
1

bi(v,ω)
{ ∂x̄i(v,ω)

∂v
Sv−

fi(z(v,ω), x̄1(v,ω), · · · , x̄i(v,ω),v,ω)}, 1 ⩽ i ⩽ n.

i = 1,2, · · · ,n
mi πi : Rq+ω 7→ Rmi

Fi ∈ Rmi×mi

χi ∈ Rmi×1 v(t)
ω ∈ Rω

Assumption 2　For  ,  there exist  an inte-
ger   and a sufficiently smooth function 
vanishing at the origin, and matrices  ,  column
vector  such  that  for  all  trajectories    of  the
exosystem (2) and all  , there is

dπi(v,ω)
dt

= Fiπi(v,ω), x̄i+1(v,ω) = χiπi(v,ω).

(Fi,χi)
Fi

Furthermore, the pair    is observable and all  the
eigenvalues of   are simple with zero real part.
Remark 2　Assumption 1 and Assumption 2 are quite

standard in the literature of robust nonlinear output regu-
lation.  Assumption 1 is  to guarantee the existence of the
solution of the regulator  equation which is  necessary for
solvability  of  the  nonlinear  output  regulation  problem.
Assumption 2 is to construct an internal model to handle
the  uncertainties  of  the  robust  nonlinear  output  regula-
tion problem.

i = 1,2, · · · ,n Mi ∈ Rmi×mi

Ni ∈ Rmi×1 (Mi,Ni)
Ti

TiFi−MiTi = Niχi

mi θi = Tiπi γi(θi) = χiTi
−1θi

x̄i+1

For  , choose a Hurwitz matrix 
and a column vector   satisfying   is con-
trollable.    is  the  solution  of  the  Sylvester  equation

,  which  is  a  nonsingular  matrix  of
dimension  .  Let  ,  and  .  Then
an  internal  model  of  system  in  (1)  with  output    are
given as follows:

η̇i = Miηi+Ni x̄i+1, i = 1,2, · · · ,n. (6)

Next, we perform on the system (1) and (6) the follow-
ing input and coordinate transformation:



z0 = z− z(v,ω)
η̄i = ηi−θi(v,ω), i = 1,2, · · · ,r,
x1 = x̄1− x̄1(v,ω) = e

xi+1 = x̄i+1−γi(ηi), i = 1,2, · · · ,n−1
zi = ηi−θi(v,ω)−Nib−1

i (v,ω)xi, i = 1,2, · · · ,n
ū = u−γn(ηn)

, (7)

the following system can be obtained
ż0 = f0(z0, x1,d(t))
żi = Hi(z0,z1, · · · ,zi, x1, · · · , xi,d(t))
ẋi = fi(z0,z1, · · · ,zi, x1, · · · , xi,d(t))+bi(v,ω)xi+1

(8)

i = 1,2, · · · ,n d(t) = (v(t),ω), xn+1 = ūwhere  ,  , and

f0(z0, x1,d(t)) = f (z0+ z(v,ω), x1+ x̄1(v,ω),v,ω)−
f (z(v,ω), x̄1(v,ω),v,ω)

Hi(z0,z1, · · · ,zi, x1, · · · , xi,d(t)) = Mizi+MiNib−1
i xi−

Ni
∂b−1

i (v,ω)
∂v

Svxi−Nib−1
i (v,ω)ẋi

f1(z0,z1, x1,d(t)) = f̄1(z0+ z(v,ω), x1+ x̄1(v,ω),v,ω)−
f̄1(z(v,ω), x̄1(v,ω),v,ω)+b1(v,ω)γ1(η1)−
b1(v,ω)γ1(θ1)

fi(z0,z1, · · · ,zi, x1, · · · , xi,d(t)) = f̄i(z0+ z(v,ω), x1+

x̄1(v,ω), x2+γ1(z1+ θ2+N2b−1
2 ), · · · , xi+γi−1(zi−1+

θi+Nib−1
i ))− ∂γi−1(θi−1)

∂θi−1
θ̇i−1

(9)

f0,Hi, fi

Hi(0,0, · · · ,0, x1,d(t)) = 0 fi(0,0, · · · ,0,d(t)) = 0

where  the  functions    are  sufficiently  smooth  in
their  arguments  and  we  can  get  that

, . Thus, the
ROR problem with finite time prescribed performance is
converted to the constraint stabilization problem in (8).

x = 0
d(t) ∈ V0×Rω −cρ(t) < x1(t) < cρ(t) t ⩾ T

Remark  3　After  the  aforementioned  coordinate  and
input  transformation,  if  we  can  make  the  equilibrium of
the system (8) at   globally asymptotically stable for
any    and  ,  ,  the
output  regulation  problem  with  finite  time  prospected
property can be achieved.

C1 V̄0(z0, t)
µ(∥z0∥) ⩽ V̄0(z0, t) ⩽ µ̄(∥z0∥) K∞
µ(·) µ̄(·)

ż0 = f0(z0, x1,d(t))

Assumption  3　 There  exists  a    function 
satisfying    for  some  class 
function    and  ,  such  that,  along  the  trajectory  of

,

dV̄0(z0, t)
dt

⩽ −∥z0∥2+δ0(x1) (10)

δ0(x1)for some known smooth positive definite function  .
i = 1,2, · · · ,n C1

V̄i(zi, t) µ(∥zi∥) ⩽ V̄i(zi, t) ⩽ µ̄(∥zi∥)
K∞ µ

i
(·) µ̄i(·)

Assumption  4　 For  ,  there  exists  a 
function    satisfying    for
some  class    function    and  ,  such  that,  along
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the trajectory of
żi = Hi(z0,z1, · · · ,zi−1, x1, · · · , xi,d(t))

dV̄i(zi, t)
dt

⩽ −∥zi∥2+δi(z0,z1, · · · ,zi−1, x1, · · · , xi)
(11)

δi(z0,z1, · · · ,zi, x1, · · · , xi)
for  some  known  smooth  positive  definite  function

.

ż0 = f0(z0,

x1,d(t)) żi = Hi(z0,z1, · · · ,zi, x1, · · · , xi,d(t))

△0(z0) ⩾ 0 C1

V0(z0, t) ξ
0
(∥z0∥) ⩽ V̄0(z0, t) ⩽ ξ̄0(∥z0∥)

K∞ ξ
0

ξ̄0

Remark 4　According to Assumption 3 and Assump-
tion  4,  it  can  be  obtained  that  the  system 

  and    are  input-
to-state  stable.  From  changing  supply  rate  technique,
given  any  smooth  function  ,  there  exists  a 
function  ,  satisfying 
for some class   functions   and  ,  such that,  along
trajectory of system

ż0 = f0(z0, x1,d(t))
dV0(z0, t)

dt
⩽ −∥z0∥2△0 (z0)+ x2

1 s01(x1)
(12)

s01(x1) ⩾ 1
i = 1,2, · · · ,n △i(zi) ⩾ 0

C1 Vi(zi, t)
ξ

i
(∥zi∥) ⩽ V̄i(zi, t) ⩽ ξ̄i(∥zi∥) K∞ ξ

i

ξ̄i

for  some  known  smooth  function  .  Similarly,
for  ,  given  any  smooth  function  ,
there  exists  a    function  ,  satisfying

 for some class   functions 
and  , such that, along trajectory of system

żi = Hi(z0,z1, · · · ,zi, x1, · · · , xi,d(t))

dVi(zi, t)
dt

⩽ −∥zi∥2△i (zi)+
i−1∑
j=0

∥z j∥2h̄i j(z j)+
i∑

j=1

x2
j s̄i j(x j)

(13)

h̄i j(z j) ⩾ 1 si j(x j) ⩾ 1for some known smooth functions  ,  .

 3. Main results
In  this  part,  we  construct  a  state  feedback  controller  to
solve  the  ROR  with  prescribed  performance  in  a  given
finite time for the system (1), (2), and (3).
To  proceed,  we  give  some  notations  and  an  assump-

tion which are used later.
A rate function is given as follows:

χ̄(t) =


( T
T − t

)4
χ(t), 0 ⩽ t < T

∞, t ⩾ T
(14)

0 < T <∞ χ(t)
χ(0) = 1

χ̇ ⩾ 0 t ⩾ T χ̄(t) =∞

where    is  the  preset  time interal,  and    is  a
smooth  and  non-decreasing  function  with    and

. It needs to be noticed that, when  ,  .
T

T > Tc Tc

Assumption 5　The finite time   is designed to satis-
fy  .   is a small time interval which is necessary
for signal computing and transmission.

β(t)With (14) and Assumption 5, the speed function   is
given as follows:

β(t) =
1

(1− c)χ̄(t)−1+ c
(15)

0 < c≪ 1
χ̄(t)

where  c  is  a  given  parameter  meeting  .  Based
on the expression of   in (14), we obtain

β(t) =


T 4χ(t)

(1− c)(T − t)4+ cT 4χ(t)
, 0 ⩽ t < T

1
c
, t ⩾ T

. (16)

β(t)The  properties  of  the  speed  function    are  listed  in
[21].
To  achieve  the  proposed  control  objectives,  perform-

ing  on  the  system  (8)  the  following  coordinate  transfor-
mation 

x̂i = xi−αi−1

x̃1 = β(t)x̂1

x̃i = x̂i, i = 2,3, · · · ,n
, (17)

we obtain  ˙̃x1 = β̇(t)(x1−α0)+β(t)(ẋ1− α̇0)
˙̃xi = ẋi− α̇i−1, i = 2,3, · · · ,n

(18)

α0 = 0 αi−1

β(t)
where   and   are the virtual control input which
will  be  given  later.    is  the  speed  function  which  is
introduced  to  guarantee  the  error  output  converges  to  a
designed set in a finite time.

Xi = col(z0,z1, · · · ,zi, x̃1, x̃2, · · · , x̃i) 1 ⩽ i ⩽ nLet    for  ,  the
control scheme is designed by the following steps.

U1(X1, t) = V0(z0, t)+V1(z1, t)+ Ṽ1(x̃1)Step 1　Define  .
Consider the following Lyapunov function candidate:

Ṽ1 = log
ρ2(t)

ρ2(t)− x̃ 2
1 (t)

(19)

x̃1 ∈ V1 V1 = {x̃1 ∈ R | |x̃1| < ρ} V1(x̃1)
C1 x̃1 ∈ V1

V1(x̃1)→∞ |ε1| → ρ Ṽ1

for  , where  .   is posi-
tive  definite  and    continuous  for  all  ,  and

  as  .  Then,  the  derivative  of    is
given by

˙̃V1 =
2x̃1

ρ2(t)− x̃ 2
1

( ˙̃x1− x̃1

˙ρ(t)
ρ(t)

) =

2β(t)x̃1

ρ2(t)− x̃2
1

(
β̇

β2
x̃1+ f1(z0,z1,

x̃1

β
,d(t))+b1(v,ω)·

(x̃2+α1)− α̇0− x̃1

˙ρ(t)
ρ(t)

). (20)

g1(z0,z1, x̃1,d(t)) = f1(z0,z1,
x̃1

β
,d(t))− α̇0

g1(0,0,0,d(t)) = 0

Let    It  is  ob-
vious that  . According to Lemma 7.8 in
[2], we can obtain
|g1(z0,z1, x̃1,d(t))| ⩽ ∥z0∥ψ10(z0)+ ∥z1∥ψ11(z1)+

∥x̃1∥ϕ11(x̃1) (21)
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ψ10(z0) ψ11(z1) ϕ11(z1)where  ,  ,  and    are  smooth  positive
functions.

i = 1Thus,  according to  (12),  (13),  and (20)  with  ,  we
can obtain

U̇1 = V̇0+ V̇1+
˙̃V1 ⩽

−∥z0∥2△0 (z0)+ x2
1 s01(x1)−∥z1∥2△1 (z1)+

∥z0∥2h̄10(z0)+ x2
1 s̄11(x1)+

2βx̃1

ρ2(t)− x̃2
1

(∥z0∥ψ10(z0)+

∥z1∥ψ11(z1)+ ∥x̃1∥ϕ11(x̃1)+b1(v,ω)(x̃2+α1)−

x1
ρ̇(t)
ρ(t)
+
β̇

β2
x̃1).

(22)

α1(x̃1)Design the stabilizing function   as

α1(x̃1) = −ρ
2(t)− x̃2

1

2
k1ζ1(x̃1)x̃1 (23)

k1 ζ1(x̃1)where   is a positive constant and   is some smooth
nonnegative  function  to  be  given  later.  Substituting  (23)
into (22), we have

U̇1 ⩽ −(△0(z0)− h̄10(z0)−ψ2
10(z0))∥z0∥2− (△1(z1)−

ψ2
11(z1))∥z1∥2+ {s01(x1)+ s̄11(x1)+

2β̇
β(ρ2(t)− x̃ 2

1 )
+

2β2+β2b̄2
1

(ρ2(t)− x̃ 2
1 )2
+

2βρ(t)ϕ11(x̃1)−2ρ̇(t)
ρ(t)(ρ2(t)− x̃ 2

1 )
−

k1β
2b1ζ1(x̃1)}x̃ 2

1 + x̃ 2
2 . (24)

△0(z0) ⩾ h̄10(z0)+ψ2
10(z0)+1 △1(z1) ⩾ ψ2

11(z1)+1
Then,  according  to  Remark  4,  we  can  choose

,  , and let

k1ζ1(x̃1) ⩾
1
b1

(s01(x1)+ s̄11(x1)+
2β̇

β(ρ2(t)− x̃ 2
1 )
+

2β2+β2b2
1

(ρ2(t)− x̃ 2
1 )2
+

2βρ(t)ϕ11(x̃1)−2ρ̇(t)
ρ(t)(ρ2(t)− x̃ 2

1 )
+1) (25)

b1 ⩽ b1where  . It yields

U̇1 ⩽ −∥X1∥2+ x̃ 2
2 . (26)

△̃1(X1) ⩾ 0 C1

Ũ1(X1, t) ϱ
10

(∥X1∥) ⩽ Ũ1(X1, t) ⩽ ϱ̄10(∥X1∥)
K∞ ϱ

10
ϱ̄10

Based  on  changing  supply  rate  technique  and  given
any  smooth  function  ,  there  exists  a    func-
tion  , satisfying 
for some class   functions   and  , such that

˙̃U1 ⩽ −△̃1∥X1∥2+ l1(x̃2)x̃ 2
2 , (27)

l1(x̃2) ⩾ 1for some known smooth function  .
Ṽ2(x̃2) = x̃2

2 Ṽ2Step 2　Let  ,  the derivative of    is  given
by

˙̃V2 = 2x̃2( f2(z0,z1,z2,
x̃1

β
, x̃2+α1,d(t))+

b2(v,ω)(x̃3+α2)− α̇1) ⩽ 2|x̃2|| f2(z0,z1,z2,
x̃1

β
, x̃2+α1,d(t))−

α̇1|+2b̄2|x̃2||x̃3|+2b2α2 x̃2 (28)

b2 ⩽ b̄2 g2(z0,z1, x̃1/β, x̃2+α1,d(t)) = f2(z0,z1,

x̃1/β, x̃2+α1,d(t))− α̇1

where  .  Let 
. Similar to Step 1, we can obtain

|g2(z0,z1,
x̃1

β
, x̃2+α1,d(t))| ⩽

2∑
j=0

ψ2 j(z j)∥z j∥+
2∑

j=0

ϕ2 j x̃ j∥x̃ j∥ (29)

ψ2 j(z j) ϕ2 j(z j)where    and    are  smooth  positive  functions.
Thus

˙̃V2 ⩽
2∑

j=0

ψ2 j(z j)∥z j∥2+

2∑
j=0

ϕ2 j x̃ j∥x̃ j∥2+ x̃ 2
3 +2b2(t)α2 x̃2. (30)

U2(X2, t) = Ũ1(X1, t)+V2(z2, t)+ Ṽ2(x̂2)Define    and
design the stabilizing function

α2(x̃2) = −k2ζ2(x̃2)x̃2 (31)

k2 ζ2(x̃2)

i = 2 U2(X2, t)

where   is a positive constant and   is some smooth
nonnegative  function  to  be  given  later.  By  inequality
(13), (27), and (30) with  , the derivative of 
is given by

U̇2 =
˙̃U1(X1, t)+ V̇2+

˙̃V2 ⩽

−△̃1∥X1∥2+ l1(x̃2)x̃ 2
2 −∥z2∥2△2 (z2)+

1∑
j=0

∥z j∥2h̄2 j(z j)+
2∑

j=1

x2
j s̄2 j(x j)+

2∑
j=0

ψ2 j(z j)·

∥z j∥2+
2∑

j=1

ϕ2 j x̃ j∥x̃ j∥2−2b2(t)k2ζ2(x̃2)x̃ 2
2 + x̃ 2

3 ⩽

− (△̃1− h̄20(z0)−ψ20(z0)− h̄21(z1)−ψ21(z1)−
s̄21(x1)−ϕ21(x̃1))∥X1∥2− (△2(z2)−ψ22(z2))·
∥z2∥2+ (l1(x̃2)+ s̄22(x̃2)+ϕ22(x̃2)−

2b2(t)k2ζ2(x̃2))x̃ 2
2 + x̃ 2

3 . (32)

△̃1 ⩾ h̄20(z0)−ψ20(z0)− h̄21(z1)−
ψ21(z1)− s̄21(x̃1)−ϕ21(x̃1)+1 △2(z2) ⩾ ψ22(z2)+1
Then,  we  choose 

,  , and let

k2ζ2(x̃2) ⩾
1

2b2(t)
(l1(x̃2)+ s̄22(x̃2)+ϕ22(x̃2)+1)

b2 ⩽ b2where  . It obtains

U̇2 ⩽ −∥X2∥2+ x̃ 2
3 . (33)

Similarly, based on changing supply rate technique and
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△̃2(X2) ⩾ 0 C1

Ũ2(X2, t) ϱ
20

(∥X2∥) ⩽ Ũ2(X2, t) ⩽
ϱ̄20(∥X2∥) K∞ ϱ

20
ϱ̄20

given any smooth function  ,  there  exists  a 
function  ,  satisfying 

 for some class   functions   and  ,  such
that

˙̃U2 ⩽ −△̃2∥X2∥2+ l2(x̃3)x̃ 2
3 (34)

l2(x̃3) ⩾ 1for some known smooth function  .
(3⩽i⩽n−1) Ṽi(x̃i) = x̃ 2

i
˙̃xi

Step i  　Let  , similarly to Step 2,
we can obtain   satisfying inequality as follows:

˙̃Vi ⩽
i∑

j=0

ψi j(z j)∥z j∥2+

i∑
j=0

ϕi j̃(x j)∥x̃ j∥2+2b2(t)αi x̃i+ x̃ 2
i+1 (35)

ψi j(z j) ϕi j(z j)where   and   are smooth positive functions.
Ui(Xi, t) = Ũi−1(Xi−1, t)+Vi(zi, t)+ Ṽi(x̃i)Define    and

design the stabilizing function

αi(x̃i) = −kiζi(x̃i)x̃i (36)

ki ζi(x̃i)

Ui(Xi, t)

where   is a positive constant and   is some smooth
nonnegative  function  to  be  given  later.  According  to
inequality (13), (34), and (35), we can obtain the deriva-
tive of 

U̇i =
˙̃U i−1(Xi−1, t)+ V̇i+

˙̃Vi ⩽

−△̃i−1∥Xi−1∥2+ li−1(x̃i)x̃ 2
i −∥zi∥2△i (zi)+

i−1∑
j=0

∥z j∥2h̄i j(z j)+
i∑

j=1

x2
j s̄i j(x j)+

i∑
j=0

ψi j(z j)∥z j∥2+

i∑
j=1

ϕi j(x̃ j)∥x̃ j∥2−2bi(t)kiζi(x̃i)x̃ 2
i + x̃ 2

i+1 ⩽

− (△̃i−1−
i−1∑
j=0

(h̄i j(z j)+ψi j(z j))−
i∑

j=1

(x2
j s̄i j(x j)+

ϕi j(x̃ j)))∥Xi−1∥2− (△i(zi)−ψii(zi)))∥zi∥2+
(li−1(x̃i)+ s̄ii(x̃i)+ϕii(x̃i)−2bi(t)kiζi(x̃i))x̃ 2

i + x̃ 2
i+1. (37)

△̃i−1 ⩾
i−1∑
j=0

(h̄i j(z j)+ψi j(z j))+

i∑
j=1

(x2
j s̄i j(x j)+ϕi j(x̃ j))+1 △i(zi) ⩾ ψii(zi)+1

Then,  we  choose 

,  , and let

kiζi(x̃i) ⩾
1

2bi(t)
(li−1(x̃i)+ s̄ii(x̃i)+ϕii(x̃i)+1)

bi ⩽ biwhere  . It obtains

U̇i ⩽ −∥Xi∥2+ x̃ 2
i+1. (38)

△̃i(Xi) ⩾ 0 C1

Ũi(Xi, t) ϱ
i0

(∥Xi∥) ⩽ Ũi(Xi, t) ⩽
ϱ̄i0(∥Xi∥) K∞ ϱ

i0
ϱ̄i0

Similarly, based on changing supply rate technique and
given  any  smooth  function  ,  there  exists  a 
function  ,  satisfying 

  for  some  class    functions    and  ,  such

that
˙̃U i ⩽ −△̃i∥Xi∥ 2+ li(x̃i+1)x̃ 2

i+1 (39)

li(x̃i+1) ⩾ 1for some known smooth function  .
Ṽn(x̃n) = x̃ 2

n
˙̃xnStep n　Let  ,  similarly,  we  can  obtain 

satisfying inequality as follows:

˙̃Vn ⩽
n∑

j=0

ψn j(z j)∥z j∥2+
n∑

j=0

ϕn j̃(x j)∥x̃ j∥2+2b2(t)αn x̃n (40)

ψn j(z j) ϕn j(z j)where   and   are smooth positive functions.
Un(Xn, t) = Ũn−1(Xn−1, t)+Vn(zn, t)+ Ṽn(x̃n)Define    and

design the control law

αn(x̃n) = −knζn(x̃n)x̃n (41)

kn ζn(x̃n)

Un(Xn, t)

where   is a positive constant and   is some smooth
nonnegative  function  to  be  given  later.  According  to
inequality (13), (38), and (40), we can obtain the deriva-
tive of   is

U̇n =
˙̃Un−1(Xn−1, t)+ V̇n+

˙̃Vn ⩽

−△̃n−1∥Xn−1∥2+ ln−1(x̃n)x̃ 2
n −∥zn∥2△n (zn)+

n−1∑
j=0

∥z j∥2h̄n j(z j)+
n∑

j=1

x2
j s̄n j(x j)+

n∑
j=0

ψn j(z j)∥z j∥2+

i∑
j=1

ϕi j(x̃ j)∥x̃ j∥2−2bn(t)knζm(x̃n)x̃ 2
n ⩽

− (△̃n−1−
n−1∑
j=0

(h̄n j(z j)+ψn j(z j))−
n∑

j=1

(x2
j s̄n j(x j)+

ϕn j(x̃ j)))∥Xn−1∥2− (△n(zn)−ψnn(zn)))∥zn∥2+
(ln−1(x̃n)+ s̄nn(x̃n)+ϕnn(x̃n)−

2bn(t)knζn(x̃n))x̃ 2
n . (42)

△̃n−1 ⩾
n−1∑
j=0

(h̄n j(z j)+ψn j(z j))+

n∑
j=1

(x2
j s̄n j(x j)+ϕn j(x̃ j))+1 △n(zn) ⩾ ψnn(zn)+1

Then,  we  choose 

,  , and let

knζn(x̃n) ⩾
1

2bn(t)
(ln−1(x̃n)+ s̄nn(x̃n)+ϕnn(x̃n)+1)

bn ⩽ bnwhere  . It obtains

U̇n ⩽ −∥Xn∥2. (43)

(−ρb,ρa)
x̃1

Remark 5　Though the constraints considered in this
paper are symmetric, we would like to point out that it is
not difficult to extend our method to the asymmetric state
constraints by using the modified BLFs. Actually, to con-
sider  the  asymmetric  state  constraints    for  the
states  ,  the  control  rule  can  be  designed  by  using  the
following BLF:
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Ṽ1 =
1
2

p(x̃1)log
ρ2

a(t)
ρ2

a(t)− x̃ 2
1 (t)
+

1
2

(1− p(x̃1))log
ρ2

b(t)
ρ2

b(t)− x̃2
1(t)

with

p( x̃1) =
1, x̃1 > 0

0, x̃1 < 0
.

Under the above discussion, we can formulate the main
result as follows:

x(0) ∈ Rn v(0) ∈ Rq

Theorem 1　Under  Assumptions  1−5,  given  any  ini-
tial  system conditions   and  ,  the  ROR
problem  with  finite  time  prescribed  performance  for  the
system  consisting  of  (1),  (2),  and  (3)  is  solved  by  a
dynamic state feedback controller

u = −knζn(x̃n)x̃n+γn(ηn)
η̇i = Miηi+Ni x̄i+1, i = 1,2, · · · ,n
x̃1 = β(t)e
x̃i = x̄i−γi(ηi)−αi−1, i = 2,3, · · · ,n

(44)

αi i = 1,2, · · · ,n−1where   ( ) are defined by (23), (31) and
(36).
Proof　With  input  and  state  transformation  (7),  the

closed-loop  system is  given  by  (8).  Thus,  it  is  sufficient
to  prove  that  the  closed  system  (8)  satisfies  Properties
1−3.

Un(Xn, t)
t

According  to  (43),  we  can  obtain  that    con-
verges to zero, when   tends to infinity. Thus, the closed
system  in  (8)  is  globally  asymptotically  stable.  Obvi-
ously, Propertiy 1 and Properity 2 are verified. Next, we
will show Property 3 is also satisfied.
According to (43), we can know that

U̇n < 0⇒ Un(t) ⩽ Un(0), t ⩾ 0. (45)

Un(Xn, t) = Ũn−1(Xn−1, t)+
Vn(zn, t)+ Ṽn(x̃n) Ũn−1(Xn−1, t)+Vn(zn, t)+
Ṽn(x̃n) ⩽ Ũn−1(Xn−1,0)+Vn(zn,0)+ Ṽn(x̃n,0) Ũn−1

(Xn−1, t) ⩽ Ũn−1(Xn−1,0)
Ũn−1(Xn−1, t) Un−1(Xn−1, t)

Un−1(Xn−1, t) ⩽
Un−1(Xn−1,0)

Based  on  the  expression  of 
,  we  obtain 

,  thus 
.  According  to  (38)  and  (39),  we

know that   and   have same func-
tion  property.  Thus,  we  can  obtain 

. By iteratively computing, we can get

U1(t) ⩽ U1(0), t ⩾ 0. (46)

U1(X1, t)Based on the expression of  , we obtain

log
ρ2(t)

ρ2(t)− x̃ 2
1 (t)
⩽ Ṽ1(0) (47)

ρ2(t) ⩽ x̃ Ṽ1(0)
1 (ρ2(t)− x̃ 2

1 (t))which implies that  . Therefore,

∥x̃1∥ ⩽ ρ(t)
√

1− x̃ −Ṽ1(0)
1 ⩽ ρ(t), ∀t > 0. (48)

x1 = β
−1 x̃1Note that  , thus, we can obtain

∥x1∥ ⩽ β−1ρ(t). (49)

Then, according to (16), we obtain

∥x1∥ ⩽ (1− c)
T − t

T

4

χ−1ρ+ cρ, 0 ⩽ t < T, (50)

∥x1∥ ⩽ cρ, t ⩾ T. (51)

e = x1Owing  to  ,  which  means  that  the  error  outpart
converges  to  the  designed  constrained  set  after  a  time
interval T.  Thus,  Property  3  is  achieved.  This  completes
the proof.  □

|e(t)| ⩽ cρ(t) T
β(t) (T − t4/T )χ−1

[0,T ) ρ(t)

Remark 6　Under the proposed finite time prescribed
performance  control  scheme  defined  by  (24),  (31),  (36),
and  (41),  the  error  output  of  the  system  satisfies

 after a given finite time  .  The speed func-
tion   restricts the decay rate no less than 
in    and  the  smooth  function    defines  a  pre-
scribed  performance  bound  for  the  error  output.  Com-
pared with the traditional prescribed performance control
scheme, this result can enlarge the design freedom for the
reason  that  the  error  output  can  converge  to  the  preset
constrain bound after a designed time interval at a needed
decay  rate.  Moreover,  the  initial  value  of  error  output
need  not  to  be  restricted  in  prescribed  performance
bound, which releases the conservatism.

 4. Simulation results
In this section, a numerical example is given to illustrate
the  effectiveness  of  the  proposed  control  scheme.  Con-
sider  the  following  nonlinear  system  in  strict  feedback
form:

ż = −z+2ω1v1 x̄1+ v2
2−2(1+ω1)v1v2

˙̄x1 = ω2z− v1 x̄1+ x̄2+ v1v2− v1−ω2v2
2− v2

˙̄x2 = −x̄2+u

e = x̄1− v2

(52)

ω1 ω2 v1where    and    are  unknown  parameters,  and    is  a
sinusoidal function produced by the exosystemv̇1 = v2

v̇2 = −v1
. (53)

z(v,ω) = v2
2 x̄1(v,ω) = v2 x̄2(v,ω) = v2 u(v,ω) =

v2− v1 π1(v,ω) = (v2, v̇2)T

π2(v,ω) = (v2− v1,−v1− v2)T F1 = F2 =

[
0 1
−1 0

]
χ1 = χ2 = [1,0] π̇1 = F1π1 π̇2 = F2π2 x̄2(v,ω) =
χ1π1(v,ω) u(v,ω) = χ2π2(v,ω) M1 = M2 =[
−1 0
0 −2

]
N1 = N2 = [2,1]T (Mi,Ni)(i = 1,2)

T1 = T2 =

[
1 −1
2 1

]
γ1(θ1) =

By  solve  the  regulator  equations,  we  can  obtain
,  ,  ,  and 

. Assumption 3 is satisfied with  ,

,  ,  and

.  Then  ,  , 
,  .  Choosing 

,    makes 

controllable pairs.  By solving the Sylvester equation, we

can obtain  . Correspondingly, 

ZHU Haichao et al.: Robust output regulation problem with prescribed performance for nonlinear strict feedback systems 1039



[1/3,1/3]θ1 γ2(θ2) = [1/3,1/3]θ2, and  .
Using  the  internal  model  and  by  the  coordinate  trans-

formation,  the  augmented  system  in  the  form  of  (8)  is
given as follows:

ż0 = −z0+2ω1v1x1

ż1 = M1z1−N1ω2z0+N1v1x1

ż2 = N2x2+N2γ1(η1)+N2γ̇1(η1)+M2Z2+M2N2 x2

ẋ1 = ω2z0− v1x1+ x2

ẋ2 = −x2−γ1(η1)− γ̇1(η1)+γ2(η2)+ ū

.

(54)

Performing  on  the  system  (54)  the  following  coordi-
nate transformation: 

x̃1

β(t)
= x1−α0

x̃2 = x2−α1

(55)

β(t) c = 0.1
χ = et T = 2 s

where  the  speed function    is  as  in  (16)  with  ,
the rate function   and the finite time  .
Then, the virtual controller and actual controller can be

constructed as follows:

α1(x1) = −ρ
2(t)− x̃ 2

1

2
x̃ 2

1

u = −2(x̃ 2
2 +1)x̃2+γ2(η2)

η̇1 =

[
−1 0
0 −2

]
η1+

[
2
1

]
x̄2

η̇2 =

[
−1 0
0 −2

]
η2+

[
2
1

]
u

x̃1 = β(t)e
x̃2 = x̄2−γ2(η2)−α1

. (56)

v1(0) = 0
v2(0) = 1 z(0) = 1.5 x̄1(0) = 1.5 x̄2(0) = 1.5

ω1 = ω2 = 1

cρ(t) = 0.2e−2t +0.06

The  initial  values  can  be  selected  as  ,
,  ,  ,  ,  and  the

other initial conditions are chosen as zero. The unknown
parameters  are  .  The  prescribed  performance
bound  of  the  tracking  error  can  be  chosen  as

.

β(t) = 1 ρ(t) =∞

χ = et T = 2 s cρ(t) = 0.2e−2t+

0.06) β(t) = 1
ρ(t) =∞

T = 2 s

The simulation results are shown in Fig.  1 and Fig.  2.
According to Remark 6, the finite time prescribed perfor-
mance for error output can be removed by simply letting

  and  ,  which  yields  a  traditional  control
scheme. Fig. 1 compares the trajectories of the error out-
put  between  the  finite  time  prescribed  performance  con-
trol scheme ((56) with  ,   and 

  and  the  traditional  control  scheme  (with 
and  ).  The  dashed  line  is  the  prescribed  perfor-
mance  bound.  It  is  clear  that,  under  the  finite  time  pre-
scribed performance control scheme, the trajectory of the
error  output  (the  solid  line)  converges  to  the  prescribed
set  in  the  given  time  .  However,  under  the  tradi-
tional  control  scheme,  the  Property  3  is  not  satisfied,  as

z(t)
x̄1(t) x̄2(t)
shown by the dotted line in Fig.  1.  The plant  states  ,

,    under  the  finite  time  prescribed  performance
control scheme are pictured in Fig. 2. Apparently, output
regulation  with  prescribe  performance  in  finite  time  is
achieved by using reasonable control efforts.
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 5. Conclusions
The  robust  output  regulation  problem  with  prescribed
performance for nonlinear strict feedback system is inves-
tigated by speed function technique and BLF technique to
guarantee that  the output  error  can be confined in a  pre-
set constrained set after a given finite time. On the basis
of the normal framework of the general nonlinear robust
output  regulation  problem,  a  dynamic  feedback  con-
troller  is  constructed  to  deal  with  the  error  constrained
issue.  The design procedure of the finite time prescribed
performance  control  scheme  and  the  transient  perfor-
mance  of  the  resulted  closed-loop  system  are  illustrated
by  a  simulation  example.  In  future  work,  it  might  be
interesting  to  consider  the  output  regulation  with  the
prospected property problem for the uncertain strict feed-
back switched systems.
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